Inverse Source Problems for the Damped
Euler-Bernoulli Beam and Kirchhoff Plate
Equations

A thesis submitted

in partial fulfillment for the award of the degree of

Doctor of Philosophy

by

Anjuna Dileep

Department of Mathematics
Indian Institute of Space Science and Technology

Thiruvananthapuram, India

February 2024






Certificate

This is to certify that the thesis titled Inverse Source Problems for the Damped Euler-
Bernoulli Beam and Kirchhoff Plate Equations submitted by Anjuna Dileep, to the In-
dian Institute of Space Science and Technology, Thiruvananthapuram, in partial fulfillment
for the award of the degree of Doctor of Philosophy is a bona fide record of the original
work carried out by her under my supervision. The contents of this thesis, in full or in parts,
have not been submitted to any other Institute or University for the award of any degree or

diploma.

Dr. K. Sakthivel

. Prof. C.V. Anil Kumar
Research Supervisor

. Head of the Department
Associate Professor )

. Department of Mathematics
Department of Mathematics

Place: Thiruvananthapuram
Date: February 2024






Declaration

I declare that this thesis titled Inverse Source Problems for the Damped Euler-Bernoulli
Beam and Kirchhoff Plate Equations submitted in partial fulfillment for the award of the
degree of Doctor of Philosophy is a record of the original work carried out by me under
the supervision of Dr. K. Sakthivel, and has not formed the basis for the award of any
degree, diploma, associateship, fellowship, or other titles in this or any other Institution or
University of higher learning. In keeping with the ethical practice in reporting scientific

information, due acknowledgments have been made wherever the findings of others have

been cited.
Anjuna Dileep
Place: Thiruvananthapuram Student ID: SC18D034
Date: February 2024 Research Scholar

Department of Mathematics

1l






This thesis is dedicated to my son Jaan Fabio (Achu)






Acknowledgements

I am deeply grateful to all the wonderful individuals who have supported me wholeheart-
edly in the completion of this significant milestone in my academic journey. This thesis
would not have been possible without the encouragement, guidance, and assistance of the
following individuals.

First and foremost, I extend my heartfelt gratitude to my esteemed supervisor, Dr. K.
Sakthivel, for his invaluable mentorship and belief in my potential. His expert guidance,
patience, and constant support played a pivotal role in shaping this research and have been
a constant source of motivation for me. I would also like to extend my thanks to my
esteemed collaborator in this research, Prof. A. Hasanov, Department of Mathematics, Ko-
caeli University, Turkey. Your expertise and dedication have been invaluable in achieving
the outcomes of this work. Your collaboration has enriched the work and broadened my
understanding of the subject matter. I am deeply indebted to the members of my doctoral
committee, Prof. Raju K. George, Department of Mathematics, IIST, and Prof. Priyadar-
shanam, Department of Avionics, IIST. Their insightful comments and valuable sugges-
tions have significantly enhanced the quality and rigor of this thesis.

I am also grateful to the wonderful individuals in my department, including the Head
of the Department of Mathematics, Prof. C.V. Anil Kumar, and all other faculty mem-
bers of the department, the staff, and my fellow students. Your support, camaraderie, and
stimulating discussions have enriched my research and overall academic experience. It is a
pleasure to thank the Director of IIST, Dr. S. Unnikrishnan Nair, for providing me with an
opportunity to be a part of this institute.

I cannot forget to acknowledge the immense support from my family members. To
my parents, Dileep and Anitha, and my in-laws, Ajitha and Vijayan, thank you for always
believing in me and cheering me on through every step of this journey.

To my loving husband, Jajeesh, your unwavering faith in my abilities and your endless
encouragement have been my rock throughout this endeavor. Your love and support have
given me the strength to overcome challenges and pursue excellence. I would also like to
express my gratitude to my dear son, Jaan Fabio, for being a constant source of joy and
inspiration. Your innocent curiosity and boundless love have motivated me to strive for

success and set a positive example.

Vil



Finally, I extend my thanks to my close circle of friends. To Shiyas, Dany, Shambu,
Ajith, Varun, Sayooj, Rohith, Ans, Pinky, Soumya, Sreelakshmi, Lakshmi, Reshmi, Aleena,
Amalu, Haneen, Sidharth, Kalpana, Tharun, James, Nikhil, Abhijith, Sonu, Aswini, Jerin,
Sajith, Job, Mahesh, Pavithra, Rithiwik, Shyam, Kiran, Prabith, Ranjith, Dhanesh, Manu,
Sreekala, Aswathy, Anjitha, Haritha, Aneesh, Karim, Fatima, Faseela, Arya, Sai, thank you
for providing the much needed emotional support, encouragement, and laughter that made
this endeavor more enjoyable.

To all of you, from the depths of my heart, I offer my heartfelt appreciation. This thesis
is not just a culmination of my efforts but also a reflection of the collective support and
encouragement that surrounded me.

Anjuna Dileep

viil



Abstract

The direct and inverse problems for the Euler-Bernoulli beam and Kirchhoff-Love plate
models have been extensively studied over the years, and they continue to be an active area
of research due to their applications in science and engineering. In this aspect, we mainly
focus on the inverse source problems of the Euler-Bernoulli beam and Kirchhoff-Love
plate equations with various damping mechanisms. More precisely, the research reported
in the thesis mainly deals with the inverse problems of identifying unknown source terms in
the Euler-Bernoulli beam with viscous and Kelvin-Voigt dampings, rectangular Kirchhoff-
Love plate with viscous damping, thermoelastic plate with structural damping.

As explained in the introduction of the thesis, the unique determination of a spatial load
in the undamped beam equation from final time measurement is not a feasible problem. We
study the effect of viscous damping in the unique determination of unknown spatial load
in a simply supported Euler-Bernoulli beam from measured final time displacement. By
considering two specific temporal loads, we obtain sufficient conditions on the damping
parameter and admissible final time interval to uniquely express the spatial load in terms of
an infinite series using the Singular Value Decomposition (SVD) method. Next, we discuss
the inverse problem of determining the unknown transverse shear force (boundary data)
in the Euler-Bernoulli beam in the presence of the Kelvin-Voigt damping from measured
deflection and bending moment. The inverse boundary value problem of determining the
shear force acting on the inaccessible tip of the microcantilever, one of the key components
of Transverse Dynamic Force Microscopy (TDFM), is important for understanding bio-
logical specimen images at submolecular precision. The considered inverse problems are
transformed into minimization problems for Tikhonov functionals and show that the regu-
larized functionals admit a unique solution for the inverse problems. In this work, we also
prove remarkable Lipschitz stability estimates for the transverse shear force in terms of the
given measurement by a feasible condition only on the Kelvin-Voigt damping coefficient
using the variational methods. The required solvability of direct and adjoint problems is
obtained under the minimal regularity of the admissible shear force, which turns out to be
the regularizing effect of the Kelvin—Voigt damping.

The analysis of the inverse source problem of the beam is further explored for the

unique reconstruction of spatial load and the stability of reconstructing the spatial load
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in the Kirchhoff-Love plate in the presence of viscous damping using the regularization
technique and spectral method. In this study, the inverse problem is first posed as a mini-
mization problem of a regularized Tikhonov functional and obtained a unique solution to
the minimization problem. We established a stability estimate under feasible conditions on
final time and damping parameter. Then, the same inverse source problem is studied by the
SVD method, and we concluded that the solution obtained by these two methods is equiv-
alent. Besides, with the help of singular values of the input-output operator and regularity
assumption on temporal load, we derived stability estimates for the regularized and SVD
solutions of the inverse problem.

In the final work, we further extend the study for the inverse problem of simultaneously
identifying the mechanical load and heat source in a structurally damped thermoelastic
system describing a homogeneous and elastically and thermally isotropic plate from the
vertical displacement measured at the final time. The inverse problem is reformulated as
a minimization problem for the Tikhonov functional using the Tikhonov regularization
method. We prove that the regularized Tikhonov functional admits a unique solution in the
naturally defined set of admissible sources. An upper bound for the final time is established
to derive a stability estimate for the inverse problem by invoking a first-order necessary
optimality condition for the minimization problem. This stability result also gives rise to
the uniqueness of the solution to the inverse problem. The results established in this work
help to analyze the influence of thermal and mechanical loading that results in materials

deflection, which, in turn, is vital for material science and engineering applications.
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Chapter 1

Introduction

The inverse problems are the counterpart of the direct problems that consist of determin-
ing unmeasurable system parameters from measurable parameters by using a mathematical
model associated with a physical system. For instance, one of the classical inverse prob-
lems is: Can one hear the shape of a drum? ([59]). In other words, can we figure out the
shape of a drum based on the sound it emits? It is clear that the corresponding direct prob-
lem here is to determine the sound emitted by a drum of known shape. The mathematical
theory of inverse problems for differential and integral equations is being developed rapidly
within the framework of mathematical physics. It is known that in direct problems, we de-
termine the solution of a differential equation utilizing given inputs, namely, coefficients,
source functions, and initial data to describe the physical phenomena, while in the case of
inverse problems, one may need to find the output functions as well as the input data. A
mathematical problem is said to be well-posed in the sense of Hadamard ([40]), if a solu-
tion to this problem exists, the solution is unique, and that solution continuously depends
on the data, that is, small deviations in the data lead to small deviations in the solution.
A major issue with inverse problems is that even if the direct problem is well-posed, the
corresponding inverse problems are mostly ill-posed ([57]). Moreover, without entering
into further intricacies of mathematical terminology, it is necessary to emphasize that, in
most situations, inverse and ill-posed problems have a crucial characteristic, namely, in-
stability. The ill-posedness due to instability makes the inverse problems challenging and
mathematically interesting, and the instability may be due to measurement noise and errors.

In spite of the challenges, inverse problems occur in almost all areas of science and engi-
neering, for example, geophysical problems, medical imaging, astronomy, remote sensing,
signal processing, inverse scattering problems, aerodynamics, electrodynamics, structural
engineering, machine learning, and so on (see, [4, 23, 26, 61, 77, 28]). Given its broad range

of applications, it is hardly surprising that the theory of inverse and ill-posed problems has



developed into one of the fastest-growing fields of modern science and engineering. It is
almost impossible to estimate the total number of scientific publications that directly or

indirectly deal with inverse and ill-posed problems.

1.1 Vibrations of beams and plates

This section mainly discusses the physical models considered for our research work, namely,
the Euler-Bernoulli beam, Kirchhoff-Love plate, and thermoelastic plate equations.

A beam is a structural element resisting forces acting laterally to its axis. Daniel
Bernoulli derived the equation of motion for the transverse vibration of thin beams in
1735, while Euler obtained the solutions for various support conditions in 1744. The
Euler-Bernoulli beam theory is a simplified version of linear elasticity theory that de-
scribes the relationship between deflection and applied load. Many mechanical systems
from industry and engineering use the Euler—Bernoulli beam equation to represent bending
vibration ([73]). Analysis and simulation of such systems have become key research areas
because of the necessity to manage the dynamics of these systems. The static equation
(ETu"(z))" = q(x), where u is the beam deflection, FT is the flexural rigidity and ¢ is
the distributed load (see,[79, 91]), is a basic model for the Euler-Bernoulli beam equation
subject to external load.

A general dynamic model of the Euler-Bernoulli beam subject to external load is given
by the equation p(z)uy + (7(2)ug,),, = g(z,t), where p is mass density, r(z) = E1(x) is
the flexural rigidity, and g(x, t) is the distributed load, has huge fundamental applications
in civil, mechanical, and aeronautical engineering (see, [19, 31, 32, 98]). As an extension
to beam theory, in 1888, Love developed a model to determine the stress and deformations
of a thin plate subject to external forces and moments using the assumption proposed by
Kirchhoff. This is the so-called Kirchhoff-Love plate equation (see, [69]) whose governing
equation is given by uy; + DA%*u = g(x,t), where D is the modulus of flextural rigidity.

The study of thermoelasticity is a vital field in material science and engineering that
deals with the coupling between thermal and mechanical responses of materials. The ther-
moelastic plate model is an interconnected system of the Kirchhoff-Love plate and heat
equations. The Kirchhoff model describes the vibration of the plate, and the temperature
distribution of the plate is described by the heat equation, which is modeled using Fourier’s
law of heat conduction. It is well known that a plate’s temperature gradient will contribute
to plate deformation and can lead to changes in stiffness, vibration frequencies, and even

buckling.



1.2 Damping mechanism in beams

The vibration of a beam occurs due to internal and exterior forces, including external forces
like wind, earthquakes, and machinery, depending on the beam’s natural frequency. The
inhabitants may be in danger if the structure is worn down or fails due to these vibrations.
Controlling and reducing this vibrational energy in structural systems like beam necessi-
tates using damping mechanisms. Besides, the damping phenomena also arise in various
physical systems, such as viscous drag in mechanical systems, resistance in electrical os-
cillators, light absorption and scattering in optical oscillators, etc. In dynamic systems,
damping mechanisms dissipate mechanical energy, usually into heat or sound. The nature
of the damping mechanisms drastically changes the nature of the solution to the vibration
problem and hence controls the response of the beam. The classical Euler-Bernoulli beam
model with appropriate damping mechanisms such as viscous (air) damping, strain rate
damping, spatial hysteresis, and time hysteresis play a significant role in applications (see,

[6]). A general model of the damped beam equation with generic damping is given by
up(z,t) + Lyug(z,t) + Lou(z, t) + (El(2)/p)uss) ., = ¢, 1),

where the term Ly u;(x,t) + Lou(x, t) accounts for the damping mechanisms of this model.
External damping mechanisms usually determine the nature of coefficient L; while the
internal damping mechanisms often determine the coefficient L,. In this thesis, we mainly
focused on three types of dampings, namely, viscous damping, internal damping as Kelvin-

Voigt damping, and structural damping in thermoelastic plate model (see, [6, 53, 83]).

Next, we briefly discuss the three damping mechanisms used in our study. Vibration
analysis most frequently uses viscous damping as a damping method. When mechanical
systems vibrate in a fluid medium like air, gas, water, or oil, the fluid’s resistance to the
moving body results in energy loss. The vibrating body’s size and shape, the fluid’s vis-
cosity, the vibration frequency, and the velocity of the vibrating body are just a few of the
variables that affect how much energy is lost in this situation. In viscous air damping, it is
assumed that the damping force is proportional to the velocity of the vibrating body (see,
[6, 78]), and hence L; = puly, where i > 0 is the viscous damping constant of proportion-
where / is the moment of inertia, and ¢, is the strain-rate damping coefficient. This type

ality. The term Kelvin-Voigt damping refers to the damping of the form Lo = ¢4 [

of damping represents the energy dissipation due to internal friction in the beam. It is also

commonly employed in finite element modeling and compatible with theoretical modal
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analysis. Due to its strain-rate dependence, unlike viscous external damping, this type of
damping impacts the free-end boundary conditions (see, [6]). Structural damping is a con-
sequence of mechanical-energy dissipation due to rubbing friction resulting from a relative
motion between components and intermittent contact at the joints in a mechanical structure.
A large portion of mechanical-energy dissipation in tall buildings, bridges, and many other
civil engineering structures occurs through the structural-damping mechanism (see, [83]).
From a mathematical point of view, structural damping is given by —w%ﬁat has half of the
order of the Kelvin-Voigt damping term, which has the same order as the leading elastic
term. Further, structural damping describes a scenario where higher-order frequencies are

more strongly damped than lower frequencies (see, [25]).

1.3 Methods for solving inverse problems

As in the case of the solvability of direct problems for Partial Differential Equations (PDEs),
several methods (see, [7, 11, 24, 30, 54, 62, 90, 94]) are also used in the literature for inverse
problems for PDEs. Since each method has its strengths and weaknesses, the choice of a
method depends on the nature of the problem at hand, the quality of the available data, and
the available computational resources. In this thesis, we mainly focused on two methods,

namely, SVD and Tikhonov regularization.

1.3.1 Singular value decomposition method

Singular Value Decomposition (SVD) is a robust method for solving linear inverse prob-
lems. It is possible to define the SVD for a large class of linear operators, which offers
a deeper knowledge of the operator’s underlying structure and can result in more precise
and reliable solutions to inverse problems. We briefly explain the method as follows (see,
[50, 58]): Let A : H — H be a linear compact operator from infinite-dimensional Hilbert
space H into H.If H = H and A is a self-adjoint compact operator, that is for all u € H

andv € H, (Au,v) = (u, Av), then we may use the spectral representation
Au = Z)\n(u,un)un, Yu € H,
n=1

where \,, n = 1,2, 3, ..., are nonzero real eigenvalues and {u, } C H is the complete set
of corresponding orthonormal eigenvector. Then the set consisting of all pairs of nonzero

eigenvalues and corresponding eigenvectors is defined as an eigensystem of the self-adjoint

4



operator A.

If A is not self-adjoint, we introduce a singular system of the non-self-adjoint operator
A with adjoint A* : H — H. To describe this system we use the operators A*A and AA*,
where A*A : H — H and AA* : H — H are compact self adjoint nonnegative operators.
Let {y,, u,} denote the eigensystem of the operator A*A. Then A*Au,, = p,u,, for all
u, € H, which implies (A* Au,,, un) = fin(tn, up). Hence [|Aup||% = pin|lun |7 > 0, that

is, all the nonzero eigenvalues are positive: j,, > 0, n € N, where N := {n € N : p,, #

0}.

Definition 1.1. Let A : H — H be a linear compact operator with adjoint A* : H — H,
where H and H are Hilbert spaces. The square root o,, := /i, of the eigenvalue p,, > 0
of the self adjoint operator A*A : H +— H is called the singular value of the operator A

and {0y, Up, vy, = Hﬁu"” } is the corresponding singular system of the operator.
If A is self-adjoint, then the singular system is {|\,|, u,, &“l"} Using this singular

system, we can discuss the solution to the operator equation Au = f. In general, for a
linear compact operator A, the equation Au = f has a solution if and only if f € N(A*)*
and Y7 | 5 |(f,vn)[* < 0o, where N (A*) is the null space of A*. In this case

ui=Alf = Z ~(f,va)u

is the solution of the equation Au = f, where AT is the generalized inverse of A (see, chap-
ter 2, [50]). One can refer to [7, 16] for the spectral methods of solving inverse problems

of beam equation.

1.3.2 Tikhonov regularization method

Tikhonov regularization is a powerful method for solving inverse problems with noisy and
incomplete data. The regularization strategy works by adding a penalty term to the objec-
tive function, which controls the complexity of the solution, and the impact of noise and
errors in the observed data is minimized by this penalty component.

Consider the linear injective bounded operator A : H +~ H, where H and H are

infinite-dimensional Hilbert spaces and
Au= f,ue H, fe R(A). (1.1)

Since the data f € R(A) always contain random noise, the operator equation (1.1) is ill
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possed because the solution u € H does not depend continuously on the data. Let fo € H
be the noisy data and assume that || f — f| 57 < 01, f € R(A), fo € H, §, > 0. Then
the exact equality in the equation Au = f% may not be satisfied due to the noisy data fo'.

We consider the minimization problem defined as follows:

J(u) = inf J(v), (1.2)

veEH

where 7 (u) is the Tikhonov functional
1 .
J(u) = 5||Au — "%, ueH, f*eH. (1.3)

A solution v € H of the minimization problem (1.2)-(1.3) is called as quasisolution or
least square solution of (1.1). Since A is compact, J(u) doesn’t depend continuously on
the data fo1 € R(A).

In order to stabilize the functional (1.3), we add a penalty term «||u||%, and consider

the minimization problem for the regularized Tikhonov functional
1 sz o Q2 5 3
Tolw) i= 5l Au = £ + Slullyy, we H, £ € A,

where o > 0 is the parameter of regularization. This procedure is the so-called Tikhonov
regularization method (see, [90]), and under the conditions of the operator A described
above, the regularized Tikhonov functional 7, has a unique minimum ugl € H, for all

a > 0. The minimum is the solution to the linear equation
(A*A+alud = A f e H, f* € H, a>0
and has the form
ult = (A*A + o) LA* O (1.4)

Moreover, the operator A* A + a1 is boundedly invertible. Hence the solution %! continu-
ously depends on f‘s1 (see, [29, 50)).

It is worth noting that the presented formula (1.4) for the minimum of the regularized
Tikhonov functional is valid for the case when the regularization term is taken in L? norm.
Further, the uniqueness of the minimum generally depends on the underlying direct prob-
lem, the nature of the inverse problem, and the measured data.
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1.4 Motivation and objectives

The classical beam and plate equations are fundamental for modeling of deformation of thin
and flexible structures. Besides, recent advances in nanotechnology include nanobeams
and nanoplates, which have found applications in new medical diagnostics and nanoscale
measurement systems, such as Atomic Force Microscopy (AFM) and Transverse Dynamic
Force Microscopy (TDFM) (see, [3, 17]). Since beams and plates are crucial models, de-
signing various mechanical structures in engineering and reducing damages in these struc-
tures necessitate the study of the mechanical properties of beam and plate. Hence, the
direct and inverse problems for the Euler-Bernoulli beam and plate equations have been
extensively studied over the decades, and they continue to be an active area of research in
science and engineering (see, [2, 6, 31, 33, 43, 52, 60, 68, 70, 88, 82]).

One of the reasons motivating our study is the non-uniqueness of the final time data
inverse source problem for the undamped wave equation. It is shown in [50] that for unique

determination of the unknown source F'(z) in the undamped wave equation

U = Ugy + F(2), (2,t) € (0,0) x (0,7),
u(z,0) = u(x,0) =0, x € (0,0), (1.5)
u(0,t) =wu(l,t) =0, t € [0,T],

from the final time data ur(z) = w(z,T), = € (0,¢), the final time must satisfy the
following condition

2
T+ forallm,n=1,2,3, ... (1.6)
n

Otherwise, that is, when 7' = 2m/n, an infinite number of singular values r,, defined as
(see formula (3.2.12) in [50])

1
Kp = o™ [1 — coS (\//\nTﬂ ,foralln=1,2,3, ..., \, = n’n?

in the singular value decomposition

F(SL’) = Z i'U/T,nflpn(x)’ VIS <O7£>

K
n=1 "

vanish, where {\,,, ¥, (z)}22

n=1

is the eigensystem of the operator —u”(z) subject to the
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boundary conditions given in (1.5). As a consequence, the Picard criterion

oo 92

u
T,

E 2” < 00
K

n=1 n

is not satisfied since this condition implicitly assumes the requirement r,, # 0, for all n =
1,2,3, .... Therefore, if x,,, = 0 for some m = 1,2, 3, ..., then the mth Fourier coefficient
Fr := (F,%m) 12(0,¢) of the unknown function F'(x) can not be determined uniquely.

From condition (1.6), it follows that the final time 7" > 0 can not be a rational num-
ber. In practice, fulfilling this necessary condition for the unique determination of F(x)
is impossible. For this reason, the above final data inverse problems for the undamped
wave equation were defined as infeasible in [50]. The same conclusion for the inverse
problem (1.5) with the final state over-determination uz(x) replaced by the final velocity
over-determination vr(x) := w;(x,T) holds true. Furthermore, a similar scenario occurs
for the inverse problem of identifying the unknown source in an undamped beam equation
from final time data.

The damping terms added to the basic governing equations of beam or plate models not
only lead to the loss of energy to the system but also provides a certain smoothness effect for
the direct problems of the model (see, [86]). This smoothing effect, in turn, further helps us
to analyze the uniqueness and stability of solutions to the inverse source problems associ-
ated with the damped vibration models. In fact, the damping terms play a similar role to the
regularization parameters used in the classical Tikhonov functional ([90]) to get a unique
solution for some linear inverse problems by the quasi-solution method. The importance
of damping phenomena in direct and inverse problems leads us to contemplate the effect
of different types of dampings, like viscous damping, Kelvin-Voigt damping, and struc-
tural damping in vibration models. By considering this motivating factor, we investigate
a unique reconstruction of spatial load in the Euler-Bernoulli beam and the stability of re-
constructing the spatial load in the Kirchoff-Love plate equation in the presence of viscous
damping. Moreover, we also investigate the role of internal damping (%(x )tz )2 (Kelvin-
Voigt damping) in the inverse problem of determining the unknown transverse shear force
in the Euler-Bernoulli beam. This inverse boundary value problem of determining the
shear force acting at the inaccessible tip of the microcantilever in TDFM is important for
understanding the specimen images and mechanical properties at a submolecular precision
([75D).

It is known that the temperature gradients in a plate will contribute to plate deforma-

tion and can cause changes in stiffness and vibration frequencies, and even buckling. We

8



study the thermoelastic plate, a coupled system consisting of heat, and the Kirchoff-Love
plate equations ([65]). As this advanced physical and engineering science model is relevant
in many real-life applications, the thermoelastic behavior of structures made of advanced
composite material needs to be thoroughly investigated. The coupled effect between defor-
mation and temperature has been a critical factor in thermal shock problems as well (see,
[14, 76, 92]). Further, in this model, damping is an essential consideration in the design
of plates as it helps to improve the structural integrity and performance and can help pre-
vent damage or failure due to excessive vibrations. The influence of different damping
mechanisms in thermoelastic plate equation in the analysis of qualitative properties of the
solution has been extensively studied, see for example, the plate equation with frictional
damping u,, structural damping —Auw,, Kelvin-Voigt type damping or viscoelastic damp-
ing A%u, (see, [18] and references therein). All these factors inspire us to finally study the
inverse problem of simultaneously reconstructing the spatial load and heat source in the

thermoelastic system with structural damping.

1.5 Contributions of the thesis

This section mainly focuses on the previous studies on the inverse problems of Euler-

Bernoulli beam and plate equations and our contributions to these models.

1.5.1 Inverse problems in Euler-Bernoulli beam

The inverse problems of the Euler-Bernoulli beam have been well-studied over the decades.
Let us recall some of the literature, starting, for instance, from ([33]), where the author
determines the cross-section and moment of inertia from spectral data. The uniqueness
study of determining flexural rigidity of the classical steady-state Euler-Bernoulli beam
equation was discussed in ([67]). The paper ([16]) studied the identification of spatial
density p(z) and inertia r(z) from the boundary data. For the simplest Euler-Bernoulli
beam equation: m(x)uy + (EI(x) Uy ) e = f(x,t) with (z,t) € (0,1) x (0,T), the author
determined the unknown spatial load from the measured output data u(z, T') or us(x, T) by
using the least square and adjoint problem approach in [43]. The same theory was applied
in the paper [45], to identify the unknown spatial and temporal load from the measured
slope u,(0,t), and also developed the numerical algorithm to reconstruct the unknown
sources. In the paper [48], two inverse source problems of identifying asynchronously
distributed spatial loads governed by the Euler-Bernoulli beam equation p(x)uy + pu(x)us +

9



(k(2)Upz) gz — Trthyy = Z%zl hn(t) frm () with hinged-clamped ends were investigated.
The first inverse problem is to find (f1, fa, ..., fm) from the measured deflection and second
is to find (f1, f2, ..., frn) from measured slope. For further results on the inverse source
problems of the Euler-Bernoulli beam and plate equations, one may refer to [37], [60],
[74]. Apart from the solvability of inverse problems on the Euler-Bernoulli beam, for the
solvability of the direct problem with different boundary and initial conditions, one can
refer to (see, [9], [64]).

Next, let us review some recent papers on the Euler-Bernoulli equation with inter-
nal/external damping mechanism. In the paper [47], the authors determine the unknown
transverse shear force by using measured boundary deflection w(¥, t), and in the article [46],
they consider the same inverse problem based on measured bending moment —r(0) (0, t).
In addition to this literature, there are some classic papers on the inverse problem of the
Euler-Bernoulli beam equation with the Kelvin-Voigt damping or viscous damping. In [36]
and [5], the parameter identification of the Euler-Bernoulli beam equation with structural
or viscous damping was investigated, and the numerical approximations of those quantities
were studied. The paper [55] determined the stiffness £(x), damping coefficient DI(x),
and initial data of the Euler-Bernoulli beam equation uy + (EI(2)uz, + DI(2)ugyt),, =
f(z,t), t > 0 using the spectral data of the model problem.

However, the above studies dealt with something other than the investigation of the
role of various damping mechanisms in the inverse problems of the Euler-Bernoulli beam.
Our first work focused on analyzing the viscous damping in the unique determination of
unknown spatial load in a damped, simply supported, non-homogeneous Euler-Bernoulli
beam from the measured final time displacement or velocity. We considered two cases,
namely, pure spatial load and exponentially decaying temporal load, and derived the singu-
lar value expansion for the unknown spatial load explicitly for both temporal loads under
some feasible conditions on damping coefficient and final time 7'. Furthermore, this study
provides a method to determine the permissible and optimal final time interval for measur-

ing the final time output.

Then, we study the inverse problems of determining the unknown transverse shear force
in a system governed by the damped Euler-Bernoulli beam with more general physical
coefficients and Kelvin-Voigt damping from the measured deflection at the right end of the
beam and the measured bending moment at the left end of the beam. The main purpose
of this work is to analyze the Kelvin-Voigt damping effect on determining the unknown
transverse shear force (boundary input) through the given boundary measurements. The

considered inverse problems are transformed into minimization problems for Tikhonov
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functionals, showing that the regularized functionals admit a unique solution for the inverse
problems. By suitable regularity on the admissible class of shear force, we prove that these
functionals are Fréchet differentiable. The derivatives are expressed through the solutions
of corresponding adjoint problems posed with measured data as boundary data associated
with the direct problem. The solvability of these adjoint problems is obtained under the
minimum regularity of the boundary data, which turns out to be the regularizing effect of
the Kelvin-Voigt damping in the direct problem. Furthermore, using the Fréchet derivative
of the more regularized Tikhonov functionals, we obtain remarkable Lipschitz stability
estimates for the transverse shear force in terms of the given measurement by a feasible

condition only on the Kelvin-Voigt damping coefficient.

1.5.2 Inverse problems in Kirchhoff-Love plate

As explained in the previous section, coefficient or source identification problems for the
Euler-Bernoulli beam equation have been fairly done to a great extent, whereas for the
Kirchhoff-Love plate equation, a very limited number of studies have only been done so
far. The determination of Young’s modulus £ and Poisson ratio v of the classical plate
equation from the Dirichlet to Neumann map was studied in ([52]). The dynamic plate
equation in simple form wu;; + a?A%u = g has been considered with Dirichlet and normal
boundary conditions v = 0 and % = 0 respectively in ([39]). The unique determination
of source function f(x), over the separable force g(x,t) = f(z)R(t) from either interior
measurement or boundary measurements was discussed using the fundamental solution
method combined with the Tikhonov regularization technique. The paper ([71]) consid-
ered the determination of the bending stiffness D(x,y) in the steady-state Kirchhoff-Love
equation A(DAwu) = ¢ in a unit square, where ¢(z,y) is the distributed transverse load
applied to the plate, using the technique called the method of variational embedding, where
the original problem is transferred into a minimization problem. A numerical algorithm for
solving this problem was also developed in this paper. In the paper [2], the problem of de-
termining unknown source in plate equation with boundary conditions v = 0 and Au = 0
was considered to study the general framework of allowing to use the exact observability
of infinite dimensional systems to solve a class of inverse source problems.

Unlike the works mentioned above, we discuss the unique determination of an un-
known spatial load in the non-homogeneous isotropic simply supported rectangular Kirch-
hoff plate equation with viscous damping from final time measured deflection. Under some

acceptable conditions on the coefficients, we proved the well-posedness of the direct prob-
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lem. The inverse problem is posed as a minimization problem of the regularized Tikhonov
functional. Since this inverse problem is linear, by using the classical calculus of variations
methods, we have obtained the existence of a unique minimizer to the regularized func-
tional, which indeed gives the solution to the inverse problem. The Lipschitz continuity of
the Fréchet gradient of the Tikhonov functional is obtained in terms of direct and adjoint
problems. The Lipschitz constant is useful for deriving a gradient-type algorithm for the
inverse problem. We have obtained an upper limit for the final time and a lower bound for
the damping coefficient, which leads to the stability estimates for the source term in terms

of measured data.

We also studied the inverse source problem by the SVD method, and the series repre-
sentation of a unique minimum of regularized Tikhonov functional is established. Using
the representation formula for the regularized solution, we observed that the solution ob-
tained by these two widely used methods, Tikhonov regularization and SVD, are equiva-
lent. Finally, with the help of singular values of the input-output operator and regularity
assumption on the temporal load, we derived stability estimates for the regularized and
SVD solutions of the inverse problem. These results clearly express that a very small value

of the regularization parameter magnifies the error between the measured outputs.

1.5.3 Inverse source problem in thermoelastic plate

In the previous sections, we discussed the literature on inverse source and inverse boundary
value problems on the Euler-Bernoulli beam and plate equations. Next, we briefly discuss
the literature on inverse problems of classical thermoelastic systems. The identification of
two coefficients in a coupled system of the hyperbolic equation for displacement, and the
heat equation for temperature from measured displacement in a subdomain along a suffi-
ciently large time interval was discussed in [100]. By the Carleman estimate method, the
authors discussed the Lipschitz stability estimate for the solution to the inverse problem.
The inverse source problem of a generalized thermoelastic system was analyzed by the
method of Carleman estimates in [13]. In [99], the authors studied the determination of
spatially varying unknown source term in a thermoelastic system with memory from mea-
sured displacement in a subdomain along a sufficiently large time interval. They provide
the Holder stability estimate by the method of the Carlemen estimate. The inverse prob-
lem of space-dependent vector source in a thermoelastic system from measured final time
deflection was studied in [96]. They proved the uniqueness of the solution to the direct

problem by variational approach and provided a numerical reconstruction of the solution
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to the inverse problem.

However, to our knowledge, the inverse problem of simultaneously identifying the me-
chanical load and heat source in structurally damped thermoelastic plate equations describ-
ing a homogeneous and elastically as well as thermally isotropic plate from the vertical
displacement measured at the final time has not been studied. By Galerkin’s approximation
method, we establish the well-posedness of the thermoelastic plate equation and the cor-
responding adjoint problem. Unlike the single plate equation, the coupled effect between
the plate and heat equations demands specific methods for the solvability of this system in
both forward and backward in time. The inverse problem is transformed into a minimiza-
tion problem for Tikhonov functional using the Tikhonov regularization method. We prove
the regularized Tikhonov functional admits a unique solution for the inverse problem. We
prove that this functional is Fréchet differentiable, and the gradient is written in terms of
the adjoint problem associated with the thermoelastic plate equation. We establish an upper
bound for the final time to derive the stability estimate for the source terms by invoking a
first-order necessary optimality condition of the minimization problem. This stability re-
sult also gives the uniqueness of the solution to the inverse problem. These findings in
this paper help to analyze the effect of thermal and mechanical load that results in material

deflection, which is vital from the perspective of physical applications.

1.6 Preliminaries

This section briefly lists standard function spaces, inequalities, and embedding theorems

used throughout the thesis. For more details, we refer to [27].

1.6.1 Function spaces

Let 2 C R™ be an open set and C2°(€2) denote the space of infinitely differentiable func-
tions with compact support in 2.

Definition 1.2. Let u,v € L\ (), and r is a multiindex. We say that v is the weak
derivative of u denoted by v = D"u, if

/uDrgoda: = (=1l / vpdx, for all test functions p € C°(92).
Q Q

Fix 1 < p < o0, and let m be a non-negative integer. We define certain function spaces

on the domain €2 C R" as follows.
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Definition 1.3. The function space which consists of all locally summable functions « :
2 — R such that for each multiindex r with |r| < m, D"u exists in the weak sense and
belongs to LP((2) is called the Sobolev space and it is denoted by W™P(Q). If p = 2, we
denote H™(Q)) = W™2(Q), m =0,1,2,....

Definition 1.4. For any u € W™?(Q), norm of w is defined as follows:

1/p
ullwmr@)y = Z / |D'u|Pdx , 1< p< oo, (1.7)
rl<m ¢
ullwmeo) = Z ess supg|Dul, p = 00. (1.8)
[r|<m

Definition 1.5. The set of all real valued locally summable functions v € H'(§2) with zero
trace on the boundary T' is denoted by H;(f2). The dual space of H}((2) is denoted by
H~(Q) with norm

[ull 1) = sup{< u, v >: v € Hy (), 0]l gy < 1}-

The time dependent function space L?(0,T; H™(f)) consists of all measurable func-
tions u : [0, 7] — H™(S2) such that

T 3
[ull 20,7, (02)) = (/0 HU(t)H?qm(mdt) < o0,
and C'([0,T]; H™(2)) consists of all continuous functions u : [0, 7] — H™(2) such that

[wlleqo.rymm @) [ax [u(®) || gm @) < oo

Next, we introduce some notations involving function spaces used in the subsequent chap-

ters. For any [ > 0, we introduce the function spaces

V(0,0) = {ve H*0,0): v(0) =v(() =0}, (1.9)
V30,0) = {ve H*0,0):v(0) =v,(0) = 0}, (1.10)

with standard Sobolev space norm

1

l 1
lolvgon = ([ (02 402+ 02) da)”
0
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while V7(0, ¢)’ denotes the dual space of Vi (0, £). The space V(0, ¢) will also be endowed
with the same norm.

Suppose 2 C R? is a bounded domain with smooth boundary T'. The function space
VZ(Q) is given by

VE(Q) = {v e H*(Q) :v(z) =0, =0, z €I}, (1.11)

with the standard Sobolev norm (1.7) corresponding to H?(€2), and VZ(Q)’ is the dual

space. If we consider the domain (2 as a rectangular domain in R?, specifically,

Q= {IE = (1'1,1'2) € R? : xr1 € (0,61), To € (0,62)}, 61,62 > 0,
FZ:F1UF2UF3UF4,

(1.12)
Ty = {(21,0) : 21 € (0,41)}, Ta:={(l1,22) : 22 € (0,42)},
Fg = {(1'1,62) T x € (O,gl)}, F4 = {(0,1‘2) I Xo € (0,62)},
then the function space V?(1) is introduced by
V(Q) ={ve H*(Q) :v(z) =0, 2 €'}, (1.13)

with norm defined through (1.7) and the dual space is V?(Q)’.

Remark 1.1. We use the following convention for the space and time dependent fuction
u(x,t). Assume that t € [0,7] and for every ¢, the function u(.,¢) belongs to a Hilbert
space V%(Q), thatis u : [0, 7] — V*(Q2). By this convention, we will write u(t) instead of
u(x,t).

1.6.2 Basic inequalities

Following is a list of fundamental inequalities (see, [27], Appendix B), continually em-
ployed throughout the work.
Cauchy’s inequality: For a,b € R,

2 b2

mg%+? (1.14)

Cauchy’s inequality with c: For any a,b > 0 and € > 0, we have

2

ab§5a2+b—. (1.15)
4e
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Holder’s inequality: Suppose 1 < p,q < oo, . + . = 1. Then for u € L(Q) and
v e L), we get

/Q juvldz < ull gy 0] 2o
Cauchy-Schwarz inequality: For 2,y € R", we have
[z -yl < |z]lyl.

Gronwall’s inequality: Let £, G be continuous functions on [0, 7], with G nondecreasing
and C; > 0. If£(t) < G(t) + Cy fotf(s)ds, for all ¢t € [0, 77, then

£(t) < G(t) exp(Cht), for allt € [0,T].
In particular, if {(t) < C4 fot &(s)ds, for all t € [0,T7], then £(¢) = 0. (see, [87], section

10.3.2).

1.6.3 Embedding theorems

In this subsection, we list the important embedding theorems used in the thesis.

Definition 1.6. Let X and Y be Banach spaces, X C Y. The space X is said to be com-
pactly embedded in Y, thatis, X CC Y, if

L flly £C|fllx, (f € X), for some constant C, and
2. each bounded sequence in X is precompact in Y, (see, [27], section 5.7 ).

Theorem 1.1. (Rellich-Kondrachov Compactness Theorem) Let ) C R"™ be a bounded
open subset with C' boundary T'. Suppose 1 < p < n, then

WhP(Q) cc LYQ),
foreach 1 < q < p*, p* := n”—_ﬁj, ( see, [27], section 5.7, Theorem 1 ).

Theorem 1.2. (Poincaré’s inequality) Let () be a bounded Lipschitz domain. Then for any

u € Hy(Q), there exists a Poincaré constant C,, such that

ullz2) < CpllVullz2(o)-
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(see, [87], section 7.10.2).

For any v € V}(0, /), we obtain the Poincaré inequalities, ||v||12(0,) < 20||vz | 12(0,0)

< 40%||vgz | 12(0,0)- Thus, we have
”UHVf(U,E) S V C*HUMCHLQ(O,E)7 C* = 462(1 + 462) + 1. (116)

Itis clear that the norm |[v||y2(g ¢ is equivalent to [|vz. | £2(0,¢)-

Applying classical regularity results for elliptic PDE given by Av = Au in 0, v =
0 on 052 (see, [35], Corollary 8.7 and Theorem 8.12), we get that the norms ||u||,2(q) and
| Au||12(q) are equivalent in V*(€2). This implies that

[ullvaie) < V|| Aul| L2, (1.17)

where C' is a positive constant (see, also [38], Theorem 1). This result also holds for the

norm defined in the space V().

Theorem 1.3. Let [ = (a,b) C R, then the elements of H'(a,b) are continuous in [a, b].

Furthermore,

vl @p) < Crllvlla a,n),

where C = 2max{(b—a)~2,(b— a)2}, (see, [87], Section 7.10.4).

Theorem 1.4. Let I = (a,b) C R be an open interval. For every integer j, 1 < j < m —1,
and for every € > 0, there exists a constant C(€, |I|) such that (see, [15], page 217)

HDjuHLp([) < EHDmuHLp([) + CHUHLP(I)7 for allu € Wm’p(f).

Theorem 1.5. (Ehrling’s lemma) Suppose X, Y and Z be Banach spaces, and X is com-
pactly embedded in Y, Y is continuously embedded in Z, that is, X CC Y C Z. Then for
every € > 0, there exists a constant C(€) such that ( see, [80], Theorem 7.30)

flly <ellfllx +C)|fllz, for every f € X.

The following two theorems play a crucial role in the verification of the initial condi-

tions.

Theorem 1.6. Letu € L*(0,T; H}(Q)) withu' € L*(0,T; H1(Q)), thenu € C([0,T]; L*(Q)),
(see, [27], section 5.9, Theorem 3).
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Theorem 1.7. Assume that () is an open bounded domain with smooth boundary I'. Let m
be a nonnegative integer. Suppose u € L*(0,T; H™2(Q)) with ' € L*(0,T; H™(Q)).
Then, we have (see, [27], section 5.9, Theorem 4)

u € C([0,T); H™(Q)).

Finally, we state theorems on the existence and uniqueness of solutions to abstract

minimization problems.

Theorem 1.8. (Generalized Weierstrass existence theorem) Suppose that the functional

J : M — R satisfies the following properties:
1. M is a nonempty closed convex subset of the real Hilbert space X.
2. J is weakly sequentially lower semicontinuous.
3. If the set M is unbounded, then [J is weakly coercive.

Then there exists a minimum w in M such that J(u) = mingep J(U). Further, if J is
strictly convex, then the minimization problem has a unique solution, (see, [101], Theorem
2.D).

Theorem 1.9. Let V' be a nonempty, closed, convex subset of the real reflexive Banach
space B. Assume that the functional J : V C B — R is continuous and convex. Then, the

minimization problem

Vii={veV :JWw) =J.:=inf J(u)} (1.18)

ueV

has a solution. Furthermore, if the Gdteaux derivative [J'(v) exists for all v € V, then the

minimization problem (1.18) is equivalent to the following variational inequality:
(T (v),v —v,) >0, forall veV. (1.19)

(see, [101], Theorem 2.E or [97]).
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Chapter 2

Determination of a spatial load in the Euler-

Bernoulli beam with viscous damping

2.1 Introduction

This chapter studies the Inverse Source Problem (ISP) for the Euler-Bernoulli beam with
viscous external damping. More precisely, consider the problem of determining the spatial

load F'(z) in the simply supported damped Euler-Bernoulli beam

gt + py A (1(2) U )2 = F(2)G(1), (2,1) € Qr,
u(z,0) = u(x,0) =0, x € (0,), (2.1)
u(0,t) = Uy (0,8) = 0, u(l,t) = ug (¢, ) =0, t € [0,7],

from the final time measured displacement
ur(x) :=u(x,T), x € (0,£), (2.2)

or the final time measured velocity vp(z) := u(x, T), x € (0,0),

Figure 2.1: Geometry of ISP
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where Qr = {(z,t) e R*: 0 <z < {, 0 < t < T}. The coefficients > 0 and r(z) > 0
denote the viscous damping coefficient and spatially varying flexural stiffness of the beam,
respectively. The source functions F'(x) # 0 corresponds to spatial load, and G(t) > 0
denotes the temporal load. The main focus of this chapter is the term pu; and its role in the

uniqueness of solutions to the inverse problem.

In the subsections, 1.4/and 1.5, we discussed the motivation behind this study and previ-
ous studies on the inverse problems of the Euler-Bernoulli beam equation, respectively, but
none of these studies explore the importance of damping mechanism in the unique deter-
mination of unknown source term. However, recently, in [95], a set of sufficient conditions
on the temporal load G(t) and coefficients are established for the unique determination of
spatial load F'(z) in the source term of the form F'(z)G(¢) in a damped Kirchhoff-Love
plate equation from final time measurements using a variational approach. For the study of
the uniqueness of the inverse source problem for the damped Euler-Bernoulli beam equa-
tion, we are invoking the spectral method rather than the variational approach. Using the
eigensystem of the Euler-Bernoulli operator, we computed the singular system of the input-
output operator . When the temporal load G(¢), the damping coefficient p and the final
time 7' guarantee the strict positivity of the singular values, the unknown spatial load is
uniquely expressed as an infinite series in terms of the eigensystem of ® and the Fourier
coefficients of the measured data up(z) (see, Theorem 2.4). This result is a unique feature

of the spectral method, which is unavailable in [95].

Since the main motive of this work is to explore the importance of the damping pa-
rameter in the unique recovery of spatial load, we considered two specific temporal loads
G(t) = 1 and G(t) = exp(—nt), n > 0 and determined the sufficient conditions relating
u, T, and n by which we have shown that the singular values of ® are strictly positive.
These conditions are obtained for the physically relevant values of the damping param-
eter 1, namely, underdamping case ;1 < 2+v/A; and critically damped case p1 = 2v/A,-,
where { ), } is the eigenvalues of the Euler-Bernoulli operator. Consequently, we found the
singular value expansion for the unknown spatial load F'(x) explicitly for both temporal
loads (see, Propositions 2.1, 2.2). Another added advantage of the spectral method is that
the spectral series representation of F'(x) can be utilized to develop the Truncated Singu-
lar Value Decomposition (TSVD) algorithm for the numerical reconstruction of the spatial
load. The study of this method has been done for the heat and wave equations in [50],
where it is explored that the numerical study of these problems using the Conjugate Gra-
dient Algorithm (CGA) with TSVD initialization is more robust than implementing with
CGA alone.
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This chapter is organized as follows. In Section 2.2, the input-output operator corre-
sponding to the inverse source problem (2.1)-(2.2) is introduced, and existence of a quasi-
solution to the inverse problem is proved. The singular value decomposition (SVD) of the
input-output operator is derived in Section 2.3. Sufficient conditions for the uniqueness of

specific applied problems are discussed in Section 2.4.
2.2 Existence of a quasi-solution to the inverse problem

Assume that the inputs in (2.1) satisfy the following conditions:

(2.3)

O<pu<p* 0<ryg<r(x)<r, ze (0,0,
F e L*0,¢0), F(x) 20, G € L*(0,T), G(t) > 0.

Theorem 2.1. Let conditions (2.3) hold. Then there exists a unique weak solution u €
L0, T;V(0,0)) with v, € L*(0,T; L*(0,¢)) and uy; € L*(0,T;V'(0,£)) of the direct
problem (2.1). Moreover, the following estimate holds:

||U||2L2(0,T;V(o,e)) + ||ut||%2(0,T;L2(O,£)) + ||utt||%2(O,T;V/(O,Z))
< CQHFH%?(O,Z)||G||%2(O,T)a (2.4)

where V(0, () is defined by (1.9) and the constant C' > 0 depends on the constants intro-
duced in (2.3), also on 0, T > 0.

Proof. The proof follows from the similar arguments to those given in [9]. Although the
results in [9] are proved for Dirichlet type boundary conditions (clamped beam), the same

analysis applies to the current set of boundary conditions. U

Introduce the set of admissible sources
f = {F € LQ(O,E) . HFHLQ(O,K) S "y, ")/ > 0}

and denote by u(x,t; F) the weak solution of the direct problem (2.1) corresponding to

given F' € F. Let us define input-output operator:
®: FcL*0,0)— L*0,0), (®F)(z):=u(z,T;F). (2.5)
We reformulate the inverse problem (2.1)-(2.2) in terms of the operator equation:

OF =ur, F € F, upr € L*0,/). (2.6)
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The equality in (2.6) holds only for a noiseless measured output wy. However, in practice
the measured output usually contains noise and as a consequence the exact equality in (2.6)

is not possible in practice. Hence one needs to introduce the Tikhonov functional
1 2
j(F) = 5 HCDF — U’THLQ(O,@)? F e ]:,

and reformulate the inverse source problem (2.1)-(2.2) as a minimization problem for this
functional:

J(F) = inf J(F). 2.7)

FeF

A solution of the minimization problem (2.7) is a quasi-solution of the inverse source prob-
lem (2.1) -(2.2).

Using the results given in [44] we can show that under conditions (2.3) the input-output
operator defined in (2.5) is a linear compact operator, which implies that the inverse prob-
lem (2.1) -(2.2) is ill-posed.

Theorem 2.2. Assume that conditions (2.3) hold. Then the minimization problem (2.7) has

a solution in the set of admissible inputs F.

Proof. Let Fy, F» € F be the two admissible sources from F and u(z,t; 1), u(z,t; F3)

be the corresponding solutions of the direct problem (2.1). Then the function
du(x,t) = du(x,t;0F), du(x,t;0F) = u(z,t; F1) — u(z, t; Fy)

solves the direct problem (2.1) with F'(x) replaced by dF'(z) = Fi(x) — Fy(x).

Now, we employ the identity

2

)

T(R) ~ T = [VTE) +VTE)| [VTE) - VTE)

to deduce that

2

2

1
‘\/j(Fl) —VI(F)| = 3 [ID(FL) — urll 2000 — |P(F2) — urllr2(0.0)|

1
< §||(I)(F1) - CD(F?)H%?(O,E)'
Further, in view of the definition of the operator ® and the trace inequality

lu(-, T)I720.0) < Tlludl 22012200, (2.8)
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with u(x, t) replaced by du(z,t) we conclude that

12(F1) — @(F2) 1200
= [[u(-, T Fr) — u(-, Ty F2) 720,

= [|6u(-, T5 6 F)Z200.0) < C*T6F || 7200 |1 Gll72 (0.2

This implies that

2

TC?
2

T (Fy) — T(FR))? < (2.9)

0P 1320|122 00y [ VT ) + /T (F2)

Applying the triangle inequality and using the estimate (2.8)), we obtain

2
VIR) + VI (F)
<2 (I10F 3200 + 19l + 2lur iz

<401+ TC) (331G a0 + lurla)

since || F, || 20,0y < v forall F,, € F. Substituting this in (2.9) we find that
| T (F1) — T (F2)| < L||Fy — Falz20,0
i.e. the functional 7 is Lipschitz continuous with the Lipschitz constant

1/2
L= (27C*(1+TC?) (NGB0 + lurlaes) ) -

This implies that J is a lower semi-continuous functional and hence it is weakly lower-
semi continuous on nonempty closed convex set F.

Then, by the generalized Weierstrass theorem, (see, Theorem 1.8), we conclude that the
functional 7 (F’) has a minimizer F' € F. O

Remark 2.1. By the linearity of the direct problem (2.1), we have
u(z, ;v + (1 —v)Fy) = vu(x, t; Fy) + (1 — v)u(z, t; Fy), v € (0,1),
and hence, one can get that

TJWF +(1—v)F) <vJ(F)+ (1 —-0)J(F),YF,FecFve(01).
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It shows that the functional 7 (F') is convex. Since the functional is not strictly convex, we

cannot guarantee the uniqueness of the inverse problem.

Corollary 2.1. Assume that conditions (2.3) hold. Then the regularized Tikhonov func-

tional
1 2 1 2
Jo(F) = B |F — U’T”L2(O,£) + §O‘||FHL2(0,£)> FerF (2.10)

has a unique minimizer F,, € F.

2.3 Singular value decomposition of the input-output

operator

Consider the eigenvalue problem

(Lw)(z) = Mw(x), x € (0,0),
w(0) = 1y (0) = w(¢) = wya(€) =0,

(2.11)

associated with the Euler-Bernoulli operator (Lw)(x) := (r(z)w”(z))” defined on
D(L) ={v e V(0,0) N H*0,£) : v2(0) = vy () = 0},

thatis, £ : D(L£) C L*(0,1) — L?(0,1). Denote the symmetric bilinear form associated by

the Euler-Bernoulli operator by

¢
Blw, v] ::/0 r(x)w” (z)v" (z)dz, w,v € V(0,7). (2.12)

1/2

Then the energy norm B[w, w]'/* is equivalent to the norm ||w||y (o ), by condition (2.3).

In view of the results given in [34], Chapter 13, the Euler-Bernoulli operator is self-

adjoint and positive definite. Furthermore, there exist eigenfunctions {¢, }>° |,

(5%)(37) = )‘nwn@c)v VS (O,ﬁ),
Pn(0) = ¥(0) = ¥n(0) = Y5 () =0,

(2.13)

corresponding to the eigenvalues {\,}52,, 0 < A; < g ..., with the asymptotic property
O(n*) ([8]). In addition, the system {1),,}°°,, forms an orthonormal basis for L?(0,1).
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Using this basis, we can write the Fourier series expansion
w(x) - anwn@j) y Wy = (wawn)LQ(Ol) (214)
n=1

for the weak solution w € V(0, ¢) of the problem (2.11).

Remark 2.2. In the case when r(z) = 1 and ¢ = 7 in (2.13), one can prove that (see, for
instance [79])

Ao=ntn=1,2 .. ¥,(r)=+/2/7 sinnz, x € (0,7).

Lemma 2.1. Assume that conditions (2.3) hold and the eigensystem {\,,, 1, }22 | is defined
as above. Then for any w € V(0, (), there exists an orthonormal basis {1,,//\, }°°, for
V(0,£), and the series (2.14) converges in V(0, (). Furthermore, the principal eigenvalue
A1 > 0 of the Euler-Bernoulli operator can be defined through the norm of the bilinear

form Blw,v] as follows:
A1 = min{B[v,v] : v € V(0,£), ||[v| 200, = 1} (2.15)

Proof. Letw € V(0,¢). Then we can write the Fourier series expansion (2.14) as {¢,, }°° ,
is an orthonormal basis for L? (0,1). Furthermore, from (2.12) and (2.13) it follows that

B[wna wm] = )\n(wna ¢m)L2(O,£) - )\nén,ma n,m= L 27 sy (216)

where J,, ., is the Kronecker symbol. This implies that {,,/v/ A, }°2, is an orthonormal
subset of V(0, /) endowed with the new inner product (2.12), since

e

by (2.16). We prove that {1,,/v/\, }5°, is in fact an orthonormal basis of (0, ¢). To this
end, we need to show that B[, /v/\,, w] =0, foralln = 1,2, 3, ..., implies w = 0. But
this assertion is evidently holds since B[y, /v/An, w] = v/ Ap (¥, w)12(0,0) by (2.16), and

the conditions

] = Opm, Nym =1,2,...,

(Un, w) 20,0 = 0,foralln =1,2,3, ...

imply w(z) = 0, as {1,,}°° , is a basis for L?(0, £). Thus, {1,,/v/A, }°2, is an orthonormal
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basis of V(0, ¢) and, as a consequence, the series

o Y sl
;w”ﬁ’w”"B[w’ w—}

converges in V(0,¢). Comparing this series with the series (2.14) we find that w,, =

VA wy,. This means that the series (2.14) in fact converges also in V(0, £).

To prove the second part of the theorem, we employ the Fourier series

[eS)
= S, = 5, Yl
n=1

of the element w € V(0, £) with |[w0||z2(0,¢) = 1. Then, by Parseval’s equality,

)
D ik = ]2 = 1.
n=1

In view of Bw ,w] = A, [|w[|72 (9, = An We obtain that

Bli il = 3 i A > A S i =
n=1 n=1

The above result leads to (2.15).

]

Theorem 2.3. Assume that conditions (2.3) hold. Then the input-output operator P intro-

duced in (2.5), and corresponding to the inverse problem (2.1)-(2.2) is self-adjoint. Fur-

thermore,

(D) () = onthn(),

that is, {0, ¥, }5°, is the eigensystem of the input-output operator, where

1 T
S / e T/ 6in (o (T — 1)) G(t)dt,
Wn, 0

Wp = l V 4/\n _M27

2

*

T
On, = / (T — t)e M T=D2GQ(t)dt,
0
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if 1< 2v/ A,

(2.17)

(2.18)

(2.19)



1 T

=5 e MT=0/2 [ (@l _ o=0un(T=0] G(¢)dt,
1
Gu =5 V2=, if 1> 2V/N, (2.20)

while {\,,, 1, }°2, is the eigensystem of the Euler-Bernoulli operator.

Proof. We use the Fourier series expansion
u(, t) = un(B)n(@), un(t) = (u(- ), vn) 200 (2.21)
n=1

for the weak solution of the initial boundary value problem (2.1) and then take the L?-inner

product between (2.1) and ¢,,(z). In view of (2.13) we arrive at the problem:

(ae(£), 1) + p(ug(£), ) + Aa(u(t), ) = (F,1b,) G(1),
(u(0), ¥n) = (u(0),¢0n) = 0.

This implies that

up (t) + pul (t) + Aun(t) = F,G(t),

(8)+ (1) + Aatin(1) = FuG(D) o)
un(0) = u,(0) =0,

for each n = 1,2,3,... . The characteristic equation associated with (2.22) is given by

Bio+ p Prz+ Ay = 0and it’s root is f15 = (—p £ \/p? — 4X,)/2. There are three
possible cases depending on the sign of the discriminant p?> — 4),, and determined by the

conditions p < 2v/\,, i = 24/, and o > 24/)\,. The solutions of the Cauchy problem
(2.22) corresponding to these cases are

r F, ¢
— e H(E=T)/2 sin(wy(t — 7)) G(7)dr, t € [0,T],
wn Jo
Wy, = % AN, — p? it < 24\,
t
un(t) =4 F, / (t —7) e M=D2G(r)dr, t € [0,T) if =2/ A, (2.23)
0
t
& e HE=T)/2 [ea"(t”) — 670"@77)} G(7)dr,
2w, Jo
Wy = % 2 — AN, it p > 24/,

\

Substituting ¢ = 7" in (2.21) and (2.23) we arrive at the (formal) Fourier series expansion
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of the input-output operator:

n=1

where 0,, n = 1,2,3,... are defined by expressions (2.18) to (2.20). Evidently v, are

eigenfunctions of the operator ® corresponding to the eigenvalues 0,,, n = 1, 2, .... Indeed,

(P (v Zgn V(2 (7)) Yn(z) = Omthm(z).

Furthermore,

((I) LQOl = ( On nwn Zmem )
n=1 m=1

=> o,F,F, = (F,®F) VF,F e L*(0,1),

where F), := (ﬁ’ ,¥n)12(0,)- Hence, the input-output operator is self-adjoint, thatis ® = &*,
where ®* : L2(0,1) — L*(0,1) is the adjoint operator. This completes the proof. O

Remark 2.3. The cases jt < 2v/\,, it = 2¢/\, and p > 2+/)\,, defined in (2.18) to (2.20),
correspond to underdamped, critically damped and overdamped vibrating systems, accord-
ing to the commonly accepted classification [79].

It should be emphasized that only one term o, associated with the case yu = 2\/>\_n*
can appear in the expansion (2.24). If p = 2\//\_m and n, > 1, then the terms o,
n=1,2,,..n, — 1 associated with the case ;1 > 2v/\,,, appear in the expansion (2.24), due
to the fact that the sequence of eigenvalues { ), }>° | increases monotonically as n — oc.
Furthermore, the case 1 € (2v/ A\, QM ) means that the terms oy, ..., 0, in the expan-
sion (2.24) are defined by formula (2.20).

Next, we derive some important consequences of Theorem 2.3. Formula (2.24) implies
that

(D*DF)( Z o2 F iy (x

By definition, the square root of eigenvalues o2 of the self-adjoint operator ®*& are defined
as the singular values of the self-adjoint input-output operator ¢. Hence o,,, n = 1,2, 3, ...

defined by formula (2.17) are the singular values of the input-output operator ¢. Accord-

28



ingly, the triple (o, 1,,,) defines the singular system for the self-adjoint input-output

operator .

Theorem 2.4. Let conditions (2.3) hold. Assume that the noise free final output introduced
in (2.2) satisfies the condition ur € L*(0,(). Suppose that the temporal load G(t) is such
that o, > 0 foralln =1,2,3, ....

Then for the unique minimum F, € F of the regularized Tikhonov functional [J,(F)
defined in (2.10) the following singular value decomposition holds:

Fua)=Y AX0n) (@), 2 € (0,0), (2.25)
n=1 n
where )
S,
Q(aag) - O_Q_I_av a>0

is the filter function, o > 0 is the parameter of the regularization, {0y, {n(x)}32, is the
eigensystem of the input-output operator ¢ and ur,, is the nth Fourier coefficient of the

output up(x).

Proof. Proof of this theorem follows from the similar arguments to those given in Theorem
3.1.3 of [50]. ]

Remark 2.4. The inverse problem with the final time velocity is analyzed in a similar way.
In this case one needs to replace the additional condition (2.2) by the condition vp(x) =
w(z, T), x € (0,70).

2.4 Sufficient conditions for pure spatial and exponentially

decaying loads

In this section, we derive sufficient conditions for the positivity of the singular values o,
n = 1,2,... corresponding to the input-output operator (2.5) for the common dynamic
loading cases: the pure spatial loading, G(t) = 1, and the exponentially decay loading
G(t) = e~ ™, where n > 0 is the decay rate of the applied temporal load. In applications,
the most widely used range of values of the damping parameter is iz € (0, 1) ([81]). Hence,
we will examine the underdamped, 1 < 2\//\_n , and, as a limit case, critically damped,
i = 2/, cases. Notice also that the condition z < 2v/A; implies 1 < 24/, for all
n=2,3,...,,since \; > 0 is the minimal eigenvalue of the Euler-Bernoulli operator.
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2.4.1 Forced vibration under pure spatial load

Assuming G(t) = 1 in (2.18)-(2.19) and calculating the integrals, we find the singular

values corresponding to underdamped and critically damped cases as follows:

1
On = 3= {1 — {cos(Twn) + 2,u sin(Twn)} e_“T/Q} ,
n Wn , (2.26)
Wn =5 VAN, — 12, 0 < < 24/ A,
o — AL (1= e Va] e ) p=2y/5 (2.27)

Under the assumption 1 < 24/);, we need to find a relationship between the final time
T > 0 and the damping parameter that provide the positivity conditions o, > 0, for all
n = 1,2,3, ..., that is, a sufficient condition for unique determination of the spatial load
F(x) from final time output ur(x) through (2.25) and (2.26). To this end, we introduce the
function

9o (nyp, T) = |cos(Twy,) + 2“

- sin(Twy,) | exp (—pT'/2)

and rewrite formula (2.26) for o,, in the form: ¢,, = ﬁ {1 —gs(n;u, T)}.

| | | | A
| | | [ | | WA
| Voo

I’I_ﬁ:fl | .I li | || || ' |

3 1 5 n

o]

Figure 2.2: Behaviour of the function g, (n; u, T') depending on the values of the damping
parameter and the final time (the figure on the left: ;1 = 0.1 (purple line) and ; = 1 (blue
line) for 7' = 4), and behaviour of the singular values (the figure on the right: o,,: ¢ = 0.5,
for T = 4).

Behaviours of the function g, (n; i, T') and the singular values o,, are plotted on the left
and right in Figure 2.2, depending on the values of the damping parameter and the final

time. The left figure shows how the function g, (n; u, T') generates an oscillating behavior
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of the singular values, even when there is no temporal component of the load (G(t) = 1).
Moreover, it is also evident that the oscillation is drastically reduced when the effect of the
damping parameter increases. However, this oscillating behavior is weakly reflected in the
behavior of the singular values due to the absence of the temporal component of the load
(G(t) = 1). The oscillating behavior together with the decay rate of the order O(n™*) can
be clearly seen in the right figure.

In view of the inequality |a cos a+bsin a| < v/a2 + % and the relation 4w? = 4\, — 2,
the positiveness o,, > 0 is guaranteed by the conditions

2

A A(), n=1,2,3,....

T 14—
exp (uT) > +4>\n_u2

The function A,()\,) decreases monotonically as A, > 0 increases, hence all the above

conditions hold, if

1 1
T>—1In (1—1— ) = gr(pw; A1), 2/ A/ > 1.
p 2V h /) — 1
With the inequality In(1 + z) < z, for all x > 0, this leads to the following sufficient
condition for the positivity of the singular values defined by formula (2.26):

T> ﬁ—;ﬂ =T, 0 < p <2 (2.28)

Let us analyze what does the condition (2.28) means in the sense of admissible lower
limit 7, > 0 of the final time 7" > 0. For near-zero values of the damping parameter, the
corresponding value of the lower limit is the same order. Namely, for the case \; = 1
considered in the Remark 2.2, T, ~ 10~2 for ;» = 10~2. Hence, in this case, no condition
other than the positivity is imposed in (2.28) on the final time 7" > 0.

Furthermore, for the most important and critical case, when the difference between the
values ; and 21/, is of the order 107!, the corresponding value of the admissible lower
limit 7, is reasonable. Specifically, for \; = 1 and p = 1.9, we have 2v/\; — u = 1071,
and 7, ~ 4.9, by formula for 7} in (2.28). This means that one needs to take the value of
the final time T' > 5.

Proposition 2.1. Assume that conditions (2.3) hold and G(t) = 1 in (2.1). Suppose that
the final time I’ > 0 and the damping coefficient | > 0 satisfiy the conditions (2.28). Then
on > 0foralln = 1,2,3, ..., and the inverse problem (2.1) - (2.2) has a unique solution
FekF.
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Moreover, for this solution the following singular value expansion holds:

F(z)=)Y" gi Ur n Yn (), (2.29)

n=1 "

where 0,, n = 1,2,3, ... are defined by formula (2.26).

Consider now the critically damped case, when u = 24/\,,, . From formula (2.27) it

follows that the sufficient condition for the positivity of the singular value o, is
IVA S 1T /A,

Since the inequality exp(y) > 1 + y holds for all y > 0, the above inequality holds for
all 7" > 0. Therefore, the singular value o,,, corresponding to the critically damped case
=24/, 1is positive for all 7" > 0.

2.4.2 A beam subjected to exponentially decaying temporal load

Assume in (2.18) that G(t) = e™™, where 7 > 0 is the decay rate of the applied temporal
load. Consider again the underdamped case: (1 < 24/ ;.

Substituting G(t) = exp(—nt) in formula (2.18) we get:

1 T
Op = — e HT=D2 gin(w, (T — t)) e "dt,
wn Jo (2.30)

Wy, = % VAN, — 12, 1 < 28/ A\,

Assuming 0 < 21 < p, we calculate integral (2.30) to find:

4
(4N — p1%) + (= 2n)

— |cos(w,T) + a

O = 5 {6—77T

—2

Wn

il sin(wnT)} e—ﬂm} . (2.31)
Then for the condition o,, > 0 holds, if 0 < 21 < y and

(1 — 2n)?

(n—2m)T >1
e + Fp V-

n=1,2,3,...

Since the right-hand-side expression is a monotone decreasing function of A\, > 0 and
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A1 < A, for all n > 1, the above inequalities hold, if

(1 =20,

T >
4)\1—[12

p—=2n

By the inequality In(1 + z) < =z, for all z > 0, a sufficient condition to achieve this
inequality is the following condition:

©—2n

T>———
N

= T (;m, A1) (2.32)
Proposition 2.2. Assume that conditions (2.3) hold and G(t) = e " n > 0in (2.1). Sup-
pose that the final time T' > 0, the damping coefficient n > 0 and the decay rate n > 0

satisfy the following conditions:

p—2n
4N — p*’
0<2n < p <2y

T >

Then the singular values o, > 0, n = 1,2,3, ..., defined by formula (2.31) are positive,
and the inverse problem (2.1) - (2.2) has a unique solution F' € F. Moreover, for this

solution the singular value expansion (2.29) holds.

2.0/

| Il" { I o
| i ] 0.08 | | "
]l ||
| /o f
} ;o 0.06 |
P / | || i
P / 1|_||l: | |
o A
- |

0.02| AT

12 1.4 16 18 r 2 3 4 5 O

n

Figure 2.3: The figure on the left: the function 7, (x; 7, A1) with A; = 1, depending on the
damping parameter: n = 0.3 (top curve) and n = 0.5 (bottom curve). The figure on the
right: behaviour of the singular values: for \,, = n*, T' = 4.

The right-hand-side in (2.32) determines the admissible lower limit 7 (1; 7, A1) > 0 of
the final time 7" > 0. This is an easily testable and feasible condition, and does not impose
a very strong constraint on the admissible values of the final time. So, T.(u;n, A1) < 4,

even for very close to 24/\; (limit) values of the damping parameter. For \;, and for the
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two values 7 = 0.3 and n = 0.5 of the decay rate parameter, the function 7% (u; 7, A1) is
plotted on the left in Figure 2.3.

As soon as the temporal component G(¢) in the Euler-Bernoulli equation (2.1) is acti-
vated, even as an exponentially decaying temporal load G(t) = e~ ", the oscillations of the
singular values o0, as a function of n = 1,2, 3, ... , occur, and indicates a real vibration of
the beam. This is clearly seen from the graph of this function in Figure 2.3 on the right.

Finally, consider the critically damped case, when p = 2\//\_n* . From the integral in

(2.19) with G(t) = e~ it follows that in this case the formula for the singular value o,,, is

On, = ﬁ {7 =4 (u/2=mTe P} n/2 =X (233)

By the same argument in the previous critically damped case, ,,, given in (2.33) is positive
forall 7" > 0.

Remark 2.5. This work provides the uniqueness of the infeasible inverse source problem
by considering the damping term in the Euler-Bernoulli beam model. With the help of
the damping term, conditions on the final time 7', and specifically selecting a temporal
load G(t) > 0, we ensured the positivity of singular values o,,, and thereby we obtained
the uniqueness of the solution. It is emphasized that the analysis for pure spatial load
and exponentially decaying temporal load is comparatively straightforward and verifiable.
Furthermore, as an extension of these findings, the paper [51] addresses the unique identifi-
cation of spatial load in the Euler-Bernoulli beam with a harmonic temporal load cos(wt).
Nevertheless, deriving a more comprehensive set of sufficient conditions for the unique re-
covery of the spatial load using SVD from uz(x) for any given temporal load G € L*(0,T)
is still an open problem.
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Chapter 3

Identification of a transverse shear force
in the Euler-Bernoulli beam with Kelvin-
Voigt damping

In Chapter 2, we proved that in the presence of viscous external damping in the Euler-
Bernoulli beam, we can uniquely determine the source function from the final time mea-
sured data under suitable conditions on the final time 7" and damping coefficient p by a
rigorous analysis involving the SVD. In this chapter, we consider a more general form of
the Euler-Bernoulli beam by including all the possible physical coefficients together with
both damping effects given by external damping as well as Kelvin-Voigt damping. It is un-
derstood from the previous chapter that the nature of the damping term drastically changes
the nature of the solutions to the direct beam model, which in turn helps to obtain a feasible
solution to the inverse problems as well. By taking this motivating factor into account, we
analyze the Inverse Boundary Value Problem (IBVP) of determining the unknown trans-
verse shear force (boundary data) in the presence of both external viscous damping and

internal Kelvin-Voigt damping factors.

Consider the Euler-Bernoulli beam with more general physical coefficients and damp-

ing effects as follows (see, [20], Chapter 17, Section 4 and also refer to [6]):

i

p(x)ug + p(z)us + (r( X)) ww + (K(2)Uggt) 2z = 0, (2,1) € Qr,
u(z,0) =0, u(z,0) =0, z€(0,0),
w(0,8) =0, uy(0,8) =0, tel[0,T], 3.1)
[ () tgs + /ﬁ(x)umt]ng =0,
— [(r(@)uzs + /i(x)umt)x]x:g =g(t), t €0,7],
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where Qr = (0,¢) x (0,T], r(z) := E(x)I(x) > 0 is the flexural rigidity (or bending
stiffness) of a non homogeneous beam while £(x) > 0 is the elasticity modulus and

I(x) > 0 is the moment of inertia. The coefficient x(z) := c4I(x) represents energy
dissipated by friction internal to the beam, where c, is the strain-rate damping coefficient.
The nature of the terms p(x)u, and (K(2)uyy )., are determined by external and internal
damping mechanisms, respectively. The non-negative coefficient u(x) and the positive
coefficient x(x) are called the viscous external damping and the strain-rate or Kelvin-Voigt
damping coefficients, respectively. For this considered model, there can be only two types
of force effects acting on the right end = /¢, one is bending moment, and the other is
transverse shear force. In this study, we look at the case in which the vibration is caused
by an unknown transverse shear force g(t) := — [(r(2)uze + £(2)uge),] at © = £, which
needs to be identified from either given measured deflection at x = ¢ or bending moment

atz = 0.
The following two IBVPs are formulated to the model (3.1).

IBVP-1. Find the unknown transverse shear force g(t) from measured deflection v(t) given
at the right end of the beam x = (:

v(t) :==u(l,t), t €[0,T]. (3.2)

For a given ¢(t) from the set of admissible transverse shear forces, the problem (3.1) with
the solution u(z, t) := u(x, t; g) is known as the direct problem. Here, the following tricky
question arises. Can we swap the boundary conditions — [((2)tuze: + r(:)s)um)x]x: ;=
g(t), v(t) :== u(l,t), and solve the initial boundary value problem

p(@)uee + p(@)ue + (r(@)uos)ze + (K(@)Usz)zar = 0, (2,1) € O,
(x,0) =0, ut(:c,O)—O z € (0,0),

u(0,t) =0, u,(0,t) =0, tel0,T],
(6.t) =v(t), [r(@)use + £(2)thgat] -, = 0, t € [0, 7]

Y (3.3)

Q

and then find the unknown transverse shear force ¢(t) using the formula

g(t) = = [(r(@)tae + £(@)tger) | _,7

Therefore, a situation arises as if there is no need for any inverse problem. Besides,
swapping of the above mentioned boundary conditions is also a mathematically correct

approach. However, in this chapter, we consider the inverse problem (3.1)-(3.2) as the
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Figure 3.1: Geometry of the IBVP-1

physical justification to that model comes from the fact that problem (3.1) is a developed
mathematical model of vibration of the cantilever tip due to the shear force interaction
in TDEM (see, [3], [75] and references therein). As mentioned in the subsectionl.4, the
problem of determining the shear force is of great importance when specimen images and
mechanical properties need to be computed at some submolecular precision (see, [75]).

The problem IBVP-1 defined by (3.1) and (3.2) can be reformulated as the invertibility of

the Neumann-to-Dirichlet operator

®:G, C HY(0,T)— L*0,T), (®g)(t) :=u(l,t;g), t €[0,T],

3.4)
Ql - {g - Hl(O,T) . g(O) = 0, ||g||H1(O,T) S ﬁ, ﬁ > 0},

where G is called the set of admissible inputs (shear forces). With the help of noise free

measured output v(¢), we can reformulate IBVP-1 in terms of functional equation as

Og(t) = v(t), v € L*(0,T). (3.5)

We note that the exact equality in (3.5) can hold only in the case of noiseless measured
output v(t). However, as noted in the previous chapter, in practice the measured output
v(t) always contains measurement errors, and hence exact equality in the functional equa-
tion (3.5) is not possible. Therefore, we introduce the Tikhonov functional to solve the

minimization problem

. 1 2
minJi(g), Ji(9) =5 129 = vl (3.6)

whose solution, according to [56], is defined as a quasi-solution of the inverse problem.

Then we consider the same problem for the regularized Tikhonov functional

1 o
Jia(9) = 5 1®9 — vl T2 0y + 5 19122002 (3.7)
2 2

where a > 0 is the parameter of regularization.
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Figure 3.2: Geometry of the IBVP-2

The second inverse problem, we study in this chapter is formulated as follows.
IBVP-2. Find the unknown transverse shear force g(t) from measured bending moment

w(t) given at the beginning of the beam x = 0:
w(t) := — (r(0)ug(0,t) + K(0)uz (0,8)), t € [0,T]. (3.8)

The problem IBVP-2 defined by (3.1) and (3.8) is related to the invertibility of Neumann-

to-Neumann operator

UGy C H30,T) — L*0,7T),
(Tg)(t) == = (r(0)uas (0, t; g) + K(0)uart (0, 85 g)) , t € [0, T], (3.9)
Gs ={g € H*0,T) : g(0) = ¢'(0) = ¢"(0) = 0, [|g|lg30,r) < R, K1 > 0}.

In terms of the functional equation, we will again express the inverse problem (3.1) and
(3.8) as follows

Vg(t) = w(t), we L*0,T). (3.10)

As in the case of IBVP-1, when the measured data w(t) contain random noise the exact
equality in (3.10) is not feasible. In this case we solve the minimization problem for the

Tikhonov functional

. 1
min 7(9),  Ja(9) = 5 199 = w2 (3.11)

g€§3

and the regularized Tikhonov functional is considered as follows

"

1 «
Jaalg) = 3 Vg — wllfz0.r + 3 19" 12 0m)- (3.12)

It is worth noting that IBVP-2 can be formulated using the admissible source G; and
the regularized Tikhonov functionals J,., Ja2, can be defined with usual L? norm regu-

larizer ||gl|3, (o.)- Further, the solvability of these inverse problems (see, Theorem 3.4 or
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Remark 3.2) do not require the more regularized functionals as in (3.7) and (3.12), while
these regularized functionals are crucial to derive the stability estimates (see, Theorems 3.7,
3.8). We study the inverse problems (3.1)-(3.2) and (3.1), (3.8) as a minimization problems
for the Tikhonov functionals 71,(g) and J2,(g) on the set G;, G3 respectively. In the ab-
sence of the internal damping term (K ()¢ )4 in (3.1), the inverse problems of (3.1) with
measurements (3.2) and (3.8) were studied respectively in [47] and [46].

The presence of Kelvin-Voigt damping and the mixed boundary conditions, in turn,
makes the problem more complicated, and the boundary data (shear force) determination
under these conditions becomes difficult. Indeed, for the existence and uniqueness of the
solution to the direct problem (3.1), we need to develop appropriate identities to handle
these types of mixed boundary conditions for deriving priori estimates for the direct prob-
lem and proving the regularity of solutions. This makes the current work different from
[47], [46] where only external damping p(x)u, is considered, and so the balancing ef-
fect of the Kelvin-Voigt damping term on the boundary conditions is also not needed on
those papers. For a related model on the wave equation with Kelvin-Voigt damping in the
bounded domain, one may refer to [1]. On the other hand, Kelvin-Voigt damping also
has some sort of regularizing effect in proving the solutions of the direct problem. For
instance, in [47], [46], the authors require higher regularity like ¢ € H?(0,7T) to prove
ug € L*(0,T;V3(0,0)),uy € L*(0,T; L*(0,¢)), whereas in this chapter we prove those
estimates with ¢ € H*(0,T) by coupling with appropriate identities and Sobolev embed-
ding theorems. We also prove the existence of solutions to the inverse problems (3.1)-
(3.2) and (3.1), (3.8) when the transverse shear force g(t) belongs to the admissible inputs
G, C H'(0,T), as the detailed analysis shown in the following sections.

The main contributions of the chapter are summarized as follows:

1. The existence and uniqueness of the weak and regular weak solutions to the direct

problem are proved. Furthermore, the necessary a priori estimates are derived.

2. Solvability of the inverse problems (3.1)-(3.2) and (3.1), (3.8), defined as IBVP-
1 and IBVP-2, and governed by Neuman-to-Dirichlet and Neumann-to-Neumann
operators, respectively, are studied in appropriate admissible set of transverse shear
sources G,, C H™(0,7), m = 1,3. It is demonstrated that for compactness and
Lipschitz continuity, the operator ¥ does not require G3 regularity. We just need
G, regularity for ¥’s compactness, and G; regularity for Lipschitz continuity, while

these results can be verified for the operator ® on the admissible source G; itself.

3. The Tikhonov functionals 7,,,(g), m = 1,2 are introduced, and the Fréchet deriva-
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tives of these functionals are derived in through the solutions of corresponding ad-
joint problems. It is shown that for IBVP-1, the admissible source g(t) needs to be
in G;, while for IBVP-2 the more regular set of admissible sources Gz C H?(0,T)
is needed (see, Section 3.3). For IBVP-2, the regularity of the admissible sources is

also needed for the solvability of the adjoint problem.

. Other remarkable results are the Lipschitz type stability estimates for IBVP-1 and
IBVP-2. We provide a local stability estimate for the unknown shear force g € G;
when Kelvin-Voigt damping coefficient x(z) > 0 satisfies a condition on its lower
bound, while the external damping coefficient is nonnegative: p(z) > 0. It should
be noted that this stability result is valid even when the external damping effect is
not present, that is, when p(z) = 0. In the case of IBVP-2, we establish a stability
estimate for ¢ € Gz under a feasible condition on the parameter of regularization
a. Both the stability results are obtained when more smooth regularization terms
are added to the Tikhonov functionals 7,,,(¢g), m = 1,2. These results give a new
perspective for the stability analysis of the shear force determination in the presence

of both damping terms.

This chapter is organized as follows. The existence and uniqueness, and regularity of so-

lutions are given in Section 3.1. The solvability of inverse problems are given in Sections

3.2. The Section 3.3 is devoted to the Fréchet derivative of the Tikhonov functionals and

Lipschitz continuity of the Fréchet derivatives. The monotonocity of the gradient based

algorithm is analyzed in Section 3.4. The stability analysis of the inverse source problems

are discussed in Section 3.5.

3.1 Existence and uniqueness of weak solutions to the di-

rect problem

In this section, we consider problem (3.1) with non homogeneous initial conditions:

¢

p(x)ugy + p(z)us + (1)t ) ww + (K(2)Uggt) 2z = 0, (2,1) € Qr,
u(x,0) = ug, u(z,0) = vy, z € (0,0),
w(0,6) =0, uy(0,1) =0, te[0,7], (3.13)
[ (%) tgs + lﬁ(l’)umt]ng =0,
— [(r(@)uzs + “(I)“mt)x]m:g =g(t), t €0,7T].

40



In the study of direct and inverse problems related to the model (3.1), the following basic

assumptions are used:

r,k € H*0,€), g€ H'(0,T), g(0) =0,
0<po<plx)<p, 0<ro<r(z)<ry, (3.14)
0<po<p(x)<pr, 0<ky<k(x)< k.

Definition 3.1. Let 0 < T < 400, up € Vi(0,¢) and vy € V(0,¢) be given. We say a
function u € L*(0,T;V{(0,£)) with u, € L2(0,T;V3(0,0)) and uy € L*(0,T; L*(0,0)) is
a weak solution of (3.13) provided

i) (pua(t),v) + (pu(t), v) + (Fiae(t), vas)
+(Ktggt (1), 2) = g()v(0), Yv € V(0,0), ae.t € [0,T].
i1) u(0) = ug, u(0) = v,

where V?(0, ¢) is defined by (1.10).

From Definition 3.1, it is evident thatu € H'(0,T;V?(0,¢)), so thatu € C([0, T]; V#(0,¢))
and u; € C([0,T7]; L*(0,)). Consequently, the equalities u(0) = ug and u;(0) = v, can be
justified.

We apply the Faédo-Galerkin approximation method to illustrate that there exists a unique
weak solution to direct problem (3.13). First, we choose a sequence of smooth func-
tions {&;}1;, which form an orthonormal and orthogonal basis for L?(0,¢) and V(0, ()
respectively. Then, we construct the n dimensional subspace W, := span{&;, &, ..., &} of

V2(0, ) and seek the Faédo-Galerkin approximation u,,(t) := u,,(x,t) of the form

n n n
un(t) — Z dz,n(t)gza Uon = Zpi,ngia and Von = Z Qi,ngia
i=1 i=1 i=1
where we hope to find the coefficients d; ,,, p;» and g;, so that

(pup(t),v) + (puy,(t),v) + (r tnza(t), Vo)
Hru, (1), v2) = g(t)v(l), Yo eW,, tel0,T], (3.15)

n,TT

un(0) = g, u,(0) = vyn.

By inserting v = §;, 7 = 1,2,3,...n, and using the fact that §;, ¢« = 1,2,...n are or-

thonormal, it is clear that the problem (3.15) corresponds to the following linear system of
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ordinary differential equations (ODEs):

MTD!(t) + [NT+ PT|D.(t) + Q' D, (t) = G,(t), for ¢t €[0,T],
DN<O) = Uy, D%(O) =Va,

where D,,(t) = (dy1n(t),d2n(t), ..., dnn(t))T, the entries of the matrix M, N, P, Q) are

M [(p €i7 gj)]nxn ) N = [(,u 5@'7 éj)]nxn ) P = [(ﬁ ’51'790907 fj@fﬂ)]nxn )
Q = [(T gi,:pxa gj,:p:v)]nxn )

and G;(t) = g(t)§;(0), Gn(t) = (G1(t), Ga(t), ... Gu (1), Uj = (u0, &), V; = (v0, &),
U, = (U1,Us, .. U)", V= (V1, V.., Vi) T

By the Carathéodory theorem for ODEs (see, [21], Chapter 2, Theorem 1.1) for every
n > 1 there exists a unique solution u,, € C([0,T]; W,,) with «!! € L*(0,T;W,,) of
problem (3.15).

Theorem 3.1. Let assumptions (3.14) hold true. Then, in the perspective of Definition 3.1,

there exists a unique weak solution u to the direct problem (3.13). Moreover,

2002 +1) [2(1+T)63
[t l|Zoo 0 ir20,0) < (;40 30 19112207 + Roluo, vo) |, (3.16)
2002 [2(1+T)63
2 0 2
||“||L2(0,T;vl2(o,e)) = o [ 31 Hg/HLQ(O,T) + Ro(uo, vo) | , (3.17)
C*(C2+1) [2(1+T)3
HutH%Q(O,T;Vf(O,E)) < P 370 1911720 + Ro(uo, vo) | , (3.18)
and
2 012 3 /12
luleorazon < 5 |1 DN o + Ralww)] (319

where Ro(uo, vo) == p1l[vol[ 7204 + T1l[t0zall72(0,)
Ri(uo,v0) = [[vol|Z20.) + [w0,0ellZ2(0,0) + 10022117204 CF = (exp(T) — 1),
ro, Po, Ko are the constants given in (3.14), C* is from (1.16), and the constant Cy > 0 is

introduced in the proof.

Proof. Consider the Galerkin approximation of (3.1), multiply it by 2d; ,,(f) and sum over

1 = 1,2, 3...,n. Further, instead of doing integration by parts as in (3.15), we use the formal
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identities

xrx

Z(T(x)unm) ul, 2[( (x )unm)wu —r(m)unmu;} + (T(m)u%m),,

Integrating by parts, using the initial and boundary conditions of (3.1), we obtain the fol-

lowing energy identity:

/0(,0() L)+ (), (1) derQ// Y dudr

o / / ! i = 2g(t)un(l,1) — 2 / ¢ (Fun(t,7)

0

+ /0 (p(x)vo?n—i—r( Yo )2 >dm (3.20)

We employ the e-inequality (1.15) frequently in the proof. Apply this inequality in the first

two terms of the right-hand side of (3.20), and then use the trace inequalities

g?) ¢

un(60) < 5 [ (@, )de, (3.21)
0

g*(t) < Tlgllz2py), forallt e [0,T], (3.22)

where the inequality (3.21) is a consequence of the identity
¢
up(4,t) = / (0 — 2)up o (, t)dx, forall t € [0,T].
0

Then we choose the arbitrary constant € > 0 from the condition 5 — (3 £/3 > 0 as follows:
e = 3ro/(203). After elementary transformations, we obtain the following main integral

inequality

14
po/ ()de+ / U, 1 dm—i—?// Vdzdr
203 T
+2/ / ;L:B;B 2d$d7’ < _/ / nxzd‘rd %H ||L2OT
To

+p1l[vonl 2000 + T1l[w0 00z 1 F20.0)- (3.23)

The first consequence of the integral inequality (3.23) is that
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1 t pl
/ ui,xm (t) dx S / / n TT dxdr + R(Q? Ug, UO)
0 0 Jo

where

20+ 1T)0°

3 ||9,||%2(0,T) + leUU”%Q(O,Z) +7 HUO,MH%Q(O,@-

R(ga Uy, UO) =

By invoking the Gronwall-Bellmann inequality, we obtain

l

2

[t dr < Zexp)Rig.uo.w). 324
o To

Integrating inequality (3.24) over [0, T|, we arrive at the first required estimate as follows:

202
—R(g,UO,’Uo) (325)

To

IA

||Un,m H%Q(O,T;L2(O,£))

where CZ = (exp(T') — 1) . Taking maximum over ¢ € [0, T in (3.24), we get

2(C2+1)

2 0

nax [tnee (Ol 1200y < T—OR(Q, Ug, Vo) (3.20)
Since ||u, (t )HVQ 00 < C*||un,m(t)\|%2(07€) by (1.16), using the estimate (3.25), we obtain

20*C2
[unllZ20 20,0y < - 0 R(g, uo, vo)- (3.27)

The second consequence of (3.23) and (3.25) is the inequality

// U, o) dadr < // up odrdr + R(g, ug,v9)  (3.28)

< C’2 + 1)R(g, ug, vo).

A

The estimate (3.28) and again the equality of norms lead to the inequality

cH(C2+1

< >R<g,UQ,’U0)- (329)

2
lun 220, r0200) < 2ko

To determine the estimate ||, H%Q(O’T; 12(0,0))» We proceed as follows. Multiply the Galerkin
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approximation of (3.1) by 2d, (¢) and use the following formal identities

2(r(a:)unm)mu;’1 = 2[(7"(:L')unm)xug — r(x)unmu;;x]x +2 (r( - m) ,

2</€(‘r>u;1,xx)zmu;/1 = 2[<’€<x>u;,m>x“2 - ’i(x)uln,xmuz,z}x + (KJ(Q?) (U;L,mm)2), .

Integrate by parts and invoking the initial and boundary conditions of (3.1), we obtain the

following second energy identity

/E,u(x)’()dac—l—/g k() (u), o (F) d.:E—{—Q// )* dedr

= o [ [ i 2 [ @O0 0+ 200000
0
14 14

2 [ ey [ s et [ uted i

0 0 0

4
+2/ () U0 nwz Vo, naedT. (3.30)

0

By applying Cauchy’s inequality (1.14), to the second, third, fourth and seventh terms on
the right-hand side of (3.30), using the inequality (3.22) and

3 Y/
w0y < 5[ ),
3 Jo ’

we get,

/Oﬁu(x)/()der/g k() (i o (t) da:+2// (s
< (2r1+—)// . dazd7+—/ 2
(5 ) [ Chntora

14T

€

t
/ g'(r)%dr + MHUOH%Z(O,Z) + (k1 +1) HUO,mH%%o,e) + 7"%|’U0,m”%2(0,e)-
0

Now choose € = 3k/2(¢3 + 3) from the condition kg — (¢3¢/3 + €) > 0 and invoking the
estimates (3.26), (3.28), we obtain

/ / WY dedr < RolP(1+ Dl 2oz + Ballvol 2o

+R4Hu0,m”L2(0,e) + (k1 +1) HUO,m”B(o,ew
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4r3(03 + 3) Kol® (C3+1) 2 2(P+3)
0 Y R =R — 42 Y
( 37"0 + 4(63 + 3) + Tl) Ko 7 2 137”0 + 3[31'10 ’

Ry = Ripi+ R4=R1T1+7“%'

Choosing C? = max{ Ry, R3, Ry, k1 + 1}, we get

02
[z rr200) < 2—;0 [ﬁgﬂ + D922 02) + vollZ20,0) + luo0well72(0,0)

+voalF2(0s)] (3.31)

Consequently, by using the estimates (3.27), (3.25), (3.29) and (3.31), we obtain that
the sequences {un}, {Unga}, {U) .}, {1}, and {u;} are bounded in L*(0, TV} (0, ()),
L2(0,T; L?(0,¢)), L*(0,T; L*(0,¢)), L*(0,T; V%(0,£)), L*(0,T; L*(0, £)) respectively.

We now use the Banach-Alaoglu weak compactness theorem (see, Theorem 3.16, [15]) to
deduce that there exists a subsequence {u,, } of u, and functions u € L*(0,T;V?(0,¢)),
Uge € L*(0,T;L%0,0)), u., € L*(0,T;L*0,0)), v € L*0,T;V?(0,()), and u" €

L*(0,T; L*(0,¢)) such that

u,, ~ — u  weaklyin L*(0,T;V(0,())
Uppox — Uge Wweaklyin L2(0,T; L*(0,0))

q Un we — U, weaklyin L*(0,T;L*0,)) (3.32)
w, — — u  weaklyin L*(0,T;V}(0,0))
[ up, = w”  weaklyin L?*(0,T;L*0,)).

We should be able to derive the weak solution u of the direct problem (3.1) by passing the

limit on the weak form (3.15). The solution u also satisfies estimates (3.16)-(3.19).

The uniqueness of weak solution of direct problem (3.1) can be proved by using (3.17)
and (3.18). Suppose that there are two weak solutions u; and w5 in Vf((), 0) of the direct
problem (3.1). Then a function U (x, t) = ui(x,t) — us(x, t) that solves the direct problem
(3.1) with homogeneous initial and boundary conditions. The estimates (3.17) and (3.18)
applied to this problem imply that ||| . (o72(0,¢)) = 0. Hence the homogeneity of initial
and boundary conditions imply that U(x,t) = 0,V (x,t) € (0,¢) x (0,T).

It is still necessary to verify that u(t) satisfy the initial condition u(0) = ug and u;(0) =
vo. Taking u € C([0,T]; V3(0,¢)) and u; € C ([0, T]; L*(0, £)) into account, choosing a test
function v € C?([0, T); VZ(0,¢)) with v(T') = 0 and v'(T) = 0 and arguing as in Theorem
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3 in [9], one can verify the initial data. This completes the proof. O

3.1.1 Regularity of Weak Solutions

In this subsection, we study the regularity of the weak solution, which is required to show
the compactness of the input output operator and the Fréchet derivative of the functionals.

For simplicity, we take uy = vg = 0.

Theorem 3.2. Let conditions (3.14) hold. Assume that the following regularity and consis-

tency conditions are also satisfied:

T, K &€ HQ(O,@y HTHH?(O,Z) < 7, HFGHH?(O,L’) < Ko
g € H*(0,T), g(0) =0, ¢'(0) =0.

Then the following estimate holds for regular weak solution of (3.1) with enhanced regu-
larily u € Hl(O, T, H4(O, 6)), U € L2(O, T, V%(O, g)), U € LQ(O, T, L2(0, 6)) :

02
et 7207, 020,0)) < Z—;)GXP(CE?T)||9||%12(0,T)7 (3.33)
where
2 2(1+T)(3 +3) Kkol? 2Tr3 (63 + 3)
c?.== 2 = 2.
> Ko Hax ( 3/10 ’ 2(63 + 3) Tan 3/4,0

Proof. Multiply equation (3.1) by 2u,,..¢, integrate over (0, £) x (0, ¢) and apply Cauchy’s

e-inequality with € = k(/6, where & is given in (3.14), we arrive at

/ ( ) :m:xm dI—l-li(]/ / mmzx‘rdxdT
t el
//pZU?_TdJ}dT—I-/ / uQUEdde—kél/ /(r u?, drdr
/‘fo 0o Jo
t ot
+4/ / (K')? mdea:deL/ / " izdde%—/ / (k)22 dvdT
0o Jo 0o Jo
6
6
= — Y I, (3.34)
Ko <
=1
Notice that,
¢
2 2 ~ 2 2
I3 < 4/0||7“/||Loo(o,e)||Uxa:a:(7)||L2(o,e)dT < 4C||7“/||H1(o,z)||Ux:cx||L2(o,T;L2(o,e))- (3.35)
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Similarly,

I, < 40/'@% Hummxt ”%Q(O,T;L2 0,0))°

where we used the fact that H'(0, £) is continuously embedded in L>(0, ¢), that is,
)|z 0.0y < C Ol g, C(6) = V2max{1/V¢, ¢},
(see, Theorem 1.3). Further, the integrals /5 and /g can be estimated as follows
t —
I; < /0 [t (T) | oo 0,0 17 720,007 < CrallllTz o, 5r30.09)
= (Il avpon Hlumalosazon )
Iy < Crjlluelliznmso) = CK (HutHi%O,t;V%(O,O)+HUIIZET“%2(0,t;L2(O,Z))>'

By invoking the result in Theorem 1.4, let us estimate the integrals ||ty ||7- (0.7:12(0,0)) And

||umxt||%z(0,T; 12(0.0))- For any €; > 0, we obtain that

t ¢ t 1 t 1
/ / uix:{:‘rdxdT S 261 / / uixzzfdxdT + 0(61, 6) / / u?-dxdTa (336)
0o Jo 0o Jo 0o Jo

and similar estimate holds for ||umx$||%2(0 7.12(0,0) With €2 > 0. Using the above estimates
(3.35)-(3.36) in (3.34) and choosing ¢; = k2/(120x3C'), €5 = 1/2, we obtain

6
6 _ .
Z I < 'f_o <p%HuttH%Q(O,T;LQ(O,E)) + (N% + C"ig(l + 5C>> HutH%Q(O,T;Vf(O,Z))
=1

t e
+Cr3(1+5C) ||“||%2(0,T;v12(07e)) +5073 / / U d$d7'>
0 Jo

ko [t [
+—= / / u?,,. drdr.
2 Jo Jo

Making use of the estimates (3.17)-(3.19), we further have

4
To / xmxr diC + / / Upnzar dxdr
0

300 2 t L
< OZQHQ/H%Q(O,T) + HOTQ /0 /0 :v:vzmdxdT (337)
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with the constant

-

6C0+T) (,ﬁo% ACT2(1+ 5C)C*C2

Ko 200 3rd ’

1+ (14 5C) O3] w) .

37”0 )

Applying Gronwall’s inequality and then integrating over (0,7") , we get

HumﬁmrH%Q(O,T;LQ(O,E)) < CSQHQIH%Q(O,T)? (3.38)

where C? = C3 o [exp (MT> — 1] . Next, let us note that

~ 30Cr3 )
||u||%2(O,T;H4(O7£)) = ||UH%Q(D7T;H3(O,Z)) + Humm||%2(0,T;L2(o,ﬁ))7 (3.39)
||Ut||%2(O,T;H4(O,€)) = Hut“%?(o,T;H?’(O,é)) + Hu:wﬂcﬂﬁtH%Q(O,T;LQ(O,@))' (3.40)

To estimate the first term on the right-hand side of (3.39), we use Ehrling’s lemma (see,
Theorem 1.5), that for any €3 > 0, there exist C(e3) such that for any u € L?(0,T; H*(0,¢)),

we get

HUH%Q(O,T;HS(O,E)) < 63““”%2(0,T;H4(0,z)) + C<)‘3)HUH%Q(O,T;LQ(O,K))'
Choosing €3 = %, substituting this into (3.39) and using (3.38), 3.17, we obtain

4CC*C?
ullZ20.1.0m1(0,09) < 2 (Cg + To(l + TWS) 19"l (0.1 (3.41)
0

The second consequence of (3.37) and (3.38) is the following

2 30C0C2r2
HummtH%Q(O,T;B(O,E)) < ff_o <C22 + ﬁ.—“) Hg/H?ﬂ(OaT)'
Again invoking Ehrling’s lemma for u;, € L*(0,T; H*(0,¢)), (3.40) and 3.18, we get

||Ut||%2(o,T;H4(0,£)) < Czl|g,||2L2(07T)7 (3.42)

where CZ = %O (2 (022 + 3065(,0*37"5) + CC*(C(%;:O)Z?)(HT)) . Consequently, from (3.41) and
(3.42), we infer that u € H(0,T; H*(0,/)).

To estimate |wsee||72 (o 7.12(0.0)) A0 [Watt |72 (0 7.12(0.0)) We Proceed as follows.
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Formally differentiate (3.1) with respect to time and multiply by 2u,,, use the crucial iden-

tities

Uppy = 2 [(T(Qf)um)xtuttt - r(x)uzxtuxttt]x + QT(x)UxxtUmttt,

U = 2[(K($)Uxa:t)xtuttt - /f(ff)umttumttt}x + ’%(x)(uimtt)ta

2(r(2)taz) .,y
Q(K(x)umt)

xxt

and integrate over (0, ¢) x (0,t),t € (0,T). Then integrating by parts using the initial and
boundary conditions of (3.1), we obtain

/0 (1) (0)? + (ot (1)?) i+ 2 / / 2 dudr

= _2/ / uxxﬂ'umcﬂ'f) dxdr + 2/ g( )uTTT(€7T> dr

0

¢
+/ u(x)utt(x,Oﬂd:c—i-/ k(z)u2,, (r,07)dx. (3.43)
0 0

Let us evaluate the third and fourth right-hand side integrals by using the initial data given
in (3.1). First, we deduce that

¢ l T
[ warizte. 0z = [ ED (w00 + 0@ 0
(@)t (2,0%))r ) iz = 0,

since u(z,07) = Uy (2,0%) = Uy (z,07) = 0. Similarly, we also obtain that

l
/O ()2 (2,07 )i = 0.

Now the integration by parts with respect to time over the first two right-hand side

integrals of (3.43) leads to the following

t V4 t
_2/ / r(x)(uxa:Tu:mTTT) d$d7+2/ g/(T)uTTT(E, 7') dr
0 0 . 0 . ,
— 20 (Dl 1) — 2 / 3" (Yt (0, 7Y + 2 / / P, dudr
0 0 0
l
i / (2t (D)t () (3.44)
0

By substituting the identity (3.44) into (3.43), applying the trace inequalities (3.21), (3.22)

and Cauchy’s inequality, we obtain that
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Y4 t Y4
/ (2t (£) 2 + 2 / / p(a)i2, ddr
0 0 0

1+7 (! ’ g
1+1 g”(7)2d7' + (E + €> / umxtt(t)Qd'r
c ; 3 0

636 t ¢ 7ﬁ2 ¢
+(— + 2r1> / / u?,. . dvdr + - / Uzt (t) dx
3 o Jo € Jo

ﬁ and employing the trace inequality u2_,(t) < T fo

‘ 21+ T)(¢ :
@ urztt( ) d$+2p0/ / Tq—dedT< ( + )(6 +3)/ g,/(T)QdT
0
KI0€3

2
2T r? €3+3
% 49 i dxdr. (3.45
+ (g )// L i (45)

By setting C2 := %0 max (2(”2(0@3”)7 [2&3@) + 2r + MD , and applying

Taking € = dr give

waT

Gronwall’s inequality, we get f(f U (t) dx < C3|g"[|72 (o 1) exp(C31). This implies that

HumrttH%Q(O,T;LQ(O,Z)) < Hg”H%Q(O,T) [eXp<C§T) - 1} : (3.46)
Substituting (3.46) into (3.45), we conclude the proof of the estimate (3.33). O]

Theorem 3.3. Let the conditions of Theorem 3.2 hold. Additionally assume that, the input

g(t) and the coefficients meet the following regularity and consistency conditions:

r, k€ HY0,0), |rllgsoe < rs, |6llmie < ks

p, € H*(0,0), om0, < p2, Il 2 (0,0) < pio
g€HWQT,M®—gGD=gUD—0

Then for the regular weak solution with improved regularity, we have the enhanced regu-
larity u € Hl(oa Ta HG(Oa 6))7 Uy € L2(O7 Ta H4(07 E))a Ut € L2(07 T7 V12(07 6))7 Uttt €
L*(0,T; L*(0,¢)), and the estimate

C2
st || 720, 7:02(0,0) < Q—;GXP(CE?T)HQ s 0.7y (3.47)

Proof. The proof of this theorem can be completed by following the lines of arguments of
Theorem 3.2. O
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Remark 3.1. From Theorem 3.1 to Theorem 3.3 it follows that the weak and regular
weak solutions of the Euler-Bernoulli beam equation with Kelvin-Voigt damping term
(K(x)Ugqt)2) has more enhanced regularity property than corresponding weak solutions

of this equation without this term.

3.2 Solvability of regularized inverse problems

In this section, using the regularity of the solution to the direct problem (3.1), we prove the
compactness as well as the Lipschitz continuity of the input-output operators ¢ and V. The
lower semi-continuity of the Tikhonov functionals 7; and [/, will result from the Lipschitz
continuity of operators which lead to the existence of a minimizer for these functionals.
This will in turn solve IBVP-1 and IBVP-2.

3.2.1 Ill-posedness of the problems IBVP-1 and IBVP-2

In order to attain the compactness of the input-output operator ¥ associated with IBVP-2,
we are employing more regularity on the solution to the direct problem (3.1) as stated in
Theorem 3.2. The proof of Theorem 3.2 requires only H?(0,T) regularity of admissible

source inputs, instead of H 3(O, T') regularity introduced in (3.9), as follows

Gy ={g € H*(0,T): g(0) = ¢'(0) = 0, llgll2(0,7) < Re}-

But one may notice that the Lipschitz continuity of ¥ can be proved on the admissible

source G itself.

Proposition 3.1. Suppose the conditions of Theorem 3.2 hold. Then the Neumann-Dirchlet
operator ® : G, C H'(0,T) ~ L*(0,T) and Neumann-Neumann operator ¥ : Gy C
H?(0,T) — L?(0,T) defined by (3.4), (3.9) respectively are compact operators. Further-

more ® and V are Lipschitz continuous:

|®(91) = ®(92)|| 2200,y < Lollgr — g2l 01y, ¥ 91,92 € Gi,
W (g1) — W (g2)|l 201y < Lallgr — g2llr0,m), ¥ 91,92 € G, (3.48)

with the Lipschitz constants
* 2
L= w, L} = (2 {1+ (MqLC—%) (1—|—T)€3} , where

97"8 3KoT0 2p0

C% = 20*max (1, %(p} + p})) and C*,Cy > 0 are the constants defined in Theorem 3.1,
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Proof. Using the similar arguments given in Lemma 3 and Lemma 5 of [47], we can show
that the input-output operator ® is compact and Lipschitz continuous with Lipschitz con-
stant L. We only show that the input-output operator ¥ is compact and Lipschitz continu-
ous with Lipschitz constant L.

Denote by {u(™(x,t)}, where u™ (z,t) := u(x,t; g,), the sequence of regular weak
solutions of (3.1) corresponding to the sequence of inputs {g,,} C Go, m = 1,2,...,
bounded in the norm of H2(0,T). Then —(r(0)u{%(0,t) + x(0)u'")(0,t)) denotes the
sequence of corresponding outputs. We need to prove that this sequence is relatively
compact in L*(0,T), that is, by Rellich-Kondrachov compactness theorem (see, Theorem
1.1), it is enough to show that the above sequence of outputs is bounded in the norm of
H'(0,T). To this end, we estimate the norms ||r(0)uln (0, ) + £(0)ul™) (0, -) | 22(0,7) and
[7(0)uli? (0,) + £(0)uz7, (0, ) 20,1

Using the identity

O (0,1) + K(OWLZH0.0) = g () + [ ' oy + ey do. (39

which is obtained as a result of integrating (3.1) first over the interval (x, ¢) and then over

the interval (0, ¢), and applying Holder’s inequality, we deduce that

I (0)ulm (0,.) + £(0)ul2 (0, )220
< 2 (IlgmliZ 0z + 18”120 02000 + 1™ eoizizzoey) - B:50)

where C? = 2(* max{1, % (p} + 1)} We infer from the estimates (3.18) and (3.19) that
left-hand-side norm in (3.50) is bounded in the norm of L?(0,T).

Next, using the analogue

¢
O 0.0) + KO 0.0) = t,0) + [ 2 [p(@)uly) + pla)uly”] da
0
of identity (3.49), we deduce the estimate
I7(0)ug) (0,.) + K (0)ugin (0, I3
T YU Ui (Y5 - KAV ) Uit L2(0,T)
< C?(HgmHLQ o) T ||uttt)||L2 (0,7512(0,) T [ 172 OTLQ(OE))> (3.51)

with the same constant C; > 0. By the estimates (3.19) and (3.33), the left-hand-side norm
in (3.51) is also bounded in the norm of L?(0,T).
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Thus, estimates (3.50) and (3.51) imply that r(0)ul2’ (0, ¢) + £(0)u{™) (0, t) is bounded
in the norm of H'(0,T). This implies that ¥ is a compact operator.

In order to prove the Lipschitz continuity of W, we proceed as follows. Let g1, 9> €
Gy be the given inputs and u(x,t; g1), u(x,t; go) be the corresponding solutions of direct

problem (3.1). Then du(z,t) = u(x,t; g1) — u(x,t; go) solves the problem

(

p(x)ouy + p(z)ous + (r(x)0ues ) ze + (K(2)0Uzat) 2z = 0, (x,t) € Qr,
du(z,0) =0, du(z,0) =0, x € (0,0),
du(0,t) =0, du,(0,t) = 0, t€0,77, (3.52)
[7(x) 06Uy + K(2)0Uggt] .y =0,
— [(r(z)0uq, + /i(x)éumt)z] , =0g(t), t €10,T7,

xr=

where 0¢g(t) = g1(t) — go(t). By the definition of input-output operator W,

19(g1) = ¥ (g2) I Z202) = 7(0)00a (0, ) + K(0)0taar (0, )l[Z2(0.1-

Using estimate (3.50) to the solution du(x,t) of problem (3.52) we arrive at the desired
estimate (3.48). Hence the proof. U]

The compactness of input-output operators ¢ and W means to the ill-posedness of both
inverse problems IBVP1 and IBVP2 (see,[40] and also, [50], Lemma 1.3.1).

3.2.2 Existence and uniqueness of solutions to the minimization prob-

lems

Using the Lipschitz continuity of the input-output operators ® and W, we show that the
existence and uniqueness of minimizer for the functionals 71, and Js, corresponding to
IBVP-1 and IBVP-2 respectively.

Theorem 3.4. Suppose the conditions (3.14) hold true. Then, both minimization problems

(3.6) and (3.11) have a solution on the admissible source of inputs G;.

Proof. We only prove the existence of minimizer for the functional /5. By the same argu-
ments, it can be proved for [J; as well.

Let u(zx,t; g1), u(x,t; g2) be the solutions of (3.1) corresponding to the inputs g1, 9> € Gy
respectively. Then the function du(z, t) solves the problem (3.52) with input
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dg(t) = g1(t) — go(t). Since

2

, (3.53)

= V@) + VR V@) - Ve

Ra(01) ~ Falge)

and appealing to the estimate (3.48), we get

2 1 2
V(o) = V()| = 5[19(00) = wllzzom — 1 (g2) = wllzom)|
1 2 L% 2
< §||‘1’(91) = V(g2) I 72001) < 5 g1 — g2l .0, (3.54)

where L? is defined in Proposition 3.1. Using the same step done for (3.50), we can show
from (3.18) and (3.19) that

12 (gm) 220y < C?(IlgmH%z(o,T) + (s 3 9m) 2201522000
Al (- ';gm)H%?(O,T;LQ(O,Z))) < L% ”gmH%Il(O,T)’ (3.55)

m = 1, 2. Applying triangle inequality and (3.55) , we obtain

2

’\/52(91) + v J2(g2)

< 2 (1) a0 + 19(92) 200y + 2120

< 4 LR+ wlomn) - (3.56)

since Hgm\ﬁp(oj) < R, form = 1, 2. Consequently, (3.53), (3.54) and (3.56) will lead to

the estimate

2
Talg1) = Folon)| <203 (LE R+ lwliEom ) 91 = 920y

whence the functional 75 is weakly lower-semi continuous on a nonempty closed convex
set Gy ([101], Section 2.5, Lemma 5). Hence by the generalized Weierstrass theorem (see,

Theorem 1.8) the functional 75(g) has a minimizer g € G;. O

Remark 3.2. By a careful inspection, we note that the existence of solutions to IBVP-2 in
Theorem 3.4 is proved with inputs only in Gy, but not with G3 defined in (3.9). Further, the
following Corollary 3.1 can also be proved for the Tikhonov functionals 7, and J5, with

///||2

regularizer || g||%2(07T) instead of ||¢’ ||%2(07T) and |[g"|72.1). and also can be justified that

both IBVP-1, IBVP-2 have unique solutions on G .

Corollary 3.1. Assume that the conditions (3.14) hold true. Then the regularized Tikhonov
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functionals J1,(9), Jou(g) defined by (3.7) and (3.12) have a unique minimizer on G, and
Gs, respectively.

Proof. By Theorem 3.4, the functional [7;(g) is lower semi-continuous. Further, the regu-
larized Tikhonov functional 71,(g,) corresponding to g, defined in (3.7) satisfy J1,(g) <

liminf, 0 J1an(9), as g, — ¢ in G1, whence J1,(g) is lower semi-continuous. By the
linearity of direct problem (3.1), we have

u(z, t;vgr + (1 —v)g2) = vulz, t;91) + (1 — v)u(z, t; g2), v € (0,1),

and hence, one can get that

Ja(vgr +(1=v)g2) = Ji(vgr + (1 —v)ga) + %va’l + (1= )gsll 20
< lea(gl) + (]— - V)jla(QQ)av.glagQ € glu IS (07 1)

It shows that the functional 71,(g) is strictly convex on G;. By combining the above ar-
guments and using the generalized Weierstrass theorem, we conclude that the functional
J1a(g) has a unique minimizer. By the similar arguments, we can prove that the regular-
ized functional 5, defined by (3.12) has a unique minimizer in admissible source inputs
Gs. [

Remark 3.3. We can directly prove the uniqueness result for the IBVP-1 as follows. Let
g1, g2 € Gy be two arbitrary given functions and wuy(x,t) := u(z,t;gx), k = 1,2, be the
corresponding solutions of direct problem (3.1). Suppose that there exist two functions
g1, 92 € Gy, which are not identically zero such that g;(t) # g2(t), but the measurements
v1(t) = a(t), Vt € [0,T], where we recall that v (t) = uy (¢, t), vo(t) = us(¢,t). Then the
function z(x,t) = uy(x,t) — uz(x,t) solves the initial boundary value problem (3.1) with

g(t) replaced by g(t) = g1(t) — g=(t). Now consider the equation

o)z + () ze + (1(2) 202 we + (K(T) Zewt )2z = 0. (3.57)

Multiply (3.57) by 2z;(x, t), use the formal identities (3.20), then integrating by parts, using
the initial and boundary conditions, we obtain the following integral identity

/é<p(x) (0 + 1(z)22 dm+2// Vdwdr

+2// )(2awt)2dzdT = 25(t)2 (E,t)—Q/ §(r)z(t, 7).  (3.58)

0
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By the above assumption z(¢,t) = uy(¢,t) — us(¢,t) = 0,t € [0, 7], which implies that
right-hand side in (3.58) is zero. Since the initial and boundary conditions are homoge-

neous, z(x,t) = 0, (z,t) € Q. This contradiction completes the uniqueness of IBVP-1.

Since for the IBVP-2, we consider measured data as bending moment w(t) (see, (3.8))
the identity (3.58) cannot be used for the uniqueness of the solution. Hence, it seems that

one cannot directly get the uniqueness of the solution to the IBVP-2.

3.3 Fréchet differentiability of the Tikhonov functionals

In this section, we show that the functionals 7;(g) and J5(g) are Fréchet differentiable on
the admissible sources G; and 3, respectively. The Fréchet derivatives are expressed in
terms of the weak solutions of associated adjoint problems with boundary data given in
terms of measured data (3.2) and (3.10).

For any ¢,0g € G; and g,dg € Gs the increments of the respective functionals 7 (g)
and J5(g) denoted by 0.7,,(9) = Jm(g + dg9) — Tn(g), m = 1,2 satisfies the following

identities
0Ji(g) = /0 [u(l,t;g) — v(t)] 5u(€,t)dt+%/0 Su(l,t)dt,
0Ja(9) = /O (r(O)um(O,t;g) + £(0) gt (0, 15 9) +w(t)) (7“(0)5um(0,t)
4 1(0) 5t 0, t)) dt

+% /OT (r(O)éum(O,t) - m(O)éum(O,t))th7

where du(z,t) := u(z,t,g + 0g) — u(z,t, g) solves the problem (3.52).
The following lemma shows the representation of first integral of .7, (¢) and 6 7>(g) in

terms of solution of associated adjoint problems.

Lemma 3.1. Let assumptions (3.14) hold true. Then the following integral relationships
between the direct and adjoint problems hold:

(il) For any g, dg € Gy of IBVP-1, we have

/ ' Su(l, )E(t)dt = / ' o(0,1)8g(t)dt, (3.59)
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where ¢(x,t) is the solution of adjoint problem

P(@@t - (I)Qﬁt + (T(x)¢xx)xz - (K;(x)gb:mvt)mr == 07 (Ipt) S QT>
¢z, T) =0, ¢(x, T) =0, x € (0,0),
$(0,1) =0, ¢5(0,1) =0, te o, 7], (3.60)
[r(x)¢mm - ( )¢mxt]z E 0
\ [( - ( )Qﬁ:m: =+ KJ (bmzt) ] te [O, T],

with Neumann input £ € L*(0,T) and du is the solution of (3.52).

(i2) For any g, 6g € Gs of IBVP-2, we get

/T (r(O)éum(O, t) + £(0)0uy4: (0, t))@(t)dt = /T (L, t)og(t)dt, (3.61)

where ¢(x, 1) is the solution of the adjoint problem

;

p(@) o = @) + (1(2)Pan)aa — (K(2)Paat)er = 0, (2,1) € Qr,

o(x,T) =0, ¢i(x,T) =0, z € (0,0),
0(0,1) =0, ¢,(0,8) = O(t), te 0,7, (3.62)

[7"(1’)%01:::— ( )mect]x g 0
X (= (@) re + K(X)Paat), ] _, telo,T],

with Dirichlet input © € L*(0,T).

Proof. Multiplying the adjoint equation (3.60) by du(z, t), integrating over (0,7") x (0, ¢),
integrating by parts and applying data values of (3.52) and (3.60), one may get

/ / x)0uy + p(x)ouy + (r(x)dtpy )2z + (/ﬁ(x)éumt)m)dx, t) dxdt
_ / e ()6ue. )t + / ool it =0, (3.63)

On the other hand, multiplying (3.52) by ¢ and integrating over (0,7") x (0, ¢), we notice
that the first integral of (3.63) is zero, which gives (3.59).

Next, multiplying the first equation of (3.62) by du(zx, t), integrate over (0,7") x (0, £),
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and utilizing the initial and boundary conditions of (3.62) and (3.52), we get

/OT /Of (p(x)éutt + p(z)ouy + (r(x) Uy ) we + (n(w)éum)m)@(m, t) dadt
- /OT O(t) (0 (0.1) + (0 (0.1) )t + /OT Sg(t)p(L, t)dt = 0. (3.64)

Again from equation (3.52), we can conclude that the first integral of (3.64) becomes zero,
which leads to (3.61). Hence the proof. O

In virtue of Theorem 3.1, if the arbitrary Neumann input £(¢) of adjoint problem (3.60)
satisfy the regularity and consistency condition £ € H'(0,7T), £(T) = 0, then this adjoint
problem admits a unique weak solution ¢ € H'(0,T;V2(0,4)), ¢y € L?(0,T; L*(0,4))
as the change of variable t with 7 = T — ¢ shows. Also, ¢(z,t) satisfies the estimates
(3.16)-(3.19). Indeed, we have

AC?
bl 7200200y < ?3 (1+T) ClEN 200 (3.65)
0
2
2 (CO + 1) 3 1112
¢eatllz20 2200 < m(l + 1) [[E' 220,17y (3.66)
C*C2+1)
2 0 3 2
||¢t||L2(0,T;v12(0,£)) = 3/‘6—()7“0 (1 "‘T)E H§I||L2(0,T)7
C? -
6ull720 10200 < 2—;0(1 + D)€ 22 0.1

where the constants C2, C7, C*, rq, ko and py are defined in Theorem 3.1.

The following theorem shows the necessary estimates for the weak solution ¢(z,t) to
the adjoint problem (3.62).

Theorem 3.5. Suppose that conditions (3.14) hold true and the Dirichlet input ©(t) satisfies
the regularity condition © € H?(0,T). Then there exists a weak solution p(z,t) of (3.62)

satisfying the estimates

€3
HSOtH%Q(O,T;L?(O,Z)) < 2 <Cg(eXP(T/Po) - 1)+ g) G(©), (3.67)
TC?
lrelizorizon < = ep(T/p0) G(O), (3.68)
) %
paatllz2(0.7:02000) < o exp(T'/po) G(O), (3.69)
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where the constants
G(0) = 1912200y + 19”1 22007,
9 203
Cs = 3 (max(:ulvpl) + p1max(1/T, T/3))

Proof. In order to transform the adjoint problem (3.62) into a problem with homogeneous
boundary condition, we use the transformation (see, Appendix C.3, [51] and also Section 3,
[85]) ¥(x,t) = p(x,t) — xO(t), (z,t) € (0,¢) x [0,T"). Then the function 1(x, t) solves
the following problem

= wp(x)0'(t) — wp(z)O"(t ) (z,1) € Qr,
U(x, T) = —xO(T), Yz, T) = —20'(T), =€ (0,0),

(3.70)
()2 — ’f( )¢mt] =0,
(= () tes + sz wm) ] =0, te0.T).

\

Multiply both sides of equation (3.70) by —21;(x, t), apply the identities

—2(T($)wxx)zx¢t = —2[(7’(35)7%30)1% - T(ac)wmthb - T(l’)( g‘x)t?
2(H<$)wxﬂ)x$wt =2 [(li(fﬂ)wxxt)xwt + H(l‘)wxxtht]m + 2’%(‘%)( :%:ct)a

and integrating by parts using the initial and boundary conditions of (3.70), we obtain the

following energy inequality

[ G0 s r@a? a2 [ [ prot dnar
+2/ / V(thyar)? dadr
) /t /O (2p(2)0" () — a(@)€(7) )it dadr + /0 " o(@) (00/(T)) do
< /t ' /0 "4 dudr 1 G2 /t T[@’(T)2+@”(T)2]d7'+p1§@’(T)2, (3.71)

where C2 = % max (2, p?). Using the identity ©'(T') = £ fOT (tO'(t)), dt, we get

T

1
o(T) <2 (Tll@’lliz((m + gll@”H%zm,T)) . (3.72)
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We employ the inequality (3.72) in (3.71) to deduce that
¢ T ot T ot
/ (p(x)wt(t)z + r(:v)wm(t)2>dx+2 / / pu(@)? dedr + 2 / / k(x)02, dedr
0 0 0
. , t t
< [ [ visar+ G100 0n + 107 o). G
t Jo

where C2 = C2 + 2p10® max(1/T,T/3). Applying Gronwall’s inequality, we obtain the

first consequence of inequality (3.73) as follows

¢ 2
C / "
| e < S esp((T = 1)/o0) 10y + 107 o] @7

and integrate (3.74) over (0,T") to further obtain

Wt”%?(o,T;m(o,Z)) < Cg(exp(T/po) — 1) G(O), (3.75)
where G(©) := [|©[| 22 1) + 10" [|72(0.1)- Substituting (3.75) in (3.73), we get
TC?
[Veelrorazon < =t exp(T/pn) G(O). (3.76)
02
||¢zxt||%2(o,T;L2(o,£)) < 2_:0 exp(T'/po) G(O). (3.77)

Using the estimates (3.76), (3.77) and (1.16), we get v, 1y € L*(0,T;V?(0,/)). Since,
Wy + 20’ (t) = py(x, 1), we obtain

203
ledZ20m2200) < 2"wt"%2(0,T;L2(O,Z))+?H@/H%Q(O,Ty (3.78)

and
wxm(xa t) = @ww(xa t); wmmt(‘xa t) = prmt(xa t)

The estimates (3.67)-(3.69) follow from (3.75)-(3.77) and (3.78). Hence the proof. U]

By applying the formal Lagrange multiplier method (see, [93], Section 3.1) for IBVP-2,
we obtain the actual input O(¢) in (3.62) as follows

O(t) = r(0)uu (0, g) + £(0)uzt (0, ¢ g) + w(t), t€[0,T]. (3.79)
Hence as a result of integral identity (3.61), the following input-output relationship arises:
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/0 ' (O 0.0) 4 KOt 0.1) + 0(0) ) (P(O)50(0.1) + (0)Su1 (0.1 )
= /OT w(l,t)og(t)dt.

Thus the variation of the functional 6.7, can be derived through the solution (z,t) of the
adjoint problem (3.62) with the input (3.79) as follows:

T 1 (T
Sg)= [ o090t + 5 [ 05 0.8) + KO0 b (3.50)
0 0
Similarly, we consider the adjoint problem (3.60) with Dirichlet input
§(t) = u(l,t;9) —v(t), t €[0,T]. (3.81)

As in the case of IBVP-2, we also obtain that

/0 u(l, . 9) — ()] Su(l,1) = / oL, 1)5g (1) dt,

and

T T
0J1(9) = /O ¢(€,t)5g(t)dt+% / Su(l,t)2dt. (3.82)

0

Let us now justify the substitutions (3.81) and (3.79) in the context of solutions of (3.60)
and (3.62), respectively. By invoking the theory developed in ([9]) to the backward prob-
lem (3.70) and Theorem 3.5, it follows that the weak solution ¢ € H'([0, T]; VZ(0,/)) of
problem (3.62) exists, if the input O(¢) belongs to H*(0,T'). Furthermore, by Theorem
3.1, for the existence of the weak solution ¢ € H'([0,T]; VZ(0,¢)) of problem (3.60), the
Neumann input &(¢) should satisfy the regularity condition £ € H'(0,T). In view of the
substitutions (3.81) and (3.79), we infer that the measured outputs v(¢), w(t) and the out-
puts u(?,t;g), —r(0)uz.(0,¢; g) — Kk(0)uz(0,¢; g) should obey the following regularity

conditions:

ve HY0,T), we H*0,T), (3.83)

u(l,-) € H'(0,T), —r(0)uz(0, ) — £(0)usee(0,-) € H*(0,T).  (3.84)
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The conditions (3.83) mean that the measured outputs v(¢) and w(¢) should be more
regular, although both of them originally belong to the class L?(0,7T). In particular, the
Neumann measured output w(t) requires more regularity than that of the Dirichlet measured
output v(t). Furthermore, evidently for the weak solution of the direct problem (3.1), the
first condition of (3.84) holds. The identity

T(O)umtt(O, t) + H(O)szttt (O, t)
¢
= Eg”(t) + / i [p(.f)utttt + ,UJ(ZE)U,ttt] d:L“, Vt c [O, T], (385)
0

for the Neumann output and Theorem 3.3 show that the second condition of (3.84) is also

satisfied for the regular weak solution with improved regularity.

Theorem 3.6. Let the conditions (3.14) hold true.

(i1) Assume that the Dirichlet measured output v(t) satisfies the regularity condition

v € HY(0,T). Then the Tikhonov functional J,(g) corresponding to the problem IBVP-1
is Fréchet differentiable on the set of admissible sources G,. Furthermore, for the Fréchet

derivative of this functional at g € Gy, the following gradient formula holds:
Ji(9)(t) = o(L,;9,€), t € (0,T), (3.86)
where ¢(x,t; g) is the weak solutions of the adjoint problem (3.60) with the input
§(t) = u(l, t;g) — v(t).

(i2) Assume that the conditions of Theorem 3.3 hold and g € Gs3. Suppose in addition, the
Neumann measured output w(t) satisfies the regularity condition w € H?(0,T). Then the
Tikhonov functional J5(g) corresponding to the problem IBVP-2 is Fréchet differentiable

on G3. Moreover, the gradient formula
T2(9)(t) = ¢(l,t;9,0), t € (0,T) (3.87)
holds through the weak solution p(z,t; g, ©) of the adjoint problem (3.62) with the input
O(t) = r(0)uz(0,t; 9) + £(0)uze (0,85 g) + w(t).

Proof. By employing the inequality (3.21) and estimate (3.25) to the solution du(x,t) of
problem (3.52), we obtain from (3.82) that
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T
1
s0)— [ oteossa] = Fhouce Mion
63

< E||6um||%2om(o,e»
205(1 + T)C?
< M ||5 ||H1 (0,T)> (3.88)

2
9rg

where dg(t) = g1(t) — g=(t). As a consequence, we have

(M — T (e, t)bg(t)dt
H59HH1(0,T)

— 0 as H(SgHHl(O,T) — O+.

This means the Fréchet differentiability of the functional 7;.
Next, we consider formula (3.80) for the variation of the functional /5. Using estimate
(3.50) to the solution du(x, t) of (3.70), and then estimates (3.18) and (3.19), we get

T
‘5£(9) —/0 p(€,1)og(t)dt| = —|| (0)0t (0, ) + £(0) 0t (0, ) 20,1y
02
< o (||5Utt||L2 0,T:L2(0,0)) T ||5Ut||L2 0,1:22(0,0)) T H59HL2(0 T)>
< G109l 075 (3.89)
2 2
where C3 = % [1 + (2/)10 + %) (1+ T)gi%} . This shows that

6Ta(9) — [ @ Még (t)d
1991 0.

— 0 as H(ngHl(O,T) — 0+.

Hence, the definition of the Fréchet derivative gives the formulas (3.86) and (3.87). OJ

Remark 3.4. The gradient formulas (3.86) and (3.87) show that there is no need for the weak
solutions ¢(x,t) and ¢(z,t) of adjoint problems (3.60) and (3.62) with inputs (3.81) and
(3.79), respectively. Namely, these solutions need to satisfy only the conditions ¢,, ¢, €
L?(0,T; L*(0,¢)). By introducing a weaker solution, as in ([41]) and ([47]), the above
conditions (3.83) and (3.84) can be weakened.

Corollary 3.2. Suppose the conditions of Theorem 3.6 hold true. Then the regularized
Tikhonov functionals J1,(9), Joa(g) defined in (3.7) and (3.12) are Fréchet differentiable
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on Gy and Gs, respectively. The Fréchet derivatives are given by

Ta(9)@t) = ol t;9,8) +ag'(t), Vg € Gy (3.90)
Tra(9)t) = ©(l,t;9,0) +ag”(t), Vg € Gs, (3.91)

where ¢, o € HY(0,T;V?(0,¢)) are the weak solutions of the adjoint problems (3.60) and
(3.62) with boundary data & and © as in Theorem 3.6, respectively.

Proof. For any g, 0g € Gy and g, dg € G3, the increment corresponding to the functionals
TIma(g), m = 1,2 are given by

T T T
STale) = [ olensgtiera [ g@sg 0 [ ooz
0 0 0
1 /7
—|—§/ Su(l,t)dt, Vg,0g € G,
0
T T o [T
STl) = [ eltsgat+a [ g 03" 0de+ S [ G o)
0 0 0
e 2
+§/ (T(O)éum(o,t) + R(O)éumt(o,t)> dt, Vg,09 € Gs.
0
By doing calculations similar to (3.88) and (3.89) of Theorem 3.6, we can show that the last
two integrals of 6.7, m = 1,2 are of the orders O <||5g||§{1(0 T)> and O (||5g||§{3(07T)>,
respectively. From the definition of Fréchet derivative, we obtain the desired results (3.90)
and (3.91). O

3.4 Monotonicity of the gradient algorithm

The Lipschitz continuity of the Fréchet derivatives of functionals [J;, J> has an impor-
tant advantage when applying gradient-based methods to solve an inverse problem. In
particular, in the case of gradient type algorithms such as Landweber iteration algorithm
g (z) = ¢ (2) — 1, T (9™ (x)), n = 0,1,2, ..., or conjugate gradient algorithm ap-
plied to solve inverse problems, we may have trouble in predicting the relaxation parameter
~n > 0. Using the Lipschitz constants associated with the Lipschitz continuity of 77, J;,
the relaxation parameter can be calculated and that can be used to discuss the convergence
of the iterative scheme as well. The following result shows that 7/, J; are Lipschitz con-

tionus on G, and G5 respectively.
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Proposition 3.2. Let the conditions of Theorem 3.6 hold true. Then the Fréchet gradients
of the functionals J!(g), i = 1,2, defined by (3.86) and (3.87) are Lipschitz continuous.

Moreover,

171 (g +69) — T/ (9l r201) < Lalldgll 0.5 9509 € Gu,
||«72/(9 + 59) - 2(9)||L2(0,T) < L3||59||H3(0,T), 9,09 € Gs, (3.92)

where the Lipschitz constants

2 2(6 ?
12 = 241 1+T
1= Sicgry (5o aem)
2037 (2 1
Lg = <w exp(T/p0)> <1 + g [3C§ exp(C'gT) + CHP(1+ Tﬂ) )
0 0

where Cy, Cg, C7 > 0 are the constants introduced in Theorem 3.2, Theorem 3.5 and Propo-

sition 3.1, respectively.

Proof. For any g,dg € Gy, from the Fréchet derivative (3.86) it is clear that

T
171+ 89) = Ti@) sy = | do(e.02d

where d¢ is the solution of (3.60) with data
0&(t) = du(l,t) = u(l,t; g + dg9) — u(l, t; ).

Applying the trace estimate (3.21) which holds for d¢(¢, t), and the estimates (3.65), (3.28),

we obtain

3 400
1719 +39) = T ey < H5¢MEHL2 0112 0.0) < o — oL+ T6¢' 3207
4€9
< 27 202(1 + T)Héux:ptHLZ (0,T5L2(0,0))

< L%H(SgHHl(O,T)a

2
where L3 = (02 +1) ( (1+ T)) . Next we prove that J;(g) is Lipschitz continu-

KOTo

ous. The gradient formula (3.87) and the trace inequality (3.21) lead to

: s
175(g +69) — Ts(g )”L2 0,7) — = [|6(¢, )HL2 OT) H590m||L2 (0,T;L2(0,£))>
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where dp(z,t) is the solution of (3.62) with the boundary data dp,(0,t) = dO(t) =
(r(0)d144(0,t) + £(0)duge (0, ) . By employing the estimate (3.68), one can get

, , BTC?
|T5(g + dg) — ‘-72(9)”%2(0,T) < o : exp(T/po) <‘|T(O)5szt(07 )

+H(O)6Uzm§t<0, .)H%Q(O’T) + ||r(0)5uxxtt(07 ) + H(O)(Sumttt(o, .)H%Q(QT)) .

From the identity (3.85), it holds that
| (r(0)6us:(0, 5 ) + £(0)0sae (0,5 9)) H?Y(O,T)
< 072 (HfsuttttH%%O,T;L?(o,e)) + HautttH%?(O,T;L%O,E)) + H(SQHH%%O,T)) , (3.93)

where (7 is the constant defined in 3.50, and coupling with (3.51), we arrive at

175(g +09) = To (D I720.1)
C203TC?
< % exp(T'/ po) <H59”Hi2(o¢) + H59/”%2(0,T) + H(SuttttH%?(O,T;m(o,e))
+2[ 6l T2 0 712000 + ||5utt||%2(O,T;L2(O,E))>'

By the estimates (3.19), (3.47) and (3.33), we obtain the desired result (3.92). O

Next, we discuss the convergence of Landweber iterative scheme. The sequence of
iterations {¢g™} C G, of IBVP-1 and {¢™} C G5 of IBVP-2 are defined by

g @) = g (t) = 7T (g™ (@), m=1,2, n=0,1,2, ..., (3.94)
where iteration parameter -, is given by the minimum problem

falom) i= 10k fu(7), fuly) = T (g™ — 7T (g")().

Proposition 3.3. Assume that the conditions of Proposition 3.2 hold true and let g be the
iteration defined by (3.94) with ~y,, = v > 0. Then the following inequalities hold

1
F(G™) = G = G o,
1

Fld") = Tl ) = g

HJZ/<g(n))H%2(O,T)7 Vn= 0,1,2,..,
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where Lo and Ls are the Lipschitz constants defined in Proposition 3.2. Moreover, the
sequence J,,(9™), m = 1,2 is monotone decreasing convergent sequence with
lin, o0 (|77, (9" 2207y = 0, m = 1,2.

The proof follows from the similar arguments of Lemma 4.3 and Corollary 4.1 of [42].
Consequently, let us set J; = J1(¢*) = lim,_ Ji(g™) be the limit of the sequence
J1(g™). Tt is evident that the sequence of iterations {g™} C G; of IBVP-1 weakly con-
verges to g* in L?(0,T) . Similar, conclusions hold for IBVP-2 as well.

3.5 Stability estimates by variational methods

This section establishes a variational inequality, which has to be satisfied by an optimal
solution of the minimization problems (3.7) and (3.12). This variational inequality is the
key ingredient in deriving the stability estimates for the inverse problems. The stability
estimates for IBVP-1 and IBVP-2 are obtained through the regular solutions established
in Theorems 3.1,3.2 and 3.3 under a suitable smoothness of the boundary data g(t). This
forces us to introduce the more regularized Tikhonov functionals 71, (¢g) and J2,(g) as in

(3.7) and (3.12) with inputs in G; and G, respectively.

Proposition 3.4. Let (u({,.),g) and (—(r(0)Uy,(0,.) + £(0)Urs(0, .)), g) be the solutions
of IBVP-1 and IBVP-2 respectively. Then for the problem IBVP-1, the following variational
inequality holds

/0 (9a(8) — (1)) (L. £: )t + 0 / FO W) —ge)de >0, (395

Yga € G1, while for the case of IBVP-2, it holds that

/0 (9a(t) — 3()) (6, :)dt + a / ") (") — §"() dt >0, (396)

Vg € Gs, where ¢ and ¢ are the weak solutions of the adjoint problems (3.60) and (3.62)
with data (3.81) and (3.79), respectively.

Proof. For any 0 < ~ < 1, we choose an arbitrary element g, € G; such that g, =
G+ v(9a — g) € Gi. The regularized Tikhonov functional corresponding to (u (¢, .), g,) is
given by

Gule) =3 [ (nlttig) — st ar+ % [ (60"
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Since the functional J;,(g,) is Fréchet differentiable at g., we have

v=0

T ou
= [ (wnlttig) — v(0) G

ta / 70 L) - gy (397)

(Tula+210. - )

Considering the system (3.1) corresponding to the data g, and setting

Ou
= a_,ylvzm
we see that n(z, t) satisfies the system
(
,O(JI)T]tt + M(I)nt + (T(x)nxw)wx + (’i(x)'r]mmt):p:v = 07 (.f,t) € QTu
7)(%0) :07 Ut(%o) :07 UES (076)7

[7’($)77m + "f(x)na:xt]x:g = 07
— [(r(@) e + K@) aat) ] ,_, = 9a(t) — (1), t €[0,T].

\

Since g is the optimal solution, we obtain

d
7 (T =a))| 20 Y edr

Y=

Therefore, from (3.97) we have

T T
| attg) - vionneodra [ 5060 - g0)dt=0. Vg, <G
0 0
In virtue of the relationship
[ﬁ(f, l; g) - V<t>] = (_r(x>¢x:v + ’f(l‘)quact)x |$:€7
between the measured data and the adjoint solution ¢ of (3.60), one can rewrite
T T
/ (—7(2)Pua + K(T)Puat) , |a=e n(€, )dt + a/ g ) (gh(t) —g'(t)dt >0. (3.99)
0 0

In order to express the first integral of (3.99) solely interms of solution of adjoint system,

we multiply equation (3.60) by n(z, t), integrating by parts and apply initial and boundary
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conditions, we get

- / ( )gwa + ’%( )¢mmt)z |w:€ 77(67 t)dt
/O (9a(t) — (1)) B(, )t = 0.

Multiplying (3.98) by ¢(z, t), integrating over (0, ¢) x (0,7"), and using it in the previous

equation, we get

/0 (=1(2)bme + £()rae), loce n(l, 1) dt / (ga(t) — (1)) S(L. t)dt.

Substitution of this identity in (3.99) leads to the desired inequality (3.95).
By repeating the calculation for J5,(g,) with the adjoint problem (3.62) and the input
(3.79), one can obtain the variational inequality (3.96) for IBVP-2. Hence the proof. U]

Next, we have the following stability estimate for the IBVP-1 in terms of the measured
data. We obtain a lower bound for the internal damping coefficient x(z) which is sufficient

to obtain a Lipschitz type stability estimate for the shear force g().

Theorem 3.7. Suppose the assumptions (3.14) hold true. Let g,, . € Gi are unique
minimizers of the regularized Tikhonov functional [J,,, defined by (3.7) corresponding to the
measured outputs v, v € H'(0,T), respectively. Suppose the internal damping coefficient

k(x) satisfies the condition

k(z) > (ﬁTngi exg;;(T)(l i T)>04_1 = K. (3.100)
0
Then the following stability estimate holds:
190 = 9all720.) < Corll?" = V[ Z20.75 (3.101)
where Cst = 63;(;)€1T).

Proof. Take g(t) = g,(t) in the variational inequality (3.95) to get

/O (9a(t) = Ga(t)) @(€,t; ga) dt +a/0 G (gL () —Fo(t) dt > 0. (3.102)
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Similarly, we replace g, with g,(¢) and g with g,, in (3.95) we get,

/0 (9a(t) = 9a(1)) G(€,1; ga) di +a/0 9a(1) (Ga(t) — g,(2)) dit > 0. (3.103)

We deduce from (3.102) and (3.103) that

Oé/o (%(t)—gé(t))thS/o (9a(t) = 9a(t)) 50(L, t)dt, (3.104)

where 0¢(0,t) = ¢(¢,t; go) — ¢({,t; go) is the solution of the adjoint problem (3.60) with
data 0§(t) = du(l,t) — ov(t), du(l,t) = u(l,t; go) — u(l,t;g,) and v (t) = v(t) — V(1).
Applying Holder’s inequality on the right-hand side of (3.104) and squaring on both sides,

we obtain

QZH% - 9:1”%2(0,T) <|ga — 9a||%2(0,T)||5¢(£7 ')H%?(O,T)' (3.105)

The inequalities (3.21) and (3.22) further lead to the following estimates

190 — gaH%Q(O,T) < T%|g, — 9;|’%2(0,T) (3.106)
T203
106(6, Mzz0r) < 5= 100meillz2 7200,

so that making use of (3.66), the estimate (3.105) becomes as follows

TS
N8, ~ uleom < g DL+ TOE o,
T8
< exp(T)(1 + 1) |[[ow (¢, )HLQ(OT + [|ov/ HL2(OT)]

97’0:%0

By using the trace estimate |[0u; (¢, .)[|72.1) < |0ttt ||2 72(0.1:12(0,¢)) @nd appealing to
(3.28), which also holds for du, we get

T46

97“0 )

?[[95 = gall T2y < Calkio)Ga — gallizom) + exp(T)(L+ )0V 2207,

where C,, (ko) = 814‘; 7 X p(2T)(1 + T)? and 6¢'(t) = ga(t) — G.,(t).

Suppose the lower bound of the internal damping coefficient x(x) be chosen so that
Co(ko) = %2, that is choosing kg as in (3.100) and invoking (3.106), we obtain the stability
estimate (3.101) with the stability constant C's7. Hence the proof. OJ
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Table 3.1: Stability constant C'sy corresponding to 7', o and k.

_ T2 exp(T) (14+T) _ __rel?
T a | kg =.0025 (+> Csr = 576 <exp(T0)(1+T)>
11073 0303 143
102 155 9.02
104 15.5 902.51
1 1103 13.6 1440.91

We infer from Theorem 3.7 that the stability estimate (3.101) and the lower bound of the
internal damping coefficient (z) (with units kgm?/s) are valid for all non-negative values
of the external damping coefficient u(x), including the critical case, u(z) = 0 kg/ms.
The following example illustrates the specific values of lower bound for internal damping
coefficient corresponding to four different final times 7', which are obtained by choosing
¢ = .5m,and ry = 1 (see, [6]). Using the specific values of x(, we can analyze the stability
constants C'sp. In a real application, the value of the parameter of regularization ranges
between 1072 to 10~*. The formula (3.100) shows that the lower bound x, of the internal
damping coefficient () is in the order of a~!. Hence, a smaller value of « increases the
value of the lower bound for the internal damping coefficient, and it drastically increases
the stability constant C'sy. This is evidently clear from the second to fourth rows of the
table for the fixed time 7' = .5 s. Also, one may notice that the increase in final time
T increases the lower bound kg, and the stability constant Cs7, which indicates that the
stability estimates hold only for small intervals of time 7'. The rows corresponding to the
fixed o = 1073 show that the stability constant C's7 increases drastically when 7" increases.
Hence, to get the consistent stability estimate for the IBVP-1, the value of the final time

T > 0 must be small, which is reasonable in terms of applications.

Remark 3.5. The assumption (3.100) on the Kelvin-Voigt damping coefficient x(z) =
cql () can be justified by fixing the specific values of various coefficients in (3.1) and utiliz-
ing the estimations of the damping coefficients derived from the dynamic experiments (see,
[6]) of real applications. For a beam of length [ = 1, moment of inertia I (z) = 1.64x 1072,

mass density p(z) = 1.02 and Young’s modulus E(z) = 2.68 x 10'°, the damping coef-
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ficients are estimated in ([6]) as ;1 = 1.7561 and ¢y = 2.05 x 10°. Thus, for the choice of
a=10"2and T = 0.0133, we can see from (3.100) that cq > r¢/I(x) = 39597.48.

In the case of IBVP-2, we obtain a stability estimate under a sufficient condition on the

parameter of regularization o > 0.

Theorem 3.8. Assume the conditions given in (3.14) and Theorem 3.3 hold true. Let
Jas o € G3 are unique minimizers of the regularized Tikhonov functional [Js, defined
by (3.12) corresponding to the measured outputs w, @ € H?*(0,T), respectively. If the

parameter of regularization « satisfies the condition
o > C5C%, (3.107)
where Cg and C%, are defined in the proof. Then the following stability estimate holds:

190 — gaH%Q(O,T) < Csrllw - w||12ﬁl2(0,T)7 (3.108)

4T1303C2 exp(T/po)
(a2—C2,C2)3ro

where Cgp =

Proof. By repeating the similar steps done in Theorem 3.7 for the variational inequality
(3.96), we get

T T
o [ @o-gwras [ Go-neseor 6109
0 0
where do(¢,t) = p({,t; go) — ©({,t; gu) is the solution of the adjoint problem (3.62) with
3O(t) = 1(0)0uzz (0, 1) 4+ K£(0)0urrt (0, ) + dw(t).

The repeated application of Holder’s inequality gives

i1 "

190 — gallZ20m) < T°NGN — 921122001y TOT Gar G € G, (3.110)

and using ||dp (¢, )||L2(0T < % |5g0m||%2(07T;L2(0’e)), we deduce from (3.109) that

2 | ’/\/// "

ga_gaHL2(o,T) < [[ga — 9a”L20T)H590( )||L20T)

T6¢3
< 3 H‘SSDMHH(OTL?(M) 19, — H/H

L2(0,T)
In virtue of the estimates (3.68), (3.51) and (3.93), one can get
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2|1~ "y 2 T7£302 112 12
17 — 0 Vo0 < —5, % exp(T/p0) 106/ a0y + 1106 a0

2T703C?2

< T % exp(T'/po) [072 (“(Sutttt||%2(0,T;L2(0,Z)) + 2[| 6l 220 2.2 0.0

+||5utt||%2(0,T;L2(U,€)) + ||59”||%2(0,T) + ||59,||%2(0,T)> + 2”5(")”%{2(0,T)};

where 8g(t) = go(t) — Ga(t), the constants C2 = 22 (max(,ul, p3) + pr max(1/T, T/3)>
and C? = 2/* max (1 2(p? + ul)) . By employmg the regularity estimates (3.19), (3.33),

(3.47) for duyy, duyy and duyyy respectively, we deduce that

-~ n 2T7€302
g2 - oMo < g ep(T/mCE 5 5 (3C3ep(CT) + GO+ 7))

47703
3ro

A\

11109 30y + 5 CEexp(T o)l 0w oy, (B111)

where C? is the constant defined in Theorem 3.2. For any g € G3, we obtain that

"

19117 0.7y < Csllg” I Z20m) (3.112)

where C2 = (1 4+ T% +T* + T%) . Substituting (3.112) in (3.111), we arrive at

AT (3
a2||fq\g’ - 927”%2(0@ < C'120092||59”/||%2((),T) + 3—ng eXp(T/pO)H(SwH%I?(O,T)a

where C%, = 217G exp(T/pO)C’Q[ (302 exp(C2T) + C303(1 + T)) + 1].
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Choosing o > CzClo, we conclude the stability result (3.108) through (3.110). O

The condition (3.107) is simple to test and implement, and it does not impose a signifi-
cant constraint. For instance, when 7' = .04, { = 4, py =1, u; =1, r =20 and k¢ = 1,
we obtain a? > 9.37 x 107°. In most of the physical experiments, « varies from 1072 to
10—, and so to validate the condition a® > 9.37 x 10™?, one can choose « as 1072 In this
case, we obtain the stability constant C'sy = 3.27 x 1017, which is comparatively small.
Therefore, Theorem 3.8 provides a significant stability estimate for the determination of

the shear force in terms of a feasible condition on the regularization parameter o.

74



Chapter 4

Determination of a spatial load in a damped

Kirchhoff-Love plate equation

In this chapter, we consider the two-dimensional generalization of the Euler-Bernoulli
beam governed by the simply supported rectangular Kirchhoff plate with viscous damp-
ing. We assume that the flexural rigidity or bending stiffness coefficient D depends on
the spatial variable, which makes the model much more complex than the classical plate
equation [69] (see, also [39]). The methodology discussed in the previous chapters for
the inverse problems related to the damped Euler-Bernoulli beam equation, such as the
SVD and Tikhonov regularization methods, are developed for the inverse source problem
of identifying the unknown spatial load F'(z) in the damped Kirchhoff-Love plate equa-
tion. The ideas presented here will be able to be successfully used to solve other inverse

problems related to the Kirchhoff plate equation.

Now consider an inverse problem of recovering the unknown spatial load F'(z) in a

general Kirchhoff plate equation
(
pr()ur + p(@)ug + (D(2) (Uay o, + Vitayas ), 0,
+ 2(1 - V) (D<I>u$1$2>
= F(x)G(t), (x,t) € Qp :=Q x (0,7,

+ (D(‘r) (um2m2 + Vuxlxl))l'gzg xr1x2

4.1)
U(QZ,O) = UO(aj)v ut($70) = U()(ZE), T € Qa
w(z,t) =0, Ugye,(z,t) =0, (x,t) € (' NT3) x [0,7],
w(z,t) =0, Ug,z, (z,t) =0, (x,t) € (ToNTy) x[0,7],

\
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)
52/ u=0,upyp, =0

Qz,t) = F@)G@) L3

[

I'

=0, Ugyzy =0 b

Figure 4.1: A simply supported Kirchhoff plate under transverse loading

from the final time measured displacement
up(x) = u(x,T), z € Q, 4.2)

where (2 is defined by 1.11. The functions F'(z) and G(¢) represent the spatial and temporal
components of the transverse load Q(z, t) := F'(x)G(t) applied on the plate (Fig. 4.1). The

function u(z, t) is the normal component of the displacement vector at position = € {2 and
at time ¢ € (0,7), called the deflection. Further, p,(z) = p(x)h(z) > 0, while p(z) is the
density and h(z) > 0 is the thickness of a plate,

E(x)h*(x)

D) =5a=

is the flexural rigidity of the plate, where F'(x) is the Young modulus and v € (0,1) is
the Poisson ratio. The parameter D(x) plays the same role as the flexural rigidity r(z) =
E(z)I(z) in beam bending. However, it should be noted at this point that D(z) > I(x),

which means a plate is always stiffer than a beam of the same span and thickness ([92]).

In the considered inverse problem, the geometry of the plate does not play a principal
role. Therefore, for the sake of simplicity and clear interpretation of the results, we assume
that the plate has a rectangular form with edges parallel to the coordinate axes Ox; and Ox,
as shown in Fig.4.1. Although in the considered mathematical model governed by (4.1),
the plate is assumed to be simply supported, the results obtained in this chapter remain
valid also for clamped as well as clamped-supported plates. Note that the deflection and

bending moment are both zero on these simply-supported edges according to the physical
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meaning. Hence, physically, the boundary conditions in (4.1) should be defined as follows:

u(z,t) =0, My := D() (Vg sy + Usyz,) =0, on T’y x [0, 77,

u(z,t) =0, My := —D(x) (Ugyz, + VUzyay) =0, on 'y x [0, 77, @3)
u(z,t) =0, My := —D(x) (VUgyz; + Uzyz,) = 0, on T's x [0, T,

u(z,t) =0, My := D(2) (Ugyz, + Vlgyz,) =0, on Ty x [0, T7.

Let us consider, for example, the boundary conditions on the simply supported edge I'y
defined in (1.12). From the first condition u(x1, 0,t) = 0, it follows that along the edge I'y,
all the partial derivatives of u(z, ) with respect to x; are zero. In particular, u,, , (z,t) = 0,
(x,t) € T'; x [0,7]. Taking this into account in the second condition given by M, :=
D(z) (Vug,z, + Usyz,) = 0 on I'y, we deduce that u,,,,(x,t) = 0, (z,t) € 'y x [0,7].
Therefore, the simply supported boundary condition on I'; can also appear in the following

equivalent form:

u(z,t) =0, Ugyay(x,t) =0, (x,t) € I'y x [0,T].

Similar equivalent boundary conditions are obtained for other simply supported edges
I's, I's,I'y. These boundary conditions are set in the direct problem (4.1).

Our main contributions of this chapter are summarized as follows:

1. We proved the existence and uniqueness of weak solution of (4.1) when the data
ug € H*(Q) N HY(Q), vy € L*() and the coefficients satisfying Assumption 4.1.

2. Inverse problem is reformulated as a quasi-solution or least square problem and cou-

pled with weak solution of the direct problem, we solved the minimization problem.

3. We computed the Fréchet derivative of the Tikhonov functional and proved Lipschitz
continuity of the Fréchet derivative, which plays a vital role in the gradient-based

numerical algorithm for the inverse problem.

4. Another significant result is a stability estimate for the inverse source problem (4.1)-
(4.2). Since the inverse problem is posed in the context of a minimization prob-
lem, using a first-order necessary optimality condition satisfied by an optimal pair
(u(z,t; Fya), Fio), we establish a local stability estimate for the unknown source

term F, , € L?(2) under some conditions on final time 7" and damping coefficient

L.
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5. Using the spectral properties of an input-output operator, we find the SVD of the reg-
ularized solution F, € L?(£2) as well as establish a stability estimate with the help of
regularity assumption on temporal load G/(t). A comparison study of the representa-
tion formulas for the source function F;, obtained from Tikhonov regularization and
SVD has been done at the end of this chapter. Indeed, this study helps one to devise
a better numerical scheme by combining the CGA and TSVD. The study of such a

comparison for the case of heat and wave equations has been carried out in [49].

The chapter is organized as follows: In section 4.1, we discuss the well-posedness of the
direct problem in detail. In section 4.2, we give the formulation of the inverse problem and
study the compactness, and the Lipschitz continuity of the input-output operator. The main
results, Fréchet derivative of the Tikhonov functional, Lipschitz continuity of the Frechét
derivative, and the existence of a minimizer for Tikhonov functional are also given in this
section. Stability estimates for the source term are obtained in this section by deriving
suitable conditions on the final time and damping parameter. In section 4.3, we determine
the SVD of regularized solution, and establish the relationship between this method and
Tikhonov regularization. In section 4.4, we establish an another stability estimate for the

inverse problem, using spectral properties of the input-output operator.

4.1 Solvability of direct problem

Since the well-posedness of the direct problem is fundamental for the study of inverse
problem, we discuss results related to the existence and uniqueness of the direct problem
by deriving appropriate an a priori estimates using the Faedo-Galerkin finite dimensional
approximation.

The following assumption plays a fundamental role in the analysis of direct and inverse

problems.

Assumption 4.1.

( p.D, e L=(Q),h e C(Q),
0<Dy<D(x) <Dy, 0<pp<p(x) < p,
0 < po < p(x) < p1, with Vp, Ap € L=(Q),
0 < hg < h(x) < hy, with Vh,Ah € L®(),
IV (ph)|| L) < p2 and [|A(ph)]|L=(0) < p3,

| F e L*(Q), G e L*0,T), G(t) 0.

4.4)
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Definition 4.1 (Weak solution). Let 0 < T < oo, ug € V*(Q), vy € L*(Q), F € L*(Q)
and G € L?*(0,T) be given. A function u € L*(0,T;V?(Q2)) with v, € L*(0,T; L*(2))
and uy; € L*(0,T;V?(Q)) is called a weak solution of (4.1) if

2) <phutt (t)7 U) + (Mut(t)a U) + (D(uwla?l (t) + VUgozy (t))7 v:vwl)
F(D (Uapies (1) + Vg2, (1)), Vigry) + 2(1 = 1) (D (1), Vi)
= (FG(t),v), Yo € V3(Q), ae.t€[0,T],
i1) u(0) = ug, u(0) = vy,

where V?(Q) is defined by (1.13).

Remark 4.1. If we have u € L*(0,T;V?*(Q)), u, € L*(0,T; L*(Q)) and uy, € L0, T;V*(Q)'),
then Theorem 1.7 shows that u € C'([0,T]; H}(2)) and u; € C([0,T]; V*(Q2)’). Hence the

initial conditions u(0) = ug and u.(0) = v, are well defined.

We want to show that the problem (4.1) has unique weak solution which continuously
depends on the data in the appropriate norms. For this well-posedness of the direct problem,
we adapt the Faedo-Galerkin method.

First, we define an n dimensional subspace W,, := span{&;, &, ..., &} of V2(2) and
look for Faedo-Galerkin approximation u,,(t) := wu,(z,t) of the form

un(t) - Z Ti,n(t)fia Ug,n = Zpi,n&ﬁ Vo,n = Z Qi,ngia
=1 =1 =1

where &; form an orthogonal basis for V?(Q) and orthonormal basis for L?(f2) . Here the

coefficients ; ,,, p; , and g; ,, are choosen so the u,,(t) satisfies

( (phug(t)v v) + (u ufrz(t)’ v) + (D(un,mxl + Vun,xzxz)a Veyar)

""(D(un,xm + Vun,r1m1)7 Umxg) +2(1 - V) (Dun,xlrzv Umm) (4.5)

= (FG(t),v) Yo eW,, t€[0,T],

L un(0) = ugpn, u,(0)=12von.

It easy to see that the problem (4.5) is equivalent to the following system of ODE:

MR!(t)+ NR.()+ [P+Q + 2(1— u)s] Ra(t)
g, (t), for t €[0,7],
RH(O) = Um R;(O) = Vna
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where R, (t) = (r1,(t), ran(t), ..., 7un(t))T, the entries of the matrix M, N, P,Q, S are

M = (o) N = (86 &)
P = [(D(éi,mlzl + Vgi,mrz)’ gj,mlibl)ﬁxn )
Q = [(D(gi,ma:z + V§i7$1$1)7 5j,$2$2)}2><n ) S = [<D§iﬂflx2’ fj@lm?ﬂxn ?

and gj(t) = (FG(t)>€j)v gn(t) = (gl(t)vg2(t)7 "'7gn(t))T>

Uj = (U0,€j>, V] = (Uo,fj), Un = (Ul’,Ug, ...,Un)T, Vn = (‘/1,‘/2, ...,Vn)T.

By using the standard theory of linear ODE, for every n > 1 there exists a unique solution
u, € CY([0,T); W,,) with u” € L?*(0,T;W,,) of problem (4.5).

Theorem 4.1. Suppose Assumption 4.1 holds true. Then there exists a unique weak solution

u of the problem (4.1) in the sense of Definition 4.1. Moreover,

Ce+1

el 02200y < s M(F, G, ug, o), (4.6)
luell720.r.0200y) < Ce M(F, G, ug, o), 4.7)
,
lullsgraan < i MO Guo ) @3)
sl F20r02y) < CoM(F, G, ug, vo), (4.9)
and
e C,+1
2 Ntwiay Eioranion < fr =y MUF. G ) (4.10)

ij=1

2
where M(F, G ttg, o) = [I1F 1230y |G 13207y + Da(1+ 1) 2,24 100, 30
+Cl||UOHi2(Q)i| , Ce = exp(T'/Co) — 1, Co = poho, C1 = p1ha, po, p1, Do, D1, ho, b1 > 0

are the constants introduced in (4.4) and the constant Cy is given in the proof.

Proof. Since u,, € H*(0,T;V?*(Q)), we may choose v = u/, as a test function in (4.5)
integrate it over €0, := € x (0,¢) and then apply the integration by parts formula. Taking
into account the non-homogeneous initial and homogeneous boundary conditions in (4.1)

and doing elementary transformations, we obtain the following energy identity:
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%/ dx+// da:dT
2

2
/ D n :Elil?l + 2un ,T1T2 + un ,L2T2 + 2V(Un xll'lun Toxy un,$1$2)j| de

// >d$d7+; /Qph(x)u;m*)?dm

/ D nwlxl + 2 nx1w2 + Un s L2T2

+ 20 (Un gy 2y Un gy — u? )]t:0+ dz, 4.11)

n,r1r2

for all ¢t € [0,T]. To evaluate the terms in the third left-hand side and the last right-hand
side integrals, we use the inequality

‘ / 2vD(x) [un,m;lunm752 — ui’xlm] dx
Q
< /QIJD( ) [UD g0y + 202 0y + Uiy | AT, Y, € LP(0,T; V(). (4.12)

Since D(z) > Dy > 0 and v € (0, 1), making use (4.12) in (4.11), we obtain

C / o ()2dz + Do(1 — v) / 2, 22, il ] d
Q

+ 2// dl‘dT

< [ [ utrdadr + 1Pl @1

+D(1+v) Z |’u07n71‘i1‘j”%2(9) + OlHUO,NH%?(Q)

ij=1

where Cy = pohg and C; = pyh;. From integral inequality (4.13), we deduce that

Co / Vdr < / / 7)dzdr + || F||72 Q)HGHL2 (0,7)

—|—D1 +v Z ||U0,n,zixj H%Q(Q) + Cl|’U0>”H%2(Q)'
ij=1
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Applying Gronwall’s inequality, we get

, exp(t/C
Oy < D) w8, G, ), @19

where M (F, G, ug, vp) is the constant defined in (4.6). This implies that

C.+1
/ 2 e
trel%(?:%’{] ||un<t>HL2(Q) S CO M(F7 Gau0>U0)7 (415)
lunllZ2070200) < Ce M(F, G, ug,v0) (4.16)

where C, = exp(T/Cy) — 1,Cy = poho, C1 = p1hi. The second consequence of energy
estimate (4.13) is the inequality

DO(l - V)/ [ui,mxl + 2ui,11w2 + ui:mw?} dz

[9]
t
< / / (7 2ddr + || |2 1G] o
2

+D1(1+v) Z HuO,n,wiij%?(Q) + CIHUO,nH%Q(Q)-
ij=1

Using the estimate (4.14), we deduce that

2
2 exp(t/Co)
ijl ||un,$i$j (t) ||L2(Q) S m M(F, G, Up, Uo). (417)
Taking maximum over ¢ € [0, 7], we get
& Co+1
2 e
trerf(%}ilg] ”221 HUn,:cizj (t>”L2(Q) < m M(F,G,ug,v). (4.18)

Integrating (4.17) with respect to time, we obtain

: CoC
2 0%“e
”Z::l |vn,zi; HL2(0,T;L2(Q)) < m M (F, G, ug,vy). (4.19)
We use the identity
/Q (un7x1$1un,x2x2 - uiﬂhm) dr = ()’

which holds for clamped and simply supported plates [91], and that can be easily proven
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by transforming the integrals and definition of Aw,, to obtain
2 2 2 2
/(; [un,xla}l + 2un,x1x2 + u’n,le‘g} dCC = /S; ’Aun‘ dlC,

2
whence ||Aun||%2(07T;L2(Q)) = Z@j:l ||un,xizj ||%2(0,T;L2(Q))'
Since [[un(t)[}2(q) < C'[|Aua(1)||72 (o), using the estimate (4.19), we get

CoyC'C,
HunH%Q(O,T;V?(Q)) < mM(RG,UmUO)- (4.20)

In order to estimate ||u; || z2(0,rv2()), We proceed as follows. Instead of (4.5), we consider

the weak form

(ux(t% U) - - (,uu'n(t), U/ph) - (D<un,$1$1 + Vun,$2$2)7 (U/ph)aclacl)
B (D(u”ﬂ»?@ + Vun71'1$1)7 (U/ph)x2x2> (421)
—2(1 = v) (Dt g1ay: (V/p1) 4,0,) + (FG(),0/pr), Vv EW,.

Consider v € V*(Q) with |[v||y2(q) < 1 and represent v as v = ¢ + 3, where o € W, and
B e Wy, |lollve@) < |lv]lve@) < 1. Since (4.21) holds for all v € W,,, which also holds
for o € W,,, by applying Cauchy’s inequality, we estimate the right-hand as follows

|(un (), v)| < CLOMHU%@)HL?(Q)HUHLQ(Q)
+D1 ([|tn,zra: 1 220) + V| tnaswa |l 2) 1 (0/08) g0, 12602
+ D1 ([[tn zoes | 22(0) + Vltin iz |l 226) | (0/08) gy, l2202)
+D12(1 = v)|[unaiwoll 2@l (0/P0) 4,2y 2200

1
+50||F||L2(Q)||G||L2(0,T)||U||L2(Q)- (4.22)

Next, we need to estimate [|A (0/pp) ||12(q). It is easy to see that

o AU 2
2 (5) = Tt ) = T

By Assumption 4.1, there exists a constant Cy depending on p;, h;,© = 0, 1,2 such that

1A (o /i) 720y < C2/Co-Ttshows that || (0/ pn),, 4, 720) < C2/Co, [1(0/Ph) gyay 720
< Cy/Cy. Similarly, we can also find a constant C's depending on p;, h;, 7 = 0, 1, 2 such that
H <0/ph)z1z2 ”%Q(Q) S 03/00. ChOOSiI’lg 04 = max{l,,ul, D1 (]. + V) CQ, 2D1(1 - V)Og},
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and taking supremum over v € V*(Q) with [|v||y2() < 1 on (4.22), we obtain
" Cy /
lun®llveoy < & N ()llz2@) + tneie llz2@) + [tnwsssllz2 @)

Hlunzies 220) + | F 2 |Gll r20,m)] -

Squaring on both sides, integrating over (0,7") and using the estimates (4.16),(4.19), we
get

HUZH%%O,T;V?(Q)’) < CoM(F,G,ug,vo), (4.23)

where Cy = 5(Cy/Co)*(T + C.(1 4 3Co/Do(1 — v))).

By invoking the estimates (4.20), (4.19), (4.16) and (4.23), we see that the sequences
{un}, {tnuizs }, {,} and {u/ } are bounded in L?(0, T;V*(Q)), L*(0,T; L*(Q)),
L*(0,T; L*(Q)) and L?(0,T;V?*(2)) respectively. Then by the Banach-Alaoglu weak
compactness theorem (see [15], Theorem 3.16), there exists a subsequence {u,, } of {u,}
and functions u € L*(0,T;V*()), Uze, € L*(0,T; L*(Q)), v € L*(0,T; L*(f)), and
u” € L*(0,T;V*(Q)') such that

Un, —~ u weakly in  L2(0,T;V?(Q))
Ungorzy — Usz, Weaklyin  L2(0,T; L*(Q)) (4.24)
ul,, —~ weakly in  L*(0,7’; L*(Q2))
ul ! weakly in  L%(0, T; V*(Q)).

By passing these limits on (4.5), we should be able to get the weak solution u of the di-
rect problem (4.1), which satisfies (4.6)-(4.10) in view of (4.15),(4.16),(4.20),(4.23),(4.18)

respectively.

The direct outcome of the estimate (4.10) is the uniqueness of the direct problem (4.1).
Let uy, us € V() be the two weak solutions of the direct problem (4.1). Then U (z,t) :=
uy (2, t) — ug(w, t) € V2(Q) is the solution of (4.1) with homogeneous initial data ug(z) =
vo(z) = 0 and source function F'(z)G(t) = 0. Using (1.17) and (4.10) , we conclude that

HZ/{HL‘X’(O,T;VQ(Q)) = O, whence Z/{(CE,t> = O, A (SC,t) € QT.

It remains to check that u(t) satisfies initial conditions u(0) = ug and u;(0) = wvp. It
is clear from the existence theory that (see Remark 4.1) v € C([0,T]; H*(2)) and v’ €
C([0, 71 V*(Q)).
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Consider a test function v € C%([0, T]; V*(Q2)) with v(T) = 0 and v'(T") = 0. Taking
the weak form of Definition 4.1-(i) satisfied by u, integrating over (0, 7") and integrating by

parts twice with respect to time in the first term, we arrive at

I= /0 (FG(t),v(t))dt + (prv(0),u'(0)) = (prv'(0),u(0)), (4.25)
where

Fim [ (0 0 0) + G0, 0) + (Dl (0
FV Uiy ()5 Vayay (B)) + (D (Usgay (B) + Vg (1)), Vg (1))
P20~ D) (Dt O 10 )

On the other hand, time integrating by parts twice in the first term of (4.5) and passing the
weak limit (4.24), we deduce that

I= /0 (FG(t),v(t))dt + (prv(0),v0) — (pnv'(0), uo)- (4.26)

Comparing (4.25) and (4.26), we obtain the desired result. This completes the proof. OJ

4.2 Inverse problem

In this section, first, the inverse problem is formulated as an operator equation which in-
cludes the input—output operator introduced below. Then we reformulate it as a minimum
problem for the regularized Tikhonov functional and discuss the well-posedness of the
inverse problem. Using the estimates of solutions of the direct problem, we prove the com-
pactness and Lipschitz continuity of the input—output operator, which allow us to prove the
existence of a minimizer for the regularized Tikhonov functional. We also compute the
Frechet derivative of the Tikhonov functional and establish the Lipschitz continuity of the

Fréchet derivative.

4.2.1 Mathematical formulation of inverse problem
Let us define a set of admissible sources:
F=A{F¢ LQ(Q) : ||F||Lz(Q) <7, v>0}
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For a given ' € F, u(x,t; F) is the corresponding weak solution of the direct problem

(4.1). Now we define input-output operator as follows:

® : FCL*Q)w— H)Q) C L*Q), (4.27)
(PF)(z) = wu(x,t;F)|i=r.

We shall write this inverse problem in terms of the functional equation as
OF =upr, FeF, urec LQ(Q> (4.28)

We notice that in the case of noiseless measured output data up, the solution of the
inverse problem is the solution of the functional equation (4.28). However, one may ob-
serve that due to measurement error in the measured output ur (), the exact equality in the
functional equation (4.28) is not possible in practice. We formulate this inverse problem as

a minimization problem defined by a Tikhonov functional as follows:
1 2
J(F) = §H<I>F —ur||72(0)- (4.29)
The regularized form of the Tikhonov functional is written as
1 2 a 2
Ja(F) = §H®F — ur||T2) + §||F||L2(Q)a (4.30)

where @ > 0 is the parameter of regularization. We may now consider the inverse problem
which we are interested as a minimum problem for the functional 7, (F') on the set F.
More precisely, we need to solve the following problem:

Minimization Problem: find ' € F which minimizes the functional 7, (F') subject to
u(z, t; F) solves the problem (4.1).

4.2.2 Compactness and Lipschitz continuity of the input-output oper-

ator

In this subsection, we prove that the input-output operator ¢ is compact and Lipschitz
continuous by using an a priori estimates for weak solution of the direct problem (4.1). By

the compactness of the operator, we conclude that the inverse problem is ill-possed.

Proposition 4.1. Suppose Assumption 4.1 holds. Then the input-output operator ® : F C
L3(Q) — HMQ) C L*(Q) defined by (4.27) is compact. Moreover, the operator ® is
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Lipschitz continuous:
|2(F1) — ©(Fy)12(0) < LollFy — Fallr2) V F1, Fy € F,

where the Lipschitz constant Ly = (T'C.)"? ||G|| p2(0.1)-

Proof. Let {F,,} C F,m = 1,2,..., be a bounded sequence of sources in L*(Q2) and
u(z, T; F,,) denoted by {ur,,} is the corresponding output. The estimate (4.10) and Re-
mark 4.1 show that the sequence of output {ur,,} is bounded in H}(Q). Since HJ(Q) is
compactly embedded in L?(f), the sequence of outputs {ur,,} is precompact in L?(f),
that is, the input-output operator & maps bounded sequence of inputs to a precompact se-
quence of outputs. Hence ® is compact.

Next, we show that ® is Lipschitz continuous. Let u(x, t; F}) and u(z, t; F3) be the so-
lutions of the direct problem (4.1) corresponding to the source terms F and F3 respectively
for a common initial data u, and vo. Then du(z,t) = u(x,t; Fy) — u(x,t; Fy) solves the

following problem

( pn(x)ouy + p(x)duy + (D()(0tgy e, + VO0Ugyz,))
+ (D(:L’) (5ux2x2 + V(Summ))

+2(1 = v) (D(2)0uz,a,)

T1T1

T2T2

=0F(x)G(t), (x,t) € Qp,
du(z,0) =0, du(z,0) =0, z € Q,
du(z,t) =0, Sz, (z,t) =0, (x,t) € ([N T3) x [0,T],

u(x,t) =0, dug . (x,t) =0, (z,t) € ([yNTy) x [0,7],

where 6 F'(x) = Fy(x) — Fy(x). From the definition of the operator ®, we have

[D(F) = P(F) 2 = llule, T; Fr) — u(@, T; Fo)l| 20

= ||5U(-aT>||L2(Q)-
Now we use the inequality
16u(., T 720y < Tlow|7207:02(02) (4.32)
since the estimate (4.7) holds for du,(z,t), we get
12(F1) = ©(F)|[72() < TCGll720m) 1 F1 = Fall2)-
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This completes the proof. O

Remark 4.2. Since the input-output operator ® is compact, the inverse source problem
(4.1)-(4.2) is ill-posed in the sense of Hadamard (see, [40] and also, [50], Lemma 1.3.1).

4.2.3 Lipschitz continuity of the Fréchet derivative of the functional

To derive the Fréchet derivative of the functional, we introduce an adjoint system with
final data in terms of the measured data, derive an a priori estimates, and discuss the well-
posedness of the problem. Note that the increment 0.7 (F') := J(F + 0F) — J(F) of the
Tikhonov functional 7 (F) satisfies the following identity

0J(F) = /Q [u(z,T; F) — up(x)] du(z, T)dx + % /Q (6u(z,T))* dz, (4.33)

where du(x,t) = u(x,t; F'+ 0F) — u(x,t; F') solves the problem (4.31). We express the
first integral of 6.7, which consists of both u(z,t; F' + dF') and u(x,t; F'), in terms of an

integral with the solution of an adjoint system alone.

Lemma 4.1. Let Assumption 4.1 holds true and ur € L*(). Then the following integral
relationship between the inputs and outputs holds:

_/Qph( Jg(2)du(x, T) d:c_/ (/ GOt dt) SF(x)dr,  (434)

for all F € L*(RQ), where ¢p € L*(0,T;V*(Q)) is the weak solution of the following

backward problem

pr(2)P — (@) + (D(2) (Vo100 + Vror2)) 1y,

+ (D(2) (Yaga, + V0121)) 2y

+2(1 = v) (D(2)Va125) 3,0, = 0, (,1) € Qr,
(@, T) =0, ¥u(x,T) = q(x), x €,
P(x,t) =0, Ypye,(x,t) =0, (z,¢) € ([1NT3) x [0,T],
| ¥(@,t) =0, Yo, (2,1) =0, (2,) € T2NTy) x 0,7,

(4.35)

)
)
with the (final velocity) input q(x) att = T, and du € L*(0,T;V?*(Q)) is the weak solution
of the problem (4.31).
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Proof. Multiply both sides of equation (4.31) by an arbitrary function v(z,t), integrate

over 2. We have:

/Q [pn(2) 0y — p(x)y] du dtdx
+ /Q [on(2)Sut) — pr(x)dunh, + pdup], =g da
+ / (D) Btizyar + VBtizyes)), o + (D(&) Bttapay + V6t1rar)),n,
Qr

+2(1 — v) (D(2)0Us,0,),,,, ] © dudt = /Q OF ()G (t)(z, t)dxdt.

Now we use the fact that the arbitrary function )(x, t) solves the backward problem (4.35).
Applying the integration by parts formula multiple times to the third left-hand side integral
and taking into account the homogeneous boundary and initial/final conditions in (4.31)

and (4.35), we arrive at the following integral identity:

- /Q on(2)0u(e, TVn(z, TVdz = | SF(@)G (0 (x, ¢)dadt.

Qr

This leads to the required relationship (4.34). U

Note that the backward problem (4.35) is a well-posed as the change of the variable ¢
with 7 = T — t shows. Hence all the estimates (4.6)-(4.9) derived in Theorem 4.1|can also

be applied to the solution of this problem.

Lemma 4.2. Suppose Assumption 4.1 holds true and let ¢ € L*()). Then the weak solution
¥ of (4.35) satisfies the following estimates

Ce+1

Hth%OO(QT;LQ(Q)) < CO ClHQH%Q(Q)a
Hwt”%Q(O,T;LQ(Q)) < 0601HQH%2(Q)> (4.36)
2
Ce+1
Z ||/I7Z}$zm] ”%w(O,T;LQ(Q)) < Do(l . I/) Cl||q”2L2(Q)7

1,j=1

[l Z20 2@y < CoCillallizqy,
where the constants C., Cy, Dy, C and ég are defined in Theorem 4.1.

Assume now that the arbitrary final time input ¢(z) in the backward problem (4.35) is
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specified as follows:

q(z) = @ [u(z, T; F) —ur(z)], x € Q. (4.37)

The backward problem (4.35) with the final time (velocity) input (4.37) is defined as an
adjoint problem corresponding to the inverse problem (4.1) and (4.2). Substituting the input

(4.37) in the integral relationship (4.34), we obtain the main input-output relationship:
/[u(m,T; F) — up(z)]ou(z, T)dx
0
T
:/ (/ G(t)ﬂ)(x,t;F)dt) dF(x)dx, (4.38)
o \Jo

where ¢ (x,t; F') is the solution of the backward problem (4.35) with the input defined in
(4.37) which, in turn, depends on the given input /' € F. In view of the input-output

relationship (4.38), the increment formula (4.33) takes the following new form:

SJ(F) = /Q ( /0 ' G(t)w(x,t;F)dt) 5F(x)dm—|—% /Q (bu(z,T))* da. (4.39)

Proposition 4.2. Let the conditions of Lemma 4.2 hold true and 1)(x,t; F') be the solution
of the adjoint problem (4.35). Then the Tikhonov functional J (F') is Fréchet differentiable
at F' € F and the derivative is given by,

J'(F)(z) = /Osz(x,t; F)G(t)dt, F € L*Q). (4.40)

Moreover, the Fréchet gradient J'(F) is Lipschitz continuous:

|T'(F+6F) — J"(F)|lz2() < L1 |0F || 202, (4.41)

where the Lipschitz constant L, = fg gl TCeHGH%z(O 7> and the constants Co, Ce, Cy are
0 )

defined in Theorem 4.1.

Proof. Using the integral identity (4.39), we need to show that the following holds to get
the Fréchet derivative of J (F) :

’(sj(F)— /Q ( /0 et F)G(t)dt) SF(x)dx
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As a consequence of estimates (4.7) and (4.32) , we can show that the last integral of (4.39)
10) (||5F||L2(Q)) .

16u(., T)[72(0
16F || 20

< TC0F |l 2@ | Glli20r) = 0 as [|0F |[12) — 07

By the definition of the Fréchet derivative, we arrive at the formula (4.40).
Next, we show that [7/(F') is Lipschitz continuous. From the computation of the Fréchet

derivative, we have

T 2
HJ’(F+5F)—J’(F)||§2(Q):/Q(/0 6w(x,t;6F)G(t)dt> dz, (4.42)

where 0¢(z,t) = (x,t; F + JF) — ¢(x,t; F) is the solution of the following adjoint

problem:

Pn(1)6%s — p(2)6s + (D(2)(6V2121 + V0%0s2s)) 010,
+ (D(2) (60500 + V6Us101)) gy
+2(1 = v) (D(2)0%2124) 4,0, = 0, (2,1) € Qr,
S, T) = 0, () = — L ou(e, T)], = € O,
oY (z,t) =0, 0ypa, (1) =0, (2,1) € (I'1NT5) x (0,77,
\ 0p(z,t) =0, 0Uyya (x,t) =0, (z,t) € ([aNTy) x [0,7T],

(4.43)

and du(z,T) is the solution of the equation (4.31). By applying Holder’s inequality in
(4.42), we obtain

|T'(F 4+ 6F) = T'(F)I720) < NGll720.0 109120075220 (4.44)

Using the estimate ||5¢HL2(0TL2(Q)) < (TQ/Z)H5wt||L2(OTL2 o) and (4.36), which also
hold for §¢(x,t), we get

T2C,C. T3C,C,
||5¢||2L2(0,T;L2(Q)) < 22 “[|uf-, )HL?(Q)—Q—C«gl|5ut||2L2(0,T;L2(Q))’

since [|dul(-, )||L2 @ < T||5ut||L2(0TL2( o))~ Hence, using the estimate (4.7), we get

T5C,C2
H5¢||%2(O,T;L2(Q)) < Q—H(SFHLz(Q)HGHL? 0,1)" (4.45)
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Substituting (4.45) in (4.44), we obtain the required result (4.41). Hence the proof. O

It is worth noticing that in the determination of source terms (or) parameters through
the numerical implementation of gradient type algorithm such as the Landweber iteration
algorithm

FOrO () = FO(2) —w, J'(F™(z)), n=0,1,2, ...,

or CGA, the Lipschitz continuity of the Fréchet gradient plays a pivotal role (see, [42],
[50]). In particular, when we apply these gradient type algorithm for linear and nonlinear
inverse problems, we may face the difficulty in estimating the relaxation parameter w,, > 0.
But in the case of Lipschitz continuity of Fréchet gradient, the relaxation parameter can
be obtained via Lipschitz constant L; > 0. Moreover, when w,, € (0, L%), the Lipschitz
continuity of the gradient of the Tikhonov functional implies the monotonicity of numerical
sequence {7 (F™)}, where F(™(z) is the nth iteration of CGA. It leads to the convergence

analysis of this numerical sequence.

4.2.4 Existence of a minimizer

In this subsection, we prove the existence of a unique minimizer /' € F for the regu-
larized Tikhonov functional 7, (F’) using the classical arguments. One can also use the

compactness and Lipschitz continuity of the input-output operator ¢ to obtain the result.

Theorem 4.2. Suppose Assumption 4.1 holds true. Then for any o > 0, there exists a unique
admissible source function I, , € F which minimizes the regularized Tikhonov functional
Ja(F).

Proof. As the functional 7, (F’) is bounded from below, one can argue that there exists a
minimizing sequence {F,, } € F converges weakly to an admissible source F' € F. Note
that the following identity holds for the Tikhonov functional 7 (F) :

TR =TF) = 5 [ e TiF) —ule TP do
—i—/Q [u(z, T; F) — up(x)] ou(z, T')dz, (4.46)

where du(x,T) = u(z,T; F,) — u(x,T; F'). Replacing the last integral of (4.46) by the
identity

/Q (u(z, T: F) — up(2)]du(z, T)dz /Q ( /O " Gt F)dt) S, (x)dz,
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where 0 F,,(v) = Fy,(x) — F(z), we have
J(F) —J(F) = 1/[(9;TF) w(e, T; F) do
/ / (@, t; F)G(t)0Fy(x) dt da, (4.47)

where ¢ (z, t; F) is the solution of (4.35). Applying Holder’s inequality, we get

U(z,t; F)G(t)dt
A

< / (@) 20y |G 2o oz,
= llvll7. (0,T:L2()) ||G||L2 o) < 100

since ¢ € L?(0,T; L*(2)) and G € L?(0,T). It shows that

/ L e )Gt € 1(9).

Since F,, — F weakly in L?(2), by the definition of weak convergence, we get

/Q ( /O Tw(x,t; F)G(t)dt) Fo(a)de — /Q ( /0 Tw(:c,t;F)G(t)dt> F(z)da,

as n — oQ.

To prove the convergence of % [, [u(z, T; F,) — u(z, T} F)]? dx, we proceed as fol-
lows. Let [}, be the minimizing sequence for the functional 7 (F) and {u(x,t; F,,)} is
the corresponding sequence of weak solution to the direct problem. Now assume that
F,, — F in F. The estimate (4.8) show that {u(z,; F},)} is bounded in L?(0,T; V*(Q)).
Then there exists a subsequence of {u(x,t; F,,)} which is denoted again by u(z,t; F},)
such that u(z,t; F,) — u*(z,t) in L*(0,T;V?(Q)). By choosing the test function as
v € C*0,T;V*Q)) with v(T) = v'(T) = 0 for the weak form of Definition 4.1-i, inte-
grate over (0, 7") and passing the limit n — oo, we get u*(z,t) = u(z, t; F'). Moreover, the
estimate (4.10) and Remark 4.1 show that the sequence {u(x, T; F},)} is bounded in HJ ().
Since H} () is compactly embedded in L?((2), the sequence {u(x,T; F,,)} is precompact
in L2(£2). Hence there exists a subsequence u(x, T'; F},) such that u(x, t; F},) — u(z, T; F)
in L?(€2). Hence, taking limit n — oo in (4.47), we conclude that 7 (F) = lim,, .o, J (F,).

Besides, since F,, — F in L?*(2), it is lower semi-continuous, that is, || F'||;2q) <
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liminf || F}, || 2(), and so we arrive at
n—oo

Jo(F) < liminf J,(F,) as F,, = Fin F,

n— oo

whence J,,(F) is lower semi-continuous on F.
Moreover, the functional 7, (F') is strictly convex. Indeed, by the linearity of the inverse

problem, we have
u(z, t;vEy + (1 —v)Fy) = vu(x, t; Fy) + (1 — v)u(z, t; Fy), v € (0,1),

and hence the functional 7, (F) is strictly convex.

By combining these arguments and using generalized Weierstrass theorem (see, The-
orem 1.8), we conclude that the regularized functional 7,(F') has a unique minimizer
F' € F. The proof is thus completed. ]

We can deduce the representation of the source term F' € F using the solution of the
adjoint problem (4.35) as follows. As in the case of the Fréchet gradient (4.40) of the
functional J (F'), the Fréchet gradient of the regularized Tikhonov functional 7, (F’) is
given by

T
T(F) = /0 O, t: FYG()dt + oF. (4.48)

Moreover, by Theorem 4.2, the regularized functional 7, (F') has a unique minimizer and
this minimizer F, , € L?*({2) can be represented in terms of solution of adjoint problem as

follows
1 T
Pole) = =5 [ wlati )G (4.49)
0

since F, , satisfy the necessary condition J. (F. o) = 0.

4.3 Stability estimates for the regularized solution: varia-

tional approach

In this subsection, we first establish a first-order necessary optimality condition, which

has to be satisfied by an optimal solution of the minimization problem. This optimality
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condition is the crucial ingredient in obtaining the stability estimate for the inverse source

problem. As a direct consequence of this theorem 1.9, we have:

Corollary 4.1. For the considered final data inverse source problem (4.1)-(4.2) with the
gradient formula (4.40), for any I, € F, the following variational inequality holds:

T
/ / [F(z) — Fu(2)] G(t)Y(x, t; Fy)dtde > 0, forall F € F, (4.50)
aJo
where
Fo={FeF:JF)=J. = inf J(F)} (4.51)
FeF

and J (F) is the Tikhonov functional defined in (4.29).

Proof. Note that the Tikhonov functional 7 defined by (4.29) with gradient formula (4.40)
is continuously differentiable function on F and F C L?*((Q) is convex. By Theorem 1.9,

for any F, € F,, the following integral inequality holds:

T
/ / [F(z) — Fu(2)] G(t)yY(x, t; Fy)dtde > 0, forall F € F,
QJo
where the set F, is defined in (4.51). OJ

Moreover, in the case of regularized Tikhonov functional 7, (F'), we have:

Corollary 4.2. Let the conditions of Theorem 1.9 hold. Then for the unique minimizer
F. . € F of the regularized Tikhonov functional (4.30) with the gradient formula (4.48),

the following variational inequality holds:

/Q /0 [F(2) = Fra(x)] G(t)(x, t; F, o)dxdt

—I—a/ F.o(z)[F(x) — Fio(x)]de >0, forall F e F. (4.52)
Q

Note that the connection of the final time inverse source problem for heat equation
with a variational inequality of type (4.50) was first revealed in [42]. Next, we establish

sufficient conditions on the final time and the damping parameter, which give the stability

estimates for the source term in terms of the measured data.
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Theorem 4.3. Suppose Assumption 4.1 holds true. Let F, ,, F\*,a € F are (unique) minimiz-
ers of the regularized Tikhonov functional (4.30), corresponding to the measured outputs

ur, Uy € L*(Q), respectively. Then, the following hold true:

(a) If the final time satisfies the condition

2/5
04 1/5 o

0<T< (—0) . — =T, (4.53)
20, HGH%2(0,T)

then the following Lipschitz stability estimate holds:

I1Fsa = Fuallzz@) < Csrllur — firl|r2 @), (4.54)
with the stability constant Cé/ 2
S (4.55)
TG r200m)

(b) Suppose the damping coefficient ji(x) satisfies the condition

2/3
9 1/3 G 22
() > < Cl) (H”Lﬂ T :=po>0 (4.56)

@ .
for any given T' > 0. Then the following Lipschitz stability estimate holds:
e = Froallzz) < Csrllur — rll12@) (4.57)

where Owcre  HoO (4.58)
VTG on

is the stability constant and Cy, Cy are the constants defined in Theorem 4.1.

Proof. In the variational inequality (4.52) for the solution F, , € F, we replace F'(z) with
1/7’\*7& e F to get

/Q/()T [ﬁ*’a(x) - F*,a(x)] G()Y (2, t; Fuo)drdt
+a/QF*,a(:E) [ﬁ*a(x) - F*a(x)] dx > 0. (4.59)
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Similarly, we replace F} , with F wa € F and F' with I, , in the variational inequality

/ / Fof —Z,a(x)] Gt (x,t; P )dudt

~

ta / Foolz) [Fm(:c) - F*,a(:c)] dz > 0. (4.60)
Q

From inequalities (4.59) and (4.60) we deduce that

a/ﬁ[ﬁ*a( _ (x)rdx

// Foo(z) — Foolz)| G(t)0tp(x, t)dzdt, 4.61)

where d¢(x,t) = ¢Y(z,t; Fi o) —(x, t; ﬁm) is the solution of the backward problem (4.43)

1 ~
with §iy(x, T) = — @ [Vu(x,T) — dur(z)], du(x,T)=u(z,T;F.,) —u(z,T;Fiq)
h

and dur(z) = ur(x) — ur(z).

)

Applying Holder’s inequality in the integral on the right-hand side of (4.61), we obtain

al|Foa = Fealfz@ < IFea = Fealliz /OTl @O0y ()] L2yt
It leads to the estimate
0| Pra = Frallza) < 1G22 0, 1091 720.7:20)- (4.62)
To estimate the norm ||51/J||%2(0’T; L2(6))» We use the inequality
169117207220y < (T2 /210%l|7200.7.22(00)
and then apply the estimate (4.36), which holds also for d¢(z, ). We have:
T2
196120 2z < gz CrCe (1900 T sy + e ) - (4.63)
Now, we use the inequality ||ou(-, T)HLQ(Q) < T ||6u|32 (0:7,12(cy) With the estimate
||5Ut||2L2(o,T;L2(Q)) < OEH(SFH%Q(Q)HG”%Q(O,T)’

which is a consequence of the second estimate (4.7) in Theorem 4.1 applied to the weak
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solution of problem (4.31), to deduce that
16u(-, T 720y < TONFea — Fralli2(0) | Gll720.1)- (4.64)

In view of (4.64), inequality (4.63) takes the following form:

T3C,C?

10911z 0mazy < gz NP = Prallzz@l Gl
TQg—éCenuT 2. (4.65)
Substituting (4.65) in (4.62), we get
P~ Fralloey < T oG0P = Feall
DG oy fur — Tl (450

Let the value 7" > 0 of the final time is chosen so that the following condition holds:

01062 a2
C2 TgHGHL?(OT o (4.67)

Then (4.66) implies that C.T|G |72 1) | Frea — F\*’QH%Q(Q) < |Jur — Tr[|72 (g Hence,

~ 1
Foo—Foolizq < dur|z2(),
|| ) ) ||L2( C T||G||L2 o) || T||L2(Q)

which leads to the stability estimate (4.54) with the stability constant C'st defined in (4.55),
since C, = exp(T'/Cy) — 1 > T'/Cy. Using the latter inequality in (4.67), we deduce that
/

1/5
T< L o5 which yields the condition (4.53).
TG 2y

In order to prove (b), use the new assumption p(x) > po > 0 in the energy identity
(4.11) and applying (4.12), we may obtain

// ) (r Mﬁ<:m//m.dMH~wmﬂnmm”

+D1(1+ V)HUOHV?(Q) + Cl||U0||L2(Q)
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It leads to the estimate
HutH%?(o,T;m(Q)) < ?HFH%%Q)HGH%Q(O,T)
0
1
+% <D1(1 + v)[luoll P20y + Cl\|voui2(9)). (4.68)

Since an estimate similar to (4.68) also hold for ||6v¢ || 12(0,7;12()), We have

1
||6¢|’%2(0,T;L2(Q)) < _T2||6¢t||%2(0,T;L2(Q))
T°C
< ooz (I0uC Dl + Wourlag) . @69

As in the previous part (a), we obtain

lou( T)ll72) < T I0uel 20,20y < M%IIF* o = Fual 2@ Gl 7200
Using this estimate in (4.69), one may obtain
2 T3Cl [ 2 2
1090|7200, 02(0)) < e [ Fo0 = Faallzz ol Gllz20,m)
T2g; lur — Gr|Zag). 4.70)

Substituting (4.70) in (4.62), we get

CYQHF*,a - F*#x“%?(ﬂ) < Colpo)|[Fra — F*,Oc”%?(s))

T%C,
+ CQIIGIILQOTIIUT Ul o)

where C\, (1) = T;gQ ||G||L2(0 7- Choosing 1o such that Cq (110) = %2, that is, u(x) satisfy
the condition given by (4.56), we can obtain the stability estimate (4.57) with constant C'sp

as in (4.58). Hence the proof. O]

Remark 4.3. The first series of results given in part (a) of the above theorem that contains
not only a stability estimate but also an estimate (4.53) for the upper limit 7™ > 0 of the
final time is true for all non-negative values p(z) > 0 of the damping coefficient including

also the undamped case p(z) = 0. However, the stability constant Csy defined in (4.55)
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does not contain information on the degree of influence of the damping coefficient, which is
analyzed in the results of [51] is very significant in the unique determination of an unknown
spatial load. In this sense, the results in part (b) of the theorem that holds if the damping
coefficient p(z) is strictly positive can be interpreted as complementary. Namely, in this
part, the lower limit g > 0 of this coefficient is established, and then a similar to (4.54),
the stability estimate (4.57) is proved.

Furthermore, the new stability constant 5ST defined in (4.58) depends on this lower
limit ;1o > 0 as well as on the upper limit 7™ > 0 of the final time found in part (a). In fact,
the dependence of the new constant 5ST on the previous one Cgr is easily deduced from

formulas (4.55) and (4.58): 6ST = ‘/\/TCLSO Csr. ]

The following example gives an idea of the specific values of the upper limit 7 > 0

of the final time and the lower limit ;o > 0 of the damping coefficient, also the stability
constants 5ST and C’sr, depending on values of the parameter of regularization o > 0 and

the norm |G| 12(o, 1) of the temporal load G/(¢).

Example 4.1. Some permissible values of the upper limit of the final time and the lower
limit of the damping coefficient depending on values of the parameter of regularization
a > 0 and the norm ||G/||z2(o,1) of the temporal load. For clarity of explanations and

comments, it is assumed that Cy = C; = 1, which means p(x) = h(z) = 1.

Formulas (4.53) and (4.56) for the upper limit 7 > 0 of the final time and the lower
limit p1o > 0 of the damping coefficient show that these limits are mainly determined by
the ratio o/||G ||%2(07T) and the inverse ratio ||G/||3, (0.1)/ @ respectively. In particular, this
means that a decrease in one of these values 7" > 0 or yy > 0 leads to an increase in the
other. As a consequence of this, it is reasonable to use the same order of magnitude for
the values of « and ||G||3, (oy- Since in real applications the value of the regularization
parameter « varies in the range from 1072 to 10~%, the upper limits 7* > 0 of the final time
cannot be too large, as the formula (4.53) suggests.

Even if we take the value of the norm ||G/| .2(o7) to be very small, say 10", the upper
limit 7% > 0 will not even be more than one. Furthermore, if the value of this norm is in the
order of 1, then 7* > 0 will be in the order of O (aQ/ 5), 1.e., very small, whereas po > 0
will be in the order of O (04_2/ 3) but it is controlled by 7™. It is evident that the increase in
value of the regularization parameter v decreases both the stability constants C'st and 6’ST.
Some specific values of the upper limit 7 > 0 of the final time and the lower limit po > 0
of the damping coefficient as well as of the stability constants defined in (4.55) and (4.58)

are given in Table 1.
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Table 4.1: Admissible upper limits 7* > 0 and the lower limits ;y > 0 depending on

a > 0 and HGHLQ(O,T)'
@ T. = Cst = Ho = Cst =
2/5 —2/3
«@ 1 T « Ho
VaIGIZ2 0 TIClzor | | V2IGIE2 g VTGl (0,1)
107572 0.54 18.51 1.46 19.94
1073 0.34 29.41 1.98 34.09
10~4 0.13 76.9 3.92 97.86

Taking into account the fact that the value of the damping coefficient is in the range
from 1072 to 10 (see, for instance [81]), we deduce from the first and second lines of the
table that when jy < 2, the stability estimates (4.54) and (4.57) hold for acceptable values
of T > 0 and Cysr, as well. The last row of the table suggests that the increase of the
lower limit pg > 2 of the damping coefficient causes the value of the stability constant Cst
to increase drastically and thus, the value of the upper limit 7 > 0 of the final time to

decrease. [l

4.4 Singular value decomposition of the input-output op-

erator

This section is devoted to analyzing the relationship between the two widely used methods,
the Tikhonov regularization method and singular value decomposition, in determining the
source term.

First, let us derive a unique representation for the unknown source [ € F using the
singular system of the input-output operator ®. Assume that D € H?((2).

Consider the operator £ : D(L£) C L*(2) — L*(Q2) defined by

(Lv)(z) == (D()(Vzy2; + ’/U:vazz))xlxl + (D () (Vagay + sz1x1))x2x2
+2(1 —v) (D(2)V2129) g0y » T EQ

4.71)

where D(L) = {v € V*(Q) N HY(Q) : vppuy () =0, . € ([1NT3), vy (x) =0, z €
(I'y N Ty)}. We can easily see that the operator L is self-adjoint and positive definite. Fur-

thermore, there exist eigenfunctions {vy; }75_, corresponding to the eigenvalues { Ay }25—;
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such that

(Lvg)(x) = Avgt, z €
’Ukl(l’) =0, Ukl zoxs (ZL’) =0, z € (Pl N F3) 4.72)
Ukl(.T) = 07 Ukl z124 (-1') - O, WS (FQ N F4) .

In addition, the eigenvectors {v, }75_; form an orthonormal basis for L?(Q) (see, [34]).
Remark 4.4. In the case of D(z) = 1 and Q = {(z1,72) € R* : 7y € (0,7), 25 € (0,m)},
the eigenvalues of the operator £ : D(L) C L*(Q) — L*(Q2) defined in (4.71) subject to
the boundary conditions (4.72) are as follows (see, [79], section 14.4)
Ma = (B*+12 k=1,2,...,1=1,2,.., 4.73)
2
v(r) = —(sin(kxq)sin(lxs)), = € Q.
T
We analyze the singular system of input-output operator ® by considering the inverse

source problem (4.1)-(4.2) with pj,(x) = 1 and ug(z) = vo(x) = 0. The following proposi-

tion gives spectral properties of the operator ®.

Theorem 4.4. The input-output operator ® : F C L*(Q) — V*(Q) C L*(Q) defined
by (PF)(z) := u(x,T; F) corresponding to the inverse source problem (4.1) and (4.2) is

self-adjoint. Furthermore, {Ky;, v} is the eigensystem of the operator ®, that is,
(Do) () = Krvp (), (4.74)

where ki has three possible values:

1T
— e IO/ 2 sin(w (T — t)) G(t)dt,
K Jo
wi = 3 /A — 12, if0 < p < 2¢/ Ay
T
Kkl = / (T — t)e "T=D2G(1)dt,  if p = 20/ M (4.75)
0
T
1 e P02 [T _ ~5ulT0] G(p)dt,
2wkl 0
\ O = 5/ 12— AN, i 1> 2 A,

and {vy }35—, are orthonormal eigenvectors corresponding to eigenvalues { \i }75—, of the
operator L : D(L) C L*(Q) — L*(QY) of the system (4.72).
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Proof. Let us use the eigenfunctions {vy}75_;, which forms an orthonormal basis for
L?(2), to write the Fourier series expansion for the solution to the initial boundary value

problem (4.1) as follows

o0

u(a,t) = Y (ut), ve)va(z) = > u(t)vu(z).

k=1 k=1

Now take inner product between (4.1) and vy, (z) to get

{ (utt(t)7 Uk:l) + M(Ut(t), Uk:l) + /\k:l (u(t), Ukl) = <F7 Ukl>G<t)
(u(0), vir) = (u(0),vpr) = 0.

This leads to the ODE:
g (t) + Wf?d(t) + At (1) = FuG (1) 476)
up(0) = up(0) =0

for each k,l = 1,2,3,... and Fy, := (F,vy) is the Fourier coefficient of the function

F e L*(Q).
—pEA/ 2 =4k

2
We get three solutions corresponding to the sign of the discriminant which are determined

by 1 < 2v/ Ak, b= 24/ A and g > 24/ g The possible solutions of the Cauchy problem

(4.76) corresponding to these cases are given as follows:

The roots of the characteristic equation in relation to (4.76) is given by m =

4 F t
M e~ Ht=")/2 sin(wy (t — 7)) G(7)drT,
Wkl Jo

wkl:%\/él)\kl—p?, if0<,u<2\//\kl
t

up(t) = Fkl/ (t —7)e MED2G (T dr,  if g = 24/ A
0

Fl

t
! e Ht=")/2 T 0p(t=T) _ o~0ut=7)] 3(+ dr,
20k Jo [ ] (7)

O =3 V12— 4, i > 20/ A

Hence, the Fourier series expansion of the input-output operator (PF')(x) := u(x,T; F) is

given by (OF)(x) = ZZ}:I ki Frvr (), where ry; takes three possible values as defined
in (4.75).

Note that {vy}75_, are eigenvectors of the input-output operator ¢ corresponding to
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the eigenvalues {r}75_; . Indeed,

(CI)Uk/l/>([E) = Z ﬁkl(”k’l’(x); vkl)vkl(@ = nk/l,vk/l/(x).
k=1

This implies (4.74), and the operator P is also self-adjoint. This completes the proof. [

Using the spectral properties of @, the regularized solution £, can be represented by a
series with measured data u; and the singular values x; of ®. The following theorem gives

the series representation of F,.

Theorem 4.5. Let Assumption 4.1 hold and ur € L*(S)). Suppose that temporal load
G(t) > 0is such that kg > 0 for all k,l = 1,2, 3, .... Then the unique minimum F, , € F
of the regularized Tikhonov functional J,(F) can be represented as follows

= qlas Kk
Fio(z) = Z uuﬂkwkl(x), re, a>0 4.77)
kim1 Kl
where q(a; k) = aifQ is the filter function and ur y, is the kl-th Fourier coefficient of the
kl
data ur.
Proof. Proof is similar to that of Theorem 3.1.3 given in [50]. [

In view of Theorem 4.5 and Remark 4.4, we have the following analysis.

Below we assume, without loss of generality, that 0 < ;i < 24/);; and regularization
parameter o = 0, where A\; > 0 is the smallest eigenvalue . The cases = 21/\,;, and
w> 2@ can be investigated in a similar way.

Evidently, only the positivity x;; > 0 of the singular values for all £,/ = 1,2,3,... can

not guarantee the convergence of the singular value expansion

1
Fuz) =Y —urgvn(r), z €9Q, (4.78)

K
k=1 "kl

as the Picard criterion shows (see, [50])

2
U
Z K . (4.79)

oo
2
k=

1 ki
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To understand what this criterion means for the considered inverse problem, we use the first

formula in (4.75) to estimate the singular values as follows:

1 T 1/2 T 1/2
0<kpy < — (/ sin2(wklt)dt) (/ G*(T —t) dt>
Wi 0 0

VT
1 — p2/(4An)

G L20,7)-

The right-hand-side of this inequality shows that the singular values xy;, k,[ = 1,2,3, ...
have the asymptotic property O (k=2 + [~2), since by (4.73) Ay ~ O (k* +1%). Asa
consequence of this property and the Picard criterion (4.79), we deduce that the series

(4.78) converges if and only if

o0

7 (R + 1) udy < oo (4.80)

k=1

Based on characterization of Sobolev spaces by Fourier transform [27], we conclude from
(4.80) that, if the measured output ur(z) satisfies the following regularity and consistency

conditions:

ur € M*(Q): = {ve H* Q) :v(x) =0, x € T}, (4.81)
UT7I2I2(1’) = O, T € (Fl N Fg), uT,LE1$1(£) = 0, xr € (FQ N F4)},

then the condition (4.80) is satisfied. Thus, we have:

Theorem 4.6. Let conditions of Theorem 4.5 hold. Assume, in addition, that the measured
output ur(x) satisfies the regularity and consistency conditions (4.81). Then the inverse
problem (4.1) and (4.2) has a unique solution. Furthermore, this solution possesses the

convergent SVD given by (4.78), with the singular values defined in (4.75).

Remark 4.5. As mentioned above, if the Fréchet gradient of Tikhonov functional is Lips-
chitz continuous, then CGA can be used to solve the inverse problem effectively. The same
inverse problem can also be solved by truncated singular value decomposition (TSVD) al-
gorithm if the regularized solution F|, has singular value decomposition (4.77) (see, [50]).

ki)

This algorithm can be defined by taking the partial sum Zﬁl:l al o
of the series (4.77) and choosing the cut-off index N. Here u7., is the kl-th Fourier coeffi-

UJT,szkl(x)> a>0

cient of the noisy data uJ.(x) and o > 0 is the noise level.
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4.4.1 Relationship between representation formulas

Since we have derived two representation formulas for the regularized solution, we ana-
lyze the relationship between these two representations. For this analysis, we write the
equivalent form of gradient formula (4.48) in terms of the linear, compact operator ¢ as
follows (see, [50], Theorem 2.5.1): J.(F) = ®*(®(F) — ur) + oF, F € L*(Q), where
o* : L2(Q) — L*(Q) is the adjoint of the operator ®. Hence the representation (4.49) is an
analogue of the representation F, = (®*®+«al)~'®*uy, for the solution of the regularized

normal equation
(®*® + al)F, = P ur. (4.82)
Since the normal equation (4.82) has a unique solution for each o > 0, the following

coupled system also admits a unique solution (u, ) :

(

Uy = _N(x)ut - (D(x)(uﬂﬁlm + Vumm))xlgcl
- (D(m (uﬂﬁzxz + Vul“lfl?l))xgzg 2(1 - V) (D<x)u931332)xlzg

__(/ U(z,t; F,)G(t)d >G(), (z,1) € Qr, (4.83)
u(z,0) =0, us(z,0) =0, x € Q,

u(z,t) = 0, Ugyey(2,1) =0, (2,7) € ([ NT3) x 0,77,
\ u(xvt)_o umxl( )_0 ( )e(FgﬁH)x[O,T],

[ G = (@), — (D(2) (Woorar + a2y
— (D(2)(Waay + Vo)),
—2(1 = ) (D(&)trr2)y > (2,1) € O,
¥(@,T) =0, (2, T) = ~[u(z,T; F) — ur(x)], = € Q,
V(w,t) = 0, Yy, (T, 1) (z,t) € (1N T3) x [0,7T7,
| 0(0.8) = 0, ¥z, (2,8) = 0, (2,1) € (DaNTy) % [0, 7],

(4.84)

0,
0,

Theorem 4.1. Suppose Assumption 4.1 hold true and let the pair (u, ) be the solution of
coupled system (4.83)-(4.84) for a given o > 0. Then F,, € L*(Q) defined by (4.49) is the
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solution of normal equation (4.82) if and only if

Fale) =Y Muikwkl(ay), a>0, (4.85)
k=1 kil

where q(«; k) is the filter function and ry, is defined by (4.75).

Proof. Assume that F,, € LZ(Q) is the solution of the normal equation (4.82). Then the
pair (u, 1) is the solution of (4.83). Since eigenfunctions {vy, }5_, form orthonormal basis

for L?(€2), we can write Fourier series representation of u(x, t; F,) as follows

o0

u(a,t; Fo) = Y (u(t), vi)ow (@) = Y upa(t; Fo)v(),

k=1 k=1

where uy, (t; F,,) is the solution of the ODE (4.76). By taking ¢ = T in the solution (4.77)
of the ODE, we obtain the Fourier series representation of output data u(z,7’; F,) with

Fourier coefficient
Ukl(T; Fa) = FékzFa,kl, (4.86)

where [, j; is the kl-th Fourier coefficient of F,.
Applying the Fourier series method to adjoint problem (4.84), we obtain ¢ (z, t; F,,) =
sz’lzl Ui (t; Fy)vg (), where ¢y, (¢; F),) is the solution of the ODE

{ () — g (t) + Mo (t) = 0 s

bi(T) =0, Y(T) = = (wn(T) — urp) .

. ) . . +1/p2—4N
The roots of the characteristic equation corresponding to (4.87) is m = w We

obtain three possible solutions according to the sign of discriminant, which are given by

T F,) — .
(s Fo) =l o2 gy 7 — 1),
Wkl

wkl:%\/él/\kl—,uQ, if0<,u<2\/)\kl

[ukl(T; Fa) — ’U,Tng] (T — t)e_“(T_t)/Q, lf/JJ = 2\/ )\kl

Y(t) = (4.88)

[un(T'; Fo) — urpl o H(T=1)/2 [eakl(T_t) _ e—QkZ(T—t)}
20k

\ Or = 3 /12 — 4, if p > 2/ A
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—G@®)

«

Multiplying both sides of equations (4.88) by , integrating on (0,7") and using the

expressions (4.75), we get

1 (7 K
Fop = _E/ Yu(t; Fo)G(t)dt = —g (e (T Fo) — ur ] -
0

Using the formula (4.86), we obtain the kl-th Fourier coefficient F,, j; in terms of the pa-
rameter of regularization o > 0 and Fourier coefficient ur ;; of measured output data:
Kl q(cv; knr)

Forn=— urg = ————— urm, k,1=1,2,3, ..,
Ky + « Kkl

where ¢(«; ki) is the filter function, and hence (4.77) follows.
Converse part directly follows from Fy, ;;. Indeed, assume that F,, € L?(Q2) has the

series representation (4.77). Hence kl-th Fourier coefficient of F,, is given by

;K K
Fa,kz = u UTkl = 5 ul U gl -
Kkl Ry +
It leads to the following
K
Fosr = = (u(T, Fo) = urpa) (4.89)

since ug (1, Fi,) = kg Fo - Substituting (4.75) and (6.2) in (4.89), we get the integral form

of kl-th Fourier coefficient F, ; as follows

T
Fon = —é/ U ()G (t)dt.
0

By the integral form of the coefficient I, j;, we obtain the integral representation (4.49) of
F.(z), that is, F,, € L*(Q) is the solution of normal equation (4.82). This completes the
proof. ]

The above Theorem 4.7 shows that the formula (4.49) can be treated as an integral form
of singular value decomposition. This Theorem shows that the solution obtained by these
two methods, Tikhonov regularization and singular value decomposition are equivalent.
These theoretical results lead to the comparison of numerical methods such as CGA and
TSVD. This comparison was done for inverse source problem of heat and wave equation by
illustrating several numerical examples in [49]. These examples show that the new version
of CGA with TSVD initialization is more effective than TSVD and CGA alone.
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4.5 Stability estimates: spectral approach

In this section, we establish the stability estimate for the solution of inverse problem (4.1)
and (4.2) with py,(z) = p = const., D(z) = D = const. and pu(x) = u = const, using the
singular values xy; of the input-output operator ®. The variable coefficients case is studied

in the same way, using the property
M X, < N2, < MiX2, k1=0,1,2,3,...

of the eigenvalues Xﬁl corresponding to the variable coefficient Kirchhoff operator.
First consider the case with & = 0. We use the following sufficient condition given by
Theorem 11.4.2 of [50] for the positivity xi; > 0 for all k,l = 1,2, 3, ... of the singular

values of the operator .

Lemma 4.3. Let Assumption 4.1 hold. Suppose that the damping coefficient satisfies the
condition 0 < p < 2v/A1;1 and the temporal load G(t) belongs to H'(0,T). In addition,

assume that the coefficient, final time and the temporal load satisfy the inequality:
_ _ 1/2
G(T) > (GO 24 (1= D) /u) " |G 2o )
o\ —1/2
x@—@m,mo) =M, T) (4.90)

Then all eigenvalues ky, k,l = 1,2,3, ..., of the input-output operator ® are positive.

The proof of this lemma is based on the inequality (Theorem 11.4.2 of [50]):

1
i 2 5= {G(T) = MG, T} (4.91)

Theorem 4.8. Let Assumption 4.1 hold. Assume that the damping coefficient satisfies the
condition 0 < p < 2+v/\1; and the temporal load G(t) belongs to H*(0,T). Suppose in
addition the inequality (4.90) holds. Then

|, — Full 20 < Csrllur — @r|l gy, (4.92)

with the stability constant

1

Cor = G —m@ a 1)

> 0,
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where F,, ﬁ* € LQ(Q) are the unique solutions of the inverse problem (4.1)-(4.2) corre-
sponding to the measured outputs up,upr € H*(Q) satisfying the consistency conditions
(4.81), and M(G, u, T') > 0 is the constant introduced in (4.90).

Proof. By the above assumptions and inequalities (4.90)-(4.91), we obtain

L1,
Rkl o G<T) _m(G7M7T) o

Using the relationship between the Fourier coefficients F ; = HLMUTM, k,l=1,2,3,...,

we get

1
<
= G(T> - m(Ga 122 T)

F* )\kluTJd, k,l == 1,2,3, e

Squaring on both sides and then taking into account (4.73), we have

1

F2, < B g, k1=1,2,3,. ...
= G —mennp 1
or
ZF’?M 2 Z k2+l uTkl'
k=1 (T) - im(G M) et

In view of Parseval’s identity and the characterization of the Sobolev space by the Fourier

transform, the above inequality leads to the desired result (4.92). [

Example 4.2. Consider a pure spatial loading case, that is, G(¢) = 1. Then

M(G, 1, T) = e "T/? (1 - (,U/(Q )\11)>2) ~1/2

and the stability constant is

Cor = <1 —en (1 - (u/(2 )\11)>2> _1/2>

Evidently, the sufficient condition (4.90) holds for all large enough values of the final time

-1

T > 0. Furthermore, for these values, Cst > 1.
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Consider now the regularized inverse problem. We use the relationship

Rkl

2
Kt

F*,a,kl = UT,M, k,l = 1, 2, 37 e (493)
Q

between the Fourier coefficients Fi , z and ury, of the solution F ,(x) of the regular-

ized inverse problem and the measured output ur(z), which follows from (4.85). Use the

following lower bound in (4.93):
Iizl +a= (likl — \/5)2 + kal\/a > kal\/a, ]{J,l = 1,2,3, cee

for all & > 0. Then (4.93) yields the inequality F, , 5 < ﬁauT,kla E,l=1,2,3,....

Consequently, we have:

Theorem 4.9. Let the basic conditions (4.4) are satisfied. Then for the regularized solution
of the inverse problem (4.1) and (4.2), the following Lipschitz stability estimate holds:

|Fea — Feallzz@ < Csr(@) lur — ir]| z2(0), (4.94)

where the stability constant Csr(a) = ﬁa and F ,, ﬁ’*,a € L*(2) are the unique regular-
ized solutions of the inverse problem (4.1) and (4.2) corresponding to the measured outputs

ur,up € L*(Q), and a > 0 is the parameter of regularization.

Remark 4.6. It is clear from the estimate (4.94) that a small value of the regularization
parameter o magnifies the error between the measured outputs up, ur € L*(€2). A similar
consequence is observed in the stability estimates proved in Theorem 4.3 via the variational
inequalit (4.52).
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Chapter 5

Simultaneous identification of a spatial load
and external heat source in a structurally

damped thermoelastic plate

5.1 Introduction

In this final chapter, we study the thermoelastic plate model, a coupled system of the Kirch-
hoff model for describing the vibration of the plate, and the heat equation for modeling the
temperature distribution in the plate. In engineering practice, there are circumstances where
structural elements, in particular plates, are exposed to non-uniform thermal gradients when
they are externally loaded. These loading conditions typically lead to deformation or ge-
ometry change due to thermal expansion, the reduction of the strength and stiffness of the
material. This motivates us to extend the beam and plate equations and examine the in-
verse source problem of simultaneously identifying the mechanical load and heat source
from single measured data in a thermoelastic plate equation with structural damping. We
demonstrate the results obtained in the previous chapters using the regularization method

to the advanced system of the Kirchhoff-Love plate and the heat equations.

Consider the homogeneous, elastically and thermally isotropic thermoelastic plate equa-

tions with structural damping —wAuwu, as follows:
( phuy — rAuy — WAY + DA?u + 81A0 = F(x,t), (x,t) € Qr, (5.1a)
5297&_A9_63Aut+ﬂ4ezs<xat)7 (l’,t) € QT7 (51b)

u=2%=0,6=0, (z,t) €'y

U/([L',O) = anut(xv()) = Yo, 9($70) = 90 T e Qa
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where Qr := Q x (0,7], Ty :=T x [0, 7], and © C R? is a bounded domain with smooth
boundary I', and n is the outward normal to I'. For the derivation of this model without
damping effect, one may look at the classical books [66], [65], and for various damping
effects on this model, we refer to [18]. The mechanical variable u(z, t) denotes the vertical
displacement and the thermal variable 6(x, t) denotes the relative temperature at position z
and time ¢. The initial state of the plate specified by (uo, vo, fy) are given functions. The
functions F'(z,t) and S(z,t) represent the mechanical load and external heat source ap-
plied on the plate. The structural damping —wAuw;, is a consequence of mechanical-energy
dissipation due to rubbing friction resulting from a relative motion between components
and intermittent contact at the joints in a mechanical structure. Further, structural damping
describes a scenario where higher-order frequencies are more strongly damped than lower
frequencies (see, [25]). The term —rAu,; > 0 accounts for the rotational inertia of the
plate filaments, and r is proportional to the square of the plate thickness. In the model
(5.1), hereafter, we assume that the thickness of the plate is very small, which corresponds
to r = 0 ([72]). Finally, we assume that the plate is clamped at the edges, which results
in the deflection and the slope of deflection normal to the edge are zero, and a constant
temperature on the boundary. Both of these assumptions are incorporated by the boundary
conditions: u = % =0, § =0, VY(z,t) € T'r. The other coefficients in the model (5.1)
takes the following form:

EhR3 n(l+v)D
D = —— S S
12(1 — 12)’ b 2
_ e, B
62 - 7]’ 53_)\%<1—2y)7
12 h\y
P = th(HT)'

The parameter w > 0 represents the structural damping coefficient that plays a major
role in the uniqueness study of regularized inverse source problems. More precisely, the
final time inverse problem with the damping parameter is motivated by two different factors
from the standpoint of the physical and mathematical models. For the Euler-Bernoulli beam
equation, the role of four separate damping mechanisms (air damping or viscous damping,
strain rate damping, spatial hysteresis, and time hysteresis) was first studied experimentally
and theoretically in [6]. Based on the analysis in this article, it was concluded that the nature
of the damping mechanisms drastically changes the nature of the solution to the vibration

problem and hence controls the response of the beam. The second mathematical reason
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is related to the non-uniqueness of the final data inverse source problem for undamped
wave, beam, and plate equations, as observed in [50]; for these undamped equations, the
unknown spatial load can not be determined uniquely from the final time measured output.
The detailed analysis of the effect of viscous damping pu; in the unique determination of
the source term from final time measurement in the case of Euler-Bernoulli beam is studied
in chapter 2 (see, also [51]) for various temporal loads, and Kirchoff-Love plate has been
analyzed in chapter 4 when the viscous damping coefficient . > 0. The important reasons

above lead to the assumption that the damping parameter w is positive.

Although there have been tremendous advancements in domains such as nuclear engi-
neering, aircraft, machine construction, and several other related fields over the past few
decades, the coupled effect between deformation and temperature has been a key factor for
the solution of many thermal shock problems. The analysis of the impact of the temperature
field and stresses produced during thermal shock, which might result in premature failure,
and understanding of thermoelastic damping in devices is crucial in many engineering sit-
uations (see, [76], [14], [92]). Therefore, it is extremely important to understand the effect

of the thermal and mechanical sources that result in the material deflection.

Given all the parameters, initial data, and source terms of (5.1), finding the solution

(u, 0) is referred to as the direct problem. In this chapter, we study the problem of determin-

ing the unknown mechanical load F'(z,t) and external heat source S(x,t) in thermoelastic
plate equation (5.1) from the final time measured vertical displacement

ur(z) == u(x,T), x €. (5.2)

The later problem is referred to as the inverse source problem. Mathematically, the above
inverse problem is formulated as follows. For the given constants M;,M; > 0, we consider
the admissible set of mechanical loads

F={FeL*0,T;L*(Q) : |Flliz0mr2()) < Mi},
and the admissible set of external heat sources

g = {S S LQ(O,CT7 L2<Q)) : ||S||L2(O,T;L2(Q)) S MQ}
We define the input-output operator

O:FxGcCL*0,T; L*Q)) x L*(0,T; L*(Q)) — HY(Q) C L*(Q),
O[F, S](x) := u(x,t; F, S)|i=1.

(5.3)
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The simultaneous identification of (F, S) from the measured final time data uy € L?(Q)

can be defined in terms of the input-output operator as follows
®[F, S| = ur, ur € L*(). (5.4)

We see that, with noiseless measured output data up, the solution of the inverse problem
is the solution of the functional equation (5.4). However, due to measurement error in
the measured output ur(x), the exact equality in functional equation (5.4) is not possible
in practice. We formulate this inverse problem as a minimization problem defined by a

Tikhonov functional as follows:
1
j(F7 S) = §HCD[F7 S] - uT“%ﬂ(Q)a (Fa S) € Fxg. (55)
The regularized form of the Tikhonov functional is given by

1 o’
Ta(F,S) := S|0[F. 8] = urlfae + 5 (1F 12 0sze@y + ISWo ey ) . 56

where o > 0 is the parameter of regularization.

In view of the Tikhonov functional, we reformulate the inverse problem of (5.1) with

measurement (5.2) is refer to as the following minimization problem

inf  J.(F,9), (5.7)
(F,S)eFxg
in the set of admissible mechanical loads and external heat sources (F,G). A solution of

this problem is called a quasi-solution or a least squares solution of the inverse problem.

Remark 5.1. For the numerical analysis of this specific inverse problem, one may consider
the Tikhonov functional given by

1 Qa )
Jo(F,S) = S [|®[F, 5] ~ ur||72() + 7||F||%2(0,T;L2(Q)) + 7||5||%2(0,T;L2(Q))

instead of the Tikhonov functional (5.6), where oy > 0 and a, > 0 are two different
regularization parameters. In the context of obtaining numerical solutions, it is common
to explore different choices of regularization parameters, and this choice depends on the
noise level of measured data (see, [10], [12], [63] ). Since we don’t analyze the effect of
two different regularaization parameters in the theoretical study, we have considered only

one parameter for both " and S.
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Our main contributions in this chapter are summarized as follows:

1. The existence of a unique mild solution of a related system (5.1) has been proved in
[65] using semigroup theory. However, it doesn’t provide any precise estimates for
the solution of this system. By using the Galerkin method, we rigorously proved the
well-posedness of the system (5.1) under Assumption 5.1 and derived optimal energy
estimates, which are crucial for the Lipschitz continuity of the Fréchet derivative
of the functional 7 (-, -) and stability estimates for the unknown coefficients (F,.S)
given in Theorem 5.5. It is worth noting that the strong coupling arising from A6
of the thermal variable € in (5.1a), Awu, of the displacement u in (5.1b) and fourth-
order spatial derivatives of u makes the model more complicated than other classical
thermoelastic system mentioned above. However, proper scaling of coefficients in
the model and structural damping help to tackle these challenges in the solvability of

the direct problem and adjoint problem.

2. The inverse source problem of simultaneously identifying two sources F'(z,t) and
S(x,t) from a single measured data uyp(x) := u(x,T) is solved using the Tikhonov
regularization method coupled with the weak solution approach for the direct prob-
lem (5.1). The vector form of the Fréchet gradient of the Tikhonov functional is
expressed in terms of the solutions to the adjoint problem. Unlike the single plate
equation, the adjoint system, which involves with heat equation, can not be rewritten
as a direct problem by the time variable transformation 7 = T — ¢ (see, (5.39a)-
(5.39b)) due to the presence of the coupling term S3A¢,. Hence we proved the well-
posedness of the adjoint system separately (see, Theorem 5.3). The Lipschitz con-
tinuity of the Fréchet derivative is proved, which is essential for the gradient-based

numerical algorithm for the inverse problem.

3. A final significant result is the Lipschitz stability estimate (Theorem 5.5) for the un-
knowns (F, S) in terms of the given single measurement ur(x) using the first-order
necessary optimality condition that is met by an optimal pair (u(z, t; F o, Si.a),
0(z,t; Fra,Sca), Fen, Ssa). The reconstruction procedure for the regularaized in-
verse source problem is stable and also unique whenever the final time 7' is suffi-
ciently small. Altogether, different from the literature described above, determining
two sources from a single measurement by the method of Tikhonov regularization
is the highlight of this study, and the solvability of the inverse source problem and

stability of the solution are established in this chapter.
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The remaining sections of this chapter are structured as follows. A detailed analysis
of the well-posedness of the direct problem (5.1) is given in section 5.2. In section 5.3,
we investigate the compactness and Lipschitz continuity of the input-output operator. The
existence of a minimizer for the functional is given in this section. The Fréchet derivative
of the functional and its Lipschitz continuity are derived in section 5.4. Finally, stability of

the solution to the inverse problem is given in section 5.5.

5.2 Well-posedness of the thermoelastic system

In this section, we study the existence and uniqueness of appropriately defined weak solu-
tions. To verify the well-posedness of the direct problem as well as to analyse the inverse
problem, we make the following assumptions on the coefficients, initial data, and source

term.

Assumption 5.1.

p, h, D, 1, B2, B3, W are positive constants,

B4 > 0, non negative constant,

F e L*0,T;L*R)), and S € L*(0,T; L*(Q))
up € H*(Q),vo € L*(Q) and 6, € L*(Q).

Definition 5.1. We say a function (u,0) € L*(0,T;V#(Q)) x L*(0,T; H(Q)) with u; €
L*(0,T; HY(Q)), ug € L*(0,T;VE(Q)) and 0, € L*(0,T; H (), is called weak solu-
tion of (5.1) provided the following holds:
(i) foreachv € V3(Q), w € H}(Q), ae.t € [0,T],
(phuy(t),v) + (WVu(t), Vo) + (DAu(t), Av) — f1(VO(t), Vo) = (F(t),v) (5.8a)
(B20(t), w) + (VO(t), Vw) + B3(Vu(t), Vw) + B4(0(2), w) = (S(t), w), (5.8b)

(i) u(0) = ug, ut(0) = vg, and H(0) = by,

where V?(Q) is defined by (1.11) and (-, -) denotes the duality pairing.

Remark 5.2. The regularity theory given in Theorem 1.6, Theorem 1.7, leads to the fact
that (u,0) € C([0,T]; H}(Q)) x C([0,T]; L*(2)) and u; € C([0,T]; V3(2)). Thus the
equality u(0) = ug, u;(0) = vo and #(0) = 0y can be justified.
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5.2.1 Existence and uniqueness of a weak solution

The objective is to generate a weak solution of the thermoelastic system (5.1) by first con-
structing solutions of finite-dimensional approximation to (5.1) and then passing to limits.
This is known as Faedo-Galerkin’s method. Specifically, let {z,,}>°_; be an orthonor-

mal basis in L?({2) given by eigenfunctions of the operator £ = —A? with eigenvalues

{Am}ee_; in ©Q with boundary condition z,, = %= = 0 on 9Q. Then {z,,}3_, is smooth

and can be taken as an orthogonal basis for V().

Let {w,, }°_, be the complete set of normalized eigenfunctions for £ = —A in H} (),
which form an orthogonal basis for H}(€2) and orthonormal basis for L*(€2). Then we

define the finite dimensional subspaces as follows
Zn = span{zi, 22, ooy 2}, Wy = span{wy, wa, ..., wy }.

Now we look for a Faedo-Galerkin approximation u,(t) := u,(x,t), 0,,(t) := 6,,(x,t) of

the form . .
Ua(t) = Tnn()zm, Ou(t) =Y din(t)
m=1 m=1

n n n
Ug,n = E PmnZm, Von = E dmn2m, 90,71 = E SmnWm

where we intend to choose the coefficients 7y, 1, dyn, Pmons Gmn and Sy, 5, in such a way
that (u,(t), 0,(t)) for all t € [0, T satisfies the following problem:

( ph(ul(t), zm) + W(Vu,(t), Vz,) + D(Au,(t), Azy,)
—B1(VO,(t),Vzn,) = (F(t), 2m), (5.9a)
B2(0,, (1), wn) + (VOu(t), Vo) + B3(Vuuy, (1), Vion,)
+B4(0n, wim) = (S(t), W), (5.9b)
o un(0) = o, 1, (0) = von, 0n(0) = 0o

Since (u/(£), zm) = 17 (£), (Ua(E), zm) = 71 (£) and (01,(t), wpn) = d., (), (5.9) be-

n

comes the linear system of ODE
phMR!(t) + WY R, (t) + DPR,(t) — 51QS,(t) = Fy (1), (5.10a)
BaMS,(t) + [BiM + QIS (1) + B3QR (1) = Siu(t), (5.10b)
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where

R,(t) = (rin(t),ron(t), .., rnn(t)), Su(t) = (din(t), dan(t), ..., dpn(t)).
The entries of the matrix M, P, Y, Q, Q, M are

= [(’Ziv Zj)]zxn ) P = [(Aziv Azj)]zxn ) Q = [(le', vzj)]zxn )

M
M = [(wi,w)]' andY =[(Vz, V)] |
Q = [(Vuw, V),

nxn

Further, we have

F1j(t) = (F(t),25), Fin(t) = (FLi(t), Fia(t), .., FLa(t)),

Sijt) = (S1),2), Sialt) = (S11(t),S12(t), ..., Sia(t))
= (uo,2;), Vj=(vo,2),0; = (0o, 2),
(U1,7U27“'7Un>T7Vn: (‘/17‘/27“'7VTL>T7 én: (@17 627"'76n)T-

&S
I

According to the standard theory of linear ODE, for every n > 1, there exists a unique func-
tion (R, S,) satisfying (5.10a)-(5.10b) for a.e. ¢ € [0, T|. Hence, (u,,6,) € C'([0,T]; Z,) x
C([0,T]; W,), solves (5.9) fora.e t € [0,T].

Theorem 5.1. Suppose Assumption 5.1 holds true. Then the direct problem (5.1) has a

unique weak solution as per Definition 5.1. Furthermore,

Cp(Ce +1
||Ut|’%2(o,T;H3(Q)) < %R1<007u07U07F75)7 (5.1
C'C.+1
||u||i°°(0,T;V12(Q)) S %Rﬂ@o, Up, Vo, F> S), (512)
ol < DB )R F.S 5.13
10072 0,75m00)) < 3, (Ce + 1) Ry(bo, uo, vo, F, S), (5.13)
Bs
1Olleorizzion < 55 (Cet 1) Balfl, uo, vo, F ), (5.14)

and

||utt||%2(0,T;V12(Q)/) S C5R1(907u0aUOaFaS)7
10:11Z20mm-10)) < CeRa(bo, uo,v0, F, S), (5.15)
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where C, = (exp(T/ph) — 1), C', C, are from (1.16) and (1.2) respectively,

Lo

Ry(0o, uo, vo, F,S) = ||F||%2(0,T;L2 5 B ||S||L2 (0,T;L2(92 )+Ph||UO||L2
Baf
+D|| Aug|1 2 + ;1H90||L2
and
1 T
Cs = 4C5 B 1T (Ce+1)+11,
Qﬁl 2w D
2 BS 53 1 (5 16)
Ce = 4C + tog ) (Cet D+,
0 11\28 " 26.8 ) ( ) }
while
1 1
Cs = p_h max{1l,w, D, 5}, Cy = B—maX{l,ﬁsa@}' (5.17)
2

Proof. We divide the proof into four steps, consisting of a priori estimates, the existence

of weak solutions, the verification of initial data, and finally the uniqueness of solutions.

A Priori estimates: Multiplying both sides of (5.9a) and (5.9b) by 7, () and %dm,n(t),
respectively, summing over m = 1,2, ...,n, integrating over (0,t), we establish the fol-
lowing energy identities by incorporating both non-homogeneous initial conditions and

homogeneous boundary conditions in (5.1):
Ph 2
5 u, (t)°dx +w |Vu ) dxdT+ — |Aun )[da

—Bl/ /VG ).Vul ( dxdT—/ / x, T)u, (T)dxdr

+7 ! (0) d:[—l——/ | Au, (0)]%dx, (5.18)
Q

and

5226631/9 (t)%dx + = //|v9 (1) *dadr
//Vu ).V 0, (7)dzdr +5461// )dxdr

// 2, 7)0, (7)dzdr +522§31/90n(0)2dx. (5.19)
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By adding (5.18), (5.19) and applying e-inequality 1.14 we have

ph/ dac+2w//\Vu |d:L‘dT+D/|Aun )[da

/ / ) dzdr + =~ / / Ydzdr + || F||72 (0,T5L2())

+_HSH%Q(O,T;L2(Q)) + Ph’|vo,n”%2(m + DHAUU,HH%Q(Q)

5251/9 (t)%da +251//|ve )2dxdr +254ﬁ1//9 )2dxdr

Mn%nny (5.20)
Bs
Now choosing ¢ = 4, and employing Gronwall’s inequality , we get
exp(t/ph
e e )
This implies that
C.+1)
2, <Gt Dp g F,S
tgg%(] [, (D) 117 @ = 1(00, uo, vo, F, S), (521)
||u;z||L2(O,T;L2(Q)) < Ce Ry (0o, ug, vo, F, S).
Then energy estimate (5.20) leads to the following estimates
b
HVGHH%Q(O,T;LZ(Q)) < 263 (C + )R1(007u07U07F7 5)7 (522)
1
Bs
0, ()| < Ce+ 1) Ri(0y, ug,vo, F,S),
max 0,0y € 5% (Cot 1) Rifo.uo. w0, F.S)
Bs
ON|320.7.1.2 < C. + 1) R1(0y, ug, vo, F, S), 5.23
101 7200.7502(0)) < 25451( + 1) Ry (6o, ug, vo ) (5.23)
(C.+1)
max, [Au, ()1 720) < D R (b, wo, vo, F', 5), (5.24)
Ce+1
IV ll720. 200 < %Rl(emuo,voaﬂs)‘ (5.25)
To estimate ||uy |20, 702))s 107 ]| L2(0.7:0-1(2)), We proceed as follows. Fix any v €

V(Q),w € H} () with ||v||v%> @ <1, |lwllgie) < 1,and write v = v; +v2, w = W +wy,

where v1 € Z,,, (v2, 2m) = 0, w1 € Wiy, (W, wy,) = 0m = 1,2, ..., n, respectively. Since

the functions {z,,}°_, and {w,,}>°_, are orthogonal in VZ(Q2), H{(f2) respectively, we
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have ||v1||V12(Q) < ||v||V12(Q) <1, ||w1||H01(Q) < ||w||H5(Q) < 1. By utilizing (5.9a), (5.9b)

and Cauchy’s inequality, we get

|(un (), v)] < pih (WHVU%@)HL?(Q)HVUl“L?(Q) + D|| A (t)|| 220 | Av1 || 22(0)
FAIVE Ol [Tt e + ol |F Ol ).
(0,,(1), w)| < é(Hven(t)|’L2(Q)||vwl||L2(Q) + B3| Vur, ()] L2 [V || 22 )
+B4)|0n ()| L2y |01 || L2 (02) + leHL?(Q)HS(t)HLZ(Q))-
Choosing C'3, Cy > 0 as in (5.17), we obtain

[l (®)llvz @y

g@hv%@mmwwm%wmmWHW%wmmﬁwammJ
and

165, ()| -1
< Cy [HV9n(t)HL2(Q) + IV ()2 + 1100 (t) [ 20) + HS(t)HLZ(Q)}

Squaring on both sides, integrating over (0, 7") and using the estimates (5.22), (5.23), (5.24)
and (5.25), we have

Hulri||%2(o,:r;vl2(g)/) < Cs5Ri(0o, uo, v, F, S),
10,1720 mm-1)) < CoRu(Bo, w0, vo, F, S),

where C'5, Cs > 0 are the constants introduced in (5.16).

Existence of a weak solution: The estimates in the previous section show that the se-
quences {u, }, {Au, }, {Vu, }, {u'},{0.},{V6,}, and {0} are bounded in L*(0, T; VZ(Q)),
L*(0,T; L*()), L*(0, T L*(2)), L*(0, T5 VE(Q)'), L*(0, T Hy (€)), L*(0, T L*(2)),
L2(0,T; H1(2)) respectively.

By the Banach-Alagolu weak compactness theorem, there exist subsequences {u,, }
of {u,}, {0,,} of {0,} and functions v € L*(0,T;VZ(Q)), v € L*(0,T; H}(2)), u” €
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L*(0,T;VE(Q)), 0 € L*(0,T; H{(Q2)), and ¢ € L*(0,T; H'()) such that

(

L = u weakly in L?(0, T; V()
Au,, — Au  weaklyin L*(0,T; L*(Q))
Vu, — Vu'  weaklyin L*(0,T; L*(Q))
uy = U weakly in L2(0, T; VZ(Q)') (5.26)
O,, — 0 weakly in L?(0,T; Hj (2))
V0, — VO  weaklyin L*(0,T;L*(Q))
6, — 0  weaklyin L*(0,T;H(Q)),

Un,

\

as k — oo. Using standard arguments, by passing to limits £ — oo on (5.9), we build a

weak solution to the direct problem (5.1), which satisfies the estimates (5.11)-(5.15).

Verification of initial data: Next we prove that the solution (u, ) satisfies the initial
conditions u(0) = ug, u;(0) = vy and §(0) = 6. By Remark 5.2 we recall that (u, ) €
C([0,T); H (Q)) x C([0,T7]; L*(22)). Choose a test functions v € C*([0, T]; V#(Q2)) and
w € CY[0,T); HY(Q)) with v(T) = 0, v/(T) = 0 and w(T) = 0 in the weak form of
Definition 5.1, and integrate over (0,7"), integrating by parts with respect to time in the

first two terms of (5.8a) and first, and third term of (5.8b), we get

Lo /0 : {(phu(t), (1)) — (WVu(t), Vo' () + (DAu(t), Av(#))
— (/1 VO(t), W(t))] dt (5.27)
-/ C(F (), 0(0))dt — (phus0),/(0)) + (phal(0),0(0)) + WV (0), V(0)),

L o= / ' {_ (0(1), w/ (1)) + (VO(E), Vao(t)) — (BaVult), V' (8) + (B:6(), w(t)) | dt
= [ (50,00 + (3000),0(0) + (555000, Tu(0). (5.28)

On the other hand, integrate over (0, T'), integrating by parts in the first two terms of (5.9a)
and first, last terms of (5.9b), then passing the weak limits (5.26), we arrive at the following:

n- {(F(t)w(t»dt—<phuo,v'<o>>>+<phvo,v<o>
+H(WVug, Vv(O))] dt, (5.29)
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and
I :/OT {(S(t),w(t))dt‘i‘(ﬁng,w(O))+(B3VUO,VUJ(0)) dt. (5.30)

Comparing (5.27)-(5.28) and (5.29)-(5.30), we obtain the desired result.

Uniqueness: It suffices to check that the only weak solution of (5.1) with homogeneous ini-
tial data and F' = 0, S = 01is (u,0) = 0. Let (u,0) = (u1 — ug, 61 — 63), where (uq, 6,)
and (ug, ) are the two weak solutions of (5.1). By the existence of a weak solution,
(u,0) € L*(0,T; Vi (Q)) x L*(0,T; H}(Q)) solves the direct problem (5.1) with homoge-
neous initial data and source terms F' = 0,5 = 0. Then the estimates (5.12) and (5.14)
imply that [|u| e, rv2(0)) = 0 10l = (0,7:22(02)) = 0, whence (u,0) = 0, V(z,t) € Q.
This completes the proof. ]

5.3 Solvability of inverse problem

In this section, we mainly focus on the solvability of the inverse problem. We utilize a
priori estimate for the weak solution of system (5.1) to demonstrate the compactness and
Lipschitz continuity of the input-output operator ®. By the compactness of the operator,
we conclude that the inverse problem is ill-posed. The Lipschitz continuity leads to the
lower semi-continuity of the functional 7,,, which in turn leads to the existence of a unique
minimizer for this functional.

Let (uy(z,t),01(z,t)) and (uz(x,t),0(x,t)) be the solutions of the direct problem
(5.1) corresponding to the source terms (F,S;) and (F3, Sy) respectively for a common
initial data wug, vg, and 6y. Then du(z,t) = uy(x,t) — us(x,t) and §6(z,t) = O1(z,t) —

0o (z, t) solves the following system
( phduy — wASu; + DA?0u + A0 = 6F (x,t), (x,t) € Qp (5.31a)
[260; — A0 — B3 Aduy + 460 = 6S(x,t), (x,t) € Qr, (5.31b)

du=2%=0,60=0, (z,t) € I'r,

( du(z,0) = 0,0u(x,0) =0, §0(x,0) =0, z € Q,

where 0F'(z,t) = Fi(z,t) — Fy(z,t), 0S(x,t) = Si(x,t) — Sa(z,t).

Lemma 5.1. Suppose Assumption 5.1 holds true. Then the input output operator ® intro-

duced in (5.3) is a compact operator. Furthermore, this operator is Lipschitz continuous,
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that is,
) 1/2
[9[F1, 1) = @1F>, Salllzztey < Ln (I0F Waorzcay + 101320 soan)  + (5:32)

forall (F,S) € F x G, where Ly = (C;TC.)"*, Cr = max{1, £ 3.5, 1> and Ce is defined

in Theorem 5.1|

Proof. Let{F,,} C F, {Sn} C G, m=1,2,..., be the bounded sequence of sources in
L2(0,T; L*(Q)), and u(x, T; F,,, S,) be the corresponding output represented by {ur,, }.
The sequence of output {ur,, } is bounded in H} (), as shown by the estimate (5.12) and
Remark 5.2. Since H}(2) is compactly embedded in L?((2), the output sequence {ury, } is
precompact in L%(€2), implying that the input output operator ® is compact.

Next, we prove that ® is Lipschitz continuous. From the definition of operator ®, we

have
|[F1, S1] — @[Fy, Solllr2) = [ul, T35 Fi, S1) — ul., T Fa, S2)| 12(q)
= Jlou(., T)llz2- (5.33)
Since
16u(., T2y < Tl 22007220 (5.34)

and the second estimate in (5.21) holds for du(z, t;0F,0.5), we get

P
Jout Ty < TC. (10F Esarann + g WS Iaarasin )
< CTC, (I0F Baorizay + 10SIE20 sz ) . (539
, ﬁ B }. Substituting (5.35) in (5.33) we arrive at the required result
(5.32). ]

Remark 5.3. The compactness of the input output operator ¢ leads to the ill-posedness of
the inverse problem (5.1) and (5.2) (see, [40] and also [50], Lemma 1.3.1).

Theorem 5.2. Let Assumption (5.1) holds true. Suppose that ur € L?(Q). Then for any
a > 0, there exists a unique admissible mechanical load F, € F and admissible heat

source S, € G minimizing the functional J,(F,S).
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Proof. We first show that the Tikhonov functional (5.5) is Lipschitz continuous. To this
end we employ the identity

T (F1,S1) — T (Fy, S)|?
= ‘\/ J(F1,51) + \/j(FmSz)‘z ‘\/j(FbSl) - \/J(F2,S2)

2

I

and also the identity

VI (F,S) = VT (B, $)]°
1
= 5 [I19[F, $1] — urllzz) = |1B[Fe, Sa = urllzzo|”

J

which follows from the definition of the functional [J (F’, .S).

In view of the above identities, the inequality |||a|| — ||b]|| < || — b|| and Lemma 5.1,

we deduce that

T (F1,81) = T (Fy, Sa)*
1 2
<5 VIS + VT 5)| 1911, $1) = 0lFs, SalllEaqa)

< 13 (I0(F1, $1) 220 + 19(Fs, $2)l[32(0) + 2lurlFaqe
(12 = ooz + 151 = SalBorzzcay)

forall (F,S) e F xG.

Using the definition of ® and the second estimate in (5.21) applied to the weak solution

of the direct problem, we get

1R[F, SII720y < TluellZ20.2.22(0)

e (M1 i %M T phfleolage) + Dl Aug|Zae) + %H%Hm) ,

where M; > 0 and M, > 0 are the constants introduced in the definitions of the set of

admissible mechanical loads F and external heat sources G, respectively.

Hence, we have

| T (Fy, 81) — T (F, Ss)|
1/2
< L (IF - Bl + 191 = Salidsoria)
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where

L2 - Ll |:2TC€ <M1 ﬂﬁﬁ

BB 12
——l6ollZ2( ) + 2Murlliay|

B,

which means the Lipschitz continuity of the Tikhonov functional (5.5).

Consequently, the functional [ (F, .S) is weakly lower semi continuous on a nonempty
closed convex set F x G. Hence by the generalized Weierstrass theorem, we conclude that
the functional 7 (F, S) has a minimizer (F,S) € F x G.

Let {(F,,S,)} € F x G be the minimizing sequence for the functional 7 (F, S), and
{(u(z,t; Fy, Sn), 0(x, t; F,, Sy,)) } is the corresponding sequence of weak solution to the
direct problem (5.1). Now assume that F,, — Fin F and S,, — S in G. The estimates
(5.12) and (5.13) show that the sequences {u(x,t; F,,, Sn)}, {0(x,t; F,,, S,)} are bounded
in L2(0,T; Vi(Q)) and L*(0,T; H}()) respectively. Then there exist subsequences {u,, }
of {u(F,,S,)} and {6,} of {6(F,,S,)}, such that uw,, — u*(z,t) in L?(0,T;Vi(Q)),
0,, — 0*(z,t) in L*(0,T; H}(Q)). To prove that u*(x,t) = u(z,t; F,S) and 6*(x,t) =
(x,t; F,S), we choose test functions v € C?([0,T]; V#(Q)) and w € C*([0,T]; H}(Q2))
with v(T') = 0, v'(T) = 0 and w(7T") = 0 for the weak form (5.8a)-(5.8b) , and integrate
over (0,7"), we get

/T/phun(t)'u”(t)dxdt—/T/qun(t)-V'U’(t)da:dt
/ / DAy () Av(t)dadt — / / BIV6, (t) - Vo(t)dudt
/ / dxdt—/Qphun(O)v’(O)d:U—i-/Qphu;(O)U(O)dx

/ wVu,(0) - Vu(0)ds, (5.36)
Q

and

/ //82 d:vdt—l—/ /V@ - Vw(t)dzdt
/ //83Vun V' (t d:vdt—l—/ /54 t)dxdt

/ / Dddi + / Bof (0)(0)dz + /Q By, (0) - Vaw(0)da. (5.37)
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Since F,, — F, S, — Sin L*(0,T; L*(Q2)), passing the limit n — oo in (5.36)-(5.37), one
can verify that u*(z,t) = u(x,t; F, S) and 0*(x,t) = 0(x,t; F, S) is a weak solution of the
system (5.1).

The lower semi-continuity of the functional J(F,S) in F x G implies that the reg-
ularized Tikhonov functional 7, (F),, S,) corresponding to F,,, S,, defined by (5.6) satis-
fies J,(F,S) < liminf, . Jo(Fy,,S,) as F,, — Fin F and S,, — S in G. Therefore
Ja(F,S) is lower semi-continuous. Moreover, due to the linearity of the inverse source
problem (5.1)-(5.2), we have

BIN(FL, S1) + (1 — \)(Fy, So)] = AB[F1, Si] + (1 — \)®[Fy, Sa, A € (0, 1),

whence the functional 7, (F, S) is strictly convex. By incorporating all these argument and
employing the generalized Weierstrass theorem, we conclude that the regularized Tikhonov
functional 7, (F, S) has a unique minimizer (F,, S,) € F x G. O

5.4 Fréchet differentiability of the Tikhonov functional

This section demonstrates the Fréchet differentiability of the functional, and it also shows
how to express the Fréchet gradient in terms of both direct and adjoint problem solu-
tions. We established the well-posedness of the adjoint problem, and proved the Lips-
chitz continuity of the Fréchet gradient by using the estimates for direct and adjoint prob-
lems. Now we establish an integral relationship which connects the change in the sources
SF (z,t) = Fi(x,t) — Fy(x,t) and §S(z,t) = Sy(x,t) — So(z,t) to the change in output
ou(z, T) =u(x,T; Fy,5) —u(x,T; F3, S5).

Lemma 5.2. Let the conditions of Theorem 5.2 hold true. Then, we have

—ph/éu(x,T)q(x)dx:/ 5F(x,t)¢(x,t)dxdt—l—/ 3S(x,t)p(z, t)dxdt, (5.38)
Q Qr

Qp

where (1(x,t), o(x,t)) is the solution of the following adjoint problem

( phtby + WAY + DA% + B3Ap; = 0, (x,t) € Qr (5.39a)
—Bopr — A+ 1A + Bap = 0, (2,1) € Qp (5.39b)
1/,:?9—;{:0, =0, (z,t) e'r

L (2, T) = 0,02, T) = q(x), p(z,T) =0, z € Q.
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Proof. Multiplying the both sides of equations (5.31a) and (5.31b) by arbitrary functions
(x,t) and p(z,t) respectively, integrating over €7, and then adding the obtained equa-

tions, we have
/ (phduy — wASu, + DA*Su + B1A60) ¥ (x, t)dedt
Qp
+/ (8200, — AGO — B3 Aduy + $400) p(x, t)dxdt
Qr

= OF (z,t)(x, t)dxdt + 3S(z,t)p(z, t)dxdt.
QT QT
After performing integration by parts formula multiple times and using the initial and

boundary conditions, we get

/ (ph¢tt + wAY, + DA% + ﬁgAgot) du(z,t) drdt
Qr

+/Q (—Bapr — Ap + B1AY + Bap) 60(x, t) dzdt

N /Q o (2, 1) (B206(x, 1) — BsAbu(x, 1))]], du
+/Q[¢(x,t) (phdus(x, t) — wASu(z, 1)), dx_/ﬂ[iﬁt(fat)Ph(su(x’t)]tTO dr

:/QT 5F(x,t)¢)(x,t)da7dt—l—/0 /Q5S(x,t)g0(x,t)dxdt.

By considering the fact that the arbitrary function (¢ (z, t), ¢(x, t)) solves the system (5.39),
the first four left-hand side integrals become zero, and hence we obtain the desired integral

relationship. O

Next, we prove the well-posedness of the adjoint problem (5.39a)-(5.39b). Unlike the
single plate equation, the time reversal method (7 = 1" — t) doesn’t work to write straight-
away the existence of the solution to the adjoint problem. This issue arises due to the
coupling effect of the plate and heat equation and the impact of the irreversible system.
Indeed, in the direct problem (5.1), the higher-order space-time derivative of the coupling
term B3Au, has appeared in the second equation (5.1b). We multiplied the first equation
(5.1a) by u; and the second equation (5.1b) by %0 , the integrals corresponding to the cou-
pling terms fS3Au; and S; Af get canceled each other when we add them together after an

integration by parts. This idea doesn’t seem to work in the case of the adjoint problem
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since the coupling term 3 A, has appeared in the first equation (5.39a), which makes this
system complicated compared to the direct problem. To overcome this difficulty, we take
the formal time derivative of the heat equation and directly apply the Galerkin method to

demonstrate that the adjoint problem is well-posed.

Theorem 5.3. Suppose Assumption 5.1 holds true and q € L*(Q)). Then the adjoint prob-
lem (5.39) has a unique weak solution (1, p) € L>(0,T;V(Q)) x L=(0,T; Hi(Q)).

Furthermore,

1Dl o2y < %PhHQH%Q(Q)a (5.40)
[l Zeorr2y < Tllalliz)s (5.41)
I~ < g (145 ) obllela,

el rr2) < /Bf;gPhHQH%?(Q)a (5.42)
IVedorimay < Soblal. (5.43)

Proof. We employ the Galerkin approximation method, as we have done in subsection
5.2.1 for the direct problem, with Faedo-Galerkin approximation v,,(t) := ¢, (x,t), ¢, (t) =
©n(z,t) of the form

¢n(t) = am,n(t)zma Qpn(t) = Z bm,n(t)wm7 qn = Z Cm,nZm;
m=1 m=1 m=1

where {2,,}%_, form an orthogonal basis for V() and {w,,}°_; form an orthogonal
basis for H}(2). Now we have the following weak form corresponding to adjoint problem
(5.39) forall ¢t € [0, 7] :

( ph(n(t), 2m) = WV, (1), Vam) + D(A¢n(t), Azm)
—/83(VQD;Z<IS>, vzm) = 07 (5443-)

_52<¢;z(t)7 wm) + (V%(t% vwm} - /Bl(vwn(t)’ vwm) + 54(9071@)7 wm) = 07 (544b)

C Un(T) = 0, Y5(T) = gn, a(T) = 0.

By following the similar steps done in section (5.2.1), we obtain that (5.44) has a unique so-
lution (¢, ) € CY([0,TY; Z,) x C([0, T|; W,,). From equation (5.44b), Vw,, € W,,,m =
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1,2---n, we have

(QOIn(T)v Wy,) = % ((VQOH(T)7 Vwy,) — B (V%(T)a vwm) + 64(¢R(T)7 wm)) =0,

2

whence (;,(T), W) = by, ,(T) = 0.

In order to handle the term (V¢! (), w,y, ), we differentiate (5.44b) formally with respect
to the time variable to obtain that for all £ € [0, 7] :

( Ph(Y(1), 2m) = W(VYL(L), V) + D(An(t), Azp)
—B3(Vel (t),Vz,) =0, (5.45a)

( Un(T) =0, U(T) = gn, ©n(T) =0, ¢,,(T) = 0.

Now multiplying the equation (5.45a) by ay, ,(t) and (5.45b) by 23 b, (t), summing over
m = 1,2, ..., n, integrating over (¢, T'), we deduce the following inequality by incorporating
both initial and boundary data in (5.45):

h g D
5[ vierasrw [ [ v opdedr+ 3 [ 1av0Par

T ,Oh
—i—ﬂg/ /VgO;I(T).Vw;L(T)dJ:dT— —/qidm, (5.46)
¢ Ja 2 Jg

and

- / Fultpds + | ) JGICRE,
—63/ /wn N (7)dzdT +ﬁ4ﬂ3/ / Ydadr = 0. (5.47)

By adding (5.46) and (5.47), we get

o [wrar i [ [ wunpair 2 / A0, (1) da
53 s [ [worn 5 [ [
< 7/9613#%
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This implies that the following estimates hold:

C/
||77Z)n||i°°(0,T;Vl2(Q)) DPh||Qn”L2

IN

[nlZ20mz@) < TlanlZae

and
b
lenlleomrz@y) < By 1720
b1
||V90;L”%2(07T;L2(Q)) < 5 h“%“L?

p
HVWLH%%O,T;B(Q)) < %H%H%%Q)

Using the condition ¢, (-,7) = 0,Vz € 2, we have

b
||90n||%oo(o,T;L2(Q)) < T||S0n||L2 (0,T;L2(Q)) < T2Ph5 Bs ”an%Q (@)

||VSOTLH%°°(O,T;L2(Q)) < THV‘P;LHZL%O,T;L?() <T,0h ||Qn||L2

By employing the similar steps in Theorem 5.1 , which is used to find the estimate for

HUZHL2 (0,T;V2(Q)") we get the estimate

TC, 1 51
H@ZJ;;HL?((),T;vl?(Q)/) < 3ph082 (T + % + E ||qn||2L2(Q),

where Cg = — max{w D, ps}.

The ex1stence of a weak solution to the adjoint problem (5.39), which satisfies the
estimates (5.40)-(5.43) can be proved using the same arguments as those used to show the
existence of a weak solution to the direct problem in Theorem 5.1. Using the same steps
as for the direct problem, one can verify the initial data and establish the uniqueness of the

solution. L]

Now consider the increment of the functional .7 (F,S) = J(F + 0F,S + 6S) —
J(F,S), which satisfy the identity

ST(F,S) = /[u(aj,T; F,S) —ur(z)ou(z, T; F, S)dx
Q
+1 / [6u(z, T; F, S)]*dz, (5.48)
2 Jo
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forall S,S+0S € G, F,F+0F € F,and
ou(x, T; F,S) =u(x, T; F +0F,S +6S) —u(z,T; F,S).

Making use of Lemma 5.2 and choosing arbitrary input ¢ € L?(Q2) in (5.38) as

1 2
Mﬂz—EW@fﬁﬂ%WNMGLGM (5.49)

we express the first integral of (5.48) as follows
/ [u(z, T, F,S) — ur(z)|ou(z, T; F,S)dx
Qr

_ / SF(x, T)o(x, £)dwdt + / 5S (2, t)p(a, t)ddt. (5.50)
Qr

Qr

Remark 5.4. From Theorem 5.1 and Remark 5.2 , it is clear that u(-, T; F,S) € L*()
and the measured data ur € L?*(2). Consequently, the right-hand side of (5.49) belongs
to L?(2). Hence, the existence and uniqueness of the weak solution to the adjoint problem
(5.39) is proved when ¢ € L*(Q) is justified.

Proposition 5.1. Suppose Assumption 5.1 holds true. Then for the Fréchet gradient V J (F, S)
of the Tikhonov functional J (F, S) defined by (5.5), the following gradient formula holds:

VI(F,S) = ((x,t; F,S),¢(x,t; F,9))", (F,8) € F xg, (5.51)

where
(u(z, t; F,S),0(x,t; F,S)) and (Y(z,t; F, S), p(x,t; F, S))

are the weak solutions of direct problem (5.1) and adjoint problem (5.39), respectively.
Proof. Using the integral identity (5.48) and (5.50), we get

BTES) [ (0P 8) oo F ) 6,0, 650, )
Qp
1 2
= = [ du(z,T)"dx.
2 Ja
Applying Holder’s inequality and the trace estimate
16, T) 720y < Tl 21012205
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we get

‘5J(F,S) — /Q ((z,t; F,S), oz, t; F,S) " (0F (x,t),05(z,t))dzdt

T
s 35 16wl 220 7202 (5.52)

Thus, invoking (5.34) and (5.35) into (5.52), we infer that the following notion of the

Fréchet derivative holds:

ST (F,S) = ((W(z,t; F,S),o(x,t; F,9))", (6F (z,t),05(z,1)))

+0 (I18F 32 0rszaqan ) + O (168 Borzzca )

L2(Qr)

This leads to the gradient formula (5.51). OJ

The following corollary illustrates the Fréchet gradient of the regularized Tikhonov
functional 7, (F, S).

Corollary 5.1. Suppose the conditions of Proposition 5.1 hold true. Then for the regularized
Tikhonov functional J,(F, S) defined by (5.6), the following gradient formula holds:

VJIuAF,S) = (P(x,t; F, ), o(x, t; F, ST + o (F(x,t), S(x, )" (5.53)

Proof. Using the similar arguments of the proof of Proposition 5.1, one can obtain the
Fréchet derivative (5.53). ]

Remark 5.5. Consider the typical source functions (F'(z,t),S(z,t)) in (5.1) such that
F(z,t) = Fi(x)Se(t),S(x,t) = Fy(x)Ss(t), where the space-wise dependent sources
Fy(z), Fy(x) are unknowns that need to be determined from the final time output ur(z)
defined in (5.2), and the temporal sources S(t), Ss(t) are known functions.

In this case, for the Fréchet gradient of the Tikhonov functional 7 (F'), F'(z) :=
(Fy(z), Fs(z)) defined in (5.5) the following gradient formula holds:

T

T T
VIIF|(x) = ( / Wt F)Se(t)dt. / ot F)Ss(t)dt) FeF xF,
0 0
where the class of admissible sources:
Fo=A{F, € L*(Q) : || F||r2 < M}, Fs = {Fs € L*(Q) : || Fy||12(0) < M3}
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The following theorem demonstrates the Lipschitz continuity of the Fréchet gradient
VJ(F,S). 1t is highly useful when we apply gradient-based methods to solve the inverse
problem. Indeed, in the case of gradient type algorithms such as conjugate gradient algo-
rithm or Landweber iteration algorithm, the relaxation parameter can be estimated using
the Lipschitz constant associated with the Lipschitz continuity of V7 (F’, S), and that can

be used to discuss the convergence of the iterative scheme as well (see, [50]).

Theorem 5.4. Let the conditions of Proposition 5.1 hold true and the input data F' € F,
S € G and measured data ur € L*(). Then the Fréchet gradient V J (F, S) defined by

(5.51) is Lipschitz continuous. Moreover

IVI(F +0F, S +05) = VI(F, )2«

1/2
< L (”5FH%2(O,T;L2(Q)) + H(SSH%Z(O,T;L?(Q))) ;

where the Lipschitz constant

_ g( phﬁl) )”2
Ly T(2 1+5253 Ce ,

and the constants C,, and C are defined in Theorem 5.1 and Lemma 5.1, respectively.

Proof. By taking the differences ¢ (z, ¢; F, S) = ¢(z,t; F + 0F, S +0S) —(z, t; F, S),
do(x,t; F,.S) = p(x,t; F + 0F, S + 6S) — ¢(x,t; F,S), and using the Fréchet gradient
(5.51), we get
\VI(F +dF,S+65)—VI(F, S)H%Q(O’T;LQ(Q))
= / o(x,t; F, S)*dxdt —i—/ Sp(x,t; F, S)*dwdt
QT QT

T2
S5 <H5¢t”%2(0,T;L2(Q)) + ||5S0t||%2(0,T;L2(Q))> :

Now using the estimates (5.41) and (5.42), which also hold for (d¢(x,t),0p(x,t)) with
(z, T) = du(x,T), we get
IVI(F +6F,S+6S) = VJI(F, S)H%%o,T;L?(Q))

T ph
<5 (1 + 626;> 160 (., T2 (5.54)
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By employing the estimate (5.35), one can deduce from (5.54) that

IVI(F +6F,S+6S) - VI(F, S)H%Q(O,T;LQ(Q))

C7T4 phﬂl
< 1 C. (II5F 1o e
=y ( " B2y 10F W20 7n200) + 105N 220 72200

This completes the proof. [

5.5 Stability

In this section, we first develop a first-order necessary optimality condition that must be
met by an optimal solution to the minimization problem (5.7). This optimality condition is

crucial in deriving the stability estimate for the inverse problem (5.1)-(5.2).

We obtain the necessary optimality condition by using the classical calculus of variation
result given by Theorem 1.9. The following proposition shows the variational inequality

for the optimal solution to the minimization problem (5.7).

Proposition 5.2. Suppose the conditions of Theorem 5.4 hold. Then, for the considered in-
verse source problem with unique minimizer (F. ., S. o) € F X G, the following variational

inequality holds

/ [F(x,t) — Fuo(x,t)]t(2, t; Fy o, Seq)dxdt
Qr
+/ [S(x,t) — Sia(z,t)]p(z, t; Fy o, Sia)dxdt
Qp
+a/ Fio(x, )[F(2,t) — Feo(x,t)]dxdt
Qr

+a/ Sial(,)[S(x,t) — Sia(x,t)]daxdt >0, V(F,S) € FxG. (555)
Qr

Proof. It virtue of Theorem 5.2 and Proposition 5.1, it is clear that the Tikhonov functional
Ja(F,S) defined by (5.6) is a Fréchet differentiable functional with gradient (5.51) on a
nonempty closed convex subset F x G C L*(0,T; L*(Q)) x L*(0,T; L*()).

By invoking (1.19), the following variational inequality holds:

(VIa(Fe: Sea)s (F = Frg, S = Su0)) 2y = 0- (5.56)
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Substituting (5.53) in (5.56), we get

((w(x7 t7 F*,Om S*,a)7 90(1', t; F*,aa S*,a)>T7 (F - F*,Cw S - S*7a))L2(QT)
+0 (Fras Sia) 'y (F = Fray 8 = Sia)) (g, 2 0. (5.57)
From the inequality (5.57), we obtain the desired result (5.55). O

Next, we obtain the conditions on the final time to obtain stability estimate for the

mechanical load ' € F and heat source S € G.

Theorem 5.5. Let Assumption 5.1 holds true and suppose (F\ o, Sy.0), (Fia, Sva) € F X G
are unique minimizers of the regularized Tikhonov functional [J,, defined by (5.6) corre-
sponding to the measured outputs ur, iy € L?(Q), respectively. Suppose the final time T

satisfies the condition

a2/5(ph)2/5
) /5
[207 (P_h + ,32}53)i|

where C7 > 0 is the constant introduced in Lemma 5.1. Then the following stability esti-

0<T <

(5.58)

mate holds:
1Fve = Fralllzori2@) + 19na = Seallizomriz) < Csrllir — urllizg), (559
where Csp = (TC7C,) ™" is the stability constant.

A

Proof. By writing the variational inequality (5.55) for (F, ,, 5’*704) € F x G instead of
(F,S) € F x G, we have

/Q (Fyo(z,t) = Fuolz, t)0(2,t; Frg, Syo)dzdt
+ /Q (Sua(,8) — S, ))p(, £ Frm, S )t
ta /Q Fro(z,t) (F*,a(m,t) —Fm(x,t)) ddt
+a /Q S, ala, t) (Sm(x,t) - 5*,a(x,t)) drdt > 0. (5.60)

Further, by changing F, . (z,t) and F(z,t) by F, (z,t) and F, ,(z, ), respectively, and
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S,olx,t) and S(z,t) by S, o(z,t) and S, . (z,t), respectively in (5.55), we obtain

/ (Fon(2,8) — B (2, 0)00(2, £ oo, oo )derdt
Qr
+/ (Ssa(x,t) = Spalz, ) p(z, t; Fy o, S, o )dxdt
Qr
+a/ Fyolz,t) (F*Va(x,t) — Loz, t)) dxdt
Qr
+a / Sealz,t) (sw(x,t) - S*,a(x,t)) dzdt > 0. (5.61)
Qr

From the inequalities (5.60) and (5.61), we deduce that

oz/QT <}A7’*7a(x,t) — F*,a(x,t)>2 dxdt + oz/Q (g*va(x,t) — Sealz, t)>2 dxdt

T

< / (F*,a(x,t)—F*,a@,t)) Sz, t)ddt
Qr

—|—/ (S*,a(x,t) - S*,a(x,t)> do(x, t)dxdt, (5.62)
Qr

where 60 (,t) = (2, t; Fra, Sea) — (2,15 Fi g, Sia), 60(2,1)) = @(2,1; F. o, Sva) —
o(z, t; Fw, &7&), and (3¢ (z,t), dp(x,t)) is the solution of the adjoint problem (5.39) with
0 (x, T) = ;—é (0u(z, T) — (up — ar)) . By setting 6F (,t) = F, o(z,t) — F, o(z,t) and

dS(x,t) = Sya(x,t) — Sealz,t), applying Cauchy’s e-inequality with ¢ = « to the right-
hand side integral of (5.62), we get

/ 5F(m,t)52/)(x,t)dxdt+/ dS(x,t)op(z, t)dxdt
Qr Q

T
(0%

< 5 (I8F N0 iz + 168 riz2e)

1

5 (109120 7,22y + 190 W0 a2y ) -

The inequality (5.62) further reduces to the following:

o (I18F I22(0izszaqen + 19813202200

< 0917200020 + 10001 220.7.220)
T2
S 5 (||5@/’t\|%2(o,T;L2(Q)) + ||5S0t||2L2(o,T;L2(Q))> : (5.63)
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Now we need to find estimates for [|0v]72 g 1. 12(q)) and [|0@¢]| 720 1,12 () Using the esti-
mate (5.41), which also holds for 6, (z, t), and (5.35), we get

||5¢t||%2(o,T;L2(Q)) (5.64)
< 2 [IuC Dl rian + [urlae
S ne (0.T5L2(2) (@

2T2C,Cr 9 ) oT )
= T <”5FHL2<07T;L2<Q>> + H‘SSHL%QT;L?(Q))) + ol

where recall that C; > 0 is the constant introduced in Lemma 5.1. Similarly making use of
(5.42) and (5.35), one can get

16ell 720 7,202 (5.65)

27°6,Cy 2B,
_—Ce((SF2 . + 11681720077 )+—5u2 .
B35 ph H HLz(O,T,m(Q)) H HLZ(O,T,LQ(Q)) ﬁgﬁgph” THLz(Q)

Substituting (5.65) and (5.64) in (5.63), we get

0 (IF a0 re + 18 a0 szc
T4C7C ( ]_ 51 )

< =+ [5F22 acom £ 18812200 1o ]

ph ph 32533 l0F Iz (0,T5L2(2)) 105117 (0,T;L2(9))

T3 /1 b1 )
+— | = + 7= ) I6url?20). 5.66
o o) Nourl (5:66)

Let the value of the final time 7" > 0 be chosen so that the following constraint holds:

T4C7Ce ( 1 51 ) 052
— = —. 5.67
ph ph " B233 ( )

2
In view of the equality (5.67) and the fact that C, = exp(7'/(ph))—1 > T'/(ph), we obtain

a2/5(ph)2/5
= 1/5
|:2C7 (PLh ™ ﬁf;:’,)]

From (5.67) and (5.66), we arrive at the desired stability estimate (5.59) with the stability

*

constant C'gp. O

The following example illustrates that how the regularization parameter «v and final time

T directly have impact on the stability constant Cg.
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Table 5.1: Stability constant C'sy corresponding to 7" and «.

a T — a2/5(PhB)2/5 - OsT _ (TO7C@)_1
20 (Gt a3
107°/2 0.14 6.9
1073 0.09 10.87
1074 .04 24.75

Example 5.1. In order to make explanations and comments more understandable, it is as-
sumed that p = 2,h = 2, 51 = .6,D = 1,r = .08,58; = .5,03 = 1,3, = 1. Analyzing
the Table 1 shows that the final time 7" > 0 is directly proportional to the parameter of
regularization o > 0. The decrease in the values of « leads to a decrease in the upper limit
T of final time. The decrease in the value of 7" increases the value of the stability constant
Cgsr. Further, it is worth noting that the coefficients of the system (5.1) don’t have any
direct relation with the final time 7" and regularization parameter «. Therefore, the above
conclusion of the stability estimate, in terms « and 7" holds, irrespective of the different

values of the coefficients in system (5.1).

The Lipschitz type stability result given by Theorem 5.5 also gives the following unique-

ness of solution to the regularaized inverse problem.

Corollary 5.2. Suppose the conditions of Theorem 5.5 are satisfied. If the measured data
are equal, that is up(x) = Ur(z), for all © € ), and the final time T satisfies the condition
(5.58), then the minimizers (F, o, Ss.0), (Fia,Sia) € F X G corresponding to measured

data ur, ur, respectively, are equal:

A

(Fros Sua) = (Fug, Se), ace. (x,t) € Q.
Proof. If ur = up, for all x € €2, then by the stability estimate (5.59), it is clear that
”F*pz - F*,a“%?(O,T;L?(Q)) + ”S*,Oa - S*,OcH%Q(O,T;LQ(Q)) < 0.

Hence, Hﬁ*@ — F*,a||L2(O,T;L2(Q)) = 0 and ||S*,a - S*,aHL2(O,T;L2(Q)) = 0. This completes
the proof. [

Remark 5.6. The arguments and methodology presented in this chapter, in particular The-

orem 5.5, can be extended to the case when the measured data ur(z) is known over only
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in a suitable open subset €2; C (2. We can address this extension of the result by modifying

the final time data in the adjoint problem (5.39) as follows

B ) qx), x ey,
Yz, T) = q(z) = { 0, z € M\,

where G(z) = —p—lh [u(z, T; F,G) — ur(x)] € L*(y).
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Chapter 6

Conclusion and future work

This thesis has delved into the analysis and applicability of inverse source problems in the
damped Euler-Bernoulli beam, the damped Kirchhoff-Love plate, and the damped ther-
moelastic plate equations. Our research has provided valuable insights and contributions
to understanding these inverse source problems, shedding light on their solvability and
the impact of various damping factors, such as viscous damping, structural damping, and
Kelvin-Voigt damping.

In Chapter 1, we have examined the feasibility of inverse source problems in the Euler-
Bernoulli beam with viscous damping, focusing on determining the unknown spatial load
from the final time output. This research contrasts the scope of papers [43]-[48], which pri-
marily discussed identifying unknown source terms in undamped Euler-Bernoulli beams
through regularized solutions. Unlike these papers, our work demonstrates the unique-
ness of non-regularized solutions and establishes a series representation for such solutions
for constant and exponentially decaying temporal loads by applying SVD. We have also
identified admissible and optimal final time intervals essential for precise final time output
measurement. We have partially answered the non-uniqueness question of inverse source
problems for the beam and wave equations (from the final time displacement measurement)
posed in [50] for certain specific temporal loads under conditions on the final time 7" and
damping coefficient # > 0. For any given arbitrary temporal load and final 7', a broader
class of sufficient conditions for the unique reconstruction of the spatial load in the beam
equation still needs to be obtained.

Chapter 2 expands the analysis to take a closer look at the role of different damping
terms in beam models and generalized the results given in [47] and [46] for the identifica-
tion of shear force (boundary data) in Euler-Bernoulli beam by incorporating all phys-
ical coefficients and including Kelvin-Voigt damping. We have shown that in contrast

to the above works, which exclusively considered external damping, the weak and regu-
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lar weak solutions of the Euler-Bernoulli beam equation with Kelvin-Voigt damping term
(K(x)Uyyt )2 has more enhanced regularity property than corresponding weak solutions
of this equation without this term. This property also helped in solving the adjoint prob-
lem with less regular data in the quasi-solution approach and a less regular class of ad-
missible shear force in the context of the inverse boundary value problem compared to
[47]. As we look ahead, our future research will explore intriguing avenues, notably in
non-linear coefficient identification within the physically relevant model (3.1). We aim to
tackle the captivating inverse problem of identifying one or multiple parameters, such as

p(x),r(x), u(x), k(x) from a suitable measured data.

In Chapter 3, we extended the analysis of the inverse source problem of one-dimensional
beams to a two-dimensional problem, focusing on the Kirchhoff-Love plate equation with
viscous damping. This pioneering work represents the first exploration of the inverse prob-
lem within the context of the rectangular Kirchhoff-Love plate equation. A key highlight
of our study lies in the unique comparison between two essential methods: Tikhonov reg-
ularization and Singular Value Decomposition, a comparative analysis hitherto unexplored
in prior research of the related model [39], [52], [95]. Our research also yields valuable
insights into these notable methods through the solvability of inverse source problems and
stability analysis of this problem. The paper [95] has obtained sufficient conditions for
recovering spatial loads from final time measurements but lacked a series representation
of the unknown spatial load by the SVD in terms of the given measurement ur(x) under
feasible conditions concerning final time and damping terms. As our research marks a pri-
mary effort in this specific model, it opens up numerous avenues for future exploration,

including boundary data identification problems and coefficient identification problems.

Finally, Chapter 5 of the thesis addresses the inverse source problem of identifying
the spatial and temporal loads in the thermoelastic plate. To our knowledge, this is the
first work to simultaneously identify both types of loads in the structurally damped ther-
moelastic plate from a single set of final time displacement data. This work generalizes
the previous studies [13], [96], [99], [100] that explored spatially varying load/coefficient
identification problems in the classical thermoelastic system consists of a hyperbolic equa-
tion for displacement and the heat equation for temperature. By appropriately scaling the
coefficients of the model, we solved the strongly coupled system and the corresponding
adjoint system by applying the Faedo-Galerkin method and the regularizing effect of the
structural damping. The quasi-solution approach ensures the existence of solutions to the
inverse source problem, and utilizing the adjoint problem approach, derived the Fréchet

gradient of the Tykhonov functional. One of the added advantages of the Lipschitz con-
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tinuity of the Fréchet gradient is that the Lipschitz constant can be effectively used in the
gradient-based numerical reconstruction procedure ([50]). It is evident from the Lipschitz-
type stability estimate, which is derived through the method of Tikhonov regularization and
a variational approach, that the reconstruction procedure is stable, provided the final time
T is feasibly small. This estimate also ensures the uniqueness of solutions to the regular-
ized inverse source problem of the thermoelastic system. The inverse coefficient problems
of determining the flexural rigidity D(z), density p(z) either simultaneously or separately
would certainly be an interesting research problem to address in the future. Another math-
ematically challenging and more physically relevant future research problem could be the
inverse boundary value problem of the thermoelastic plate. More precisely, the following

mathematical model can be considered (see, [65], chapter 6 )

phuy — rAuy — wAuy + DA?u + 81A0 =0, (z,t) € Qrp, (6.1a)
ﬁggt — AQ — BgAUt + ﬁ49 = 0, (ZE, t) - QT, (61b)
u(z,0) = 0,u(z,0) =0, 6(x,0) =0 x €,

with the boundary conditions

u=0onT x[0,7T]

ou ) 9(x,t)onTy x [0,T]
8_“_{ 0 only x[0,7], Iy :=T\I
0=0onT x[0,T],

(6.2)

where 'y is a portion of the boundary I'" of the domain 2.
A possible future work could be the determination of the unknown boundary source g from
the measured data such as displacement and temperature given at final time 7" for all z € €).
Overall, our research has significantly contributed to the analysis of the damping term in
the inverse source problems of the damped Euler-Bernoulli beam and Kirchhoff-Love plate
equations. Establishing the well-posedness of the direct problem, the successful formula-
tion and analysis of the inverse problem using regularization techniques and singular value
decomposition, and the derivation of stability estimates have advanced our knowledge in
this area of study. These findings provide a solid foundation for further investigations in
related fields. While this thesis has been entirely theoretical in nature, it opens the door for
future advancements, such as extending these studies into the realm of numerical analysis,

allowing for a more comprehensive exploration of these complex problems.
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