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Abstract

Experiments probing correlations between spin-1/2 nuclei (I) and nuclear spins (S) with
large anisotropic interactions (quadrupolar or chemical shift anisotropy) often offer valuable
access routes to molecular structure and dynamics. In such experiments, development of
efficient correlation schemes is not trivial and constitutes an ever-evolving theme of research.
As these experiments are performed routinely under MAS, interference between the RF field
and the large time-dependent quadrupolar or chemical shift anisotropic interaction leads to
complex spin dynamics, often leading to poor and orientation-dependent transfer efficiency.

The work presented in this thesis is a theoretical and numerical investigation of the spin-
dynamics in two recently demonstrated experiments involving long periods of RF irradiation
on the quadrupolar nuclei channel, the *H - N double cross polarization (double CP) under
fast MAS experiment by Carnevale et al. and the *H - 3CI TRAPDOR-HMQC experiment of
Hung et al. Creation and evolution of various coherences generated in these proton-detected
experiments are explored. To analyse the rich and complex spin dynamics due to the
interference between the large time-dependent quadrupolar interaction and the radio-frequency
(RF) field, an exact effective Hamiltonian is constructed numerically using the matrix
logarithm approach. Structure of the effective Hamiltonian is connected with transfer
amplitudes to various coherences, the output signal, etc. and, when possible, features of the
spin dynamics are derived theoretically. The analysis also provides insight on the efficiency of

these experiments under different experimental conditions.
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Introduction

1.1 Introduction to Solid State NMR

Nuclear magnetic resonance (NMR)[*?] spectroscopy is an important tool, apart from
the X-Ray Diffraction (XRD) techniques,?! for investigating at atomic level the chemical
structure and dynamics of complex biomolecules and numerous organic and inorganic
compounds. However, the information content strongly depends on how well resonances
corresponding to distinct chemical sites can be resolved in NMR spectra of the systems under

investigation.

When the sample under study is in solution, structural studies of complex molecules
using NMR is possible due to spectral simplification resulting from the time averaging of
anisotropic interactions due to rapid tumbling in liquids. However, for polycrystalline solid
samples, since molecular motions are restricted, anisotropic NMR interactions are not averaged
out and result in broad spectral lines and low sensitivity. This hinders the determination of
structural features of the system under study. The inherent low resolution and sensitivity for
solids has been addressed by new experimental techniques involving multi-pulse irradiation or
(and) by mechanically spinning the sample (Magic Angle Spinning - MAS).[*71 In this way,
by manipulating the spin or (and) spatial parts of the Hamiltonian, complete or partial averaging
of anisotropic interactions can be achieved. With advanced NMR hardware technologies
currently available, solution-like spectra can be recorded under fast MAS.[® With the advent
of current ultra-fast MAS rates (>100 kHz)!; solid state NMR has opened new avenues for the

determination of molecular structure and dynamics of solid samples.

Solid-state NMR of nuclei with spin quantum number greater than 1/2, which are the
most numerous among the NMR-active nuclei in the periodic table, is particularly challenging
in many cases due to low gyromagnetic ratio and the quadrupolar interaction which can reach
magnitudes in the MHz range. The quadrupolar interaction originates from the interaction of
nuclear quadrupole moments (eQ), with the electric field gradient generated by the
surrounding electrons. The large anisotropic quadrupolar interaction results in spectral
broadening and overlap, thereby leading to poor spectral resolution and sensitivity. Since MAS
alone is unable to average out completely the anisotropic quadrupolar interactions, various

schemes have been proposed to regain isotropic resolution in quadrupolar systems. Among the

1



methods which have contributed to the conceptual development of the field, double rotation
(DOR),1* dynamic angle spinning (DAS),* multiple quantum MAS (MQMAS),*?l and
satellite-transition MAS (ST-MAS),*3 are noteworthy. Incorporating techniques such as cross-
polarization (CP),1*4%! rotationally induced adiabatic coherence transfer (RIACT),[*® etc., a
variety of new experiments were further developed, leading to sensitivity and resolution gains.
The work presented in this thesis is a theoretical and numerical investigation of the spin
dynamics in two recently demonstrated experiments involving long periods of RF irradiation
on the quadrupolar nuclei channel, the 'H-!*N double cross-polarization (double CP)
experiment by Carnevale et al.2”*°! and the *H-3Cl TRAnsfer of Populations in DOuble
Resonance - Heteronuclear Multiple Quantum Correlation (TRAPDOR-HMQC or T-
HMQC)20.21 experiment of Hung et al. Creation and evolution of various coherences generated
in these proton-detected experiments are explored. To analyse the rich and complex spin
dynamics due to the interference between the large time-dependent quadrupolar interaction and
the radio-frequency (RF) field, an exact effective Hamiltonian is constructed numerically using
the matrix logarithm approach./?? Structure of the effective Hamiltonian is connected with the
transfer amplitudes to various coherences, the output signal, etc. and, when possible, features
of the spin dynamics are derived theoretically. The analysis also provides insight on the

efficiency of these experiments under different experimental conditions.

The thesis is organized as follows. A brief introduction to NMR phenomena in the semi-
classical and quantum-mechanical frameworks, the origin of various anisotropic interactions
together with their corresponding Hamiltonian operators, and the widely used sensitivity
enhancement techniques MAS and CP under MAS (CPMAS)224 is provided in the initial
sections. Within the context of the current study, various analytical and numerical approaches
that are used frequently in solid state NMR for understanding spin dynamics, are discussed.
Basics of the quadrupolar interactions and the respective corresponding Hamiltonians are
finally provided, thereby setting stage to the 2" and 3™ chapters which include the research

results. The thesis ends with a summary of the work presented, and possible future applications.



1.1.1 Basics of Nuclear Magnetic Resonance (NMR)

(i) The semi-classical framework

NMR phenomena are based on the existence of the nuclear spin and the resulting
magnetic moment.[?>2 Nuclear spin or intrinsic nuclear angular momentum is characterized
by the spin operator, Al. The components Iy, Iy, I, of the dimensionless spin operator I obey
the general commutation rules of angular momentum, and have eigenvalues m; = —I,—I +
1/2,...,1 where the number | is integer or half-integer and depends on the atomic number and
atomic mass number of the nucleus. If nuclear spin is non-zero, the nucleus also possesses a
magnetic moment pf?7-1

u=vyhl, [1.1]

where y is the gyromagnetic ratio of the nucleus. The sensitivity of NMR experiments
involving a certain isotope depends on the natural abundance and gyromagnetic ratio of the

isotope. The NMR-relevant properties of some of the NMR active isotopes are listed in Table
1.1.B2%

Natural abundance | Gyromagnetic ratio | Quadrupole moment

Isotope | Spin (%) (106rad st T71) (fm?)

H 1/2 99.988 267.522 0

’H 1 0.0115 41.066 0.286

13C 1/2 1.07 67.238 0

14N 1 99.632 19.338 2.044

5N 1/2 0.368 -27.126 0

BCl 32 75.78 26.242 -8.165

SCl 32 24.22 21.84368 -6.435

Table 1.1 NMR properties of some of the important spin ¥z and quadrupolar nuclei are listed.



A few examples are given as follows. As nuclei with an even number of protons and
neutrons have a nuclear spin value of zero, highly-abundant and biologically-important nuclei
such as *2C and 1°0 are unfortunately NMR inactive. On the other hand, protons (*H) are highly
abundant and have the largest gyromagnetic ratio, resulting in good NMR sensitivity.
Biologically-important nuclei **C, and **N are much less abundant (known as dilute) and their
gyromagnetic ratio is low, resulting in poor NMR sensitivity. When possible, isotopic
enrichment is used in order to boost the sensitivity. More than 70% of NMR active nuclei in
the periodic table have spin larger than %2 and possess a non-zero electric quadrupole moment.
The electric quadrupolar moment interacts with the electric field gradients produced by the
surrounding electrons. Such nuclei are therefore termed as quadrupolar. Due to small
gyromagnetic ratios and often very large quadrupolar interactions (**N, 17O, etc.) NMR of

quadrupolar nuclei suffers from low sensitivity and resolution.

The classical energy (E) of a magnetic moment u placed in an external magnetic field
B is,

E=-u-B. [1.2]

If the static magnetic field is applied along the Z direction (B = B,Z), and considering the
quantization of the spin angular momentum along the direction of the external magnetic field,
the energy of the magnetic moment is quantized according to E,,, = —u,B, = —ym;hB, where
m, is the eigenvalue of z component of the spin operator, I,. Spin quantum number m; can
take values from —I to I. For | = 1/2, the corresponding spin-up and spin-down eigenstates of
I, are labelled as (Ja) =]+ 1/2) and (|8) =|—1/2)). The energy difference between
adjacent levels is AE = —y#hB,, and the associated frequency w, = AE /A is known as the
Larmor frequency. The sign of the gyromagnetic ratio can be positive or negative as shown
in Table 1.1.

The nuclear spins present are not isolated and interact among themselves and with the
lattice. Therefore, the description of magnetic resonance phenomena is usually based on

statistical considerations. At thermal equilibrium, the spin energy levels become populated as

_Em
per Boltzmann distribution such that the population for the m™ level is N,,, oc e *sT, where kg
is the Boltzmann constant and T is the absolute temperature. The population difference between
the energy levels is directly related to the intensity of the NMR transitions between them. Under

thermal equilibrium, the lower energy levels have a slight excess of population, and this results



in a bulk magnetization along the direction of the external magnetic field whereas the
transverse components of magnetization average to zero as they are randomly oriented. For all
external magnetic fields encountered in NMR the thermal energy kg T is much higher than the
energy difference between the Zeeman levels. As consequence, a simple expression can be

derived for the equilibrium magnetization for spin—1/2 nucleil?®!

_ Ny?n*B,

M, = 1.
0= 4T [1.3]

As the total number of spins in the sample, N, is directly related to the natural abundance of
the isotope, the bulk magnetization and hence the sensitivity of NMR signal will depend upon
the natural abundance of the isotope, gyromagnetic ratio, the magnitude of the external

magnetic field, and the temperature.

Under the action of an external magnetic field, the ensemble of spins constitutes
towards an average nuclear magnetic moment along the direction of the applied field. If a radio
frequency field with frequency close to Larmor frequency is switched on, it can bring the
magnetization in the XY-plane. After RF field is switched off, the magnetization will precess
around the static magnetic field and thereby induce an oscillating current in the coil,[28-30
according to Faraday’s induction law. The spin dynamics sketched above can be described
more quantitatively with the phenomenological Bloch equations.?®! In the presence of a
magnetic field, the bulk magnetic moment M experiences a torque T which is the time rate of

change of the bulk spin angular momentum J,

—d]—MxB 1.4
r—dt— [1.4]
where,M=Z K and]=z I;. Equivalently
J j
C=yMXxB=MxQ [1.5]

as M = yJ in analogy to u = yI. Here Q = yB. At equilibrium M is parallel to the static
magnetic field and dM/dt. However, if an RF field (or RF pulse) with frequency close to
Larmor frequency yB, is applied Eq. [1.5] predicts a precession and tilt of M towards X-Y
plane. With an appropriate duration of the RF field the magnetization can be brought
completely in the X-Y plane.

Assuming that at the end of the RF pulse equilibrium magnetization is tilted along X

direction, it will start to precess around the large static magnetic field. At the same time the



system will start relaxing towards thermal equilibrium in which magnetization is again aligned
along the static magnetic field. This can happen through two kinds of relaxation processes, the
longitudinal and transverse relaxations.[?°= (i) The spin-lattice/longitudinal/T; relaxation is
due to the interaction of the spins with the lattice (all other degrees of freedom in the sample).
Longitudinal relaxation tends to bring bulk magnetization to its equilibrium value and
orientation. The speed of this relaxation process is characterised by the relaxation time T;. (ii)
The spin-spin/transverse/T, relaxation arises because of dephasing/loss of coherence of the
bulk magnetization in the transverse plane as a result of interaction between the spins or due to
the inhomogeneity of the static magnetic field. It is characterized by a time constant T, which
characterizes rate of decay of the transverse components of bulk magnetization. Incorporating

the relaxation phenomena into Eq. [1.5] the Bloch equations are

dMx _ _ My aMy _ _ My amz _
o =~ Y(M X B)x T, ' dt =y(M x B)y T, dt =y(MXB); +

My—Mz

[1.6]

Solving Eq. [1.6] with the initial condition M(0) = M,Z, evolution of the magnetization is

given by
t t t

My (t) = My cos(wt) (e_ﬁ),My(t) = M, sin(wyt) (e_ﬁ),MZ(t) =My(1l—e T1). [1.7]

The precession of the transverse components induces a current in the detection coil.

This current also called free induction decay (FID)?*-*!is amplified and recorded in the form

of the NMR signal in the time domain. The NMR signal has the form S(t) o My (t) +

iMy(t) = Mye'™ e~Rzt The spectrometer can detect from both transverse components, My (t)

and My (t), through quadrature detection.?®3! Fourier transform of the FID results in the NMR

spectrum in the frequency domaint4 represented as,

* i SoR> —So(w — wy)
S = | S(t)e@dt = i
(@) ] (e RZ+ (0 —w0)2  RZ— (@ — wp)?

[1.8]

where R, = 1/T,. The real part of Eq. [1.8] results in an absorption-mode Lorentzian spectral
lineshape, centered at w, for which the maximum height of the Lorentzian is 1/R,, and full
width at half maximum (FWHM) is at R, /m, while the imaginary part is a dispersion-mode
Lorentzian spectral lineshape.

Though semi-classical picture can provide a basic understanding of the NMR
phenomenon by visualizing the spin dynamics of isolated spins in terms of the magnetization
vectors obeying Bloch’s equation, it is not sufficient to describe complex NMR phenomena
due to interaction between spins. A more accurate and detailed picture of spin dynamics taking
into consideration all NMR interactions is provided by quantum mechanical treatment.
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(if) The quantum-mechanical description

In the quantum-mechanical description, the state of a quantum system is described by
a state vector, |i(t)). The state vector is expressed in terms of a density operator by considering
the spin system as a statistical ensemble. The quantum state described by [y (t)) can be

represented in terms of the Zeeman basis, |n) ast?%%!

Ilp(t)) = Zn Cn |Tl> [1.9]
such that the expectation value of a quantum mechanical operator, O is given by:
(0) = (WDOIO[P(1)) = Zmn cntm (m|O|n). [1.10]

The density operator/matrix, p, is described in the Zeeman basis in terms of the ensemble-

averaged c, c,, coefficients and the corresponding matrix elements are given by

Pnm = CnCm [1.11]
For any density operator and any basis of the Hilbert space we have,
(O) = Zm,n Pnm Omn = Xn(PO0)py = Tr(pa) [1.12]

In general, for a system in thermal equilibrium with the environment at temperature T, the
-7

equilibrium density operator is, p.q = %ekTT, where Z = Tr{exp (—=H /kzT)}. In NMR, by
far, the dominant contribution to 7 is given by the interaction with the static magnetic field,

H = —hw,l,. For temperatures and magnetic fields occurring in NMR experiments, Aw, <
kgT, and the equilibrium density operator can be approximated by p,, = Ni(lNZ + %fz),
VA B

where N is the dimension of the Hilbert space and 1, is the unit operator. For a single spin-

1/2 nucleus N, = 2 corresponding to the spin-up and spin-down basis. For a system of n spin-

1/2 nuclei of the same kind I, = Y3 Iz and N, = 2", etc.

The temporal evolution of the density operator, p(t) is expressed in terms of the
Liouville-Von Neumann- equation(?%

L AP _
zhE = [, p]. [1.13]

A very important operator for the dynamic quantum-mechanical description is the propagator

U(t, 0) which connects any initial state of the system with the state at a later time, |(t)) =
U(t,0)|y(0)). The propagator U(t, 0) corresponding to Hamiltonian 7 satisfies ihi—g =HU.

Similar to the pure case, the density operator, p(t) can be evaluated from the prior knowledge

of the propagator, U(t, 0).



p(t) = U(t,0)p(0)U(t, 0)1 [1.14]
where p(0) is the initial density operator. Since magnetization is the expectation value of the
bulk magnetic moment of the sample and since u = yaI we have that the NMR signal must be
proportional to S(t) = Sx(t) + iSy(t) where Sx(t) = Tr(Ixp(t)) and Sy () = Tr(lyp(t)).
In most NMR experiments the nuclear spin system starts from thermal equilibrium, p(0) =
Peq- However, the unit operator in p,, has no contribution to the NMR signal and is omitted
from now onwards. For homonuclear systems the proportionality coefficient Awy/(kgTNy) is
often omitted in density operator calculations, such that we will write p(0) = I, instead of
p(0) = Niz Ay, + %IZ). For a heteronuclear system, composed from spins | of gyromagnetic

h(l)o[ h
I
kT z +

ratio y; and spins S of gyromagnetic ratio ys, peq = Ni Ay, + “";f S,) therefore we
Z B

k
can write p(0) = y;I; + ysSz since wy; = y;By and wys = ysBy. Experiments in which spins
S, for example, are not brought out of equilibrium during experiment or do not contribute to
the NMR signal, it is safe to start with p(0) = y,;1; or p(0) = I.
If the Hamiltonian  is constant in time, then the corresponding propagator during a
given time interval, T, can be calculated as
U(T,0) = exp(—iH T/h). [1.15]
If the Hamiltonian is time-dependent and inhomogeneous!”! (where the Hamiltonian is
commuting at different time instants inside the time interval T), the propagator can be obtained

as
t
U(t,0) =exp —if}[(t’) dt'/h [1.16]
0

For many NMR experiments the spin Hamiltonian does not commute with itself at different
instants of time, [H(t"),H (t)] # 0. In such cases, the propagator can be symbolically

expressed as

t2
U(t, t;) = Texp —iJ}[(t’) dt'/h [1.17]
ty

where T is the time ordering operator®® such that the Hamiltonians appear in chronological
order. In most cases this makes the study of spin dynamics complex as an explicit exact
expression for the propagator cannot be obtained and approximate methods are required. Spin
dynamics arising corresponding to Eq. [1.17] are discussed in detail in section 1.2. The

following section discusses the various interactions and the corresponding Hamiltonians in
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NMR. In NMR the Hamiltonian is usually expressed in angular frequency units and the reduced
Planck constant A does not appear in Eq. [1.13-1.17] or in any other expressions derived from

them.

1.1.2 The interaction Hamiltonians

Nuclear spin interactions are categorized as external and internal. The external
interactions are between individual nuclear spins and the applied magnetic fields. Internal
interactions are either interactions of nuclear spins among themselves or interactions with
other, non-nuclear, degrees of freedom. The mathematical representation of various

interactions is presented below.

External interactions

The external interactions couple nuclear spins with the large static magnetic field and
the radiofrequency magnetic field. The interaction with the static magnetic field is called
Zeeman interaction. Both interactions stem from quantization of the classical expression for

the energy of a dipole moment in a magnetic field, E = —pu-B - # = —fi- B.

(i) Zeeman interaction

This is the interaction of the nuclear spins with the externally applied static magnetic field,
B = B,Z. The interaction results in the lifting of the degeneracy of the spin states by splitting
them into 21 + 1 number of levels, thereby inducing a population difference among them. The
Zeeman Hamiltonian in angular frequency units isf?’]

H,=—fi-B/h=—yl,By = wyl, [1.18]
where w, = —yB,. It is by far the strongest of all interactions, of the order of hundreds of MHz
up to about 1 GHz.B71 Therefore, internal interactions can be considered as perturbations to the
Zeeman Hamiltonian and perturbation theory up to second order is enough to predict all eigen-
energy and eigenstate corrections. To first order within perturbation theory, only those terms
in the internal interactions Hamiltonian which commute with Zeeman interaction are retained.

This approximation is known as the secular or high-field approximation.?”]



(i) Interaction with radiofrequency fields

Similar to Zeeman interaction, we consider the interaction with the RF magnetic field.
The linearly-polarized magnetic field produced by the coil, B;(t) = B;(cos(wgpt +
¢)x), can be decomposed into two circularly polarized RF fields as,
(cos(wgpt + )X + sin(wgpt + P)P) +B, (cos(wgpt + )X — sin(wgpt + d)))?).
2 2
It can be shown®2] that only the right circularly-polarized component affects the spin dynamics.

B,(t) = By

The corresponding Hamiltonian is given by,

H,p=—p- B,(t)/h = wl(IXcos(wRFt + @) + Iysin(wgpt + q,'))) [1.19]
where the nutation frequency is w; = —yB;/2 whereas wgr and ¢ are the frequency and phase
of the RF pulse, respectively. The analysis of RF irradiation effects can be considerably
simplified by transferring the Hamiltonian into a frame rotating around B, with frequency wgp.
In this rotating frame [Appendix Al.1], the Hamiltonian representing the external interactions
is time independent, 27]

Hyrr = Qly + wy(Ixcos(@) + Iysin(p)), [1.20]
where Q = wy — wgp IS known as the offset frequency. For an on-resonance pulse, wzr = wq
yielding offset frequency, Q = 0. Choosing ¢ = 0, we get Hgr = w,Iy known as the x-pulse,
which is capable of rotating the bulk magnetization created along the Z-axis about the X-axis
towards the YZ-plane. Starting with the thermal equilibrium density operator p(0) = Al itcan
be shown [Appendix Al.1] that at time t during on-resonance irradiation the state of the system
is described by: p(t) = A(I; cos(w,t) — Iy sin(w, t)).

By choosing the duration of irradiation 79, such that w;t9, = m/2 we have
p(199) = —Aly, which shows that initial longitudinal magnetization M22 « (I;)2 nutates
towards the X-Y plane and is converted fully into transverse magnetization —M29 o« (I, )9 at

the end of the RF pulse of duration .

Internal Spin Interactions

The internal spin interactions have their origin in the coupling of the nuclear spin to the
chemical, magnetic or electrical environment of the nucleus. The strength of various internal
spin interactions depends on the type of nuclei involved and on molecular structure and
dynamics. Because of their anisotropic nature, the Hamiltonians of various internal interactions

are best represented using the spherical tensor formalism[?-2Iwhich is discussed in Appendix
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Al.2. The internal interactions are commonly dealt with in the principal axis frame (PAF) in
which the tensor has only diagonal components. As measurements are done in the laboratory
frame (LAB), proper frame transformations from PAF to the laboratory frame are needed.
These transformations are achieved with the aid of Wigner rotation matrices. A description of
Wigner rotation matrices and their properties is given in Appendix Al.2. The internal

interactions which are relevant to the study are described below.

(i) Chemical shift

When a static external magnetic field, B, is applied to the sample, the electron orbitals
surrounding the nucleus will be perturbed and as a consequence generate an induced local
magnetic field, B;,4. As a result, the magnetic field felt by the nucleus and the corresponding
Larmor frequency experience a shift, termed chemical shift, which depends on the electronic
environment of the nucleus and on the orientation of the molecular frame with respect to
laboratory frame. This dependence on orientation results in the anisotropy of the total effective
magnetic field felt by the nuclear spin, B, = By+Bjnq. Chemical shift®-28%] js a measure of
the degree of magnetic shielding or deshielding of nuclear spin when the molecule is placed in
an external magnetic field. In the tensorial form (Appendix Al.2), the interaction between the
nuclear spins and the induced local magnetic field can be expressed as!?”!

Hes =yl @-B=—wol - -2=— wyo,,l, [1.21]
where @ is the chemical shift tensor. The last equality is due to the secular approximation,
which is excellent in all cases. In the PAF, @ is represented as shown in Eq. [1.22] and the

diagonal elements are termed as principal values

oxx O 0
0 0 oy
From Eq. [1.22], the isotropic value, o;,, the asymmetry, n., defining the shape of the

spectrum, and the anisotropy, 4., defining the width of the spectrum, are defined as

1 Oxx—0
Oiso = ;(Uxx + Oyy + 022), Acs = Oz7 — Oiso, Nes = %’ 0<n, <1 [123]

Second rank interaction tensors can be represented in terms of an ellipsoid as shown in Figure
1.1 in which its principal axes coincide with the PAF axes. Asymmetry measures the deviation
of the ellipsoid from the circular cross section whereas anisotropy measures the magnitude of

the tensor in different orientations of the ellipsoid.
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Figure 1.1 The orientation of the chemical shift tensor in the principal axis frame is represented in
terms of the polar angles (6,¢) with respect to the laboratory frame.

The transformation of @ from the principal axis frame to the laboratory frame (Figure 1.1) is
defined by Euler angles, 25, (a = ¢, = 6,y = 0) allows to express o-42 in terms of the

principal values of @ as

aLA8 (0, p) = oxx sin? 0 cos? ¢ + ayy sin? O sin? ¢ + 0,5 cos? 6

= Oiso * Oaniso (0, P) [1.24]
3c0s260-1 | Nes - o . . .
where 0,550 (0, 9) = A (T+75m 6 cos 2¢>) is the anisotropic part. Thus, the
Hamiltonian in the laboratory frame is:
}[CI?B = _wOO-ZL;lBIz = _wO(O-iso + O-aniso(gi ¢))Iz
or alternatively:
:H‘CLSAB = wCS(H' d))lz = (wiso + waniso(g' ¢))Iz [1-25]

where w;q, = —w0;s, IS the isotropic chemical shift frequency and w50 (6, ¢) denotes
frequency corresponding to the chemical shift anisotropy (CSA). Immediately after the
application of a 90° pulse p(0) = Iy and the time evolution of the density matrix under the
chemical shift Hamiltonian corresponding to Eq. [1.25] can be calculated as:

p(t) = U(t,0)p(0)U(t,0)" = Iy cos(wcs(8, P)t) + Iy sin(wcs (6, )t) [1.26]

with U(t,0) = e~HES Tt Accordingly, the NMR signal is given by:

1
S(t,0,¢) = Sx(t) +iSy(t) = EeXp(iwcs(g' $)t) [1.27]

where the quadrature signals are estimated with Sy (t) = Tr(Ixp(t)) and Sy (t) = Tr(Iyp(t)).
For a powder sample, the contribution to the intensity from different crystallite
orientations results in a powder pattern (Figure 1.2) and the signal from a powder is obtained

by averaging over all crystallite orientations
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1 2T T
Spowder (D) = 7= f f S(t, 0, $) sinfdodp. (1.28]
0 0

In NMR experiments, the chemical shift is measured in parts per million (ppm) with

respect to a reference compound and can be represented as: §=08;5, + .nis0

where 8 aniso = %465{300529 — 1+ n.ssin?Ocos2¢} [1.29]
8igp = Bl XL o g (ref) = 0y =3 (B11+ 822 +832)  [1.30]
iso 1-0y, ( ref) Vref iso iso 3 11 22 33 .

Here o,5, (Tef ) represents the isotropic chemical shift of the reference, v and v, are the

spectral frequencies of the signal from the sample and the reference, respectively.

1F
(6iso’6anis0’nCS)
0.8+ 1
—(5,0,0)
I —(5,1,0)
0.6 (5,1,0.5)
—(5,1,1)

Normalized Intensity

6 5.5 5 4.5 4 3.5
Chemical shift (ppm)

Figure 1.2 *H Simulated powder spectra using SIMPSON software as a function of different chemical
shift parameters, at v, = 400 MHz. 6;,, and é,,;,, are expressed in ppm. Intensity is normalized with
respect to the maximum. The crystal file used was ZCW986.

Usually, anisotropy associated with protons (= up to 12 ppm) is smaller when compared with
13C (up to 250 ppm). Simulated spectra using SIMPSONE®! are shown in Figure 1.2 for
different values of 6., (ppm) and n.s and a given &, (ppm). As seen from Eq. [1.27,1.28],
the anisotropic NMR frequency depends on the orientation of the second-rank tensor with
respect to the static magnetic field. In a powder sample, the orientation of each spatial tensor
of the spins in a rigid molecular fragment may be associated with orientation of crystal with
respect to the magnetic field. The spatial tensor changes when the orientation of the crystal
changes. In powder samples, there are large number of randomly oriented crystallites (~107).
A powder averaged NMR signal is thus the sum of the signals deriving from each orientation,

weighted by the probability of finding that particular orientation. If the orientation Q with
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respect to the static magnetic field (or the laboratory frame) is described through Euler angles
by Q = {«, B, 0}, the probability g (a, B) is calculated to be the ratio between the solid angle
and the surface of the unit sphere, as can be seen from Eq. [1.28]. To implement this concept
using numerical simulation software like SIMPSON, different powder averaging schemes have
been developed in the form of crystal files that contain various possible Euler angle sets and
weight factors corresponding to the different crystallite orientations.*%1 With respect to the
change in the above parameters, the spectral features changes in terms of intensity, lineshape,
and linewidth.

(i) Spin-spin interactions

A. Dipolar interaction

Dipolar interaction is a direct, through-space interaction between the magnetic
moments of two nuclear spins. Within a classical picture, a local magnetic field is generated
by the magnetic moment of the nucleus, and this local field affects the magnetic moment of a
neighbouring spin, resulting in shifting of the Zeeman energy levels. The corresponding
Hamiltonian can be obtained from the classical expression for the interaction energy of two
magnetic moments, by replacing the magnetic moments with the magnetic moment operators,
u; = y;hl and pug = yshS for nuclear spins I and S. In tensorial form (Appendix Al.2) it
assumes the form[26-28:321

Hp=1-Dis-S [1.31]
The PAF is any coordinate system with Z axis parallel to the internuclear position vector rs.
In the PAF,

wD,IS 0 0
Dig=| 0  wpys 0 [1.32]
O 0 _ZwD’]S

Ho ) Yivsh

The quantity wp ;s = — (M o is the dipolar coupling constant, alternatively expressed in

kHz asd = wp/2m, i = h/2m, where h is Planck’s constant, and y, is the permeability of free
space. The dipolar coupling constant gives access to the internuclear distance, r, expressed in
A. The strength of the dipolar interaction is directly proportional to the product of the
gyromagnetic ratios of the coupled nuclei and is inversely proportional to the internuclear
distance. For example, for r(1H — 13C) = 1.125 A we have d(1H — 13C) = 21.13 kHz for
'H coupled to 3C in Histidine. Since the trace of ﬁ,s is zero, the isotropic part of the dipolar
coupling vanishes. As the anisotropic part averages to zero in liquids due to the random

molecular motion, the dipolar coupling has no direct effect on the position of the resonances in
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NMR spectra of liquids. However, it contributes towards relaxation.®23% In addition, D g is
axially symmetric, with the internuclear vector parallel to one of the principal axes as shown

in Figure 1.3.

v
!

X

Figure 1.3 Dipolar coupled spins | and S seperated by a distance, ;5 in the principal axis frame is
represented in terms of the polar angles (6,¢) with respect to the laboratory frame.

As mentioned above, the Hamiltonian for the dipolar interaction between two spins |
and S is obtained by quantizing the classical expression for the interaction energy between two

classical dipoles to give

Ho

Hp =— Eh)’ﬁ’s{

IS 3 (I-r)S- r)} [1.33]

r3 >

In the laboratory frame, the dipolar Hamiltonian can be written as the so-called dipolar
alphabetl?8l:

Mo\ Yivsh
}[D=—(ﬁ)’r—3[A+B+C+D+E+F] [1.34]
where A=1,5,(3c0os?0 —1),B = —;[L.S_+1_S,](3cos? 6 — 1),
C= ;[IZSJr +1,S,]sinf cosfe~®,D = % [I,S_ +1_5,] sin @ cos Be*i®,
E = %[I+S+] sin? fe 2 and F = %[1—5—]Sin293+2i¢- [1.35]

Under the secular approximation, only terms A and B are retained and the dipolar
interaction Hamiltonian for a homonuclear spin pair ((I, = I;,,S, = L, v =V¥s) in the

laboratory frame is:

LAB _
Hpihr, =

Uo hy;2 <3€0529 -1

2 ) (3112122 - 11 ' 12)

an rlilz
= Wp,u1, (O)Blzl, — 1 1) [1.36]
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where w =
D111, A1 r13112

, Wp,,(0) =— ) and (3ly,l, — 1~ 1;) =24+

2B. Here, term A represents the first-order correction to the energy levels, whereas term
Bol I, +1;_I is responsible for spin diffusion in the solid-state through the flip-flop
term, Iy I, +1I;_I, . For a heteronuclear spin pair, under secular approximation only A is

retained and the dipolar interaction Hamiltonian is

h 3c0s26-1
FeEAE = — LTS (200200 21,S, = wps(0)21,S,. [1.37]

3
AT Ty

h h 3cos%26-1 .
where wp ;s = -2 and  wpo(0) = — L XS (2222 770)  Hence, the dipolar
D,1s 4T TG D1s 4 T 2

contribution to the energy levels for a heteronuclear spin pair is,
Epm,m, = wps(0)(mymg|21,S,|mmg) = 2wp 15(0)m;ms. [1.38]
The time evolution of the density matrix immediately after a 90° pulse on I spin (p(0) = Ix)
under the Hamiltonian given in Eg. [1.37] can be calculated as
p(t) = U(t, 0)p(0)U(t, 0)F = e~ MBI (1) b
= Iy cos(wp,5(0)t) + 21y Sz sin(wp ;5(0)t) [1.39]

with U(t, 0) = e~ 515, The NMR signal is Sy () = Tr((Ix)p)= cos(wp 5(8)t) Tr{(Ix)?}=
« COS(Q)Dlls(e)t),Sy(t) = 0, and leads after Fourier transform to a doublet with splitting
2wp s(0). For a powder sample, this splitting varies such that spectrum containing
contributions from different orientations (through angle 8) will have the appearance of a
powder pattern with a characteristic lineshape which depends on the dipolar coupling
parameters. This particular lineshape shown in Figure 1.4 is known as the Pake doublet or Pake
pattern,®! and the splitting of the horns is equal to the dipolar coupling constant, d=wp, ;s/ 2.

The horns represent the intensity contribution from the crystal orientations for which the

internuclear vector is perpendicular to the applied field.
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Figure 1.4 Powder lineshape (Pake pattern) for dipolar interaction for a *H-'3C spin system in Histidine
(d=21.13 kHz). Isotropic chemical shifts are not considered. Simulations are performed with SIMPSON
software and utilize crystal file ZCW4180.

B. Indirect coupling
The indirect coupling or J-coupling is a through-bond interaction between two nuclear
spins, mediated by the electrons around the nucleus.?®3% |t is independent of the static
magnetic field. This interaction is responsible for the multiplet structure of resonances in
solution NMR. The multiplet structure gives information about the bond connectivity between
different nuclei such that indirect coupling is helpful in the determination of
chemical/molecular structure with solution NMR. The indirect coupling Hamiltonian between
two spins, j and k, is represented by
H, =2nl; -] Iy [1.40]
where 7 is the coupling tensor. It is a second-rank tensor, which is not symmetric and has a
non-vanishing trace. However, the anisotropic part of the coupling tensor is very small as
compared to the dipolar coupling interaction and can be ignored in the solid-state, whereas it
averages in solution. Taking into consideration only the isotropic component, Hamiltonian of

the indirect coupling for a homonuclear spin pair is
where Jis, = §UXX + Jyy + Jzz). Compared to other interactions, J;, is very small, from a few

Hertz among proton spins, up to less than 200 Hz for bonded H and 3C nuclei. If in a
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homonuclear spin system the chemical shift difference for two spins I;and I, is considerably
larger than the J coupling, the Hamiltonian can be approximated as,
Hyn1, = 2fisoliz122- [1.42]
The same expression is valid for a heteronuclear I-S spin pair, regardless of the chemical shifts,
Hj1s = 21)is01,S,. [1.43]
(iii) Quadrupolar interaction
The quadrupolar interaction Hamiltonian, the corresponding energy levels as well as
the respective transitions for integer and half-integer spin nuclei will be dealt in detail in section
1.3.

1.1.3 Resolution/Sensitivity Enhancement Techniques in Solid State NMR

As compared to solids which have only very restricted molecular motion, molecules in
solution tumble rapidly resulting in averaging out of the anisotropic part of all interactions.
Therefore, the solution NMR spectra will contain narrow resonances at frequencies determined
by the isotropic chemical shift and the indirect coupling. In the case of solids, since molecular
motions are restricted, the various interactions discussed above have a strong dependence on
the crystallite orientation. The resultant NMR spectra (see Figure 1.2 and 1.4), arising from the
superposition of various orientations in a powder sample, are generally broad. Additionally,
with multiple sites present, the resultant powder spectra will be complex. Both features lead to
poor resolution and sensitivity in solid-state NMR, making structural determination extremely
challenging. Therefore, much effort has been made to develop different experimental
techniques leading to spectra with better resolution and sensitivity. These experimental
techniques involve manipulation of the spatial and/or spin parts of the interaction Hamiltonians.

Two important and widely-used techniques are discussed below:
(i) Magic Angle Spinning (MAS)

Magic Angle Spinning (MAS)“71 involves physical spinning of the sample kept in a
rotor spinning with axis of rotation making an angle, 8,, = 54.7° with respect to the direction
of the static magnetic field (8,,, is the angle between the Z axis and the body diagonal of a unit

cube, known as the magic angle). The geometry of MAS is schematically shown in Figure 1.5.

Inspection of the form of the Hamiltonians of various internal interactions indicates that
there is a factor proportional to the Legendre polynomial P, = %(3 cos? 8 — 1), where 6

represents the orientation dependence of the respective interaction with respect to the static
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magnetic field. Under rotation of the sample at any angle, 6 becomes time dependent resulting
in (partial) time averaging of P, terms in the interaction Hamiltonian. However, when the
rotation is at magic angle the time averaging is complete as (3 cos? 8(t) — 1) = 0 for any
crystallite orientation. The averaging of the anisotropic parts of internal interaction results in
considerable narrowing of the broad powder patterns and hence to significant increase in

sensitivity and resolution of solid-state NMR spectra.

Figure 1.5 Geometrical sketch of dipolar interaction under Magic Angle Spinning. The different
reference frames involved are indicated (PAF, ROTOR and LAB). The corresponding Euler angles for
rotations involved, are indicated.

In order to understand the principle of MAS, the explicit time dependence of internal
interactions has to be evaluated. An additional reference frame, the so-called rotor frame which
rotates with the rotor, is introduced. Transformation from laboratory frame to PAF is performed
in two steps: from laboratory frame to rotor frame and from rotor frame to PAF. The framework
of irreducible spherical tensors is specifically used to represent the Hamiltonians. It has a
spatial part and a spin part with characteristics that correspond to each interaction. The general
derivation of the time-dependent Hamiltonians using spherical tensor formalism is provided in
Appendix Al.2.

As an important case we consider the heteronuclear dipolar coupling under MAS. The
space part of the secular heteronuclear dipolar Hamiltonian in Eq. [1.37] becomes time
dependent, 3, (t) = wp;5(6(t))21,S,. Using spherical tensor formalism to express

wp,s(0(t)), the Hamiltonian can be written as,

sin(2fp) sin®(Bp)
Hp(t) = —_— t - 2wpt + 2 21

p(t) Wp 2 cos(wgt + ¥p) 4 cos(2wgt + 2yp) | 2155,
= wD(t)lesz, [14‘4]
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where B, and y, are the polar angles of the internuclear vector r,g in the rotor frame, and

. -
wp(t) = wp [Sln;ng) cos(wgt +yp) — SlrlT(ﬁD)cos(ZcuRt + ZyD)]. [1.45]

As mentioned above, to obtain Eq. [1.44] two successive transformations are utilized to express
the spatial part under MAS in the laboratory frame.

[A2,]448 =32 __, RD'PAFng(-QPR)Dr%w(-QRL)

2m

= 22,__, R2PAFqZ (Bp) exp{—iyp} d%o(6y) explimaw,t} [1.46]

The Euler angles employed by the two transformations are 2pr = (@ = 0,8 = Bp, v =
Y0), 2r. (1) = (@ = wrt, B = 0,, = 54.7% y = 0),and wp = —u,y,vh/4mT%. Dipolar
interactions are symmetric, hence, the a angle for the transformation from the principal axis
frame to the laboratory frame is not necessary. Also, under high field approximation, the
Hamiltonian is invariant with respect to rotations about Z-axis. Therefore, the y angle for the

transformation from the rotor frame to the laboratory frame can be omitted.[%?

As Hp(t) commutes with itself at different times the corresponding propagator is
U(t,0) = exp[—i [, dtHp(t)] = exp[—i [, dtwp(t) 21;S;] = exp[—iQp (¢, 0)21,S,] with
Qp(t,0) = fot dtwp (t). Similarly to the static case, starting with the density operator p(0) =
Iy the state of the system at time t is p(t) = U(t,0)p(0)U(t,0)T = Iy cos(Qp(t,0)t) +
21yS, sin(Qp(t,0)t). Since Qp(nTg, 0) = 0, density operator refocuses at multiples of the
rotor period Ty, p(nTg) = p(Tg) and generally p(nTy + 7) = p(7). As a consequence, the
signal refocuses at multiples of Tg, a phenomenon known as rotational echoes.[?"-%3:32 The fact
that p(nTr + ) = p(t) implies that the NMR signal is periodic and ultimately leads to the
breaking of the static powder pattern into narrow peaks of frequencies nwg, (n = +1, 12, ...),
termed as spinning sidebands. The intensities of the spinning sidebands decreases at large wg
and, if wy exceeds the dipolar frequency wp, the NMR spectrum contains only one peak at
zero frequency, the so-called centerband. Herzfeld and Berger have described the calculation
of intensities of the spinning sidebands arising due to chemical shift anisotropy as well as the
determination of isotropic parameters in detail.*1 However, the same approach can also be
extended to describe spinning sidebands arising due to dipolar interactions. The dependence of

the spinning sidebands on MAS frequency is illustrated in Figure 1.6.
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Similar rotational echoes are predicted with evolution under chemical shift or
homonuclear dipolar interaction. Therefore, increased sensitivity and resolution is expected
under MAS conditions. However, in many instances the rotational echoes are not perfect,
resulting in broad spinning sidebands and hence in loss of resolution and sensitivity. The reason
for this is that, when several interactions are present, the total Hamiltonian may not commute
with itself at different times. This is the case with proton NMR where strong proton-proton
dipolar couplings are present in most samples. In proton-proton networks the dipolar
Hamiltonians corresponding to different spin pairs do not commute with each other, nor with
chemical shift terms. The result is that very broad center- and spinning sidebands (line-widths
in the kHz range) are produced at moderate MAS frequencies. Since for proton NMR line
narrowing is predicted at considerably large wg, sustained efforts to obtain large MAS
frequencies have been made over decades. Thanks to this efforts, reasonable resolution in
proton NMR spectra can be currently achieved at MAS frequencies in the 50-150 kHz, 4%

depending on the sample.

V=10 kHz v, =20 kHz v, =60 kHz
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Figure 1.6 MAS spectra of a H-*C spin-pair with d= 21.13 kHz (5. =1.125 A) and for different spin
rates. The corresponding static spectrum was shown in Figure 1.4. SIMPSON software was utilized and
the crystal file is ZCW4180.

(i) Cross-Polarization (CP)

Natural abundance and magnitude of the gyromagnetic ratio of NMR active isotopes
are two important factors that affect the sensitivity of an NMR experiment. Isotopes having
low natural abundance as well as smaller gyromagnetic ratios are, in general, termed as dilute.
The solid-state NMR detection of dilute nuclei through conventional pulse-acquire experiments
results usually in spectra with very low sensitivity. The experiments in such cases have to be

repeated many times and signals from individual scans have to be co-added in order to increase
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the signal-to-noise ratio (SNR). Between consecutive scans a relaxation delay of the order of
T; is needed to ensure that the nuclear spin system starts again from thermal equilibrium. On
the other hand, T; can be very large for dilute nuclei, as the non-secular homonuclear dipolar
interactions, which contribute to the spin-lattice relaxation, are very feeble. As consequence,
in order to obtain reasonable sensitivity (SNR) one needs to acquire a large number of scans
with large relaxation delays in between, leading to excessively long experiments.

Among other methods, Cross-Polarization (CP),1*4524] introduced by Pines, Gibby,
and Waugh, stands out as a widely used technique to enhance the signal-to-noise ratio in NMR
spectra of dilute nuclei. It involves the transfer of magnetization from abundant spins, I, (such
as 'H, 1°F, etc.) to dilute spins, S, (such as 3C, N, etc.) through the dipolar interaction. The
pulse sequence starts (Figure 1.7) with excitation of the abundant nuclei with an on
resonance 90° pulse of phase Y on the I channel. Immediately after, spin-lock pulses of
strengths w,; and w,s of phase X are applied on | and S channels respectively for a duration
T¢p, KNOwn as the contact time, during which the magnetisation on | spins is transferred to
S spins if a certain condition, known as Hartmann-Hahn match™¥ condition, is satisfied. At
the end of the contact time the signal on S channel is acquired. A further boost in sensitivity is
achieved by irradiating the | channel during acquisition“>*8 using a technique, known as
heteronuclear decoupling, which removes line broadening due to interference between I-S
heteronuclear dipolar interaction and the I-I' homonuclear dipolar interaction among the

abundant spins.

200,

I . Decoupling

Figure 1.7 Cross polarization pulse sequence. w;; and w, represent the RF amplitudes of the CP
pulses which are applied for a duration 7., known as the contact time. Heteronuclear decoupling is
achieved by irradiation on the I channel during the acquisition.

An enhancement of the signal by y; /s, i.e. the ratio of the gyromagnetic ratios
between the abundant spins and the dilute spins, can be achieved®5% by the CP mechanism as

compared to direct excitation, since in an optimal CP transfer we have p(0) = y;lx

22



TC—>Pp(rCP) = y;Sx while with direct excitation p(0) = ysSx. Further, since CP involves

magnetization transfer from abundant spins, the relaxation delay between consecutive scans
has to be of the order of T} of the abundant spins, which is, in most cases, much shorter than
T which dictates the relaxation delay in direct excitation experiments. The ability to pulse
faster in CP experiments results in a considerable additional increase in sensitivity since during

the same experimental time many more scans can be performed.

The analysis of the CP sequence, under static condition, can be simplified by treating
the problem in a doubly rotating frame.[5%%1 The transformation to the doubly rotating frame
is achieved by the unitary transformation p(t) =
exp|—iw;tl;] exp[—iwstS,] p'(t) exp[+iw,tl;] exp[+iwstS;] where p and p’ are the
density operators in the laboratory and doubly rotating frame respectively whereas w; and wg
represent the frequencies of the RF pulses applied during CP on the | and S channels. In the
doubly rotating frame (dropping ' from all operators) the Hamiltonian of a dipolar-coupled
heteronuclear I-S spin pair with 1=1/2 and S=1/2 and subjected to irradiation on both | and S

channels is
H = wlIIX + (A)lssX + wDZIzsz [147]

For convenience, # is expressed in a tilted reference frame according to
I, = o3 Ur+sy) g0 e—i%(1y+5y)’
giving
Hr = wqpl; + w1587 + wp2IxSy [1.48]

H - can be represented as a sum of two commuting terms

Hy = Hyiy + Hpz=C1* + wp ) + (AIZ3 + wpl3®) [1.49]
where A= wy — w5, 2 = wy +wgand I3, 14, 123, 123 are  fictitious  spin-1/2
operatorst® associated with the basis |1) = [1/2,1/2),]2) = |1/2,-1/2),|3) = | - 1/2,1/
2),14)y=|-1/2,-1/2).

We now consider time evolution starting with an initial density operator p(0) = y,Ix
for which p7(0) = I, =I2*+I123. If £ » w), the effect of wp in the 1-4 subspace is truncated
such that the term I2* in p(0) remains unaffected. On the other hand, we see that rotation in
2-3 subspace around 123 becomes effective when 4 = w,; — w;5~0. This is the Hartmann-

Hahn condition. At4 =0
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pr(tep) = yilIz* + cos(wptcep) 12° — sin(wptcp) I£°] [1.50]
Utilizing S, =13* — 123 and coming back to the double rotating frame the expectation value of
S-spin polarization, (S;), is

(Sz)(tcp) = Tripr(tcp)Sz} = vi1[1/2 — 1/2 cos wptcp]. [1.51]

Thus, maximal transfer (I;) — (S,) would be achieved by having a CP contact time t.p =
m/wp. Since in a direct excitation experiment the relevant part of the density operator is
ps(0) = ysS,, the ratio of the signals acquired with optimal CP and direct excitation is y;/ys.
However, due to the dependence of wp on @, the maximum transfer in a powder is lower and

is achieved at a different t-p which corresponds to an averaging over crystallite orientations.

Under MAS, due to variation with time of the dipolar interaction, the Hamiltonian
becomes time dependent and in the tilted frame

HT(t) = wlIIZ + (1)1552 + Q)D(t)ZIXsX [152]
where wp (t) is given by

sin(28p) sin®(Bp)

wp(t) = wp |——cos(wpt + — cos(2wpt + 2
p(t) D W2 (wg Yp) 4 Cwg Yp)

and has the general form wp (t) = ¥2,__, o™e!™@rt with m = 0. Similar to the static case,

Hr(t) can be expressed as the sum of two commuting terms,
Hr () = [ZI7* + wp(®) Iz*] + [A17° + wp (D IF°] [1.53]
If U(t,0) is the propagator associated with F-(t) we first define the unitary transformation,

U(t,0) = exp[—ikwgtI23] U(t, 0), where the new propagator, U(t, 0), is associated with the

Hamiltonian,
Hr(t) = ZIM* + wp () H* + (A—kwg)IZ
+wp () (123 cos(kwgt) — 123 sin(kwgt)). [1.54]

We see that H,(t) contains time-independent terms of the form wi*IZ*and w3*IZ3. The

remaining oscillating terms do not contribute significantly to the time evolution and can be

neglected. The resulting time-independent Hamiltonian is

Hp = ZI3* + (A—kwg)IZ + Re(w)I23 — Im(wk) 23, [1.55]
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The dipolar terms can produce an efficient rotation in the 2-3 subspace if (4 — kwg) = 0 or
w1 — W15 = kwg. At this modified Hartmann-Hahn condition efficient polarization transfer

occurs and it is found that
(SO = Tri{pr(t)Sz} = 1/2 — 1/2 cos|wf ¢, [1.56]
in analogy with the static case.

A different Hartmann-Hahn condition can be reached by the transformation generated
by U(t,0) = exp[—ikwgtI3*]U(t, 0). Proceeding in the same way as above it is found that
polarization transfer can occur if wy; + w5 = kwg. In summary, optimal CP transfer can

occur at the modified Hartmann-Hahn conditions w,; + w;s = kwg, Where k = +1 or + 2.

The theoretical approach utilized above is valid only at relatively short contact times.
At longer contact times all the dipolar network of | spins surrounding the rare | spin has to be
considered. As a result the spin system becomes very large and an explicit solution of Liouville-
von Neumann is not possible. However, at long contact times, the evolution of the system can

be still described within a thermodynamical approach. It predicts a similar enhancement of

about y;/vs.

Several modified CP sequences such as ramped amplitude CP,®! adiabatic CP,* etc.
have been developed to further improve the efficiency of CP transfer in a powder. The ramped
amplitude CP, in which the RF fields are swept across the matching condition by linearly
incrementing one or both RF amplitudes over the contact time, is most widely used, especially
under MAS. A short description of ramp-CP in the context of *H-*N CPMAS at fast MAS is
provided in Chapter 2, section 2.3.

1.2 Time-Dependent Hamiltonians in Solid-State NMR

It was shown above that MAS introduces a time dependence to the Hamiltonians
connected to anisotropic interactions. In cases, an exact calculation of the propagator is not
possible as the total Hamiltonian does not commute with itself at different times. Therefore,
alternate methods are needed to address the evolution of the density matrix under a time
dependent Hamiltonian in order to get an approximate understanding of the underlying spin
dynamics. This section discusses various analytical and numerical methods to address this

problem.
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1.2.1 Effective Hamiltonian approach

The effective Hamiltonian associated with the periodic time-dependent Hamiltonian
H(t) is defined as a time-independent Hamiltonian, H.s which satisfies the relation
U(T,0) = exp (—iHT), where U(T,0) is the propagator over one modulation period, T,
associated with the Hamiltonian #H'(t). Under MAS where the spinning frequency is
Vg = wg/2m, the modulation period is therefore T = 1/vz . An effective Hamiltonian,
capable of describing the state of the system at multiples of the modulation period, can be
obtained with different methods, most notably average Hamiltonian theory®>71 and Floquet
theory.[58-62 A |ess frequently used numerical method, which we utilized in the work presented
here, is the matrix logarithm method.[53-6°! These three methods are discussed in the following

sections according to their relevance to the work presented in the thesis.

(i) Average Hamiltonian theory

The concept of average Hamiltonian theory (AHT) to investigate the spin dynamics
during cyclic multi-pulse periods was developed by Haeberlen and Waugh.®®! Later, P.
Mansfield utilized the method for analysing symmetrized pulse sequences.[® The performance
of many solid-state NMR decoupling sequences (homonuclear multi-pulse sequences such as
Lee-Goldburg (LG),*® Waugh-Huber-Haeberlen (WAHUHA),* MREVS,[*° BR-24,146]
BLEW-12,47 etc.), as well as recoupling sequences under MASI™M (both homonuclear and
heteronuclear such as Rotational Echo at Double Resonance (REDOR),["? Rotary Resonance
Recoupling (R®) " etc.), can be predicted within the framework of AHT. It is also used for the

description of spin-lock and CP under MAS.[27]

In average Hamiltonian theory, an average (effective) Hamiltonian is constructed for a
periodic Hamiltonian (i.e. H(t) = H(t+T)) as a series of approximations called the

Magnus expansion. !
Hppe = HO + HD + TG 4 ... [1.57]

The method is efficient if only few terms are significant in Eq. [1.57]. With higher order terms

in H,,. discarded, spin dynamics can be determined with the approximate propagator,
S . T ' N ~ .
U(T,0) =Texp (—l fo H(t")dt ) = exp[-i(He) T

The initial three terms, which are Hermitian, are listed below

26



_ 1 (T
( ) — ’ /;
HE Tfo H(t)dt
H® = —i Tdt’ ft’[}[(t’) H(t)]dt
2T 0 0 ’
7@ = [ aer f dt’ f ([, (), H O] + [, 2 ()], 7 (0)] ) de
6T 0 0 0

[1.58]

Alternatively, any periodic, time-dependent Hamiltonian can be represented utilizing the
Fourier series expansion as H (t) = Y., H,e™®t, where w = 2r/T is the characteristic

frequency of # (t). Using this, the above terms can be rewritten as,%

j'_[(l) = }[0
j?[(z) — _1 [“H‘—nr\‘H‘+n] + Z [HOf}[+n] — lz [}[+n'~7{—n] + Z [HO:}[+n]
2 nw nw 2 nw nw

n+0 n+0 n+0 n+0

7 ot [Hy gt Hom Hn [HoHon Ho [Ho,Henl]

— 1 ], 1 [ 1 [
HS = EZniO nrn0 R + ;Znio 2 w? - EZniO 2 w? +
[# o [H_ o Hand] | 1 [7, 1 [HenHo]]
Zn:to Zn’io + ! @2 = + Eznio Zn’io + nn,a:rzn - [1-59]

Since only U(T, 0) can be determined from H,,,. the state of the system can be predicted
only at multiples of the modulation period T. This may be sometimes not sufficient as in some
experiments prediction of the state at arbitrary times is important. While applying AHT, it is
very often needed to treat the problem in a convenient interaction frame in order to ensure fast
convergence. However, if the Hamiltonian under study involves multiple time-dependencies
which are incommensurate the approach as defined above fails. One way to address such
situations is to consider successive averaging if the respective time scales are far apart.’* There
are also cases where AHT may not converge at all, even if we consider higher order terms, due
to the complexity of the interaction Hamiltonian under study, discussed in Chapter 2.

(i1) Floquet theory

The utilization of the Floquet theorem for investigating the spin dynamics of quantum
systems stems from the theoretical studies carried out by Shirley™ for problems involving a
periodic, time-dependent Hamiltonian. Later it has been extended to NMR by Vega,[">! Kubo

and McDowell, 8 Levante et al.'”1 and others. Subsequently, Floquet theory has been applied
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for the analysis of line shapes of single spins and dipolar coupled spin pairs under MAS.[787°
Boender et al. proposed a physical interpretation of MAS phenomena using Floquet theory. ]
Bain and Dumont used Floquet theory to calculate spinning-sideband intensities under
MAS.B The theoretical framework as well as various applications of Floquet theory are

described in detail in references [60] and [62].

A periodic time-dependent Hamiltonian 7 (t), which is defined in Hilbert space, can
be expanded as a Fourier series # (t) = 3., H,,e™*t where w is the characteristic frequency
of H (t). H,, are time-independent operators defined in Hilbert space. For homonuclear spin
systems the dimension of Hilbert space is (21 + 1)",where N is the number of spins, and I is

the spin quantum number. In Fourier space, a time-dependent Hamiltonian is introduced as
HE(E) = Zp HnF, e, [1.60]
in terms of the ladder operators F,,, defined as
(m + n|F,|m)=1

where |m) are 'Fourier' states and 1 is a unit matrix with the dimension of the Hilbert space.
The time-independent Floquet Hamiltonian, # 59608284 js defined in the basis {|i, n)}, where

|i) is a basis in the Hilbert space and {|n)},c, represents the Fourier basis as,
Hr =Nw+ Y% _oH, F,. [1.61]
where

(m|N|m') = vpm 1, [1.62]

The matrix structure of H, E,, and N is displayed below.
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In order to obtain an effective Hamiltonian, the Floquet Hamiltonian is first diagonalized, Ar =
DiYHzDr = AyFy + Nw, where A, is diagonal in the Hilbert space, and D is the
diagonalization matrix. If Ap and Dp can be determined, the propagator in the Hilbert space

can be evaluated as
U(t,0) = Xn(n|DpeArtDs1|0)einet [1.63]

and the density operator can be obtained at arbitrary times. An effective Hamiltonian can be

also computed as

He =DAD™L. [1.64]

e

where the Hilbert-space unitary matrix D is constructed from Dp.

Floquet theory is more general than average Hamiltonian theory in the sense that it
allows the calculation of expectation values of any observable at arbitrary times without
restricting to multiples of the modulation period. It can also deal with multiple, time-dependent,
incommensurate frequencies corresponding to MAS as well as application of RF pulses
sequences involved in decoupling, recoupling, etc.%621 Some of the work presented in this
thesis has made use of Floquet theory. As one has to deal with infinite-dimensional Floquet
matrices, applying Floquet theory may be very challenging from an analytical point of view.
Hence, sometimes Floquet-based numerical approaches are utilized, in which the infinite-
dimensional Floguet Hamiltonian is truncated to some finite dimension, sufficiently large

enough to ensure convergence. The diagonalization of H is performed numerically, and the
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elements of A, are confined within the (—w/2, w/2] interval [ The evolution of the system

can then be predicted numerically with Eq. [1.63] or with 2% in Eq. [1.64].

One of the important works in relation to the thesis (Chapter 2) was provided by Marks,
Zumbulyadis, and Vegal® on the quantitative description of 2H CPMAS experiments and spin
dynamics under spin lock within the Floquet formalism. For spin-1 nuclei, subjected to
quadrupolar interactions in the 100 kHz range, under RF irradiation, and MAS rates of less
than 10 kHz, it was shown that the eigenstates and eigenvalues of the Floquet Hamiltonian, as
well as the Floquet effective Hamiltonian, exhibit a strong dependence on crystallite
orientation. Therefore, CP matching conditions were also found to strongly depend on
crystallite orientation. Nevertheless, with more complex spin dynamics in the system, Floquet
theory sometimes fails in providing an accurate analytical picture. With the invention of the
operator-based formulation of the Floquet Hamiltonian,®* approximate Floquet Hamiltonians
can be calculated based on the VVan-Vleck perturbation theory, and can be used to derive a time-
independent, effective Hamiltonian in the Hilbert space. This formalism can also be applied to
solve non-resonant multi-mode problems.’®!] Recently, the Floquet formalism has been

generalized to non-periodic Hamiltonians by introducing a continuous frequency space.7]

(iii) Matrix logarithm

Matrix logarithm method is yet another approach to compute effective Hamiltonians.
Liu et al. used this method to derive the effective Hamiltonian for homonuclear decoupling
sequences involving multi-pulse propagators.l Robyr et al. applied it to calculate the effective
Hamiltonian which is used further to evaluate the off-resonance performance of the WALTZ17
sequence for decoupling.’] Mehta et al. used the matrix logarithm method to derive an
effective Hamiltonian to calculate the evolution of the spin system under the windowless,
homonuclear dipolar recoupling (DRAWS) pulse sequence for the distance measurements in
nucleic acids.[®8#1 Recently it has been utilized in the SPINACH simulation library to derive

the expression for the exact rotating frame Hamiltonian.[*"!

Consider any operator, O, which has eigenstates and eigenvalues |o) and o,. For any
function f(z), defined over the complex domain, the operator f(0) is, by definition,
constructed as f(0) = Yx f (o) lox){ox|, where f (o) are generally complex numbers. For
f(z) = In z, the coefficients In(o,) are calculated according to the definition of the logarithm
of a complex number, z = rexp(i¢), as Inz = Inr + i(¢ + 2nn) (with n =0,+1,£2,...).

This function is multivalued and in practice n is chosen such that ¢ + 2nm lies in the (—m, 7].
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Only if all eigenvalues of O are real and positive, the standard definition of the logarithm
function can be applied. This is clearly not the case when O is a unitary operator.

The matrix logarithm method proceeds in two steps.[®® (A) First, the propagator U (T, 0)
is numerically calculated and (B) an effective Hamiltonian 7% is subsequently constructed by

e

taking the matrix logarithm of U(T, 0)
Kl =1n(U(T,0))/(~iT). [1.65]
We have employed matrix logarithm method to determine the effective Hamiltonian in
association with the work presented in Chapters 2 and 3. More details about the matrix
logarithm are given in Chapter 2, section 2.1, where also a comparison of the effective
Hamiltonians derived using the matrix logarithm and Floquet theory is provided. The potential
of matrix logarithm approach is demonstrated in a heteronuclear dipolar coupled spin half pair

under rotary resonance recoupling”® and is provided in Appendix A1.3.

1.2.2 Brute force approach

The brute force approach, is a numerical method to calculate the propagator for a time
dependent Hamiltonian. A few simulation packages including SIMPSONEE! utilizes this
scheme. In this approach, the modulation time period of the Hamiltonian, T is divided into
many small intervals, At, during which # (t) can be approximately treated as a constant. This

is schematically shown in Figure 1.8.

At ----------

0 At 2At ... N+At=T

Figure 1.8 The modulation period, T has been divided into N equal parts of length At in such a way that
the Hamiltonian can be considered as approximately constant over each of the At intervals.

The propagator U(T, 0) is then computed numerically as
U(T,0) = [1 exp(—iH (t;)At). [1.66]

There are various algorithms which can be used for the calculation of the exponential matrices
in Eq. [1.66], the simplest (but not very efficient) being Taylor expansion. Once U(T,0)
computed, the propagator U(kT, 0) is simply obtained as a power, U(kT,0) = U(T, 0)¥, such
that density operator can be efficiently obtained at multiples of the modulation period. The
method is also utilized in step (A) of the matrix logarithm method. The approach can be used
also with non-periodic Hamiltonians, but then numerical evaluation of U(t,0), where t is

arbitrary, becomes more time consuming. The brute-force method, often associated with the
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matrix logarithm approach, has been employed extensively in the following chapters to

understand the complex spin dynamics associated with RF irradiation on quadrupolar spins.

Having set a stage about the basics of NMR, solid state NMR in particular, and various
theoretical tools associated with the work presented in the thesis, the concluding section of the
chapter focuses on the quadrupolar interaction, its mathematical formulation and challenges.
This part also provides an introduction and a smooth transition to Chapters 2 and 3.

1.3 Solid State NMR of Quadrupolar Nuclei

1.3.1 Quadrupolar interaction

Quadrupolar interaction?>27:28321 manifests with nuclei having a spin value greater than
1/2. More than 70% of NMR active nuclei are quadrupolar. The quadrupole moment, eQ, is an
intrinsic property of a quadrupolar nucleus originating from the non-spherical ellipsoidal
nuclear electric charge distribution, where ‘e’ is the charge of the electron. Quadrupole moment
can interact with the electric field gradients generated by the surrounding electrons or by the
charges of other nuclei present in the sample. Electric field gradients indicate the deviation of
the electronic charge clouds around the nucleus from the spherical symmetry. The quadrupolar
interaction Hamiltonian in the tensorial form (Appendix Al.2) is given by

e@ o

=— < __§.V. 1.
Ho=giai—prs V'S [1.67]

where eQ is the quadrupole moment, V is the electric field gradient tensor for a spin, S . The

interaction of a quadrupole moment with a field gradient in the PAF can be represented using

the Hamiltonian,®!]

e?qQ
HG™ = 45(25-1)h [35% = S(S + 1) +ng(SF + SP)]. [1.68]

where Sy, Sy, and S, are the spin components in the PAF. Here, the asymmetry parameter is
_ (Vxx—Vyy)

defined as n, = — where (Vyx, Vyy, Vzz) are the principal components of the electric

field gradient tensor. As the trace of V is zero, it has no isotropic part. The anisotropy, eq is

given in terms of Z- component of the electrical field gradient tensor in the principal axes

frame, V,,. The strength of quadrupolar interactions is sometimes represented in terms of the

2
quadrupole coupling constant, C, = % which can range up to a few MHz. In terms of the
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polar angles (6, ¢), the transformation of spin operators from PAF to the laboratory frame
(LAB) is given by Euler angles 2p,(a = ¢,8 =0,y = 0) (Appendix Al.2). A detailed
description about the visualization of electric field tensor is provided by C. Bonhomme and J.

Livage.[®?-% The Hamiltonian in the laboratory frame takes the form,?®l

LAB _ e?qQ

Ho "~ 4S(2S — Dh

1
{(E (3cos?0 — 1)(3S2 — S(S + 1))
3 . 3 2 pre2 4 2
+ Esme cos0O [SZ(SJr +S )+ (S, +S5.)S,+ 75 (S5 + S_)D} +

e?qQ

1 .
45(25 — 1)h{’70 [E cos 2¢ [(sin? 6) (352 — S(S + 1)) + (cos? 6 + 1)(S? + S2)]

1
+ Esin 0[(cos O cos2¢p —isin2¢)(S.S; +S,5;)
[
+ (cos O cos2¢p +isin2¢)(S_S; +S;S)] + Zsin 2¢ cos 6(S2 — SE)]}

[1.69]
where now Sy, Sy, and S, are the spin components in the laboratory frame.

Under the secular approximation only terms which commute with the Zeeman interaction are
retained such that

HHED = % [3cos? 6 — 1+ n, sin? Ocos 2¢][352 — S(S + 1)] [1.70]

e?qQ

where w, = 25@5—h

is called the quadrupolar coupling frequency. As the quadrupolar

coupling can vary up to several MHz, besides }[QLAB(” second-order perturbation theory

corrections should be added resulting in the second order quadrupolar interaction

Hamiltonian, 12891941

e2q0 \°S, 1
LAB(2) _ _[__ = "% |\ 2z, - __ac2 2
I, (45(25__])) ‘Uo{ 5(5(s-r1) 352)(3+13)

+$(&KS+1)—12%——@Hﬁé—3X3am29—1)+&wsm29am2¢]

1

1
_ _ 2 _ _
+5(18S(S +1) = 3457 = 5) [

(8 +1p?)(35cos* 6 — 30 cos? 0 + 3)

+ %nQ sin? (7 cos? 6 — 1) cos 2¢ + %né sin* 6 cos 4¢]} [1.71]
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Under MAS and for n, = 0, the first order and the second order quadrupolar interaction

Hamiltonians can be written as:
1
HEPD (1,85, v4) = wo(t, Bo,¥0)[35Z — S(S + 1)] [1.72]

where wq(t Bo.¥q) = =2 [% sin?(By)cos(2wgt + 2y,) — %sin(ZﬁQ) cos (wgt + yQ)].

2(wf)
90)05

where w, = %0 _ and H(SAB(Z)(t, Ba: Vo) =

T (L+M+N), [1.73]

3
L=:2S; {35, = S(S + 11g},

_3 2
M=_S; {125,% — 85(S + 115 + 31 }{M; cos(wgt + yo)+M, cos(2wgt + 2y,)}, and

N =2

= 17ac Sz {—34S,% + 185(S + 1)15 — 515}{Ny — 40N;cos(wgrt +vq) +

20N, cos(2wgt + 2yo) — 280N; cos(3wgt + 3y) + 35N, cos(4wgt + 4y4)},

M; = =3(sin 2By )(sin26y ), M, = 3 (sin? By)(sin?0Oy),

No = (35 cos* By — 30 cos? By + 3)(35 cos* 0, — 30 cos? 6,, + 3),

N, = sin By (7 cos® By — 3 cos By) sin Oy (7 cos® 0y — 3 cos Oy),

N, = sin? By (7 cos? By — 1) sin? Oy (7 cos? 6y, — 1),

N3 = cos B sin® By cos Oy sin® 0y,Ny = sin®* B, sin* ). [1.74]

In the equations above 15 represents the S —spin unit operator, w,s represents the Larmor
frequency of the S —spin and 6,,, denotes the magic angle. It can be noticed from Eq. [1.73]
that the second order correction is inversely proportional to the Larmor frequency and hence
its magnitude reduces upon increasing the magnetic field strength. It has an isotropic part and
an anisotropic part, consisting of second and fourth order Legendre polynomials. The presence
of fourth order Legendre polynomials prevents the complete averaging of second order
quadrupolar interaction by MAS, and special techniques are required which are briefly
mentioned in the next section. The energy corrections also depend upon the spin system under
consideration. The quadrupolar nuclei considered in this work are N and *Cl which are spin
1 and 3/2 respectively. Hence the energy levels, transitions, energy corrections, spin dynamics,

and spectral properties will be different.
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1.3.2 Solid-state NMR of spin 1 and spin 3/2 nuclei

Spin-1 nuclei (S = 1; e.g.:- 1H, 5Li, *N, etc.) in the presence of an external magnetic
field have 25 + 1 = 3 energy levels corresponding to mg = 0, +1. The transitions between
two adjacent mg levels with Amg = +1 are known as single-quantum (SQ) transitions. Single-
quantum transitions are connected with single-quantum coherences in the density operator.
Transitions with Amg = +2 are termed as double-quantum (DQ) transitions. Double-quantum
coherences cannot be directly detected in pulse-acquire experiments but can be indirectly
detected after conversion into single-quantum coherences. The frequency of single-quantum
transitions depend on the energy corrections of the Zeeman energy levels under the influence
of the first and second order quadrupolar interactions. The corrections to the energy levels due
to first and second order quadrupolar interactions are sketched in Figure 1.9.

—/
SQ  DQ
mS = —11J

1
o . wo+ wg) Wyt w(Ql) + w(Qz)
0 : Zwo
mg=0 3— L
I A
Wy ! @
' Wo — @y W, @
: _\_ Wq — wQ + (DQ
ms = +1—“—l— L
15t order 24 order
Zeeman quadrupole quadrupole

Figure 1.9 Corrections to the Zeeman energy levels for a spin 1 nucleus under the influence of first and
second order quadrupolar interactions are shown, where wg) = AEé’) /h, as well as the frequencies
of single and double-quantum transitions.

Starting with p(0) = Sy, the time evolution of the spin system under static conditions can be

obtained as!®!

(€3]

. 1 . 1
p(t) = U(t, 0)p(0)U(t, 0)F = e~0™" tg, oi%g" 't

= (Sx) cos(wq(0)t) + 2(SySz + SzSy) sin(wq (0)t) [1.75]
with wq (8) = % [3 cos? 6 — 1] for nq = 0 (axial symmetry). The NMR signal is:

S(t, 8) = Trace((Sx)p(t)) = cos(wq(0)t) Tr{(Sx)?} « cos(wq()t) [1.76]
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since the second term in p(t) does not contribute, as Tr(Sx (SyS; + S;Sy)) = 0. For a powder
sample, the contribution to the intensity from different crystallite orientations in terms of ‘9’
results in a powder pattern in which the lineshape depends on the quadrupolar coupling

parameters and can be obtained by Fourier transform of time domain signal,
Spowder () = — ST [T S(t,6) sinfd6d¢. [1.77]

The splitting of the horns at & = 90° in the resulting powder lineshape corresponds to
avalue 3C, /4 for a spin-1 nucleus. The horns represent the intensity contributions from crystal
orientations for which the internuclear vector is perpendicular to the applied field, which is
more probable. These features are illustrated in Figure 1.10. Double-quantum transitions are
not affected by the first-order quadrupolar interaction. This can be seen by noting that double-

qguantum coherences of the form |mg = 1){(mg = —1| commute with the first order-
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Figure 1.10 N static spectrum simulated with first order quadrupolar interaction only. The
quadrupolar parameters are C,= 1 MHz and n, = 0. Simulations are performed with SIMPSON
software using crystal file ZCW 28656. (The wiggles are a result of insufficient powder averaging.)

Single-quantum transitions (mg = +1) can be divided into a central transition (CT)

between energy levels with mg = — % and % and satellite transitions (ST) between energy levels

with mg = % and % ;Mg = _71 and _73 It is seen that the frequency of central transition is not

affected by first-order quadrupolar interaction (MHz). Due to this, spin dynamics associated
with central transition coherences is sometimes similar to that of a spin-1/2 system. This feature

differentiates half-integer spins from integer spins quadrupolar nuclei. The frequency of central

36



transition is affected by the second order quadrupolar interaction resulting in a specific powder
lineshape which can span up to a few kHz, depending on the quadrupolar coupling constant

and the Larmor frequency.

Spin-3/2 nuclei (S= 3/2 e.g. 'Li, B, *Cl, etc.) in the presence of external magnetic
field have 25 + 1 = 4 energy levels corresponding to mg = +1/2,+3/2 as shown in Figure
1.11.
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Figure 1.11 The corrections to the Zeeman energy levels for a spin 3/2 nucleus under the influence of
the quadrupolar interaction are shown, where wg) = AEg)/h. Central, Satellite, Double and Triple

guantum transitions are represented as CT (4dm; = +1), ST (4dm; = +1), DQ (4dm; = £2) and TQ
(Am; = £3) respectively.

On the other hand, since single-quantum satellite transitions are perturbed by first-order
quadrupolar interactions in nuclei with half-integer spin, the resulting powder spectrum is
dominated by the first order quadrupolar interaction and can span up to MHz, depending on
the quadrupolar coupling constant. As a result, for large quadrupolar couplings and even with
ideal excitation of both central and satellite transitions, the contribution of the central transition
to the powder lineshape is dominant when compared with the contribution of satellite
transitions. An illustration of these features for a spin-3/2 nucleus and ideal excitation is
provided in Figure 1.12. In reality it is not possible experimentally to have ideal excitation of
the satellite transitions due to limited excitation bandwidth of the probe. As a result, satellite
transitions contributions to the static spectrum are in most cases invisible, for large quadrupolar
couplings. However, both quadrupolar coupling and asymmetry parameter can be determined
from analysis of the central transition spectrum, as the characteristic lineshape depends on these
parameters. Acquiring nuclei with very large quadrupolar interaction (~ MHz) by employing
frequency stepped excitation,®! piecewise acquisition,® and so on, has been demonstrated by

Schurkho, Bryce, etc. A brief reference of this in the context of **N is given in section 1.3.3.
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Figure 1.12 Static spectrum of a spin-3/2 nucleus for Cp= 2 MHz, n, = 0 and By = 400 MHz. The
inset shows the central transition region with the characteristic second-order quadrupolar lineshape.
Satellite transitions appear as mirror images on both sides of CT and are spread over 1MHz. The
simulation was performed with SIMPSON software and crystal file ZCW4180 was utilized.

Under MAS, the satellite transition contributions to the spectrum breaks into spinning
sidebands which are typically spread over many hundreds of kHz, with intensities one or more
orders of magnitude lower than the intensity of the central transition, hence satellite transitions
are usually difficult to observe under direct detection. Each sideband has a characteristic
lineshape due to second-order quadrupolar interaction which is not averaged completely by
MAS. The central transition contribution to the spectrum also consists of spinning sidebands
with lineshapes due to second-order quadrupolar interaction. However, the intensity of
centerband is much larger than that of sidebands. The central transition centerband has a
smaller linewidth than in the static case due to partial averaging of second-order quadrupolar
interaction by MAS. As a result, an increase in sensitivity and resolution is achieved by rotation
at magic angle. As for the static case, analysis of the MAS lineshape of the centerband can
yield both quadrupolar coupling and asymmetry parameter. Spectral lines resulting from both
CT and ST exhibit specific line shapes resulting from second-order quadrupolar interaction.
Though the line width arising from CT confines within a kHz range, ST give rise to spinning
sideband manifold that spread about ~ MHz range, which pose challenge as it exceeds the RF
excitation and detection bandwidth of the probe.

Forbidden transitions with Amg = +2 and +3 are termed as double and triple quantum
(DQ, TQ) transitions respectively, collectively known as multiple quantum (MQ) transitions.
The corresponding coherences can be detected only indirectly, by conversion into detectable

single-quantum coherences. The following section deals with the solid-state NMR studies,
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techniques and challenges of N, and 3CI NMR. For both nuclei the quadrupolar interactions

can range up to a few MHz.

Triple-quantum transitions are not affected by the first-order quadrupolar interaction.

This can be seen by noting that triple-quantum coherences of the form |mg = 3/2){(mg =

—3/2| commute with the first order-quadrupolar interaction #£54% W,

1.3.3 Solid-state NMR studies of **N (S=1) and **Cl (S=3/2) systems and

their challenges

Experiments probing correlations between spin- 1/2 nuclei (1) and nuclear spins (S) with
large anisotropic interactions (quadrupolar or chemical shift anisotropy) often offer valuable
access routes to molecular structure and dynamics. In such experiments, development of
efficient correlation schemes is not trivial and constitutes an ever-evolving theme of research.
As these experiments are performed routinely under MAS, interference between the RF field
and the large time-dependent quadrupolar interaction leads to complex spin dynamics and often
results in poor and orientation-dependent transfer efficiency. Nevertheless, with even the
strongest insufficient RF fields currently available, sensitivity poses a challenge to such
correlation experiments. Apart from hyperpolarization techniques,®® higher MAS ratesl®
currently available provides additional advantage in designing new experiments, where
sensitivity and resolution can be improved through proton detection in the direct dimension
and correlation to the low sensitive quadrupolar nuclei is achieved via indirect dimension.
Compared with direct-detection correlation schemes, proton-detected correlation experiments

under fast and ultra-fast MAS usually offer substantial gains in sensitivity.

Nitrogen is an important element in many areas of chemistry, biology, and materials.
Solid state NMR of N has potential in providing structural information, nearest neighbour
proximities etc. in biological systems, and material science. Though *N is highly naturally
abundant (99.6%), it is not a nucleus routinely used in solid-state NMR studies. Static N
NMR spectra are often very broad, as illustrated in Figure 1.10, due to the large first-order
quadrupolar interaction (1 —5 MHz), resulting in extremely poor sensitivity and resolution
Though there are excitation techniques meant for acquisition of **N spectra under static
conditions, the use of MAS increases considerably the sensitivity and resolution. Still the
anisotropic interactions will not be averaged out completely resulting in many spinning

sidebands, hence still poor sensitivity, as shown in Figure 1.13.
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Figure 1.13 The powder lineshape for quadrupolar interaction under MAS with a spinning speed of 25
kHz is demonstrated using SIMPSON software for **N nucleus in Histidine having C,= 1.14 MHz and

ng = 0 using crystal file REP678 and B, = 400 MHz.

Current NMR methods applied to 1*N systems rely on piecewise acquisition, frequency
swept excitation,®’! overtone irradiation,® low power single-sideband selective irradiation
under MAS for broadband excitation,*%! broadband adiabatic-inversion CP (BRAIN CP),[101
Wideband Uniform Rate Smooth Truncation (WURST)!% based Carr-Purcell Meiboom-Gill
(CPMG)[103.104 schemes for acquiring ultra-wideline spectra,i*%] DANTE excitation, %! and,
most notably, various indirect detection schemes of N spectra via *C or *H (HMQC)!% such
as J-HMQC, 1% D-HMQC, X% etc. The indirect detection scheme introduced by Bodenhausen
and coworkers has in fact opened up various possibilities for correlation experiments involving

spin -1/2 nuclei dipolar-coupled to **N nuclear spins.

Following this, it was demonstrated that in dipolar-coupled H-*N systems,
polarization transfer could be achieved through various recoupling schemes, e.g., rotary
resonance recoupling (R%),[**°) REDOR, "2 symmetry-based recoupling schemes**!l such as
SR42-Rotational Echo Saturation Pulse DOuble Resonance (S-RESPDOR) and phase
modulated-S-RESPDOR (PM-S-RESPDOR),*'?l Rotor Echo Short Pulse IRrAdiaTION
mediated cross polarization (RESPIRATION CP),['*¥l TRAPDOR-HMQC, 14 etc. Sensitivity
is still not outstanding, especially at low or moderate MAS rates (< 60 kHz). In addition, due
to non-uniform excitation or transfer, resulting line-shapes are far from ideal, hence posing

challenge in retrieving the quadrupolar coupling constant and asymmetry parameter accurately.
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%Cl is a highly abundant (75.78 %) half-integer quadrupolar nucleus having spin value
3/2. It possesses comparatively higher gyromagnetic ratio than the 3’Cl isotope which has the
same spin. Because of the large quadrupolar interactions, the resolution of the resulting
spectrum is hampered irrespective of the type of transitions involved, due to the second order
broadening. The ability to excite or select CT, ST, or MQ transitions opened avenues towards

resolution and sensitivity enhancement in NMR of half-integer quadrupolar nuclei.

Among the methods which have contributed to the conceptual development of the solid-
state NMR of half-integer quadrupolar nuclei, double rotation (DOR),[*® dynamic angle
spinning (DAS),[*Y multiple quantum magic angle spinning (MQMAS),*? and satellite-
transition MAS (STMAS)™ are noteworthy. Out of them, it is important to refer to
MQMAS,*? which revolutionized the field of solid-state NMR of quadrupolar nuclei
compared to any previously existing techniques. For a spin-3/2, MQMAS involves excitation
of triple-quantum coherences, their evolution in the indirect dimension, conversion into single-
quantum central transition coherence followed by detection. A refocusing of the anisotropic
part of the second-order quadrupolar interaction leaves only isotropic second-order
quadrupolar shifts in the indirect dimension, hence high spectral resolution is achieved.
STMASEI which followed, works on similar principles, but selects the satellite transitions in
the indirect dimension. STMAS experiments are more demanding, requiring an accurate setting
of the magic angle and highly stable spinning speeds. Various options for recoupling of
homonuclear and heteronuclear dipolar interaction have been introduced later and often
incorporate MQMAS or STMAS blocks in CP or HMQC-type experiments.

Solid-state Heteronuclear Multiple-Quantum Coherence (HMQC)M1 experiments
constitute an important class of indirect-detection correlation schemes. HMQC experiments
involve transfer of I-spin polarization to heteronuclear coherences (excitation), time evolution
of these coherences during indirect dimension, transfer back to I-spin single-quantum
coherences (reconversion), and finally detection. Initially introduced and developed for N
(S = 1) indirect detection,*1 HMQC experiments have been later extended to half-integer
spins.['*®1 Usually, excitation and reconversion periods contain a train of pulses or pulses and
delays, with well-defined phases and durations, applied on I channel with the purpose of
recoupling the 1-S dipolar interaction. However, Jarvis et al.['*4l introduced an S-channel
recoupling scheme, involving indirect detection of **N through H or 3C signals at moderate
to high MAS. Through long periods of RF irradiation on the **N channel, the polarization
transfer is achieved from *H or 3C to heteronuclear coherences involving single and double

41



quantum N terms. They have demonstrated that such a scheme affords good transfer

efficiency and allows extraction of quadrupolar parameters via numerical simulation.
Outline of the thesis

The first part of the thesis deals with a comprehensive investigation of 1H(I) -
14N (S) CP spin dynamics and in particular the efficient 1H — 14N — 1H CP transfer in
double CP experiments in the context of Ref. [17]. A detailed analytical solution of the
associated time-dependent problem is challenging due to the interference between the large 24N
time-dependent quadrupolar interaction and *N RF irradiation. Towards this, an effective
Hamiltonian is calculated numerically using the matrix logarithm approach and in parallel
Floquet theory. The structure of the effective Hamiltonian is investigated. Employing RF
strengths and MAS rates similar to the experimental studies in Ref. [17], various features
specific to efficient transfer under CPMAS are addressed. A proof is given for the important
observation that the sign of double CP signal is largely independent on crystallite orientation.
The theoretical observations are substantiated with the experimental observations presented in
Ref. [17].

In the second part, we study the spin dynamics associated with the TRAPDOR- HMQC
type experiment (T-HMQC) implemented by Hung and Gan on active pharmaceutical
ingredients (API) where remote *H (1) spins are dipolar coupled to **CI (S) nuclei.[? They have
demonstrated that such a scheme affords good transfer efficiency and allows extraction of
quadrupolar parameters via numerical simulation. Subsequently, Bayzou et al.?! have
presented an extensive experimental and theoretical study of T-HMQC. Experiments were
demonstrated on *H-135Pt/*4N/35CI systems with nuclear spin S = 1/2,1 and 3/2 respectively.
In this work, we offer additional insights into the machinery of T-HMQC experiments for § =
3/2. Analytical conclusions are derived and confronted with numerical simulations in which
the exact effective Hamiltonian is evaluated with the matrix logarithm approach and its
structure was investigated. Subsequently, for the full T-HMQC experiment, the truncation
approximation is utilized to derive analytically the dependence of the sign (phase) of the I-spin
signal on the coherence type created by TRAPDOR irradiation. Different conditions driving

the coherence transfer mechanism are explored.

The thesis concludes with a brief chapter on summary and discussion of the work

carried out.
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Spin Dynamics of *H-*N Cross Polarization and

Double Cross Polarization at fast MAS

2.1 Introduction

Cross Polarization under magic angle Spinning (CPMAS) is a technique which mediates
transfer of polarization from abundant nuclei (I) to any dipolar coupled nuclei (S) which are
less abundant and/or have low gyromagnetic (y), yielding sensitivity enhancements in the order
of v, /v Magnetization transfer is achieved, through application of simultaneous RF
irradiation on both | and S channels, when the RF strengths satisfy a certain condition called
the Hartmann—Hahn match. Magnetization transfer in CPMAS experiments may have low
efficiency either due to the presence of large chemical shift anisotropy (CSA) of the S nucleus
or due to its large first order quadrupolar coupling (~ MHz). Sensitivity enhancement via CP
under static conditions can be achieved by employing frequency modulated pulses on the S
channel.[B116-1201 However, under MAS these techniques usually are less efficient due to the
multiple time dependencies of the spin Hamiltonian and the resulting interference with the
transfer process. In the case of half-integer quadrupolar nuclei, reasonable CPMAS efficiency
may be achieved by transfer of magnetization to the central transition which is not affected by
the first order quadrupolar interaction.*21221 The feasibility of magnetization transfer from
protons to spin 1 nuclei under MAS and the spin dynamics associated with the transfer process

was investigated in various contexts, as discussed below.

Proton-deuterium CP dynamics under slow MAS was considered theoretically and
demonstrated experimentally by L. Midller, in partially deuterated and perdeuterated
polycrystalline solids.[!%] Based on a spin temperature approach, an efficient CP match was
predicted under adiabatic conditions and demonstrated experimentally when the sample was
spun at very slow MAS. In the context of rotational echo (**N/**C/*H) triple resonance
experiments, Grey et al. have investigated the relation between N spin lock and the
adiabaticity of the spin dynamics.[*?*l A quantitative description of 2H CPMAS experiments
and the spin dynamics under spin lock within the Floquet formalism was provided by Marks et
al.I%1 For a spin 1 nucleus subjected to quadrupolar interaction in the 100 kHz range and under

RF irradiation, it was found that the eigenstates and eigenvalues of the Floquet Hamiltonian,
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as well as the effective Hamiltonian, exhibit a strong dependence on crystallite orientation.
Spin states which commute with the Floquet Hamiltonian were termed as locked in Floguet
space. For an S — I system with N sufficiently large and under reasonable assumptions, it was
shown that the state of the system is locked in Floquet space after a long CP contact.[!?]
Deuterium Spin lock and CPMAS dynamics under adiabatic conditions were revisited by
Gopalakrishnan and Bodenhausen.[*?] Adiabatic conditions were exploited to derive analytical
expressions for the spin-lock propagator and the deuterium density operator. Spin-locked states
were predicted for which the density operator would vary co-periodically with the MAS
frequency, after initial decay of transient components in the density operator. CP matching
conditions were derived which essentially depended on an effective nutation frequency of the
deuterium spin. The CP transfer efficiency was found to depend on crystallite orientation. S.
Wi et al. proposed and demonstrated *H - 2H CPMAS experiments involving frequency-swept
pulses applied on the deuterium channel at MAS rates of 60 kHz, and under sudden passage
conditions.[*?”l Average Hamiltonian Theory (AHT)®>%I and intensive numerical simulations
showed that due to frequency sweep both zero quantum (ZQ) and double quantum (DQ)
transfer processes would occur at different instants during CP contact time. Although not
directly connected with CPMAS, Pell et al. provided a comprehensive theoretical description
and experimental implementation of efficient excitation of *N double quantum coherences
using low-power phase-modulated pulses at ultrafast MAS.[*% For low RF power, an AHT
Hamiltonian comprising the first two terms in the Magnus expansion was sufficient to

quantitatively describe spin dynamics for most crystallite orientations.®!

In principle, solid state NMR of N, a spin-1 nucleus 99.6 % abundant, has potential in
providing structural information, nearest neighbour proximities etc. in biological systems,
material science and so on. However, due to its large quadrupolar coupling (in the MHz range),
direct excitation and detection are not efficient at currently available RF strengths and MAS
rates. A considerable boost in sensitivity of 2N NMR was achieved more than a decade ago
through the invention of suitable indirect detection techniques by Bodenhausen and
coworkers, 1081281291 and py 7. Gan.71%® |n these experiments *C-“*N or H-N
heteronuclear coherences are excited, evolve rotor-synchronously in the indirect dimension,
and are converted into *C or 'H single quantum coherences which are finally detected.
Essentially, the efficiency of the indirect method is given by the folding of all first order
quadrupolar spinning sidebands in the indirect dimension thanks to the rotor-synchronized

evolution of the heteronuclear coherences.13%
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Subsequently, Bodenhausen and coworkers[*’! reported an efficient *N indirect detection
with a *H —»¥N—!H 2D double cross polarization (double CP) experiment at a magic angle
spinning (MAS) rate of 60 kHz. The schematic of double CP pulse sequence is given in Figure
2.1.

(1/2)y,
(Tep) g, (Ter)ps | (B oy
H wq; W1j
(Tep) g, ¢ (Tep)o,
1
14 W15 === = -] wW1s

Figure 2.1: Schematic of the *H —*N—!H double-CP pulse sequence. w,; and w,¢ represent
the RF amplitudes of the CP pulses which are applied for a duration t.p. The phase cycle used
iS: ¢1 = 4{y}1 4{_y}1 4{y}1 4{_y}v ¢2 = 8{X}! 8{_X}! ¢3 = 4{Xv _X}’ 4{_X’ X}’ ¢4— = Z{X}! 2{_

X}, b5 =X, Pr=X, =X, =X, X, =X, X, X, =X, =X, X, X, =X, X, =X, =X, X.

Double CP pulse sequence starts with a 90° excitation pulse on the proton channel. The
resulting proton magnetization is transferred to N through *H-*N CP transfer block of
duration, Tp creating single quantum **N coherences. The coherences evolve under chemical
shifts and second order quadrupolar interactions during t: evolution. The ti interval is
incremented in steps of rotor periods in-order to refocus the first order quadrupolar interactions
under MAS, under precise magic-angle setting. The evolved single quantum *N coherences
are transferred back to the proton coherence by a reverse CP transfer. Finally, the proton
magnetization is detected in the t» interval. The experiments were demonstrated on
polycrystalline samples with **N quadrupolar couplings in the 1-4 MHz range. Subsequently,
they have shown the potential of the *H-1*N double CP experiment by applying it to study
amide functions in polypeptides™™ and guanine quartet self-assemblies.’®! The relatively
straightforward implementation of *H-1*N double CP experiments is noteworthy.

In this work we provide a comprehensive investigation of 1H(I) —» 14N (S) CP spin
dynamics and in particular the efficient 1H - 14N — 1H CP transfer in double CP
experiments. A detailed analytical solution of the associated time-dependent problem is
challenging due to the interference between large N time-dependent quadrupolar interaction
and N RF irradiation. Spin dynamics of the CPMASI>3! process for spin-1 nuclei dipolar-

coupled to protons was investigated in various contexts[86:100.123.124.126.1271 A few contributions
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relevant to the work presented here are mentioned below. Gan and coworkers™**? studied spin
dynamics in *H/“N HMQCI®107-109.128-130] and double CP experiments under fast MAS. An
insightful qualitative picture, employing AHT and Floquet theory in the jolting frame
essentially within zeroth order approximation, was provided, showing that the effect of the
large quadrupolar interaction is to introduce a scaling and a phase of the **N RF field which is
dependent on crystallite orientation. The RF phase spread occurring for different crystallites
causes cancellation of the CPMAS signal in a powder. It was predicted that, when two long
14N pulses are used, like in HMQC and double CP experiments, the phase cancellation is

nullified resulting in coherent signal addition in a powder.

Preliminary brute force simulations performed with many individual crystallite
orientations confirmed the two important predictions of Gan and coworkers.[*32 However, with
parameters close to the experimental values of Ref. [17] we found that an average Hamiltonian
computed in the jolting frame with first three terms in the Magnus expansion was not able to
predict the S-spin dynamics under spin lock for a large number of crystallite orientations.
Therefore, in order to understand in more detail the 1H(I) = 14N(S) CP spin dynamics, and
in particular the efficient 1H — 14N — 1H CP transfer, we have utilized in parallel the
logarithm and Floquet approaches for numerical calculation of the effective Hamiltonian.
Within the Floguet formalism an accurate numerical effective Hamiltonian can be obtained by
numerical diagonalization of the Floquet Hamiltonian.[®8 Within the matrix logarithm method
a numerical effective Hamiltonian is obtained by evaluating numerically the propagator over
one cycle time and subsequently computing its matrix logarithm.[83-9 Since the complex
logarithm function is multivalued, the generated effective Hamiltonian may not be unique and
its interpretation requires caution, depending on the problem under study. A powerful
algorithm, COMPUTE (Computation Over one Modulation Period Using Time Evolution),
which allows calculation of spectral frequencies and amplitudes without estimating signal for
long acquisition times was introduced in Ref. [68]. It calculates numerically and utilizes both
eigenvalues of the effective Hamiltonian and a set of intermediate propagators. The
equivalence between effective Hamiltonians generated by the Floquet and multi-step
approaches was proved by Ding and McDowell™®: the eigenvalues of these effective
Hamiltonians can differ only through multiples of the modulation frequency. The equivalence
of the effective Hamiltonians generated by logarithm and Floquet approaches was tested for
the problem considered here. We found that both approaches provided identical effective

Hamiltonians, within inherent numerical errors. This equality is in fact general and it is shown
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that it follows from the fact that both methods confine the eigenvalues to the (—w/2, w/2]
interval, where w is the modulation frequency. In order to obtain an interpretable effective
Hamiltonian we have performed an additional rotating frame transformation with respect to the
usual doubly rotating frame. We found that the effective Hamiltonian in the new rotating frame
can be obtained by a simple rearrangement of eigenvalues of the effective Hamiltonian in the
doubly rotating frame. We presume that this procedure may be extended to other time-

dependent problems.

We found that the effective Hamiltonian thus computed contains virtually all possible spin
operators in the chosen basis and the coefficients of these spin operators depend strongly on
the crystallite orientation. Correlation between the structure of the effective Hamiltonian and
the CP signal indicates that significant CP transfer occurs for a given crystallite orientation
when (A) all pure N spin terms in the effective Hamiltonian are small, except for Sy and S,

and simultaneously (B) the proton and the 1*N effective RF strengths, wf,ff and wf;‘f satisfy

|| = |wfT7|. For a given proton RF strength wy;, the above condition is satisfied only in

certain ranges of crystallite orientations thereby resulting in non-uniform CP transfer in a

powder. Furthermore, the sign of a)fgfstrongly depends on crystallite orientation and the sign

of CPMAS signal follows the sign of a)fgf. In terms of the proton RF strength the matching

condition in (B) can be written as |a)f£f| = w,; — wg, wg isthe MAS angular frequency. We
also predict and verify other matching conditions employing multiples of the spinning
frequency or involving other 1*N RF strengths. On the contrary, simulations show that the sign
of double CP signal is largely independent of crystallite orientation. For this crucial feature, we
provide an analytical proof which also allows us to calculate the ratios of transfer amplitude in
1H — 14N and 14N — 1H CP processes. The proof assumes only Sy or Sy coherences during
indirect dimension. However, we found that, besides Sy and Sy, several other single-quantum
coherences (which cannot be distinguished from Sy and Sy by phase-cycling) are present in the
indirect dimension and contribute to the double CP signal. Domination of these additional
coherences at short contact times leads to a reversal of the double CP signal. This rather unusual
behavior was observed experimentally by Bodenhausen and coworkers.[*”l We also investigate
the effect on sensitivity of a ramped *H RF strength during CP, second-order quadrupolar
lineshapes in double CP experiments, the connection between *N spin-lock and CP transfer,

etc.
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All simulations presented in the manuscript are performed using home-written
MATLAB® (The Mathworks, Inc.) code. In this context it is worth mentioning that the optimal
control module of SIMPSON® simulation software offers the option of computing effective

Hamiltonians numerically.

2.2 Effective Hamiltonian with logarithm and Floquet approaches

For a periodic time-dependent Hamiltonian 7 (t) with modulation frequency w and

period T = 2m/w, the time evolution of the system is given by

p(t) = U(t,00p(0)UT(t,0), [2.1]
where the propagator U(t, 0) satisfies Schrodinger equation

idU/dt = H(t)U. [2.2]
The propagator for one period, U(T, 0), is unitary and hence can be expressed as
U(T,0) = exp(—iH,ssT), [2.3]

where H, ¢ represents an effective Hamiltonian capable of predicting the density operator at
any multiple of the period. If the Hamiltonian does not commute with itself at different times,
an exact analytical expression of U(t,0) is generally not accessible but approximate analytical

or numerical methods are available. The propagator U(T, 0) can be obtained numerically as
where At is sufficiently small such that H (t) is practically constant over the At interval.

The matrix logarithm and Floquet numerical procedures, used in this work for
generating effective Hamiltonians, are briefly discussed below. The matrix logarithm method
proceeds in two steps. (A) First the propagator U(T, 0) is numerically calculated and (B) an

effective Hamiltonian Hﬁ,’}f is subsequently constructed by taking the matrix logarithm[??l of

U(T,0)
Hepr = In(U(T,0))/(—iT). [2.5]
The Hamiltonian Hé’}f can be written as

Hefr = Zejlei)ejl, [2.6]
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where ¢; and |€j) represent the corresponding eigenvalues and eigenvectors. The eigenvalues
€; are not unique as the replacement €; — €; + k;w, where k; are integers, leads to the same
propagator U(T,0). The matrix logarithm numerical algorithm automatically choses ¢; in the

(—w/2,w/2] interval [??]

Within Floquet approach, from the periodic time-dependent Hamiltonian F(t) =
. H,e™ @t an infinite dimensional time-independent Hamiltonian, # is constructed with
which the evolution of the density operator can be predicted. The Floquet Hamiltonian
corresponding to the time-dependent Hamiltonian can be written in the basis {|i, n)}, where |i)
constitute a basis of the Hilbert space and {|n)},¢cz, is the Fourier basis. In terms of the number
operator N and ladder operators F;, defined as (m + n|F,|m) = 1, and (m|N|m') = mé&,, /1,

where 1 is the Hilbert space unit matrix, the Floquet Hamiltonian # can be expressed as

}[F == N(l)+ z j'[nFn.
n=-—oco
In order to obtain an effective Hamiltonian, the Floquet Hamiltonian is first diagonalized,
Ar = DFYHpDr = AgFy + Now, Where A, is diagonal in the Hilbert space, and Dy is the
diagonalization matrix. From Dy a unitary matrix D in Hilbert space can be constructed and an

effective Hamiltonian can be computed as

F -1
HI; =DADY.

e

In a numerical approach, the infinite dimensional Floquet Hamiltonian is truncated to some
finite dimension sufficiently large to ensure convergence. The diagonalization of H is
performed numerically and the elements of A, are usually confined within the (—w/2, w/2]

interval.[°9:82:83]

Since el}‘f and }[ef}f correspond to the same propagator U(T, 0) their eigenvectors should
be the same. If, in addition, eigenvalues of both effective Hamiltonians are constrained to the

(—w/2,w/2] interval, it follows that
Hepr = Hpy.

The relation between the (—w/2,w/2] constraint and the structure of the effective

Hamiltonian is discussed in the following sections.
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2.3 Spin dynamics in *H-*N CPMAS and double CP experiments

System Hamiltonian

We consider a dipolar-coupled I — S spin pair (S = 1,1 = 1/2), under magic angle
spinning at angular frequency wg and subjected to irradiation at RF strengths w,; and w;¢ on
I and S channels respectively. First and second-order nuclear quadrupolar interactions of S are
included in the Hamiltonian. We consider an axially-symmetric quadrupolar interaction
(asymmetry parameter, n, = 0) with Z axis of PAF of the quadrupolar tensor described by
polar angles S, and y,, with respect to the rotor-frame coordinate system. The internuclear I —
S vector, 1, is characterized by polar angles 5, and y, in the rotor frame. The angle between

the Z principal axis of the quadrupolar tensor and internuclear I — S vector is denoted by 8.
The Hamiltonian of the system can be written as
H(t) = wylx+w1sSx + Awg(Bg)Sz + wo(t, Bo,vo)[35% —S(S + 1)]
+ d(t, Bp,vp)21;S;. [2.7]

where wg (¢, By, o) is the first-order quadrupolar frequency, Aw,(B,) is the MAS-averaged
second-order quadrupolar interaction, and d(t, Bp,yp) is the dipolar coupling. Both w, and
Aw, depends on quadrupolar coupling constant C, = e*Qq/h, where eQ is the quadrupole
moment and eq is the principal component V;, of electric field gradient tensor in the PAF. The
second order quadrupolar interaction corresponds to a Larmor frequency of 43.36 MHz (*H
600 MHz). The dipolar interaction is characterized by dipolar coupling, wp = —u,y;vsh/
4mr, where y; and y are gyromagnetic ratios of I and S. The expressions of these frequencies
are provided in Appendix A2.1. When 6,5, = 0, acommon set of polar angles, g and y, is used
to characterize both quadrupolar and dipolar interactions. In numerical estimations, instead of

angular frequency quantities, we utilize their frequency analogues, e.9. vy, Vg, Vp.

In order to derive preliminary insight on H-1*N CPMAS and double CP spin dynamics,
numerical simulations were performed focusing on the dependence of CPMAS and double CP
signals on crystallite orientation. With the propagator computed numerically according to Eq.
[2.4], the density operator is evaluated at multiples of rotor period Tz = 2m/wg. We have
divided Ty into 500 discrete steps giving At = T, /500 which ensured numerical convergence

for our problem. For double CP experiments, a filtration of the density operator at the end of
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the first CP block is performed keeping only Sy or Sy terms in order to mimic phase cycling.
The parameters employed are similar to the experimental values utilized in Ref. [17] and are

given in Figure 2.2.

—32,168

180 360 100 200

—32168

5 5% 780 360 700 700
T[] el BI°] AN Contact Time (us)

Figure 2.2 Brute force simulations showing (a) dependence of the CPMAS signal on crystallite
orientation, (b) a slice of (a) displaying the dependence of CPMAS signal on y for 8 = 32°, (c) CPMAS
signal buildup as function of time for 3 selected y angles and § = 32°. Brute force simulations showing
(d) dependence of double CP signal on crystallite orientation, (e) a slice of (d) displaying the
dependence of double CP signal on y for g = 32°, (f) double CP signal buildup as function of time for
3 selected y angles and B = 32°. Parameters employed are: v, = 80 kHz, v;; = 46 kHz, vg =
60 kHz, Cy/2m = 1.5 MHz, ng = 0, vp = 10 kHz, 6,5, = 0. For (a), (b), (d), (e) the contact time is
10 rotor periods. For (c) and (f), the CPMAS and double CP signals are calculated in steps of T, up to
12T5.

The output of numerical simulations carried out for a CPMAS experiment at a spinning
speed of 60 kHz is presented in Figure 2.2(a-c). From Figure 2.2(a) it can be seen that CP
transfer occurs only for certain S-angle regions and (Sy) may be parallel or anti-parallel to the
direction of the *N RF field depending on 8 and y. For a given S, (Sx) has positive or negative
values depending on y resulting in destructive addition of CPMAS signals in a powder. The
output of numerical simulations performed for a double CP experiment under similar
conditions is presented in Figure 2.2(d-f). As before, the transfer occurs selectively for the same
B-angle regions, however signals arising from different orientations have the same sign and
hence add constructively in a powder. This addition may result in good transfer efficiency for
double CP experiments, in contrast to CPMAS experiment. These features were predicted by

Gan and co-workers.[132
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It is instructive to consider the CPMAS transfer in the absence of quadrupolar
interaction, where polarization transfer occurs at the usual Hartmann-Hahn conditions, |v,;| £
|vis| = nvg. In this case, it can be shown analytically that CPMAS signal is independent of vy,
has smooth variation with respect to B, and the sign of the signal is independent of crystallite
orientation. By applying one of the general bounds on polarization transfer introduced in Ref.
[134], the smallest upper bound is found to be 0.5 for our system, a value which can also be
obtained explicitly within AHT. The CPMAS signal, as a function of g and y, is shown in
Appendix A2.2. The maximum signal achieved (Appendix A2.2) is very close to 0.5.

2.3.2 Structure of the effective Hamiltonian

In this sub-section, numerical effective Hamiltonians are calculated with the logarithm
and Floquet approaches and their structure is discussed. In order to facilitate interpretation, the
effective Hamiltonians are expanded in terms of a set of Hermitian spin operators, 0,, which
form a basis for the linear space of all 6 x 6 matrices. We choose to use a hybrid basis involving
Hermitian linear combinations of spherical tensor operators.[®® This basis contains pure |
operators, Iy, Iy, I;, pure S operators, Sy,Sy,Sz, SxS; + SzSx, SyS; + S;Sy, (352 — 2),
(852 +52)/2, (52 —S2)/2i, and IS terms like I;S;, (SyS; + S;Sy)lx, etc. The matrix

eff

representations of these spin operators are provided in Appendix A 2.3. The coefficient w,

of a given operator O, is calculated as a);’ff = Tr{}[effap}/Tr{Oj}. Table 2.1 provides the
eff

»  coefficients corresponding to different spin. The coefficients vsz = a)f,ff/Zn

labeling of w

are expressed in kHz wherever plotted.

Spin operator wl! Spin operator w’
I terms It Iy, I, T, ol o]
5%, 51,52 0 lF, 0 ol 357 -2 w51}
S terms SxSy + SySx WSl (S2+5%)/2 wehly
SySz + SzSy wél! ($§—S2)/2i wehly
Sxlx Sxly, €tc. a);gx, wggy, etc. (357 — 2)Iy, etc w;g,X, etc.
IS terms (SxSz + SzSx)1x, w;})};]z:x’ etc. (SySz + SzSy)lx, etc. wsegm’ etc.
etc.
Iy(S% + S2)/2, etc. Wh i Ix(S%—S2)/2i,etc. | Il .

Table 2.1 Spin-operators and the labelling of the corresponding coefficients, w,,
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To understand the appearance of various terms in the effective Hamiltonian,

simulations were performed under three conditions.

Case 1: v;5 = 80 kHz, v4; = 0, and v, = 0. Pure S-spin coefficients, determined as a function
of y, are presented in Figure 2.3. Since v, = 0, IS terms are absent, as expected. The

coefficients determined by both methods (shown by solid and dashed lines) are identical within
numerical errors. The main observations from Figure 2.3 are: (a) vfgf (15) strongly depends
on the y angle and changes sign several times, (b) vfgf and the coefficient of SyS; + S,Sy
(SYZ) are comparable, and (c) the coefficients v;fg v;ggx of 352 — 2 and (S2 + S2)/2 are

almost identical. It was shown for deuteriuml®®! that vs}J = vs/7 . holds exactly, provided no

S, term is present in the time-dependent Hamiltonian. With *N, due to second-order
quadrupolar interaction, presence of Aw,S; in the time-dependent Hamiltonian also leads to

coefficients of (§2 — S2)/2i and SyS; + S;Sy, with smaller magnitude.

¥ |— 1S
1=—8YZ

—
o —sY

“e——SZz2

" 1—sDax

0 90 180 270 360

Yi°l

Figure 2.3 (a-e) Dependence of vszfcoefficients on y, calculated with Floquet theory (solid line) and
the logarithm method (dashed line). For visibility the plots with dashed line are shifted vertically.
Labeling of the coefficients is given in Table 2.1. The calculation assumes v, = 0 kHz hence IS terms
are not expected. Other parameters are: B = 32°,v,;5=80kHz, vy, =0kHz, vp =60 kHz,
Co/2m = 1.5 MHzn, = 0, and a contact time of 10 rotor periods. The dimension of the truncated

Floquet Hamiltonian was set to 151 for all calculations. The coefficients vgffare expressed in kHz.
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Case 2: v;5 = 80 kHz, v;; = 46 kHz, and v, = 0. It was again found (Appendix A2.4) that
logarithm and Floquet effective Hamiltonians are identical within numerical errors and yield

(Sx» = 0 at multiples of the rotor period, as expected. However, F{ ¢ contains a few large IS

terms, a fact which is rather unexpected since v, = 0. Though the presence of these IS terms
is inconvenient, the effective Hamiltonian predicts correctly the evolution of density operator
at multiples of the rotor period. However, it is convenient to find a procedure to remove them

in order to simply further discussion. Below we discuss two procedures to achieve this.

With first procedure, we found that an effective Hamiltonian with no IS terms can be

produced through a conventional rotating frame transformation according to
U(t,0) = exp(—iwgtly) U(t,0). [2.8]
The Hamiltonian driving the new propagator, U (t, 0), is
H (1) = (w1 — wp)Ix+Awy(Bg)Sz + w1sSx + wq(t, B, vo)[357 — S(S + 1)]
+2d(t, Bp, Yp)Szexp(+iwgtly) I, exp(—iwgtly). [2.9]

With the newly defined 7 (t), both .7, and ], were computed and were found to be

identical, and moreover IS terms are removed (Appendix A2.4). We note that a similar
transformation has been utilized by Ernst and coworkers in order to remove ambiguity of the
effective Hamiltonian obtained by logarithm method.[®”! Taking into account the (—wg /2, wg/

2] eigenvalue constraint and that U(T, 0) = —U(T, 0), it is shown in Appendix A2.5 that }Teff

and }[eff are related by :}Teff = Z€j>0(6j — (A)R/Z)IEJXE]' + Z€j<0(€j + a)R/Z)lE])(E]l,
where €;and |¢;) are eigenvalues and eigenvectors of H, .

From here a second procedure to remove IS terms suggests itself as follows. From the
Floquet effective Hamiltonian in the old rotating frame, }[j}f = DA,D™1, we can obtain the

Floquet effective Hamiltonian 77/ as
HJer = DR,D7Y,
where A, is a new diagonal matrix, with elements

€ —wp/2,ife; >0
s = {’ r/2.176 [2.10]

%= €+ wr/2,ife <0
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This simple rearrangement of the eigenvalues of the effective Hamiltonian in the old rotating
frame leads directly to the effective Hamiltonian obtained in the new rotating frame. The
connection between the two procedures is discussed in Appendix A2.5. It would be interesting
to investigate whether this shifting procedure can be extended to more general frame

transformations.

In the old rotating frame, when dipolar interaction is turned off or when one is away
from any CP match condition, it is shown in Appendix A2.6 that IS terms are present in the
effective Hamiltonian even in the absence of the quadrupolar interaction. However, if S$ = 1/2,
it can be shown (Appendix A2.6) that no IS terms are present. Obviously, whether employment
of a rotating frame transformation or rearrangement of eigenvalues is needed or not, depends

on the spin system and the magnitudes of the external and internal interactions.

Case 3: After removing the IS terms through the transformation of Eq. [2.8], simulations were
performed starting from Eq. [2.9] with v, = 80 kHz, v,; = 46 kHz, and v, = 10 kHz. The

effective Hamiltonians f[‘el?f and :I-T(fff were again found to be identical within numerical

errors. A few pure S, pure I, and IS v¢/”

»  coefficients extracted from f[‘el?f are show in Figure
2.4.

(a) P

—15
{ —sYZ

—S5Z2,8DQX
— 521
—SZIlY
— sxaiy

| —sxziz

; _ — sDQYIY
0 Ty T80 270 360
Y]

Figure 2.4 Dependence on y of (a) CPMAS signal and of (b-e) v{;’ff coefficients. Calculations start with

the Hamiltonian of Eq. [2.9] and assume vp = 10 kHz, f = 32°, v, = 80 kHz, vy; = 46 kHz, v =
60 kHz, Cy/2m = 1.5 MHz,1m4y = 0, 8p = 0 and tcp = 10Tp. Labeling of the coefficients is given in

Table 2.1. The coefficients vsffare expressed in kHz.
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The main features derived from Figure 2.4(a,b) are as follows. (i) Good CP transfer

occurs for those y angles for which |vi//| = [vl/| = max|vl’|, where max|vel/
represents maximum value of the magnitude of vfsff for the given B, and vf,ff = vy — Vg,

corresponds to the Iy term in Eq. [2.9]. (ii) Sign of the **N signal follows the sign of vf;‘f.

Additional simulations (Appendix A2.7) show that a significant overall drop in signal occurs

when the proton RF strength is varied such that |v¢/” | becomes smaller than max|v<l/|.

Detailed examination of the effective Hamiltonian reveals additional features of the CP
transfer as shown in Figure 2.5, in which vsff coefficients of all pure S terms along with the

CP signal are plotted.

Y

—_—1S

y = svZ

| = sz2,5D0X
| =—sxz

/] —spay

- SZ

0 90 180 270 360

Figure 2.5 Dependence on y of (a) CPMAS signal and of (b) pure S v{;’ff coefficients. Calculations
start with the Hamiltonian of Eq. [2.9]. The calculation assumes vy = 10 kHz, f = 32°,v,5 =
80 kHz, v, = 46 kHz, vg = 60 kHz, Cy/2m = 1.5 MHz, g = 0, 85p = 0. The contact time is 10

rotor periods. Labeling of the coefficients is given in Table 2.1. Vertical lines correspond to three

gamma angles for which good CP transfer occurs. The coefficients v{;’f Tare expressed in kHz.

From Figure 2.5(b), we note that, (iii) at y angles for which |v<2/| = max|vel/| the
coefficients of all pure S terms are small in the effective Hamiltonian except for v:Z/ and v/
ef f

Combining this with observation (a) we arrive at a simple picture: when |v11 = |vf§f| =

max|v{l/|, the effective Hamiltonian is approximately
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Fopr = wi Sz + il Sy + wil Iy + HE,, [2.11]

where F? - represents IS terms. Such a Hamiltonian ensures an efficient CP transfer via 7,

under a static-like CP matching condition, |vi/”| = |v{Z/| . The effect of S, term is to modify

I 1o J( eff) +(w eff) and tilt the quantization axis. For the parameters used here, for

good CP transfer, the tilt angle and the change in the effective RF field are small (about 15°

and 0.5 kHz), hence the S, term is omitted for a qualitative discussion below. With this
approximation, when w¢// = + ¢/’ two pairs of eigenvalues of w?/Sy + w1, are

sufficiently close to each other such that IS terms in Eq. [2.11] can mix the corresponding
eigenstates, ultimately resulting in polarization transfer between I and S spins. Assuming
wf{ <0 and wlf />0, the eigenstates involved in CPMAS transfer are
{11/2,1)x,| —1/2,0)x}and {|1/2,0)x,| — 1/2,—1)x}, where the subscript X indicates that

they are eigenstates of Iy and Sy. For RF strengths and spinning speed considered here, a)eff =

wy; — wg < 0, and hence we recover the CPMAS matching condition, |wZ/ | + wy; = wg.

A smaller magnitude of CPMAS signal is always associated with the presence of larger

i

S terms, other than w;3’ as seen from Figure 2.5(a,b). For these y angles the effective

Hamiltonian is
Fopr = il Sy + ol Ix+OPS + HL, = A p + Flp + AL, [212]

where OPS represents all other pure Sterms. The larger S terms, besides altering the
eigenvalues, mix the |mg)y spin states, resulting in less efficiency of the standard Iy — Sy CP
transfer. It follows that for these y angles change in v;; does not lead to significant CP transfer.
However, mixing may lead to transfer from I to other coherences such as double-quantum S-
spin coherences, etc., which are not detected in a CPMAS experiment but can be detected in a

double CP experiment.

So far, the connection between CP dynamics and structure of the effective Hamiltonian
has been discussed as a function of y for a particular § angle. Below we investigate the

relationship between CP transfer and the effective RF strengths as function of both g and y.
For better visualization, we define a parameter A = — ||v1ff| |v1ff|| which indicates the

deviation from the CP matching condition. Figure 2.6 shows the magnitude of CPMAS signal
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and A as function of § and y. Although dependence of A on £ and y is complex, the

correspondence between [(Sx)| and A is rather obvious.

(@) (b)

90

Brel

Figure 2.6 (a) Dependence of magnitude of CPMAS signal on g and y. (b) Projection of (a) along y.

(c) Dependence on B and y of the A parameter which reflects the difference between |vZ/ | and |[vi/7].

(d) Projection of (c) along y. Calculations start with the Hamiltonian of Eq. [2.9] and assume v, =
10 kHz,v,5 = 80 kHz, vy; =46 kHz, vg = 60 kHz, Cy/2m = 1.5 MHz, 19 =0, 65p =0, and
Tcp = 10Tg. B ranges for which signal is significant are {10°-26°}, {30°-40°}, {55°-70°, and their
mirror ranges in the {90°-180°} interval.

As seen from Figure 2.6(a,b), a reasonable CPMAS signal occurs for g belonging to
certain ranges (ranges listed in figure caption). Figure 2.6(c,d) shows that good (poor) CP
transfer occurs for small (large) |Al. Since 8, = 0, for g around 0,90, and180° CP transfer
is poor because the dipolar term oscillating at v vanishes. The dependence of A on § and y

implies dependence of max|v{Z” | on B, therefore only those B regions for which max|vl/ | =

|vf,ff| contribute significantly to signal. Accordingly, variation of v;; should be accompanied

by changes in both position and width of the g regions contributing to the signal.

All calculations and resulting conclusions so far correspond to a particular choice of
RF strengths for which vy, + |[v{/| = v, a choice which yields good overall CP transfer in
simulations and is also close to the optimized conditions employed in the experiments of Ref.
[17]. Following the same reasoning, other matching conditions can be predicted, for example
Vi — |vf§f = vy, or other conditions employing multiples of spinning frequency or involving

other *N RF strengths. Some of these matching conditions are illustrated in Appendix A2.8.
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Following Ref. [132] where a linear ramp was applied to the *H RF field, we compare
CP transfer with and without ramp as function of crystallite orientation. Figure 2.7 shows
CPMAS signals projected along y, obtained (a) without and (b) with a £ 3% linear ramp of the
proton RF amplitude, with 7.p = 20T%. It is evident that with ramp significant CP transfer

occurs for more crystallite orientations hence sensitivity is expected to increase.

BL°]

Figure 2.7 Dependence on S and y of CPMAS signal, (a) without and (b) with a +3% linear ramp of
'H RF amplitude. Projection along y direction is displayed. Calculations start with the Hamiltonian of
Eq. [2.9] and assume v, = 10 kHz, vi5 = 80 kHz, v;; = 50 kHz, vg = 60 kHz, Cy/2m = 1.5 MHz,
g =0, 68p = 0and 7¢cp = 207k.

Straightforward application of the matrix logarithm in this case is not useful since the
eigenvalues of the effective Hamiltonian are now confined to (—wg/40,+wr/40] =
(—1.5 kHz, +1.5 kHz] interval. With such small interval all w, coefficients in the effective
Hamiltonian are of comparable magnitude and a simple analysis is not possible. In order to
derive an interpretable effective Hamiltonian for ., = NTjg, the propagator is calculated for
each rotor period during CP and the corresponding effective Hamiltonian is calculated with the

matrix logarithm approach. Denoting by }[e"ff the effective Hamiltonian of k™ rotor period, the

total propagator is
U(NTg,0) = [T exp(—iH Y Tr). [2.13]

Since [#H: 7, Hats] # 0, we construct the effective Hamiltonian for the whole CP process,
Hery, by utilizing Baker-Campbell-Hausdorff (BCH)P8! equation. If we retain only the first

two terms, we obtain

59



eff— Zk 1 eff Zk>m[ effr e"}f] [2.14]

Comparison of CPMAS signals calculated with U(NTg, 0) and with exp(—iH s NTg) shows
(Appendix A2.9) that Eq. [2.14] is quite accurate for the relatively short contact time and mild

slope of the ramp employed. For longer contact times and/or steeper slope higher order terms

have to be added in Eq. [2.14]. Comparison of w,, coefficients (Appendix A2.9) reveals that

(@) pure S terms with and without ramp are identical, and (b) IS terms are generally larger with
the ramp. The larger IS terms broaden the matching conditions, resulting in CP transfer for
more crystallite orientations. As of now we do not have an analytical proof for (a).

2.4 Sign of the double CP signal

We have seen that the sign of CPMAS signal strongly depends on £ and y while sign
of signal in the double CP experiment is invariant. This difference can be rationalized as

follows. Double CP experiments involve two CP transfers,

phase cycle
Iy = A;sSx + other coherences ———— A;sSy = A;sAg; 1y + other coherences. [2.15]

where A;s and Ag; are CP transfer amplitudes for the I — S and S — I processes, respectively.
Since H, sy is the same in both CP processes, we conjecture that there exist a correlation

between the signs of 4,5 and Ag; which leads to invariance of the sign of double CP signal. We

prove below that such a correlation exists and moreover A;s = 34g;/8.

For convenience, the effective Hamiltonian of Eq. [2.12] is expressed in the tilted frame

in which I and S spin operators are rotated by 90° around Y axis. In this frame,

Hopr = Hpp + 0yt I, + 1S, [2.16]

To avoid cumbersome notation, we keep the label ‘ef f’ only in w;; fIZ and omit it in H, s,

HS

e

FF K2 o7~ The effective Hamiltonian £ can be diagonalized as

HS = DwsS,DT [2.17]
HS, wg, and the diagonalization matrix D strongly depend on crystallite orientation and when
OPS terms are negligible wg = wlsf In principle, the diagonalized Hamiltonian may also
contain an wy, (352 — 2) term. If S, term is not present in the time-dependent Hamiltonian,
Eq. [2.7], it can be shown rigorously that w,, = 0.1 Due to the N second-order quadrupolar

shift, wz, # 0 and for the parameters considered here, wy, is below 1 kHz. Inclusion of this
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term in Eq. [2.17] will not affect the proof presented below, hence we omit this term for

simplicity. The total effective Hamiltonian can be rewritten as % = DH'DT where

H' = wsS; + 01, + H], [2.18]
and Hjs = DTHISD.

Taking into account that D commutes with I, the transfer amplitude A;s after CP contact nTg
IS

A = Tr{UI,UTS,}/Tr{S2} = %Tr{VIZWDTSZD}. [2.19]

where V = exp (—iH'nTg) and U = DVDT. In order to obtain 4,5, we need to evaluate VI,V T
and hence the influence of 7 shall be taken into account. Due to the complicated structure of

D, H/s may have off-diagonal matrix elements practically between any pair of eigenstates,
|m;, mg) and |m;’, mg"), of wsS, + wf{flz. From Figure 2.4 we estimate that matrix elements

HIS(3]s) are of the order of 2 kHz or below hence considerably smaller than w:/”. If (a)

eff

wf{f > 0, (b) ws is comparable to wf,ff, and (c) matrix elements of s are smaller than w;;”,

the eigenstates which may be significantly mixed are [2) = | —1/2,1) , |3) = |1/2,0) and
[4) =|—1/2,0), |5) =|1/2,—1). The Hamiltonian H' is then approximately the sum of
commuting terms each acting only in the (1,6), (2,3), and (4,5) subspaces, where |1) =
[1/2,1) and |6)=]|—1/2,—1). Henceforth, we utilize fictitious spin-1/2

operators,*dx Y, Z

pa» Ypqr Zpq, 10 describe Hamiltonians, propagators, and density operators,

where

Zpq =5 [IpXp] = laXall, Xpq =5 [IpXal + 10)PI], Yoq = [IPXal — 12Xl

and |p) or |q) are any two states of the basis. It is shown in Appendix A2.10 that
VIVt = Z,o — Z,3[cos? 923 cos(Q,3nTR) + sin? ¢p23]
—Z45[cos? ¢y cos(QusnTy) + sin? ¢y°] + Ayz + Aus, [2.20]

where angles 23, 23, 925, 1%, and angular frequencies Q,3, Q45 depend on ws — w?!/ and

on matrix elements of H/s in the corresponding subspaces. The terms A,; and A,s contain
X,3,Y,3 and X, Y,s operators respectively and depend on time as sin (Q,3nTg) or

cos (Q,3nTR), etc. Since D acts only on the S part of the basis states, DTS, D does not contain
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X33, Yo3 Or Xy, Y,s terms. Therefore, A,; and A, terms do not contribute to the trace in Eq.
[2.19] and hence

1
A = ZTr {[216 — Z,3[cos? ¢pZ3 cos(Qy3nTg) + sin? 23]
— Zus[cos? 5 cos(QusnTy) + sin? ¢ D's,D}. [2.21]

After some rearrangement, the inverse transfer amplitude Ag,; for the same contact time nTg

can be expressed as
Ag = Tr{US,UT1,}/Tr{I%} = gTr{V*IZVDTSZD}. [2.22]

Since V+ = e+ 'nTr = o=iH'(=nTR) e infer from Eq. [2.20] that
V¥,V = Z1g — Zy3[cos? ¢33 cos(Q,3nTg) + sin? ¢p23]
—Z45[cos? ¢py® cos(QusnTR) + sin? ¢p4°] + Bys + Bys,
where the term B3 + B,z can be obtained by substituiting Q,;nTgz = —Q,3nTg and QusnTg —
—QusnTy in Ay + Ays. However, since B,; + B, does not contribute to the trace,
2 2 423 i 2 123
ASI = §Tr{[Z16 — Zz3[COS ¢y COS(ngnTR) + sin ¢)Y ]
— Zys[cos? i cos(QusnTg) + sin? ¢‘Y*5]] D's;D}. [2.23]
We see that the traces in Eq. [2.21] and [2.23] are equal, therefore
3
AIS = EASI' [224]
Eq. [2.24] implies that the double CP transfer amplitude, A;sAg;, is positive, a feature that holds
regardless of the complex dependence of }[Seff or D on crystallite orientation as long as
conditions (a-c) are satisfied. With ws < 0, mixing occurs within (1,4) and (3, 6) subspaces
resulting again in Eq. [2.24] but with
1 :
A = ZTr{[—ZZS + Z14[cos? pi* cos(Qy4nTg) + sin? ¢pit]
+ Z36[cos? ¢3° cos(QzenTg) + sin? ¢p3¢1|DTS,D}. [2.25]

Maximum transfer amplitudes can be estimated by setting (i) ¢p23 = ¢4°> = 0, and (ii)
D=1 in Eq. [2.21, 2.23]. Condition (i) signifies (see Appendix A2.10) that levels

corresponding to states |2) and |3), |4) and |5) are close to each other. Condition (ii) implies
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that w?Z” = ws. If conditions (i, ii) are satisfied and using S, = 2Zy¢ + Zyz + Zas + 153/2 —
15

1,5/2 we obtain

Ais ==[1—cos(Q,3nTg)/2 — cos(QusnTg)/2]. [2.26]

1
4
We see that A, is positive and if further Q,; = Q,< it may reach up to 1/2. Using Eq. [2.24]

we see that Ag; is also positive and may reach up to 4/3. If we consider a)fff > 0 > wg, then

for maximal transfer (¢3* = ¢3¢ = 0, and D = 1) we obtain from Eq. [2.25]

Ais ==[—1+ cos(Q4nTg)/2 + cos(Qz¢nTg) /2] [2.27]

i

and we see that A, is negative and, if further Q,, = Qs, it may reach down to -1/2. Eq. [2.26]
and [2.27] confirm the assertion that sign of the CPMAS signal follows the sign of wfgf, at

least in case of significant polarization transfer.

Since our derivation is based on certain approximations, it is expected that Eq. [2.24]
holds only approximately. Generally, if the separation of V into parts operating on orthogonal
two-dimensional subspaces is allowed, following the same mathematical reasoning, it can be

shown that Eq. [2.24] still holds approximately. It is expected that this approximation breaks

down when wy is sufficiently small in comparison with a)f,ff, a situation which may lead to

complex mixing of the states.

The above proof also relies on the fact that the two CP contact times are equal and no
conclusions can be drawn about the sign of the signal for unequal contact times. In order to get
further insight for arbitrary contact times, brute force simulations were performed and the
results are shown in Figure 2.8 which displays the buildup of amplitudes A;s and Ag; as function
of time and y, for a constant g. It is seen that for any given y (a) 4;s and Ag; have the same
sign and (b) the sign of A;s and Ag; does not depend on the contact time. From this it follows
that the sign of double CP signal does not depend on crystallite orientation, even for unequal

contact times.

With data available for Figure 2.8, we have computed A,;5/Ag; as a function of y in
order to test the theoretical value 3/8 (0.375) of Eq. [2.24]. For y angles yielding A;s larger
than 0.1, 0.2, and 0.3, the average ratio A;s/Ag; and the error are found to be 0.376 + 0.01,
0.375 £ 0.005, and 0.375 + 0.003 respectively. A figure showing the scattering of A;s/Ag;

as function of y is shown in Appendix A2.11.
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Figure 2.8 (a) Dependence of the I - S CP transfer amplitude, A;s, on y and contact time. (b)
Dependence of the S — I CP transfer amplitude, Ag;, on y and contact time. (c-e) Dependence of Ag;
and A;s on contact time for three selected y angles. Calculations start from the Hamiltonian of Eq.
[2.9] and assume B =32°, vp = 10 kHz, v;5 = 80 kHz, vy; = 46 kHz, v = 60 kHz, Cy/2m =
1.5 MHz, 1y =0, 0op = 0, and 7¢p = 10Tk,

2.5 Coherences during t; and double CP powder lineshapes

In this section, we discuss the contributions of various single-quantum coherences to
the double CP signal, double CP “N lineshapes, and their connection with the experimental

observations presented in Ref. [17].

In a 'H-1*N double CP experiment, after the first CP transfer, single-quantum S-spin
coherences evolve during t; and are converted back to single-quantum /-spin coherences which
are detected during t,. We assumed a process of filtration at the end of first CP block which
retains only Sy or Sy single-quantum coherences during t,. However, if other S-spin single-
guantum coherences are created by first CP block, experimental phase cycling alone is not
capable to ensure such a filtration. In the discussion below, we include signal coming through
all S-spin single-quantum coherences: Sy, Sxl;, (SxS; + SzSx), (SxS; + S;Sx)I,, and their
counterpart containing Sy. Individual contributions to double CP signal due to various single-
quantum coherences present at end of first CP block are shown in Figure 2.9(a) for CP contact

times of 3 and 10 rotor periods. Signals are calculated as function of 8 after averaging over y.
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Figure 2.9 Contributions from various coherences to double CP signal as a funcion of S after averaging
over y for a CP contact times of (a) 3 rotor periods (red) and 10 rotor periods (black). (b) Sum of all
contributions for 3 rotor periods (red) and 10 rotor periods (black). Other parameters are, v;g =
80 kHz, vy =46 kHz, vg = 60 kHz, Cy/2n = 1.5 MHz, n9 =0, vp =10kHz, 6y, = 0. For
visibility, the signals due to different coherences are displaced vertically and are labeled as follows:
Sy = SX, Syl; = SYIZ, SyS; + S;Sy = SYZ, (SxS; + S;Sx)1; = SXZIZ.
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We have observed that for both short and long contact times, the following coherences
dominate: Sy, ( SyS; + SzSy), Sylz, and (SxS; + S;Sx)I. It can be seen from Figure 2.9(a,b)
that, for the shorter contact time, the main contributions are coming from coherences involving
I, and the sum of all contributions has predominantly a negative sign. On the other hand, for
the longer contact time, the main contributions are coming via Sy and ( SyS; + S;Sy) and the
sum of all contributions has predominantly a positive sign, as seen from Figure 2.9(b). This
change in sign of the double CP signal for very short contact times was noted experimentally
in Ref. [17] and it may be attributed to the dominance of these additional coherences at shorter
contact times. In the previous section it was shown that double CP signal passing through the
Sy coherence is positive, regardless of g, y, and the contact time. Additional simulations (not
shown) indicate that the same property of the signal holds for ( SyS; + S;Sy). However, we
found that sign of signal passing through Syl or ( SxS; + S;Sx)I; depends on g, y, and the
contact time. Therefore, the sign and magnitude of the total double CP signal acquires
additional complexity due to the presence of different coherence pathways and their
dependence on orientation and CP contact time. It has to be noted that Sy 1, coherence may be
created even in the absence of a quadrupolar interaction, in particular for dipolar-coupled spin-

% nuclei.[1?]
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'H-“N double CP experiments on powder samples result in N second-order
quadrupolar lineshapes in the first spectral dimension. The presence of £ regions with poor
transfer in a double CP experiment must lead to a certain degree of distortion of the lineshape.
Analysis in previous sections indicates that 1N lineshapes must also depend on duration of CP
transfers and on the RF strengths. Simulated 1N lineshapes for slightly different RF strengths,
CP durations, and orientations of the quadrupolar and dipolar PAF’s are displayed in Figure

2.10.

(@) —lw=0  (b) %0=30" (¢) Op=45" (g) Op=9C
:El"tu"'?l Ideal B Temge YA I ey’
. e o e —— . P ! -
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v, [kHz] v, [kHz] v, [kHz] v, [kHz]

Figure 2.10 Double CP **N powder lineshapes simulated for different experimental conditions and with
four different angles between the Z axes of the quadrupole and dipole PAFs. In (a-d) v;5 = 80 kHz,
vy = 46 kHz while in (e-h) v,5 = 85 kHz, v4; = 50 kHz. Contact times are 10 (black), 12 (blue), 14
(red) rotor periods. The 4 columns, from left to right, correspond to a 6, angle of 0°, 30°, 45°, and
90°. Common parameters are vy = 60 kHz, g—g = 1.5 MHz, 1y =0 vp = 10 kHz. An ideal *N

powder lineshape corresponding to the above quadrupolar parameters (dashed line) is displayed for
comparison. For the ideal lineshape, the two singularities at 4.26 kHz and 3.48 kHz correspond to
Bo = 90° and B, = 49° 131° respectively. Vertical lines passing through the singularities of the
ideal lineshape are also shown. The spectra were obtained by Fourier transform of the time-domain
signal after multiplication by an exponential decay function. The crystal file used was ZCW986 for all
the spectra displayed. The ideal lineshape clearly indicates sufficient powder averaging and ensures
the same for the double CP lineshapes.

The lineshapes in Figure 2.10(a-d) are obtained with v, = 80 kHz, v;; = 46 kHz and
with 6,p, angles of 0°, 30°, 45°, and 90°. Lineshape distortions are more prounced for 8,, =
0° regardless of CP duration. The lineshapes in Figure 2.10(e-h), obtained with v;¢ = 85 kHz,
vi; = 50 kHz, are less distorted since more crystallites satisfy the matching condition. The

shift in the position of singularities is discussed in Appendix A2.12.
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Simulations were also performed with different quadrupolar coupling constants (data
not shown). Simulations indicate that it is possible to find a compromise RF configuration
which gives reasonable resemblance between ideal and double CP lineshapes when several 14N
sites, with different quadrupolar coupling constants, are present. The nontrivial dependence of
the lineshape on MAS, RF strengths, CP contact time, etc., was discussed in Ref. [17]. The
lineshapes presented in Ref. [17-18] show less distortion when compared to our simulations.

This may be due to proton-proton dipolar couplings which are not considered in this work.

2.6 Spin-lock and cross polarization

For an efficient CP transfer, a steady buildup of transferred magnetization is necessary
and this requires that good spin lock is achieved on both channels, such that leaks from I, and

Sy to other coherences are as small as possible. We have seen that a necessary condition for

good CP transfer is that all S terms in the effective Hamiltonian should be small, except w;’;‘f

and a)gf. This condition also ensures an efficient spin-lock as presence of other pure S terms
in the effective Hamiltonian leads to transfer of Sy to other coherences. This is confirmed in
Figure 2.11 which investigates the connection between crystallite orientation, spin-lock, and
CP transfer.

(@) (b) ()

1 1

10 3 5 1o 53 5 o 3 3
(d) (e) (0
1 1 1
w
0\/\ OWW UMDW&
14 03 5. 0 53 5 o 3 13
&) () (i)
1 1 1
VAW A
: T 1T T T T
(A LA A
10 0.3 06 16 03 06 10 0.3 0.6
contact time [ms] contact time [ms] contact time [ms]

Figure 2.11 (a-c) Dependence of proton and nitogen polarizations, (Ix) and (Sx), on contact time
during an I — S CP process, for three selected gamma angles. (d-f) Dependence of (Ix) and (Sx) on
contact time during the inverse, S — I, CP process, for the same gamma angles. (g-i) Dependence of
(Sx) on time during a spin-lock experiment, for the same gamma angles. Calculations start from the
Hamiltonian of Eq. [2.9] and assume 8 = 32°, v,5 = 80 kHz, v;; = 46 kHz (a-f), v;; = 0 kHz (g-i),
vg = 60kHz, Cy/2m = 1.5 MHz,ny = 0, vp = 10 kHz, and tcp = 10T.
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Figure 2.11 presents (a-c) I — S CP build up, (d-f) S — I CP build up, and (g-i) S spin
lock as function of time, for three different crystallite orientations. These orientations were
chosen as representatives for good (a,d), intermediate (b,e), and poor CP transfer (c,f). It can
be seen that good (poor) efficiency of spin-lock is connected with good (poor) efficiency of
I - S or S—1 CP transfer. Of course, good spin lock is not a sufficient condition for
establishing good CP transfer. Together with a good spin lock, a CP matching condition also

needs to be satisfied.

2.7 Conclusions

Recently, Bodenhausen and coworkers*”ldemonstrated that *H-'*N double CP experiments
performed at fast magic angle spinning rates resulted in relatively high sensitivity as well as
reasonable XN lineshapes in the indirect dimension. Employing AHT and Floguet theory in the
jolting frame, essentially within zeroth order approximation, Gan and coworkers!*3?l found that
the effect of the large quadrupolar interaction is to introduce a scaling and a phase of *N RF
field which is dependent on crystallite orientation. The RF phase spread occurring for different
crystallites causes cancellation of the CPMAS signal in a powder. They also predicted that,
when two long N pulses are used as in HMQC and double CP experiments, the phase

cancellation is nullified resulting in coherent signal addition in a powder.

For investigating in detail the underlying spin-dynamics associated with *H-2*N double
CP experiments, an effective Hamiltonian was calculated numerically using the matrix
logarithm approach and in parallel Floquet theory. It is found that both methods lead to the
same effective Hamiltonian, within numerical error differences (computationally the two
methods are very different). We show that this equality is general and is related to the fact that
both methods confine the eigenvalues to the (— wg/2, wg/2] interval. We have investigated
the relation between the effective Hamiltonians in two different rotating frames and we found
that the effective Hamiltonian in the second rotating frame can be obtained by a simple
rearrangement of the eigenvalues of the effective Hamiltonian in the first rotating frame. This

procedure may be extended to other time-dependent problems.

The structure of the effective Hamiltonian was found to exhibit a strong dependence on
crystallite orientation, with several spin terms of comparable magnitude present for most
crystallite orientations. Employing RF field strengths and MAS rates close to those of Ref. [17]
the following features are observed: (A) sign of the *N CPMAS signal follows the sign of the
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1N effective RF strength ¢’/ ; significant CP transfer occurs when (B) the magnitudes of the

proton and nitrogen effective RF strengths are comparable, and |w!//| = |wfl/| =

max|w{l’|. This ensures that a CP matching condition is satisfied and, at the same time, the

absence of large pure S terms in the effective Hamiltonian guarantees that the CP process
proceeds unhindered. We have analyzed in detail the condition w,; + max|w?’| = wy for
arriving at the above conclusions. We would like to emphasize that for a given w,; the above
condition is satisfied only by certain 8 angle regions thereby resulting in non-uniform CP
transfer in a powder. Change in vy, results in alteration of both position and width of the
regions contributing to the signal. Following the same reasoning other matching conditions,
employing multiples of the spinning frequency or involving other *N RF strengths were
predicted and verified. These conclusions are simple, yet they involve a quantity, the effective
4N RF strength w?//, which depends in a non-trivial manner on crystallite orientation, N RF
strengths, MAS rate, and quadrupolar parameters. With a ramped *H RF amplitude we have
observed that significant CP transfer occurs for more crystallite orientations resulting in
improved sensitivity. Since in this case the eigenvalue window is very small, in order to obtain
an interpretable effective Hamiltonian we have used a hybrid approach by combining the
logarithm method and Baker-Campbell-Hausdorff expansion. The condition (B) is also the
necessary and sufficient condition for good spin lock of the S nucleus. Although almost self-
evident, the connection between efficiency of CP transfer and efficiency of spin lock was
verified with additional simulations.

A proof is given for the important observation that the sign of double CP signal is
largely independent on crystallite orientation. The proof also provides an estimate of 3/8 for
the ratio of I —» S and S — I transfer amplitudes and this estimate is further substantiated
through simulations. Observation (A) is also proved in case of significant polarization transfer.
The proof assumes only Sy or Sy coherences during indirect dimension. However, we find that
double CP signals include contributions from additional single-quantum coherences present
after the first CP process. It is found that, due to uneven contribution of these coherences, the
double CP signal is predominantly positive for larger contact times (~10T%) and predominantly
negative for short contact times (3 — 4T%). This feature was noticed experimentally in Ref.
[17].

Second-order quadrupole powder lineshapes simulated with the double CP pulse

sequence were found to depend significantly on RF strengths and contact times. Lineshape
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distortions are connected to the fact that a given RF configuration is unable to satisfy condition
B for all crystallite orientations. The lineshapes presented in Ref. [17,18] show less distortion
when compared to our simulations. This may be due to proton-proton dipolar couplings which

were not considered in this work.

We hope that the comprehensive insight on *H-*N CPMAS and double CP spin
dynamics presented here may help in developing improved 'H-*N polarization transfer

schemes.
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3
Spin Dynamics in Fast MAS TRAPDOR-HMQC Experiments
Involving Spin-3/2 Quadrupolar Nuclei

3.1 Introduction

Experiments probing correlations between spin-1/2 nuclei (1) and nuclear spins (S) with
large anisotropic interactions (quadrupolar or chemical shift anisotropy) often offer valuable
access routes to molecular structure and dynamics. In such experiments, development of
efficient correlation schemes is not trivial and constitutes an ever-evolving theme of research.
As these experiments are performed routinely under MAS, interference between the RF field
and the large time-dependent quadrupolar interaction leads to complex spin dynamics, often
leading to poor and orientation-dependent transfer efficiency. When compared with direct-
detection schemes,*?! proton-detected correlation experiments under fast and ultra-fast MAS
usually offer substantial gains in sensitivity. Solid-state heteronuclear multiple-quantum
coherence (HMQC) experiments constitute an important class of indirect-detection correlation
schemes. HMQC experiments involve transfer of I-spin polarization to heteronuclear
coherences (excitation), time evolution of these coherences during indirect dimension, transfer
back to I-spin single-quantum coherences (reconversion), and finally detection. Initially
introduced and  developed for N (S=1), indirect detection HMQC
experimentslt00107.110.130.135-139] haye heen later extended to half-integer spins.[8:140-14%]

Usually, excitation and reconversion periods contain a train of pulses or pulses and
delays, with well-defined phases and durations, applied on | channel with the purpose of
recoupling the I-S dipolar interaction. However, some time ago an S channel recoupling scheme
was introduced, involving indirect detection of ¥*N through *H or 3C signals at moderate to
high MAS. 114132146147 Through long periods of RF irradiation on the N channel, the
polarization transfer is achieved from H or 3C to heteronuclear coherences involving single
and double quantum *N terms. They have demonstrated that such a scheme affords good
transfer efficiency and allows extraction of quadrupolar parameters via numerical simulation.
Recently 1. Hung and Z. Gan extended the above scheme to quadrupolar nuclei with half-
integer spin, specifically 3Cl (S = 3/2).2% The pulse sequence exploits the transfer of

populations in double resonance (TRAPDOR) mechanism!*€-151 hence the acronym T-
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HMQC. A schematic of TRAPDOR-HMQC?Y is shown in Figure 3.1. T-HMQC pulse
sequence starts with a 90° excitation pulse on the proton channel followed by a long pulse on
S (®*CI) channel of duration of t,,;,.. We refer the first long pulse irradiation on the S nuclei as
first TRAPDOR irradiation. Subsequently, rotor synchronized t; evolution period follows, with
an I-spin 7 pulse in the middle for refocusing the first order quadrupolar interactions under
MAS, provided that the magic angle is adjusted precisely. The pulse sequence ends with a

second TRAPDOR irradiation with the same duration, t,,;, followed by the detection of I-spin

signal.
(/2),x (1), (t) g
TH
t,
35
Cl (Tmix)c,bl - mT g (Tmix)+X

Figure 3.1: Schematic of the H - 3°CI T-HMQC pulse sequence. T,,;, refers to the duration of
the TRAPDOR irradiation on 3CI channel. The phase cycle used to select the *°Cl Ap =
+1, +£3 coherence transfer pathways is ¢, = x,—x, ¢, = x,x,9,y,—X, =X, =Yy, =V, pr =
x,—x,—x,x,and for Ap = +2 it is ¢; = x,y,—x, -y, ¢, = 4{x},4{y},4{—x}4{—y},
dr = 2{x,—x} 2{—x, x}where Ap indicates the coherence order.

ForS = 3/2,the first period of irradiation of S spins leads to heteronuclear coherences
involving single-quantum (Ap = =£1), double-quantum (Ap = +2) and triple-quantum
(Ap = =3) S-spin terms. The conversion to I-spin single-quantum coherences for detection is
performed by a second irradiation period. With appropriate phase cycling, coherences
involving S-spin double-quantum terms were selected in indirect dimension, leading to high-
resolution double-quantum Cl spectra in the indirect dimension, due to the fact that double-
qguantum linewidths are considerably narrower than single or triple-quantum linewidths. The
experiments were performed on active pharmaceutical ingredients (API) where remote *H's (1)
are dipolar coupled to *CI (S) nuclei. With double-quantum satellite-transition (DQ-ST)
selection, it was possible to resolve signals coming from different 3°Cl sites. The simplicity of
the experiment is to be noted in comparison to other HMQC type pulse sequences which, as
mentioned, incorporate multi-pulse excitation and reconversion blocks on | spin channel. From

the hardware point of view, similar to STMAS,**1521 T-HMQC experiments involving single-
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and double-quantum satellite-transition coherences require precise setting of the magic angle
and stable MAS rates, in order to refocus the first-order quadrupolar interaction.?%

Subsequently, Bayzou et al. have presented an extensive experimental and theoretical
study of T-HMQC.?!I Experiments were demonstrated on *H - Y*Pt/*N/*Cl systems with
nuclear spin S = 1/2,1 and 3/2 respectively. A theoretical analysis of the experiments was
provided within the Floquet theory®®6283l framework. For all systems, the Floquet calculations
were performed in the jolting frame[5%%4 in which the large anisotropic interaction
(quadrupolar or CSA) is removed. The role of different terms in the Floquet effective
Hamiltonian was discussed. For S = 3/2, the second order I-S term in the Floquet effective
Hamiltonian was shown to lead to creation of heteronuclear coherences containing single,
double, and triple-quantum S-spin terms when irradiating at one of the spinning sidebands of
S. A truncation procedure was introduced in which only the projection of this second order I-
S term on the first order term in the Floquet effective Hamiltonian was retained. It was shown
that when irradiating the centerband, the second order I-S term is effectively truncated resulting
in cancellation of the T-HMQC signal. It was also shown that recoupling due to the third-order
I-S Floquet effective Hamiltonian may occur with irradiation in the midpoint between two
consecutive spinning sidebands. Further, they have shown that a fourth-order I-S term may lead
to T-HMQC signal when irradiating at v = (n + 1/3)vg. The theoretical conclusions, the
dependence of T-HMQC on offset, recoupling time, RF amplitude, etc. were investigated using
extensive numerical simulations. A similar analysis was performed for S = 1/2 and 1. For all
systems it was derived analytically that the phase of the T-HMQC signals is independent of
crystallite orientation, thus leading to more coherent signal addition in a powder.

In the work presented here we offer additional insights on the machinery of T-HMQC
experiments for S = 3/2. We analyze spin dynamics during the two irradiation blocks of the
T-HMQC experiment from two different perspectives. The first perspective involves finding
correlations between various terms in an exact effective Hamiltonian and the buildup of various
coherences during TRAPDOR irradiation. Analytical conclusions are derived and confronted
with numerical simulations in which the exact effective Hamiltonian is evaluated with the
matrix logarithm approach.[® The second perspective considers the creation, evolution, and
interconversion of coherences at arbitrary times during TRAPDOR irradiation. Evolution
around avoided level crossings (for brevity ‘crossings’ hereafter) is considered within the

approach established by A. J. Vega,[*-*5and the sudden, intermediate, and adiabatic regimes
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of the T-HMQC experiment are analyzed. Behaviour between consecutive crossings is

described analytically.

3.2 Spin system

We consider a spin-3/2 (S = 3/2) nucleus subjected to irradiation at RF strength w;
and dipolar-coupled to a spin-1/2 (I = 1/2) nucleus. The I-S spin system undergoes magic
angle spinning at angular frequency wg. First and second-order nuclear quadrupolar
interactions of S are included in the Hamiltonian. We consider an axially-symmetric
quadrupolar interaction (asymmetry parameter n, = 0) with Z axis of PAF of the quadrupolar
tensor described by polar angles B, and y,with respect to the rotor-frame coordinate system.
The internuclear I — S vector, r;s, is characterized by polar angles 8, and y,, in the rotor frame.
The angle between the Z principal axis of the quadrupolar tensor and internuclear I — S vector

is denoted by 6,p,. Under these conditions the Hamiltonian of the system can be written as

H(t) = AwgSz+w15Sx + HS (t B ve) + wo(t. Bovo)[35% — S(S + D] +

d(t, Bp,vp)21;Sz, [3.1]

where wq(t, Bo,¥o) is the first-order quadrupolar frequency, f]-[Q(Z)(t, Bo,ve) is the second-
order quadrupolar interaction, and d(t, Bp,vp) is the dipolar coupling. Both first and second-
order quadrupole interactions depend on quadrupolar coupling constant C, = e?Qq/#, where
eQ is the quadrupole moment and eq is the principal component V,, of electric field gradient
tensor in the PAF. The dipolar interaction is characterized by dipolar coupling, wp =
— oy vsh/Amr, where y; and ys are gyromagnetic ratios of I and S. The explicit expressions
of the terms in Eq. [3.1] are provided in Appendix A3.1. When 6,, = 0, acommon set of polar
angles, f and y, is used to characterize both quadrupolar and dipolar interactions. For

simplicity, we have considered 6,, = 0 for all calculations presented.

3.3 Exact effective Hamiltonian

The effective Hamiltonian H ¢ is defined as a time-independent Hamiltonian which
satisfies U(Tg,0) = exp (—iHsTgr), Where U(Tg, 0) is the propagator over one rotor period
associated with the Hamiltonian in Eq. [3.1]. Although almost obvious, it can be justified

without any approximation (Appendix A3.2) that
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Herr = Hop + Asly, [3.2]

where }[gff and Ag contain only "pure S' terms i.e., only S-spin operators. In addition, it is easy
to show that the propagator corresponding to an arbitrary time, U(t, 0), is diagonal with respect
to the Zeeman states of spin I, |@) and |B). It follows that, starting with the initial condition
p(0) = Iy no pure-S coherences and no heteronuclear coherences involving I, are produced
by TRAPDOR irradiation. This is numerically illustrated in Appendix A3.3.

In the following, Zeeman states of spin S are labeled as |1) = |3/2),|2) = |1/2),|3) =
| —1/2),and |[4) = | — 3/2). Subsequently, H,y, }[gff, and Agl, are expanded into an
operator basis containing products of Cartesian I-spin operators Iy, Iy, I, and fictitious spin-
1/2 operators!52 for spin S (SY with @ = X,Y,Z and i,j = 1,2,3,4). SX2 and S3* are satellite-
transition single-quantum operators, S23 are central-transition single-quantum operators,
513 and S2* are satellite-transition double-quantum operators, and S1* are triple-quantum
operators. The matrix representations of these spin operators are provided in Appendix A3.4.
For example, }[;‘ff may contain Si% = 1,[|1)(2] + |2){1]]/2, where 1,is the I-spin unit
operator; and AsI, may contain heteronuclear terms such as SZ31,. If 0, is a given operator
from the operator basis, the corresponding coefficient in F,sr is calculated as w,‘;’ff =
Tr[Ok}[eff]/Tr[O,%]. The same operator basis is utilized to expand the density operator, p =
¥ a, Oy, Where a;, = Tr[0,p]/Tr[0Z]. When dealing with specific examples of a),iffand a,
the labeling described in Table 3.1 is used. In Table 3.1, 1§j represents the unit operator in the

subspace of states |i) and |j).

k [1ij,x | 1ij,y | 1ij,z | xij, 1 | yij, 1| zij, 1 | xij, x | xij, v | xij, 2

O | 171, | 171, | 1Y1, | S71, | SP1, | s71, | sd1y | SYLy | SYL

K | yij,x | yij,y | yij,z | zij,x | zij,y | zij,z

Ok | SUIy | sT1, | S71, | sU1y | SJ1, | sY1,

Table 3.1 Spin operators (0,) and labeling of the coefficients w,‘jffand ay.
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Effective Hamiltonian, truncation, and amplitude of coherences

There are several ways to construct an effective Hamiltonian which can approximately describe
the evolution due to a time-dependent Hamiltonian. Depending on the complexity of the
system, multiple time dependencies etc., AHT and Floquet theory have been often and
successfully employed in order to derive approximate effective Hamiltonians. For the spin
system considered here, because of interference between the large time-dependent quadrupolar
interaction and the RF field, an average Hamiltonian computed numerically in the jolting frame
up to third order term in the Magnus expansion!®! was unable to reasonably predict the spin
dynamics for different crystallite orientations. A detailed study of spin-dynamics associated
with *H-*N double cross polarization experiment!*” the matrix logarithm approach has been
employed by Sajith et.al.['* Since, as mentioned above, AHT was not capable to yield a fair
quantitative description of the evolution, we have applied the matrix logarithm approach to
evaluate numerically the effective Hamiltonian during TRAPDOR irradiation. The matrix
logarithm method consists of two steps: (A) numerical calculation of the propagator U(Tg, 0),

and (B) construction of % via numerical evaluation of the matrix logarithm,

Hoft = In(U(Tg, 0))/(=iTg). [3.3]

All simulations discussed in the manuscript are performed using home-written MATLAB®
(The Mathworks, Inc.) code.

The T-HMQC pulse sequence starts with a 90° excitation pulse on | channel followed
by a long pulse on S channel of duration of 7,,;,, = ntg, where Tz = 2 /wg and n is an integer.
We refer the first long pulse irradiation on the S nuclei as first TRAPDOR irradiation.
Subsequently, rotor synchronized t: evolution period follows, with an I-spin  pulse in the
middle for refocusing. The pulse sequence ends with a second TRAPDOR irradiation with the
same t,,,;, followed by detection of I-spin signal.

As the spin dynamics of the system is rich, initial simulations were performed to
understand the connection between the structure of the effective Hamiltonian and the
amplitudes of various coherences produced during first TRAPDOR irradiation. The
experimental parameters (v = 60 kHz, v; = 100 kHz) are in the range considered in Ref.
[20,21]. It was shown that the essential factor leading to efficient transfer is the presence of an
offset, Awg.?%?1 In most simulations presented below we consider Awg/2m = 10 kHz.

Towards the end we discuss the role of Awg for efficient TRAPDOR transfer.
In Figure 3.2 various a),iff/Zn coefficients as well as amplitudes a; of several
coherences produced by first TRAPDOR irradiation are displayed as function of y for a fixed
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B angle. Since transfer efficiency strongly depends on crystallite orientation, the angle g was
chosen to correspond to a good transfer from the initial state p(0) =1y to various
heteronuclear coherences. It can be seen that both a),if 4 /2m and a;, exhibit a complex
dependence on y. In addition and not unexpected (since the dipolar coupling is 1 kHz),
coefficients w,iff/Zn of the heteronuclear terms in the effective Hamiltonian (Figure 3.2c)

appear considerably smaller than the coefficients of pure-S terms (Figure 3.2b).
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Figure 3.2 (a) Variation of the amplitude of several coherences at the end of first TRAPDOR block with
y angle. (b) Variation of several pure-S terms in H,. () Variation of several heteronuclear terms in
Hepr. Numerical simulations are performed with g =50°, Co =2MHz, vp =1kHz, vi5 =
100 kHz, Avg = 10 kHz, and vy = 60 kHz. Duration of TRAPDOR irradiation is 100Tg (~1.67 ms).
All the terms in Eq. [3.1] are considered.

This suggests to treat Agl, terms as a perturbation to J{jff such that, to first

approximation; the effective Hamiltonian can be approximated as
Hepr = Hopr + Asly = Hypr + Agly, [3.4]
where A’ is that part of Ag which commutes with # ;.. If |7i) denote the eigenstates of 7,

evaluation of A; may be performed as

77



Ag = Yo [N (1| A5 |11). [3.5]

The truncation procedure may break down if some eigenvalues of }[esff are close enough and
there are matrix elements of the non-commuting part of Agl, connecting the corresponding
eigenstates. Therefore, it is expected that the truncation procedure will be less accurate at larger
dipolar couplings (other possibilities for the breakdown of the truncation approximation are

discussed later).

To test the validity of the truncation approximation we have performed extensive
numerical simulations with dipolar coupling of 1, 10, 20 kHz, and for various crystallite
orientations. For each orientation, As' is evaluated numerically, the density operator is

propagated with
U(NTg,0) = exp|[—i(H;s + Aslz)NT| = exp|—iH ;s NTg|exp[—iAs'I;NTR], [3.6]
and, for comparison, with the exact propagator exp[—i(#;;s + Asl;)NTg|. In Figure 3.3,

amplitudes of various coherences, ay, that are generated by first TRAPDOR irradiation are

shown with (red) and without (black) the truncation approximation, as function of y angle.
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Figure 3.3 Amplitude of TRAPDOR coherences Sg2Iy, SZ31y, Sx31, calculated with (red) and without
(black) the truncation approximation as function of y angle and for three different dipolar couplings,
(a-¢) vp = 1 kHz, (d-f) 10 kHz, and (g-i) 20 kHz respectively. Other parameters used are § = 50°,
Co =2MHz, v, =100kHz, Avs=10kHz, and vg =60 kHz. The duration of TRAPDOR

irradiation is 1007y, for (a-c), 10T, for (d-f), and 5T for (g-i).
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It can be seen that amplitudes calculated with Eq. [3.2] and [3.4] are in excellent
agreement for the 1 kHz dipolar coupling and differ only marginally for dipolar couplings of
10 and 20 kHz (Figure 3.3d-i). Since for spin-3/2 nuclei coupled to protons short-range dipolar
couplings are usually within a few kHz, we assume that the truncation approximation is

accurate and we further proceed to investigate what inferences can be drawn from it.

As according to Eq. [3.5] Ag is generally not proportional to }[gff, this truncation

procedure is more general than the truncation procedure adopted in Ref. [21] which projects
heteronuclear terms in the Floquet effective Hamiltonian on the first-order Floquet effective
Hamiltonian. A comparison between the two truncation procedures is presented in Appendix
A3.5. Depending on crystallite orientation, predictions based on the two truncation procedures
may be very similar, or may differ substantially. When they differ, predictions with truncation
procedure adopted in Ref. [21] do not match the outcomes calculated without any truncation

approximation (i.e., with the exact effective Hamiltonian).

When coefficients of different terms in As'I, and amplitudes of different coherences

are examined as function of crystallite orientation, a functional resemblance between certain

eff
xpq.z

IS

18 oy and wil! j2m -

/2m > a D,z

w{! J2m and af is observed according to which w
aﬁ,q,y for all coherences involving Iy. This is illustrated in Figure 3.4 where a few amplitudes

and the associated coefficients are displayed as function of y. We justify this correspondence
analytically utilizing the truncation approximation as shown below. By employing Eqg. [3.6]

the density operator after a period of irradiation NT is
p(NTR) = exp[—iAg'I;NTg]Ixexp[iAg' I, NTg]. [3.7]

For small dipolar couplings (~1 kHz) the coefficients of various terms in As'l, are below
100 Hz as seen in Figure 3.4. Therefore, for irradiation periods which are not very long, the
exponential operators can be expanded in Taylor series and the density operator to first order
in NTgis

p(NTR) = IX - lA_’g[Iz, IX]NTR = IX + A_’S'IyNTR [38]

From Eqg. [3.8] it can be seen that the amplitudes of various coherences involving I, are

proportional to the corresponding coefficients in Ag'I,, hence the w;f ! /2m < al’ functional
resemblance is proved, at least for shorter irradiation times. For coherences involving Iy (not

shown here) such a resemblance is not apparent. This can be comprehended as follows.
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Coherences involving Iy develop at later times when the linear approximation involved in Eq.

[3.8] is not sufficient. Adding to the density operator also the quadratic term, we obtain

) AEIyN?T§
p(NTR) E IX + AslyNTR - T . [3.9]
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Figure 3.4 (a-c) Coefficients w,iff/Zn of various terms in Ag'I, as function of y angle. (d-f) Amplitudes

of coherences S§21y, SZ31y, and S#31, after 50T, TRAPDOR irradiation. (g-i) The same after 1007,

TRAPDOR irradiation. In (d-i) amplitudes are evaluated with Eq. [3.7] (black) and with the quadratic

expansion of Eq. [3.9] (red). Other parameters used are: f = 50°, Cp = 2 MHz,vp = 1 kHz, vi5 =

100 kHz, Av¢ = 10 kHz, and v = 60 kHz.

Since, according to Eq. [3.9], the coherences involving I, are linked to A{?, no simple
functional resemblance between w,‘;’f ! /2m and aX® occurs. From Figure 3.4 it can be seen that

Eq. [3.9] is quite accurate for irradiation times up to 50T (~0.83 ms). With 1007 (~1.67 ms)

significant differences are noticed with Eq. [3.9], however the functional resemblance between

w! J2m and alf is still evident.
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T-HMQC experiment: sign (phase) of signal and role of the = pulse

After deriving an initial insight on the features of the effective Hamiltonian and the
connection with the amplitude of coherences created by the first TRAPDOR irradiation, we
now consider the spin-dynamics associated with polarization transfer during the entire T-
HMQC experiment. In the following, we consider the T-HMQC experiment with t; = 0 and,
for the time being, with no I-spin 7 pulse between the two TRAPDOR blocks. We have seen
in the previous sections that, at the end of first TRAPDOR irradiation, several heteronuclear
coherences are present and thus it is important to examine the connection between the type of
excited coherences and the phase of the detected I-spin signal. We denote by Al, that part of
the I-spin signal which is due to coherence ‘k’ at the end of the first TRAPDOR irradiation. In
Figure 3.5, I-spin signals corresponding to coherences involving S-spin double-quantum terms

are presented as function of the g and y angles.
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Figure 3.5 Top: T-HMQC experiment (t; = 0): dependence on S and y of I-spin signal, Af,
corresponding to coherence S33I, produced by first TRAPDOR block. For better visibility —A% is
displayed. Bottom: dependence on 8 and y of I-spin signal, Ak, corresponding to coherence Si3Iy
produced by the first TRAPDOR block. Other parameters used are Cy = 2 MHz, vp = 1 kHz, vi5 =
100 kHz, Avg = 10 kHz, and vy = 60 kHz. Duration of excitation and reconversion TRAPDOR
blocks is 100Tk. No I-spin i pulse is applied between the two blocks.

Apart from the expected strong orientation dependence of the signals, it can be seen

that the coherence involving Iy (Iy) lead to positive (negative) signals for all £ and y angles.
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It has been verified that this rule holds for all possible coherences present at the end of first
TRAPDOR irradiation. Plots for coherences involving S-spin single-quantum terms (satellite
and central transition) are presented in Appendix A3.6. Based on the truncation approximation

this sign rule can be justified as follows.

Consider the 1-spin signal corresponding to a given transfer pathway, Iy — a%’ 05l —

a’¥ag' Iy where Og is a pure-S spin operator. The transfer amplitudes a’ and a3’ are

Tr{U(®)IxU* () 0slx}
Is _
TN 13101
Tr{U(z)0sIx U™ (x)Ix}
SI _
VST 311]
and using Eq. [3.6] we obtain
Tr{exp[—iAs'I;T]Ixexp[+iAg'I,T]Oslx}
Is _
= Tr{l0sh1%) ' [3:12]
Tr{exp[+iAg'I;T]Ixexp|—iAg'I,T]Ogly}
SI _
asl = T . [3.13]

Since [H 5, As'] = 0, H¢; and A share the same eigenstates H ¢ - |fit) = e, | ), As'|A1) =
Om|mM) where ‘tilde’ signifies that |A) are generally different from Zeeman spin-3/2
eigenstates. By using the basis {|ma) = |m)|a), |MB) = |Ai)|B)}, the exponential operators

in Eq. [3.12, 3.13] can be expressed as

exp[+iAg'l,T] = Z exp [ exp [ [3.14]
and the transfer amplitudes become
a}I(S — 1 Zm COS(SmT) <ﬁZ|OS|m>’ [3.15]
2 Tr{[0sIx]?}
a}s(,l _ lZmCOS(amT) <Zﬁ|05|ﬁi> [316]
2 Tr{lix]*}

For pathway Iy — al?0sl, — al’a}'Iy, proceeding in the same way as above we find
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is _ 12w sin(8, 1) (|0l

YT Tlosh 3171
_ 1 Zm Sin(6mr) (fﬁlO_glfﬁ)
ay! = -3 LTS [3.18]

Therefore a a3’ > 0and al’a;’ < 0 hence I-spin signal coming via heteronuclear coherences
involving Iy (Iy) is indeed positive (negative) regardless of crystallite orientation in accordance

with the numerical calculations shown in Figure 3.5.

In the actual T-HMQC experiment a r pulse is applied on the I-spin channel in the
middle of t;evolution, for refocusing I-spin offsets/chemical shifts. The influence of this pulse

in defining the sign of the signal is investigated here. Let us consider first a ryx pulse. We have

Iy > a$0sly 3 a50sly — alSaflly, [3.19]
Iy —» al?ogly i —al?o5ly » —alPai'ly, [3.20]

and hence the sign of the signal with a my pulse is always positive regardless of the coherence

type. For a iy pulse we have

Iy = al$0sly = —al$05ly — —a$adlly, [3.21]
Iy > al$0sly = alS0gl, — al$adlly. [3.22]

Therefore, the sign of the I-spin signal with a my pulse is always negative regardless of the
coherence type. This ensures coherent addition of signals from different crystallite orientation
regardless of the coherence type. However, it does not guarantee distortion-free lineshapes
(e.g., for the indirect-dimension central transition (CT) lineshape) because as seen from Figure

3.5, the transfer amplitudes exhibit a strong dependence on crystallite orientation.

3.4 Continuous creation and evolution of coherences during
TRAPDOR irradiation

We have analyzed excitation of coherences with the aid of an effective Hamiltonian
which is capable to predict the state of the system only at multiples of the rotor period. In this
section we take a look at dynamics at arbitrary times within the rotor period during TRAPDOR
irradiation.
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Figure 3.6 shows creation and evolution of a few heteronuclear coherences during first
few (three) rotor periods, for a given crystallite orientation (8 = 50°, y = 0°), along with plots
displaying eigenvalues of the S-spin part of the Hamiltonian in Eq. [3.1] as function of time.
From the eigenvalue plot (Figure 3.6a) it can be seen that within every rotor period there are
two level crossings, occurring at about 0.4 and 0.6Tr. Abrupt changes in the amplitude and
phase of various coherences take place around the crossings and close examination leads to the

following observations.
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Figure 3.6 Creation of heteronuclear coherences at beginning (0 — 3T) of TRAPDOR irradiation. (a)
Eigenvalues of the S-spin part of the Hamiltonian in Eq. [3.1] over the same time period. (b-e) Time
evolution of the amplitudes of various coherences. The parameters employed for simulation are: C, =
2MHz, Av¢ = 10 kHz, vp =1 kHz, vi5 = 100 kHz, v = 60 kHz, § = 50°,y = 0°.

O1. Till the first level crossing only one coherence, Si*I,, (Figure 3.6b) is created with
significant amplitude. Between any two consecutive crossings only Si*I, builds up

visibly.

02. At the first level crossing, central-transition, satellite-transition, and double-quantum

coherences are produced at the expense of S3*I,.

03. Between consecutive level crossings, coherences exhibit a rather complex oscillatory

pattern. At each crossing changes in the amplitude of these oscillations are noticeable.
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04. Amplitudes of central-transition, satellite-transition, and double-quantum coherences are

comparable.

From Figure 3.64a, e it can be seen that coherences involving triple quantum S spin terms, S¢*I,,
and S3*1I, are produced only after second crossing. This indicates that these coherences are not

produced by interconversion of S3*1, at the level crossing but rather from other coherences.

Similar plots are displayed in Figure 3.7 and Figure 3.8 showing a window of evolution at
much longer times (~100T;) where the amplitudes of various coherences are reaching

maximal values. Though the behavior is complex, the following observations are noted.
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Figure 3.7 Heteronuclear coherences towards the end (90 —93Tg) of TRAPDOR irradiation. (a)
Eigenvalues of the S-spin part of the Hamiltonian in Eq. [3.1] over the same time period. (b-e) Evolution
of amplitudes of various coherences. The parameters employed for simulation are: C, = 2 MHz, Avs =
10 kHz, vp = 1kHz,v,5 = 100 kHz, vy = 60 kHz, § = 50°, y = 0°.

05. Coherences S23I, and S23I, seem to act in quadrature between crossings as seen in
Figure 3.7b. The word quadrature is used here and later to indicate an exact or

approximate 90° phase difference between the oscillations of two coherences.
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06. S23I, and S3*I, exhibits lesser variation than other coherences between crossings, Figure
3.7b.
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Figure 3.8 Expansion of Figure 3.7 showing evolution over one rotor period.

O7. Coherences S32I, and S321, seem to act in quadrature between crossings, Figure 3.7¢ and
3.8c.

08. Coherences S33I, and S$3I, seem to act in quadrature between crossings, Figure 3.7d
and 3.8d.

09. Single-quantum satellite coherences and double-quantum coherences appear to
interconvert between consecutive crossings, as seen from Figure 3.7¢,d and 3.8c,d. This
can be appreciated from the beat patterns of Si2Iy, S§2I, versus Si3I,, SL31, around
90.5Tg, 91.5Ty, etc.
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010. The state of the system has entered an almost-periodic regime, p(t) = p(t + kTg) (with

k not too large).
O11. Amplitudes for all coherences are comparable.

012. Between two crossings Si*1Iy, S231y, S231,, S231, have either large or small amplitude as
a group. When amplitudes in this group are large (small) amplitudes in a second group
consisting of Si21,, S#21y, S§31y, S¢21, are small (large). This indicates systematic inter-
conversions among the two groups at level crossings. However, Si*I,, and Si*I,, do not

seem to participate in this interconversion between the two groups.

Statements O1-O12 were introduced based on observations made for a particular S
angle (50°) which corresponds to two level crossings per rotor period. Statements O1-O12 are
observed, fully or partially, for most 8 angles capable of yielding reasonable T-HMQC signal.
Statements O1-O5 seem to hold for all angles. However, ‘quadrature’ statements or
interconversion statements may not be observed so easily for all g angles. Also, observation
012 may involve different sets of coherences. For 8 angles leading to four level crossings, due
to smaller time intervals between crossings, quadrature and interconversion statements are
more difficult to observe, Evolution of coherences for f = 80°, corresponding to four level

crossings per rotor period, is presented in Appendix A3.7.

Theoretical description of evolution between consecutive level crossings

Most of the observations contained in O1-O12 are substantiated below within an
approximate analytical approach. We consider first the evolution of coherences in time
intervals between consecutive level crossings where, after the first of the consecutive crossings,

heteronuclear coherences are already present. Since dipolar coupling considered here is small,
for the time being, we neglect its effect. Also, for simplicity, we neglect }[éz) (which is similar

to an offset) and, dropping dependence on orientation in the notation, the time-dependent

Hamiltonian is

Between crossings eigenvectors of # (t) do not change significantly, allowing us to describe

the time evolution via the time-independent Hamiltonian
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t
ftlf“ wo(t)dt

where g = ,and t, and t,,, are times of two consecutive crossings. The

tk+1—tk
eigenvalues and eigenvectors of the static Hamiltonian in Eq. [3.24] have been described in

Ref. [150-151]. For Aws < w45 < @y it is allowed to neglect the satellite-transition RF terms,

Si2and S3* (refer to eigenvector and eigenvalue description in Ref. [150] and a numerical
investigation in Appendix A3.8). The Hamiltonian is then approximately the sum of two
commuting terms

H2 = AwgSE+2wsSFE — 3 0y1%, [3.25]

and

H™ = 30wsS3* + 3 @y1it. [3.26]

Defining werr = Aw§ + 4wis; cosp = Awg/werr; sing = 2w,s/wepr it is found
(Appendix A3.9) that for initial central-transition coherences, evolution under the Hamiltonian
in Eq. [3.25] gives

SEIy > [cos?(wesrt/2) — sin®(wesst/2)cos2¢|SE3ly + [sin(wesst) cosp|SE Iy

+ [sin?(wesrt/2)sin2¢|SE31y, [3.27]

SEIy > [cos(weprt)[SEL — [sin(w,srt) cosp|SE31y

+ [sin(wesst) sing|SZ31y, [3.28]

S7°Iy

> [cos?(werrt/2) + sin?(wesst/2)cos2¢]S23ly + [sin?(wepst/2)sin2¢|SE Iy

— [sin(wesst) sing|SE31y. [3.29]
For small offsets ¢ = m/2 and setting cos¢ = 0,cos2¢ = —1,sing = 1,sin2¢ = 0, it
follows that SZ3I, = constant and that SZ31, and S22, are almost in quadrature. This justifies

05 and part of O6.

On the other hand, for an initial satellite-transition coherence S321y, it is found that
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3 Werrt
Si2I, - [cos (65Qt + EAa)St> cos ( Zf )

Werrt
egf )cosd)] Si21,

wefft

3
+ sin (66Qt + EAa)St) sin (

3
- [cos (66Qt + EAwSt) sin ( ) cosg

Werrt
95| sty

. _ 3
— sin <6a)Qt + EAwSt) cos( >

2 2

a)efft
2

3 Werrt
+ [sin (66Qt + —Aa)St) sin ( eff ) sinqb] Sy,

3
- [cos (66Qt + —Aw5t> sin (

5 > sin(p] SE31y. [3.30a]

For small offsets ¢ = m/2 and setting cos¢ = 0,cos2¢ = —1,sin¢ = 1,sin2¢ = 0, Eq.
[3.30a] becomes
wefft

12 — 3 12 : — 3 12
Sx“Iy — cos cos | bwyt + EAa)St Sx°ly + sin (6wt +§Aa)5t Sy ly

3 Werrt
+ [sin (66Qt + EAwSt) sin (%)] SHIy

3 Werrl
cos (65Qt + EAwst> sin ( egf )] SE3I,. [3.30b]

This approximate equation exhibits quadrature between S$2I, and Si?1, and at larger times
(through sin (w"’Tfft)) creation of double-quantum coherences Si3I, and Si3I,. Similarly,

starting with double-quantum coherence S331y it is found that it evolves in quadrature with
S£31, and that at later times satellite transition Si2I, and Si2I, are produced. Analogous
behaviour is observed also with initial coherences S32I, and SE3I,. With this, statements
contained in O7-09 are justified.

Finally, for initial heteronuclear coherences involving S-spin triple-quantum terms we
have

Sty — cos(3Ast) Sty + sin(345t)Sety, [3.314]
Se*l, = cos(34gt)SEH, — sin(345t)S54 . [3.31b]
Eq. [3.31] predict quadrature evolution. However, Figure 3.7, 3.8 do not reveal quadrature
evolution for S3*I, and Si*I,. This may be due to the combination of two reasons: (a)

comparable initial amplitudes of S§*I, and Sj*I,, and (b) insufficient time spent between two
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consecutive crossings such that only incomplete oscillations of Si*I, and S3*I, are performed.
In fact, it is possible to reproduce qualitatively the behaviour in Figure 3.7 and 3.8 by using
Eq. [3.31] with appropriate initial conditions for S§*I, and S3*1, .

Within the same approximation employed in Eq. [3.25, 3.26] we consider now the effect
of the dipolar coupling in the time interval = between ¢t = 0 and the first level crossing.
Introducing in a similar way the dipolar interaction averaged over t, d21,S,, the Hamiltonian

is then the sum of commuting parts

H™ = 30wsS3* + 3wy 15 + d6I;S3Y, [3.32]

H?3 = AwsSP+2w,55F — 309123 + d21,SF. [3.33]

With the initial condition p(0) = Iy it is found (Appendix A3.10) that the state of the system

at some time t before first level crossing is

p(t) = cos 3dt 13*I + sin 3dt 2531,

i wit w_t C(wet\ | (w_t -
+ _cos <T> cos (T) + sin (T) sin (T) cos(¢p, — (,l)_)] 15°1y
i (it w_t wit\  (w_t )3
+ _cos ¢4 sin (T) cos (T) — cos ¢_ cos (T) sin (T)] 25771y
o  (wyt w_t _ wit\ | (w_t -
+ _sm ¢, sin (T) cos (T) — sin¢_ cos (T) sin (T)] 255> Iy
+ sin (wTth> sin (a)T_t) sin(¢p, — ¢_)2S%%1y, [3.34]

where cos ¢4 = (Aws + d)/wy, sindy = 2w15/We, W4 = \/(Aws + J)Z + 40, If d <

Awg K w4 asimple expression for p(t) is obtained,
- - wy —w_)t
p(t) = cos 3dt 1:*Iy + sin 3dt 253*I, + cos [%] 1231,

[(w+ —Zw_)t

+ sin ] 25331y, [3.35]

From Eq. [3.35] it can be seen that heteronuclear coherences Si*I, and SZ3I, build up.
However, due to the very small difference between w, and w_, S23I,, builds up very slowly in

comparison with Si*I,. We can see this by taking w;s/2m = 100 kHz, Awg/2m =
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10 kHz,d/2m = 0.5 kHz and obtaining %(er — w_)/2m = 25 Hz, which is much smaller

than 3d/2m = 1.5 kHz. We conclude that, for the short evolution time = from ¢t = 0 to first
crossing, the major coherence created is S3*1y, thus explaining observation O1. Starting with
first level crossing other coherences are created by conversion from S2*1I,. From Figure 3.6 we
see that the only coherence which builds up visibly between any two consecutive crossings is
Si*I,. The buildup of SZ31, between consecutive crossings is not perceptible because of the

same reason, the smallness of (w, — w_).

Transfer process and level crossings in quadrupolar systems revisited

An essential role in the transfer process is played by the behaviour of coherences during
level crossings. According to A. J. Vega this behaviour depends on the swiftness of the passage
of the system through the level crossings and three regimes are defined: the adiabatic, the
intermediate, and the fast.[*3%151 |n this section we attempt to envisage the spin dynamics
during TRAPDOR irradiation in the context of the three regimes.

In the adiabatic regime, if the system is initially in an eigenstate |¢(0)) of the time-
dependent Hamiltonian, it will evolve into the eigenstate |e(t)) atany time t. For Aws < w5 <

max (wq(t)) the eigenstates away from the level crossings are approximately |1),|c,) =

(12) + 13)/V2,|c2) = (|12) — |3)/V2, |4), and during any level crossing they interchange as
|1) © |ci), |4) © |c_).[205 With this it follows that various coherences will interchange
according to well defined rules. Relevant for us is the S3* & $Z3 interchange. Indeed, we have
seen that before first crossing only S3*I,, builds up significantly and therefore this coherence
should pass into SZ31I, at the crossing. Between the first and second crossing S3*I, builds up
again from Iy while S23I, does not change much. At second crossing SZ3I, and Si*I,
interchange and so on. Other coherences do not participate to this ‘exchange' process. Very
important, heteronuclear coherences involving S-spin double-quantum terms cannot be created
in the adiabatic case hence double-quantum T-HMQC would not be efficient. Moreover, the
adiabatic case can be achieved only at very low spinning speeds, which will not work due to
proton dephasing. The adiabatic case is illustrated in Figure 3.9.

From Figure 3.9 it can be seen that appreciable amplitudes of S321,, SL31,, and S3*1y
occur as transients during the level crossings. Between crossings these amplitudes are always
modest. When different crystallite orientations are considered, the position of the crossings will
be different. Since the system spends considerably more time between crossings, few
orientations will happen to have their crossings at the end of the TRAPDOR pulse and hence
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to lead to a large amplitude of Si2I,, SL31,, and Si*I,. Therefore, we don’t expect sizable
signal via these coherences in a powder. The presence of S321y, Si31,, and S3*1, away from
crossings indicates that the exact eigenstates of the Hamiltonian differ to some extent from the
states |1),|4),|c;), and |c_). Finally, the absence of oscillations between consecutive
crossings is a feature of the adiabatic process as under adiabatic conditions the density operator

is commuting at any time with the time-dependent Hamiltonian.

~
=
-

[kHz]
N
= S
|
]
(8
| B
rg
%
l =1
‘ \
77
~
n
(
1
I
1
/
\
b,
1
”~
) 3
]
il
]
(
A N
rd
\
’ — |

G
< Eigenvalues
k o
(4
= [ =
=7
n
e
4wk I
[
;‘II y
4 W i
% A 1 1 1
Py
'<_‘u
e

(C) 2 T T T T T T T —Slil )
< N AT 12
—s, I,
_2 L 1 1 1 L
0 0.5 1 1.5 2 2.5 3 3.5 4
(d) 2 T T T T T T

N:‘ 0 13
W _S‘IY
_2 1 1 1 1 1 L
0 0.5 1 1.5 2 2.5 3 35 -+
©
i 14
S L,
-
s 0 14
) y y | ; —Syly
0 0.5 1 1.5 2 2.5 3 35 4
time/ Ty

Figure 3.9 TRAPDOR evolution in the adiabatic regime at vy = 1 kHz. (a) Eigenvalues of the S-spin
part of the Hamiltonian in Eqg. [3.1] during first TRAPDOR irradiation pulse. (b-e) Creation and
evolution of various coherences during the same period. Other parameters are: C, = 2 MHz, Avs =
10 kHz, vp = 1kHz,vi5 = 100 kHz, = 50°y = 0°.

The parameters considered here, as well as in Ref. [20,21] correspond to the
intermediate regime. In the intermediate regime, coherences interchange in a complex way
during crossings. In Figure 3.6, at first crossing, Si*l, passes into a combination of
heteronuclear coherences involving S-spin central-transition, satellite-transition, and double-

quantum terms. With next crossings (Figure 3.6, 3.7, 3.8) the complex interchange results in
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production of different coherence types with comparable amplitude. Production of
heteronuclear coherences involving S-spin double-quantum terms is possible and is indeed
exploited in T-HMQC experiments.[?%2] However, an analytical description of dynamics

during crossings is not available.
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Figure 3.10 T-HMQC at rotary resonance. (a) Eigenvalues of S-spin part of the Hamiltonian as function
of time for the first 3 rotor periods of TRAPDOR irradiation. (b) Creation of S231, (black), S231y (red),
SZ31I, (red dash), and S3*1, (blue) over the same period of time. (c) Amplitude of coherence SZ31, after
100T; TRAPDOR irradiation, as function of y for § = 65°. Calculations are performed with (red) and
without (black) truncation approximation. (d) Amplitude of I-spin signal via Sz, pathway as function
of g and y. (e) Amplitude of I-spin signal via SZ31,, pathway as function of 5 and y. In (d) and (e) both
TRAPDOR blocks have a duration 100T%. Other parameters commonto all plots: C, = 2 MHz, Avg =
10 kHz, vp = 1kHz, v, =30 kHz,and vy = 60 kHz.

In the sudden regime the system passes so fast through crossings that any coherence
present before crossing is found untouched after crossing. In this case the effective dipolar
coupling d can be calculated by taking the average of d(t) over one rotor period which yields
d =0 and no transfer is produced. However, transfer can occur if a rotary resonance
conditiont”®15¢ can be achieved for the central transition, which is compatible with the sudden
regime. For a spinning speed of 60 kHz the first rotary resonance condition w5 = wg/2 falls
approximately in the sudden regime as it can be appreciated from Figure 3.10a and b where it
can be seen that coherences involving central transition have little variation at the level
crossings. Within first term in Magnus expansion, it was shown that the average Hamiltonian

contains recoupled dipolar terms proportional to S231, and S231,.1'¢1 As a consequence,
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heteronuclear coherences involving central transition can be produced and utilized in a T-
HMQC experiment. Within first term in Magnus expansion, no transfer is predicted to
heteronuclear coherences involving S-spin double-quantum terms, and this feature is confirmed
by simulations which indicate very low transfer efficiency to these coherences (not shown). In
Figure 3.10c the amplitude of SZ31, at the end of first TRAPDOR irradiation is displayed as
function of y for g = 65°, and is evaluated with and without truncation approximation. The
discrepancy clearly indicates the failure of truncation approximation for the chosen £ angle.
Simulations show similar behavior for other £ in the range 60 — 70°. In Figure 10d,e the I-
spin T-HMQC signals (t; = 0) corresponding to S23I, and SZ31, are displayed as function of
£ and y. It can be seen from Figure 10e that the sign of the signal due to S23I, depends on g
and y. On the other hand, our proof that the sign of the signal is independent of the coherence
type relies on the truncation approximation which, as we have shown above, is not valid at the
rotary resonance. Moreover, the sign rule for the signal is violated for the same 60 — 70° range
of § angle. Hence it appears that the constancy of the sign of the signal and the validity of
truncation approximation may be closely related. Finally, we note that, for this rotary resonance
condition, calculations performed with and without the time-dependent second-order
quadrupolar Hamiltonian resulted in different outcomes, indicating the necessity of taking into
account the full second-order quadrupolar Hamiltonian. On the other hand, for v, in the range
of interest, 90-110 kHz, simulations performed with and without the time-dependent second-
order quadrupolar Hamiltonian led to extremely small differences for all crystallite
orientations.

For the following discussion we reproduce again observation O1 according to which, (a)
till the first level crossing, only S1*1, is created with significant amplitude and (b) only Si*I,
builds up visibly between any two consecutive crossings. These two statements lead to the
thought that S3*I,, is a sort of driving coherence: it would build between consecutive crossings
and then it would get converted to other coherences during crossings. We have tested this
conjecture by artificially erasing a given coherence at any moment during TRAPDOR
irradiation and monitoring how this influences creation and evolution of all the other
coherences. For any coherence erased it was found that creation of all other coherences was
suppressed to a certain degree. However, when the coherence continuously erased was S3*I,
the suppression of other coherences was the most efficient (amplitudes of created coherences
are one or two orders of magnitude smaller than when erasing any other coherence). This

supports the conjecture that S1*1, is the driving coherence, in the sense discussed above. The
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fact that, when erasing any given coherence, the buildup of all other coherences gets quenched
to a certain degree is easily explained. If a coherence converts to the erased coherence the
reverse transfer does not take place and, due to the complex coherence interconversion in the
intermediate regime, the erasure acts as an overall damping process.

Finally, we will briefly discuss the role of the S-spin offset. In Ref. [20,21] it was shown,
within the Floquet effective Hamiltonian formalism, that recoupling is not efficient at offset
zero (irradiation of the centerband) but it may occur at discrete values of the offset (irradiation
at a given sideband, etc.). Their approach could not be used with arbitrary offset values.
However, numerical simulations presented in Ref. [20,21] show a fairly broad dependence of
transfer efficiency on offset, indicating there are no narrow recoupling conditions. Although
not really shedding more light, we add here a few observations. Figure 3.11 shows the
continuous buildup of a few coherences during TRAPDOR irradiation for offset zero and 1
kHz (second order quadrupolar interaction set to zero). With zero offset no steady buildup of
coherences is observed (Figure 3.11a-e). On the other hand, dynamics is significantly altered
even with the small offset of 1 kHz and coherences start to build up at different rates (Figure
3.11f-j). Among others, we have a sizable buildup of S23I,. On the contrary, at offset zero, it
can be seen that amplitude of SZ31, is strictly zero at arbitrary times. We have a simple and
interesting proof of this, based on the symmetry of the time-dependent Hamiltonian (Appendix
A3.11). With increasing offset values, rather similar buildup rates are observed for all
coherences (Appendix A3.12).

Most simulations presented in this work have been performed with an offset of 10 kHz
which is considerably smaller than the RF strength (100 kHz). Simulations with Avs in the O-
60 kHz range show a steady increase in T-HMQC signals up to 10 kHz and comparable signals
in the 10-60 kHz range. Regarding the structure of the effective Hamiltonian no qualitative
differences are noted for different offsets, except for the fact that, although heteronuclear terms
in the effective Hamiltonian are comparable for all offsets considered, they are strongly
suppressed by the truncation when Avs = 0 kHz. Regarding evolution during crossings and
between consecutive crossings, statements O1-O9 have been based on simulations with the
small offset Avy = 10 kHz, and an approximate theoretical explanation for some of them was
provided. For larger offsets, simulations reveal a more complex behavior of coherences
between consecutive crossings. For example, quadrature evolution of pairs of coherences
becomes less evident. This is not surprising since Eq. [3.27-3.30] couple pairs of coherences
only in the limit of small offsets.
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Figure 3.11 Amplitudes of several heteronuclear coherences during a period 4007z of TRAPDOR
irradiation with (a-e) 4vs = 0 kHz and (f-j) 4vs = 1 kHz. Other parameters employed are: C, =
2MHz, v = 1kHz,vi5 =95 kHz,vg = 60 kHz, = 55°, andy = 0°. Second order quadrupolar
interaction was set to zero.

3.5 Conclusions

In this work we present a theoretical and numerical description of the T-HMQC
experiment for a tH - %CI (S = 3/2) spin system, with an emphasis on the dependence of signal
on crystallite orientation and on the continuous creation, evolution, and inter-conversion of
coherences at arbitrary times during TRAPDOR irradiation. This work can be seen as an
addition to the approach and conclusions of Ref. [21].

To study the rich and complex spin dynamics due to the interference between the large
time-dependent quadrupolar interaction and the RF field, an exact effective Hamiltonian was
constructed numerically using the matrix logarithm approach. The different orders of
magnitude of pure-S and heteronuclear terms in the exact effective Hamiltonian suggest a
perturbative treatment or truncation of the later, as a first approximation. For the RF field
strengths of interest, time-evolutions calculated with and without the truncation approximation
are found to be in excellent agreement for dipolar couplings up to a few kHz, regardless of
crystallite orientation. It is shown that, even with larger dipolar couplings (10-20 kHz),
truncation approximation provides fair agreement with the calculations based on the exact
effective Hamiltonian. The truncation procedure is similar to the procedure adopted in Ref.
[21]. but is more general as it allows more heteronuclear terms to survive truncation.

When examining the structure of the exact effective Hamiltonian and of the amplitudes
of various coherences produced by first TRAPDOR irradiation, we observe a functional
resemblance between amplitudes of coherences and coefficients of various terms in the

truncated effective Hamiltonian, as function of crystallite orientation. Utilizing the truncation
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approximation and a Taylor expansion of the propagator, we have justified the functional
resemblance for coherences involving Iy. However, for coherences involving Iy such a
functional resemblance is not apparent. Coherences involving Iy develop at longer times, due
to higher order terms in the Taylor expansion, resulting in complex dependence.

Subsequently, for the full T-HMQC experiment, the truncation approximation is
utilized to derive analytically the dependence of the sign (phase) of the I-spin signal on the
coherence type created by TRAPDOR irradiation. We show that, without a 7t pulse on | channel
in the middle of the indirect dimension, sign of signals originating from different coherence
types can be positive or negative, but for a given coherence it is independent of crystallite
orientation. However, with the m pulse, we demonstrate that signals originating from any
indirect-dimension coherences have the same sign. This overall sign depends on the phase of
the 7 pulse.

An analysis of spin dynamics at arbitrary times during TRAPDOR irradiation has also
been performed. Behaviour between consecutive crossings is described analytically within an
approximation often used, which retains RF effects only in the central-transition subspace.
Equations reveal ‘quadrature’ evolution of pairs of coherences and coherence interconversion
e.g., between single-quantum satellite transition and double-quantum transition coherences.
The adiabatic, sudden, and intermediate regimes for T-HMQC are discussed within the
approach established by A. J. Vega, in which spin dynamics around crossings depends on the
swiftness of the passage through crossing. Equations as well as numerical simulations suggest
that there exists a driving coherence (S3*I,) which builds up between consecutive crossings
and then gets distributed among other coherences at crossings. Based on this observation, it is
shown that coherences involving S-spin double-quantum terms are not efficiently produced in
the adiabatic and sudden regimes. We have considered also the first rotary resonance condition,
which falls in the sudden regime. In this case efficient creation of coherence involving central-
transition terms is possible. Interestingly, we see that the truncation approximation fails at
rotary resonance and at the same time the sign of certain T-HMQC signals is not anymore
independent on crystallite orientation. It seems there exists a connection between these two
features but the reason for this connection is not clear at present. In the intermediate regime
redistribution of the driving coherence to other coherences is almost uniform such that
coherences involving S-spin double-quantum terms may be efficiently produced as in fact
demonstrated in Ref. [20,21].
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Finally, we studied the continuous creation and evolution of heteronuclear coherences
as function of the S-spin offset for individual crystallite orientations. With zero offset, most
coherences are created during TRAPDOR irradiation but exhibit a low-amplitude beat pattern
which prevents a steady buildup, resulting in overall low sensitivity for a powder. Introduction
of small offsets (~1 kHz) leads to a radical change in the dynamics: different heteronuclear
coherences exhibit a steady buildup, albeit at quite different rates. With larger offsets (~ 4 kHz
or above) the buildup rates of most coherences are similar resulting in efficient transfer for
most coherence types.
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4

Summary and Discussion

The work presented in this thesis constitutes a theoretical and numerical investigation
of the spin-dynamics in two recently demonstrated experiments, the H-*N double cross-
polarization under fast MAS experiment by Carnevale et al.[!"*8l and the *H-3CI TRAPDOR-
HMQC?°24 experiment of Hung et al. Both experiments involve long periods of RF irradiation
on the quadrupolar nuclei channel. Creation and evolution of various coherences generated in
these proton-detected experiments are investigated. To analyse the rich and complex spin
dynamics due to interference between the large time-dependent quadrupolar interaction and the
RF field, an exact effective Hamiltonian is constructed numerically using the matrix logarithm
approach. Structure of the effective Hamiltonian is connected with transfer amplitudes to
various coherences, the output signal, etc. and, when possible, characteristic features of the
spin dynamics are derived theoretically. The analysis also provides insight on the efficiency of

these experiments under different experimental conditions.

First part of the work described, in Chapter 2, deals with a comprehensive investigation
of 1H(I) = 14N(S) CP spin dynamics and in particular the efficient 1H - 14N - 1H CP
transfer in double CP experiments in the context of Ref. [17,18]. The matrix logarithm approach
and Floquet theory are employed to compute numerically the effective Hamiltonian associated
to the time dependent Hamiltonian associated with CP. Certain common features related to
construction of effective Hamiltonians by both approaches are discussed. The main
observations related to *H-1*N CPMAS/double CP transfer are: (a) various spin terms of the
effective Hamiltonian exhibit a strong dependence on the crystallite orientation; (b) significant
CP transfer occurs only when magnitudes of the effective 'H and N RF strengths are
comparable, and simultaneously all pure N terms in the effective Hamiltonian are small,
except for the longitudinal and the RF terms; (c) the sign of *N CPMAS signal follows the
sign of 1N effective RF strength; (d) sign of the double CP signal is largely independent of
crystallite orientation. Matching conditions employing multiples of the spinning frequency or
involving different 1*N RF strengths are predicted and verified. An analytical proof of (d) is
provided together with a theoretical estimate for the ratio of *H-1*N and *N-'H transfer
amplitudes which is further substantiated through simulations. In addition, it is found that

double CP signals include contributions from several single-quantum coherences present after
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the first CP process. The uneven contribution from different coherences leads to a reversal of
signal at very short contact times, a feature noted experimentally by Carnevale et al. The
connection between CPMAS transfer and efficient spin-lock is discussed and illustrated. The
factors affecting second-order quadrupolar lineshapes in double CP experiment are examined.

Second part of the work described in the thesis, Chapter 3, investigates the spin
dynamics associated with TRAPDOR- HMQCP%2 type experiments. A theoretical and
numerical description of spin dynamics associated with TRAPDOR-HMQC (T-HMQC)
experiment for a tH-3°CI (1-S) spin system under fast MAS is discussed. Towards this, an exact
effective Hamiltonian describing the system is numerically constructed with the matrix
logarithm approach. The different magnitudes of heteronuclear and pure S terms in the
effective Hamiltonian allow us to suggest a truncation approximation, which is shown to be in
excellent agreement with the exact time evolution of the spin system. Limitations of this
approximation, especially at the rotary resonance condition, are discussed. The truncated
effective Hamiltonian is further employed to monitor the build-up of various coherences during
TRAPDOR irradiation. We observe and explain a functional resemblance between the
magnitude of different terms in the truncated effective Hamiltonian and the amplitudes of
various coherences during TRAPDOR irradiation, as function of crystallite orientation.
Subsequently, the dependence of the sign (phase) of the T-HMQC signal on the coherence type
generated is investigated numerically and justified analytically. Proceeding beyond effective
Hamiltonian predictions, we examine the continuous creation and evolution of various
coherences at arbitrary times during RF irradiation, i.e., during and between avoided level
crossings. Behaviour between consecutive crossings is described analytically and reveals
‘quadrature’ evolution of pairs of coherences and coherence interconversions. The adiabatic,
sudden, and intermediate regimes for T-HMQC experiments are discussed within the approach
established by A. J. Vega. Equations as well as numerical simulations suggest the existence of
a driving coherence which builds up between consecutive crossings and then gets distributed
at crossings among other coherences. It is found that, in the intermediate regime, redistribution
of the driving coherence to other coherences during avoided level crossings is almost uniform,

enabling efficient production of coherences involving 3°Cl spin double-quantum terms.
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Discussions and Future Directions

In this thesis we have illustrated the application of the matrix logarithm approach, not

only for numerical simulations, but also for gaining insight into the relevant spin coherences.

With a single spin pair of 'H-*N, most experimental observations in double CP
experiments were justified with the aid of an effective Hamiltonian constructed with the matrix
logarithm approach. We believe that the methods employed and the insight provided in this
thesis may help in developing new *H-1*N polarization transfer schemes.

In the analysis of TRAPDOR-HMQC experiments we have utilized a dual approach.
On one hand, several important conclusions were reached via effective Hamiltonian
calculations. On the other hand, a more intimate understanding of the transfer process was
provided by analysis of spin dynamics at arbitrary times during RF irradiation. This dual

approach may be useful for the study of other time-dependent problems.

Finally, we believe that the studies presented in this thesis demonstrate the potential of
the matrix logarithm approach, in understanding the underlying spin dynamics, and may

encourage its applications to other complex experiments in solid state NMR.
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Appendix 1

9d1.1 Rotation of spin operators

The unitary operator corresponding to rotation in spin space is given by R,(0) = e~z for a
rotation by an angle 8 about Z axis. Under this operation a component of the spin operator, say

Iy transforms into
Rz(0)IxR;(0) ! = e=¥lz], e+i0lz, [A1.1]

Expansion of the above expression using Taylor series yields

92 92
RZ(H)Isz(e)_l = <1 — leIZ — 71% + ---)IX <1 + LHIZ —71§ + ...)

92

= Iy = 0l 1] =S (12, U 1) + = (1, 1, Uz 1]+ [AL2)

Using the identities corresponding to the cyclic permutation of the angular momentum

operators,
[Ux, Iy] = ily, [I7, Ix] = ily, [y, I7] = ilx, [AL1.3]
the various commutators appearing above can be replaced as

_ 62 i63
IX — lH[IZIIX] — 7[12, [Iz,lx]] + ?I:Iz, [IZ; [IZ;IX]]:I + oo

62 g3
:IX+HIY_7IX__6 Iy+“’
2 in3
=L (1-S+ )+ (6-"+) [A1.4]

after grouping and rearranging. Using the series expansions cos 8 = (1 - 972 + ) and
sinf = (9 — % + - ) the above expression can be simplified as

R;(0)IxR;(0)™! =1y cos O + Iysin 6 [Al.5a]
Proceeding in the same way one obtains

Rz(H)Isz(H)_l == Iy COoSs 9 - IX Sin 9 [A15b]
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Since R;(8) commutes with I, we have R;(8)I;R,(6)™ =1,
For rotations about X axis,
Ry(O)IxRx(8)™' = Iy,
Ry()I, Ry ()™t =1I,cos8 +I;sinb,
Ry (0)I;Rx(0)™r =1I;cosO — I, siné. [A1.5c]
For rotations about Y axis,
Ry(®)IyRy(8)™" =1y,
Ry(0)IxRy(8)™! =1IycosO —I;sinb,

Ry(8)I;Ry(0)™Y =1,cos0 + Iy siné. [A1.5d]

d1.2 The spherical tensor formalism

The framework of irreducible spherical tensors is used to represent the Hamiltonians,
and as it is illustrated, it has a spatial part and a spin part with characteristics that correspond
to each interaction. The interactions are in their respective principal axis frames whereas the
measurements are done in the lab frame. As a result, it must be translated into the lab frame
using the Wigner rotation matrices illustrated here. As frame transformations require rotations,
it will be more convenient to express Hamiltonians on a spherical basis, which transform in the

same way as the spherical harmonics.

Frame transformations and form of the interaction Hamiltonian:

The general form of the Hamiltonian representing any internal interaction can be

written as a scalar product of two irreducible spherical tensors

HE,=[CI-4- s] [Al.6a]

int

}[fnt = CintZlm thIlS e = Cmt Zlm thTmt Lntz OZm_—l( 1)mAthTmt

[AL.6b]

104



where 4: Second rank Cartesian tensor, describing the strength and anisotropy of the respective

interaction Hamiltonian, denoted as ‘int’, F: Frame considered, I, S: Cartesian spin operators

corresponding to each interaction and T/ = I,S,, ™t. Composed of isotropic, symmetric and

antisymmetric second rank cartesian tensors, Tiso = Trace( Tt =

_Zlm mt 6lmJ usym = ( mt mt) and Tsym — ( lnt mt) Tiso-

Chemical shift and J coupling interactions possess an isotropic part. The tensors
representing the Hamiltonians of interest in this work are mostly symmetric (Dipolar and
quadrupolar interactions). Antisymmetric part (chemical shift, J-coupling interactions) can be
neglected as they have little effect on the NMR spectra. The interaction Hamiltonian in terms
of the spatial and spin parts of a second rank tensor under spherical tensor formalism are
enlisted below in Table A1.1.

Interaction I

N

S Hi=|CI-4-S

Chemical shift (Ix,Iy,1;) | @ | y(0,0,B,) Hes =yl 0-B

Dipolar: Heteronuclear | (Ix, Iy, I7) | D;g | Sx,Sv,S2) | #H,"S=1-Dys-S

Quadrupolar (Ux, Iy, 1z) | Q | Ux,Iy,1Iy) Hy = 1-Q-1

Table Al.1 The spatial and spin parts of a second rank tensor under spherical tensor formalism are
listed in terms of their Cartesian counterparts.

The various frame of references (Figure Al.1) mentioned in this thesis are: (1).
Principal axis frame (PAF) in which the tensor describing the interaction will be diagonal, (2).
Rotor frame (ROTOR) which is employed during MAS such that the Z-axis coincides with the
rotor axis, (3). Laboratory frame (LAB) in which measurements are taken, where the Z-axis is

parallel to the direction of the externally applied field. Under a frame transformation from F to

. ; — int,F’ <—)int,F . A
F’ for an interaction ‘int’ : [AU)] =A0  DO(Qe), where DO (Q,) is the Wigner

. . . . . int,F’'
rotation matrix. The corresponding matrix elements transform according to : [Al,m]mt

l , Al lnt,FDl

m'=-1

m(Qppr) Where

!
,m

: m(QFF’) = eXp{_im’aFF’}din’m(BFF’)eXp{_imyFF’}!
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are the matrix elements of the Wigner rotation matrix and d_ , _ are the matrix elements of the

reduced Wigner rotation matrix and Qppr = (app’, Brp', Vrp') represent the Euler angles.

LAB +

Figure A1.1 Various frames of references discussed in this thesis are schematized.

Wigner rotation matricesis”

ds3 (B) = (3cos? B — 1) = Py(cos (),
A2, (B) = + Jg sin2p,

d52,(B) = ﬁ sin? ,

dse (B) = 7 (35 cos* B — 30 cos? f +3),

d (B =+ \/156 sin B (7 cos® B — 3 cos B),
dsP,(8) = \/35 sin? B (7 cos? f — 1),

35 .
(2.0 = [E cospsind,

35
dg&(ﬁ) = /ﬁ sin* B,

where d© () = (=)™ dY(B).
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Euler angles

Qppr = (g, Brpr, Vepr) represent the Euler angles transforming frame, F to F'. appr €
(0,2m): rotation about the Z-axis, frr € (0,): rotation about new Y’-axis, ypr € (0,2m) :
rotation about the new Z’ —axis. Under the secular approximation, the Hamiltonians are
invariant with respect to the rotation about the Z —axis. So, the y angle transforming the
principal axis frame to the laboratory frame can be omitted™?. We have assumed that the

orientations of the quadrupolar and dipolar interactions coincide for simplicity.

Using the idea described above, the expression for any interaction Hamiltonian in the

laboratory frame can be derived starting from equation [Al.6a-b] as shown below:
HELE = Cone 45517 T3]+ Cin Z DAt [

+Cine Yooy (—D)™[ARL, 1" [1in];  [ALT]

where[Ain ] S L Dy (@ B VIR and R5PT denotes the spatial part in

PAF (Table A1.2).
For [ = 0: HEA_o = CineRey P47 [T

Forl = 1: HEN 1 = Cone 2m=—q (— 1)mRthAF[Tmt

LAB
HEes = C Z (0 [as] s,

As the antisymmetric part can be neglected as they have little effect on the NMR spectra, [ =

1 terms are not considered.

FOF l = 2 j—[i‘g}; 2 — int Zm—_z ( 1)lent PAF [Tlnt

l

LAB[ lTlt

}[L%Attg 2 = lnt Zm -2 ( 1)m[Amt

2
[Amt LAB — Z (a ,B )RthAF.

m/==2
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The spatial and spin parts of various internal interactions like chemical shift, dipolar, and

quadrupolar Hamiltonians are written in the spherical tensor formalism as shown in Table Al.2.

Interaction Hamiltonian Spatial part (in PAF) Spin part
i 2 2 s mcs RCS,PAF — —LTT[O'] TCS — —il B
Hesw = yz Z (—1) Al,mTl,—m 0,0 \/g 0,0 \/§ z20
1=0 m=-2 = _\/§al.so
T]_C;g = 0
R{PAT = 0 (symmetric) 1
Tifh = =5 148
RYAAT = 0 (symmetric) .
CS
3 T30 = |51:Bo
CS,PAF __ ’
RZ,O - \/;66'5 3
CS T 1
RCSPAF s Ti1 = +§IJ_rBO
242 — 5McsOcs
2 TS5, =0
2 RD,PAF -0 R 2 1
00— Too = ——= |15, + 5 I,S_ + IS
Hll)'AB — (’)D,IS Z (_1)mA12),mTZI?—m 0,0 \/§[ zYz 2( + +)
m=—2 Rf‘gJAF -0 .
D _ — —
#OYIYSh DPAF _ Tl,O - \/E(I_S+ I+S—)
Wp,is = — 3 Ry 0 b
4mrg RDPAF _ 6 Ty = (LS, +1,54)
2,0 -
For homonuclear case: | and S becomes I ,
‘ L | Rt = s 2= [pans, - -5
and I, ) RDPAF _ (& ’ 6
2,+2 =
_1
TPs = +3 IS+ + L..S,)
1
Toaz = EIJ_rSJ_r
2 Q,PAF _ 1
2nC Roo =0 TQ _
JLAB — Q Z -1 mAQ TQ ’ 0,0
e T 20@0-1) D" Az Tz V2
m=-2 RQ,PAF =0
e T2 =2I
1,0 — z
Q,PAF _ 3 TQ =FI
Rz.o - 5 1,1 +
Q _ 1 2
ROPAF _ Y g[3Iz —1(I+1)]
2,+1
1
Q,PAF __
Ryia = EUQ

0 _1
Tz,il = +E(Izli + IiIZ)

1
TZQ,iZ = Eli

Table A1.2 The spatial and spin parts of various

the spherical tensors.
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Examples

Dipolar interaction

<h LAB
HEE = 0+0— ()22 (—D)™[A8 ] [1Dn] [A1.84]
int 1LAB _ int, PAF 2 - _ _ _
[A ] Zmr_—z R Dim(2p1);): 2p(ap, = &, Bpr, = 0,7p, = 0).

= Yoy RIS A% (Bpy) exp{—im'ap,} exp{—i0yp,}
= 2=z Ry " d2ym (0) exp{—im' ¢} exp{—i0yp,}
Expanding, grouping and rearranging yields:
FHLAB = (M) YN A LB+ C+D+E +F] [AL.8b]
where A=1,5,3cos?6 —1),B = — i [,S_ +1.5,](3cos26 — 1),

C= 2[1 S, +1,5,]sinf cos@e ™, D ==[I,S_+1_S,]sin @ cos fe*?,

N W

E= %[I+S+] sinZ fe~2% and F = 2[I_S_]sin?0e*2®.

» ol w

Under secular approximation (m = 0)

LAB[ LAB

. 2 2 int,PAF
HEAE_, = Cine|ASY Tiv, [A%Y =Yoi-_y Diio(a, ﬁ,y)R;f‘m,

[A1.9]

For the transformation of the principal axis frame to the laboratory frame using the
Euler angle, 25, (apy, BpL, Yp, = 0) for an interaction, int under secular approximation (m =

0), we have

]LAB

[Amt m/_—2 Rmt AF D2 o (2p1) = Zm/_—z Rmt TAFd2 mo(BpL) exp{—im'ap,}

where Dj,(2p,) = exp{—im'ap,} d5o(Bpy) exp{—i0yp,} = djo(Bp,) exp{—imap,} and
the Euler angle rotation can be written in terms of the polar angles (6, ¢): Qp; (ap, = ¢, Bpr, =

0,vpL = 0).
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Dipolar interaction (Homonuclear)

LAB
] = RD PAFDOO(.QPL) = DPASdoo(ﬁPL) exp{—i0ap.}, 2p (@ = ¢, =0,y = 0)

42,

]LAB

[AQO = R%"“ngo(e):\/g% (3cos?26—1),

[T20] = \[ 31,S,— (I-9)] f Bl — 1 - 1)

LAB 1
7'[[%/1152 Wp 11, [Az 0] [ TS = wp 1112\/_ (3 cos?6 — 1)\/; Bl — 10 I

= wp,1,1,(3¢0s*0 — 1)(Bly,lp, — Iy * 1) [A1.10a]

Dipolar interaction (Heteronuclear)

LAB
[A26] = Ry " D3y (2p,) = Ry " d2y(BpL) exp{—i0ap,}, 2p (@ = ¢, =0,y = 0)

LAB 1
[42,]"% = RDPATd2,(6)=V61 (3 cos? B — 1), [Tfy] = ﬁz,zsz

LABy .
}[D IS = wDIS[Alz),o] [Tzl,r(l)t] Wp, 15\/_ (3 cos ,3 - 1)\[[” Szl

= wp,5(3c0s?0 — DI,S, = wp 15P,(cos (8))2L,S, [A1.10b]

Quadrupolar interaction

3 1 1 2nC,
RZY :\/; Ry = EnQ:TZQ,O = \/;[313 — I+ 1)],Cine = 2@ -1)

2
[Ag,o] = z Rg,m’ Drzn'o('QPL)

m'=-2

= Rg,'(l)DAFDoo(-QPL) + RQ PAFDZzo(-QPL) + RQ PAFDzo(QPL)

Ho" = % [3cos?6 — 1+, sin? Ocos 2¢][35Z — S(S + 1)] [AL1.11]

e?qQ

Zszs—nn 1S called the quadrupolar frequency.

where wq =
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Under MAS:

Introducing rotor frame in between principal axis frame and laboratory frames, we get

2

. _1LAB . 1PAF

[Alz%t] = z [Alzrrlﬁ] ng(QPR)Drzno(QRL)
m=-2

= z [Aé%]PAFDOm('QPR)d 0(BrL) exp{imaw,t}

2
. 1PAF .
= > (AR D3 pr) g (Or) explime, )
m=-2

where D(Z)(QPR){aPR = 0, Bpr,Ypr} = exp{—iOapg} drzno(ﬁPR) exp{—iypr}
= drzno (Bpr) exp{—iypr} [A1.12]

and D® (02, (1)) {ar, = —wyt, Br, = Om, Vi, = 0}=exp{imw, t} dz,,(6) exp{—iOyg,} =
d2,,(6,,) exp{imw,t} represent the Wigner rotation matrices for the PAF 2ROTOR and
ROTOR2LAB transformations using Euler angles: 2pg:{apr = 0,Bprr,Ypr} and

Qpy(t): {ar, = —wrt, Br, = O, VR = 0}
For dipolar interaction, under secular approximation
[AzDo]LAB = Ym=—2 [R?m]PAFd m(Bp) exp{—iyp} dio(6m) explimw,t}

Under MAS, the spatial part of the quadrupolar Hamiltonian becomes time-dependent

LAB

[420]

Z RS Dl (05) Do,

m=-2

= Z RZQ;ﬁAFDOm(Q )d 0(.3RL) exp{imw,t}

m=-2

= Yim=—2 RQ Az m(ﬁQ) exp{—iVQ} dino(O) exp{imw,t}

Where ‘QPR: (C{ = O,ﬁ = ﬁQ’y = )/Q)"QRL(t): (a = th,ﬁ = Hm = 54‘70,]/ = 0) [A113]
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d1.3 Application of Matrix Logarithm in Rotary Resonance

Recoupling

As a simple illustration of the matrix logarithm approach, we consider the phenomenon of
rotary resonancel’®l for a heteronuclear spin system composed of two dipolar-coupled spins |
and S (I =S = 1/2), with one spin (say S) subjected to continuous-wave irradiation. When
the amplitude of the RF field satisfies w; = wy or 2wy, the dipolar interaction is recoupled
and can be utilized to produce heteronuclear coherences. In the average Hamiltonian theory
framework, we consider first the rotary resonance condition w; = wg. Under MAS the

Hamiltonian is given by

H(t) = w Sy + d(t)21;S5, [Al.14]
where the time-dependent dipolar coupling

d(t) = ¥2,__,d,e'“rRt m =0, [A1.15]

oscillates at wg and 2wg. In order to apply average Hamiltonian theory a new rotating frame

is introduced by

U(t,0) = exp[—iwgtSx] Ug(t,0). [Al1.16]
The Hamiltonian corresponding to the new rotating frame is

Hr(t) = (w1 — wg)Sx + d(t)21;(S; cos wrt + Sy sin wgt). [AL1.17]

By expanding the cosine and sin in terms of et'®rt and retaining in Hy(t) only the time-

independent terms we obtain the zeroth-order average Hamiltonian,
Hp = (w; — wg)Sy + dRe21,S, + di™21,S,. [A1.18]

When w, — wy, is significant the first term in H will quench the effect of the last two terms

and no recoupling will be observed. However, at rotary resonance condition w; = wg, we have
ﬁR = derIzsz + d:llmZIzsy == [d?eSZ + d{mSY]ZIZ [Allg]

and dynamics of the system due to the two dipolar terms can proceed unhindered. In order to

derive the evolution of the spin system, we express Hy as

Hy = d [cos 0 S, + sin 6 Sy]21,, [A1.20]
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where d// = \/(dF®)2 + (d]™)2, cos 6 = dF¢/dS!7, sing = d™/dS'T. Then, with

T = eti05x{q%T 25,1, e 10x A1.21
1

the propagator can be written as

UR(t, 0) — e+i95xe—idffftZSzlze—i95X. [A122]

where t = kTg. Starting with p(0) = Iy = pr(0) = I, the density operator at later time,
pr(t) = Urp(0)UZ becomes

, . eff . ] . seff ;
pR(t) =e+195Xe—ld1 tZSZIZe—LQSXIXe+195Xe+ld1 tZSZIZe_lng_ [A123]

After successive application of the exponential operators, we obtain

pr(t) = Iy cos(dffft) + 21y[S; cos 8 + Sy sin 0] sin(dffft). [Al.24]
Since d4; = —wp \%sin 25,5 eX1s we have
ke = —wp L sin 2,5 cosy;s, dim = —wp isin 205 siny;s

V2 V2

and dfff = wp %sin 2[;s. Asaresult 8 = y;s + m and one can write

}[_‘R = _dfff [COS ]/15 SZ + sin VIS Sy]ZIz, [A125]
and
pr(t) = Iy cos(d t) — 21y[S; cos y;s + Sy sinyys] sin(dS/t). [A1.26]

Because of the sine and cosine of y,s the terms I,S, and I, Syare averaged to zero for a powder.
However, they can be utilized in HMQC/HSQC experiments where equal excitation and
reconversion periods lead to the appearance of cos? y;s or sin? y; in the detected signal. The
second rotary resonance condition w; = 2wy, is treated in the same way. In this case both H
and px (t) contain the cosine and sine of 2y,s. More complicated equations for Hy and px(t)
are obtained when w; is away from wg or 2wg. They predict a decrease in the amplitude of
the excited heteronuclear coherences away from the rotary resonance conditions. When an
additional offset term, AwsS, equations become even more complicated, and predict excitation

of additional coherences, besides the reduction of IS, and Iy Sy.

In the following, the effective Hamiltonian is computed numerically with the matrix
logarithm approach at first rotary resonance condition. The basis set of operators, O, is here
composed of I and S spin operators, and of their products (1,5, IxSy and so forth). The result

presented in Fig. A1.2 shows the amplitudes A, of coherences excited at rotary resonance, as
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function of y,sfor a fixed S;s, as well as coefficients a)gff/Zn of those spin operators of the

chosen basis which do not vanish in the effective Hamiltonian. Simulations are preformed with

and without an offset term AwgS, added to the Hamiltonian. When Awg = 0 coherences Iy S,

and Iy Sy are excited in accordance with Eq. [A1.13]. At the same time, the non-vanishing w;’”

correspond to spin operators IS, and IS, and match the dependence on y;s in Eq. [A1.12].

When Awg # 0 an additional term in the effective Hamiltonian is obtained containing I,Sy.

At the same time an additional coherence Iy Sy is excited.

(a) (b)
2 2
L 4 1 L
Qo oF
<<
-1+ 4 -1=
-2 2
0O 100 200 300 0O 100 200 300
(c) (d)
E 2 2
I 1 1f
K o 0
L 1 -1t
S
L
3 -2 2
S 0 100 200 300 0O 100 200 300
v [0 s [

Figure Al.2 (a) Heteronuclear coherences S;Iy (black), Sxly (blue), Syl, (red) at exact rotary
resonance condition w; = wg and with 4vg = 0,after a recoupling period of 15T%. (b) The same but
with Avg = 10 kHz. (c) Coefficients of non-vanishing H,¢sterms S;I; (black), Sxl; (blue), Syl
(red), for dvg = 0. (d) Coefficients of non-vanishing #{, s sterms for Avs = 10 kHz. Other parameters
used are vy =60kHz, v, = 60 kHz, v; =5 kHz. The simulation presents these quantitiy as

function of y,s for 8, = 30 °.
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Appendix 2

d2.1 System Hamiltonian

We consider a dipolar coupled I — S spin pair (S = 1,1 = 1/2), under magic angle
spinning at angular frequency wg and subjected to irradiation at RF strengths w,; and w45 on
| and S spin respectively. Chemical shifts are ignored in the following discussion. First and
second-order nuclear quadrupolar interactions of S are included in the Hamiltonian. We
consider an axially-symmetric quadrupolar interaction (asymmetry parameter, n, = 0) with
the Z principal axis of the quadrupolar tensor described by polar angles 3, and y,, with respect
to the rotor-frame coordinate system. The internuclear I — S vector, g, in the rotor frame is
characterized by polar angles fp and y,. The angle between the Z principal axis of the

quadrupolar tensor and the internuclear I — S vector is denoted by 6.
The Hamiltonian of the system can be written as,

d(t, Bp,¥p)21zSz [A2.1]

In the above equation,

wq (t, ﬂQ,yQ) = Cy [% sinz(ﬁQ)cos(Zth + ZyQ) — %sin(ZﬁQ) cos (wgt + )/Q)], [A2.2]

where C, = e*Qq/h represents the quadrupolar coupling constant expressed in angular
frequency units. In Eq. [A2.1], only the MAS-averaged second-order quadrupolar interaction

is considered, which for S = 1 is given by

2
0 (L+N), [A2.34]
oS

8w

Awq(By) =
with

3 =27 (1 1
L=2N= W{E (35 cos* By — 30 cos? B, + 3)5 (35 cos* ,, — 30 cos? 6, + 3)}.
[A2.3b]
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Here w,s represents the Larmor frequency of the S spin and 6,, denotes the magic angle.
Simulations with and without the time-dependent part of the second-order quadrupolar
interaction showed very little difference, hence omission of the time-dependent part is justified

for the RF strengths and spinning speed considered here.
The time-dependent spatial part of the dipolar interaction is given by,

. . 2
d(t, Bp,Yp) = wp [Sln;ng) cos(wgt +vp) — SlrlT(ﬁD)cos(ZcuRt + ZyD)], [A2.4]

where wp = —,yYsh /4mrsy, y; and yg are gyromagnetic ratios of I and S. When Oop = 0,2
common set of polar angles, f and y, is used to characterize both quadrupolar and dipolar
interactions. In numerical estimations, instead of angular frequency quantities, we utilize their

frequency analogues, eg. v;s, Vg, Vp, €tC.

d2.2 CPMAS in the absence of quadrupolar interaction

We consider the CPMAS transfer in the absence of quadrupolar interaction. In this case, the
polarization transfer occurs at the usual Hartmann-Hahn conditions, |vy;| £ |v,5| = nvg. The

CPMAS signal, as a function of g and y, is shown in Figure A2.1.
(a) (b)

0.1

0 90 180

Bl°]
Figure A2.1 Brute force simulations showing (a) dependence of CPMAS signal on crystallite orientation
in the absence of quadrupolar interaction. (b) Dependence of CPMAS signal on g for a fixed y angle
(0°). Parameters employed are v, = 20 kHz,vy; = 40 kHz,vg = 60 kHz, Cy/2m = 0 MHz,n, = 0,
vp = 10 kHz, and the contact time is 12 rotor periods.

We observe that, in the absence of quadrupolar interaction, the CPMAS signal is independent
of v, the signal has smooth variation with respect to 3, and the sign of the signal is independent

of crystallite orientation, thereby resulting in coherent addition of signals in a powder sample.
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The CP contact time was 12 rotor periods and RF strengths employed were v,; = 40 kHz and
vis = 20 kHz, corresponding to v;; + v45 = vg. For § around 0,90, and 180° CP transfer is
poor because the dipolar term oscillating at v vanishes. These features are apparent in Figure
A2.1,

d2.3 Matrix Representation of Operators

The effective Hamiltonians are expanded in terms of a set of Hermitian spin operators, 0,
which form a basis for the linear space of all 6 x 6 matrices. We choose to use a hybrid basis
involving Hermitian linear combinations of spherical tensor operators.®! This basis contains
pure | operators, Iy, Iy, I, pure S operators, Sy, Sy, Sz, SxSz + SzSx, SySz + SzSy,(3S% — 2),
(82 +52)/2,(S%2 —S2)/2i, and IS terms like I,S;, (SySz + S;Sy)Iy, etc. The corresponding

matrix representations are given below. S, = Sy + iSy,S_ = Sy — iSy.

[010000] [O—iOOOO] [100000]
[1 00000 | |i 00 00 0| [0-10 00 0]
,-tffooo1o00|, _1/000-i0 Of,  _1/0 01 00 0
¥720001000Y 2100 i 00 O % 20 00-10 0
000001 000 00 —i 0 00 01 0
000010 000 0i O 0 00 00-1
001000 00—-i 0 0 O 1000 0 O
000100 00 0—-i 0 O 0100 0 O
g _1f100010|o _1]i0 00-i 0fc 10000 0 0
X7VvzZI01 000 1Y v2|0i 00 0 —-i|” 210000 0 O
001000 00 i0 0 O 0000-1 0
000100 00 0i 0 O 0000 0-1
10 0 000
01 0 000
) 100 -2 000
35z 2_00 0-200/
00 0 010
00 0 001
00 1 0 0 0 00—-i 000
1000100 1ooo—ioo
s gla b b0 o S |ssensegle 00!
00-1 0 0 0 00—-i 000
00 0-1 0 0 00 0—-i00

117



~
(e}
~.

Sy2+8.2

RO OO O
SO O O

|

|

_~oococo o
cococococ o
coccooc o
cocococo R
o~ 00 o
~ococ oo o
cococococ o
cocococo o
cocococo |
coco ol

0 0

d2.4: Removal of large IS terms via a rotating frame
transformation
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Figure A2.2 Dependence on y of CPMAS signal (a, f) and of the vef T coefficients (b-e, g-j) calculated
with Floquet theory (solid line) and the logarithm method (dashed Ime). Left: calculations starting from
the Hamiltonian of Eqg. [2.7]. Right: calculations starting from the Hamiltonian of Eq. [2.9]. The
calculation assumes vp = 0 kHz hence IS terms are not expected. Other parameters are: f =
32°,vi5 = 80 kHz, v;; = 46 kHz, vg = 60 kHz, Co/2m = 1.5 MHz, ny = 0. The contact time is 10
rotor periods. For visibility, the plots with dashed line are shifted vertically. Labeling of the coefficients
is according to Table 2.1. The coefficient SZ2 = SDQX, hence not shown. The coefficients vef Tare
expressed in kHz.

Simulations performed with RF irradiation on the I channel turned on, but with dipolar
coupling turned off, starting with the time-dependent Hamiltonian given in Eq. [A2.1]. It is
found that the effective Hamiltonians, and hence the veff coefficients determined by the
logarithm and Floquet methods are identical within numerical errors. Several v,?ffcoefficients
determined by both methods are presented in Figure A2.2(a-e). Since CP transfer is mediated
by the dipolar interaction, as expected, the CP signal is absent (Figure A2.2(a)). However, from
Figure A2.2(d,e) it can be seen that H.¢ contains a few large IS terms. Figure A2.2(f-j)
represents the veffcoeffluents determined by both methods starting with the time-dependent

Hamiltonian given in Eq. [2.9]. Itis visible that IS terms have been removed.
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dg2.5: Connection between two procedures for removal of large
IS terms

From simulations summarized in Figure A2.2, we see that the effective Hamiltonian
calculated in the old rotating frame, Hft = H; is different from the effective Hamiltonian

e

calculated in the new rotating frame, 7't = HZ;. This can be justified as follows. According

to Eq. [2.8], the one-rotor-period propagators in the old and new rotating frames are related by
U(Tg,0) = exp(—iwgTrly) U(Tg,0) = —U(Tg, 0). [A2.5]
Since U (T, 0) and U(Tx, 0) are different, the associated Hamiltonians Hg and H,g have to

be different. From U(T, 0) = ¥ exp(—i€; Tk ) |€){€;|, by adding +wg/2 to all eigenvalues (or
odd multiples of wg/2), we obtain —U (T, 0). Hence f[““f} has to be connected to £ f by

Heorr = Y(€; £ wr/2) || = Hege + T(F wr/2) | )€l [A2.6]

By construction, both H,g and H.¢ have eigenvalues in the (—wg/2, wg/2] interval, hence

we must have

Ty = Z (€6 — wr/D)le e + z (€; + wr/2)leNe . [A2.7]

Ej>0 Ej<0

The eigenstates of the effective Hamiltonians ¢ and H ¢ are identical, but the energy levels
pattern is different. This difference results in different expressions for the effective Hamiltonian

in terms of the spin operators O,,.

This relation between H,g and H ¢ suggests a second procedure to remove IS terms
as follows. From the Floguet effective Hamiltonian in the old rotating frame, HJ = DA,D ™,

we can obtain the Floquet effective Hamiltonian H % as
Hls = DAD7Y,
where A, is a new diagonal matrix, with elements

. € —wr/2,ife; >0
€ = € + wg/2,if; <0
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It is seen that the effective Hamiltonian in the new rotating frame is obtained by a simple
rearrangement of the eigenvalues of the effective Hamiltonian in the old rotating frame. It
would be interesting to investigate whether this shifting procedure can be extended to more

general frame transformations.

d2.6: Structure of the effective Hamiltonian and absence of IS
terms

@251 S=1/2,1=1/2

For two dipolar-coupled spin-1/2 nuclei under RF irradiation the Hamiltonian is
H(t) = wlIIX + (Dlssx + d(t)212SZ [A28]

Let us consider a particular setup with v;¢ = 20 kHz, v;; = 50 kHz, vg = 60 kHz, v, =
1 kHz. This setup is away from any CP match condition or other resonance condition and also
the dipolar coupling is much smaller than the spinning frequency. Therefore, the Hamiltonian
can be very well approximated by leaving out the time-dependent dipolar interaction. This new,
time-independent, Hamiltonian would describe well evolution for any time interval and hence
it can be also used as an effective Hamiltonian to describe evolution over multiples of the rotor

period. Thus we can set,
Hetr = wyly + w15Sx. [A2.9]
The corresponding eigenvalues and eigenvectors are,
Emmg = M1 + MWy = |My, M)y,

where the index X signifies that these states are eigenstates of Sy and Iy. For our setup and in
frequency units, the eigenvalues in descending order are 35, 15, -15, -35 kHz and correspond
to eigenstates |1/2,1/2)x,11/2,—1/2)x,|—1/2,+1/2)x,| —1/2,—1/2)x. The 35 and -35
values are outside the (—vg /2, + vg/2) interval, hence the logarithm method will produce an
effective Hamiltonian }[el}’f for which these eiegnvalues are replaced by 35 — 60 = —25 kHz
and —35 + 60 = 25 kHz while the corresponding eigenstates remain unchanged. In this way
the eigenvalues of }[el}’f are —25,15,—15,+25 kHz corresponding to the eigenstates

11/2,1/2)x,11/2,=1/2)x,1=1/2,+1/2)x,| — 1/2,—1/2) respectively.

It is easy to see that this Hamiltonian can be expressed as
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Hefi = wil'Tx + w§FSx.
Indeed, for the -25 and 15 kHz eigenvalues we demand
—25 kHz = vl /24+v¢l /2,
+15 kHz = vl /2—veff /2,

The solution of this system is given by v§ff = —10 kHz and v&if = —40 kHz and it satisfies
also the equations related to the other two eigenvalues. As such this Hamiltonian maintains the

original spin-operator structure and does not contain any IS terms.

It can be shown that this property is maintained for any other RF strengths as follows.
The effective Hamiltonian produced from the propagator exp (—iHeTg) by the logarithm
method, where H.s is given in Eq. [A2.9], is of the form
HE = Hege + X kjwrle) €] [A2.10]
where |ej) are the eigenvalues of #{.¢ and integers k;, termed as folding coefficients, make
sure that eigenvalues of 7% are in the (—wg/2, wg/2] interval. More explicitly

Het = Z (M +msw ) [mmg)(mymg|,, + Z kmgm,wrlmmgs){mmg|,  [A2.11]

mpms mpms
where the subscript X indicates that kets and bras are eigenstates of Sy and I. The energy level
pattern of Hgr is symmetric, €, mg = —€_pm, —m,, hENCE

kij21/2 + k-1/2-12 =0, kijz-1/2 + k_1/21/2 = 0. [A2.12]

Next, we investigate the conditions that result in the presence of IS terms in the %, The initial
effective Hamiltonian H.¢ does not contain any IS terms. Using Eq. [A2.11], the coefficient

of any IS spin operator Op can be calculated as,

Op Xmymg kmlmsz|mImS)<m1mS|X}
Tr(03)

in 2 Tr{
Tr(Hegs0p)/Tr(0p) =

= Ymyms Kmms@r (myms|Op[myms) /Tr(03). [A2.13]

The condition that the operator Op does not appear in % is then

e

Z km,ms(m,ms|0p|m,ms)x = 0. [A2.14]
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For our spin system (m1m5|0p|m1m5)x =0 for all IS operators except IySy. Hence IS

operators different from ISy do not appear in H%. For ISy we have
(mymg|IxSx|mimg)y = myms,
and the sum in Eq. [A2.13] vanishes
kij21/2 F k-1/2-1/2 — k172,12 — k1/2-1/2 = 0

after taking into account Eq. [A2.12]. Therefore ISy also does not appear in . We conclude
that for any given RF strengths no IS terms are present in #%. This conclusion is not valid

when S = 1,1 = 1/2 as demonstrated in the next section.

@252 S=1,1=1/2

For S=1and v, = 0, let us consider the same setup as in E1, with v;g = 20 kHz, vy, =
50 kHz, vz = 60 kHz, v, = 1 kHz. Following the same steps, the eigenvalues of Heg in
descending order are 45, 25,5, —5, —25, —45 kHz and correspond to eigenstates |1/2,1), |1/
2,0)x,11/2,-1)x,| —1/2,1)x,| —1/2,0)x,| — 1/2,—1)x. The 45 and -45 kHz eigenvalues
are outside the (—vz /2, +vg /2] interval and the logarithm method will replace them by 45 —
60 = —15kHz and —45 + 60 = 15kHz. In this way the eigenvalues of % are
—15,25,5,—5,—25,+15 kHz and correspond to -eigenvectors|1/2,1)x,|1/2,0)x,|1/
2,—1)x, | —1/2,1)x,| — 1/2,0)y,| — 1/2,—1)y, respectively. An attempt to find w$if and

oSt such that

ff eff
}[eff = Wq; IX + w1 SX

fails as follows. For the first and second eigenvalues we would have

—15kHz = veff/2+v1e§f,

+25 kHz = vlf/2,

which would yield v¢ff = 50 kHz and vlf = —40 kHz. However, for the third eigenvalue we
would have 5kHz = vl /2—vglf = 25 4 40 = 65 kHz which is contradictory. It follows that
H cannot be written as w$ifTy + w$iS, and additional terms are needed. It can be shown
that some of these additional terms are IS. After some algebra, the following non-zero

vfeoefficients are found,
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vt = 10 kHz , vElf = —10 kHz,
vElh x = 10 kHz, vEly, = —30 kHz.

The last two coefficients belong to IS terms in the effective Hamiltonian.

However, whether F % can be written as w$ily + w$Sy or not depends on the RF

strengths and spinning frequency. For example, if v;¢ = 20 kHz, v;; = 110 kHz, vz = 60 kHz
it can be checked that

Hofi = wil'Ty + w§FSy,
with veff = —10 kHz and v&If = 20 kHz.

Similarto S = 1/2 case, we investigate the condition Y. kmzms<m1m5|0p|m1m5)x #0
which results in the presence of an IS term O, in the . Taking into account the symmetry

of the energy level pattern of H.¢ we have
ki1 +Kk_1/2-1=0, kyj0+k_1/20=0, kyjp-1+k_q1/21=0.

Wlth <m5|SY|m5>X = <m5|SZ|m5>X = 0 and <m1|1y|mI>X = <m1|12|m1)X = 0, |t fOIIOWS that
all simple IS terms of the form I;S;, except IySy, are automatically zero in . With

(m;, mg|lxSy |m;, mg) = m;ymg, we obtain

Z km,mg(mlmsllxsx|m1ms)x = (k1/2,1 + k—1/2,—1 — k21— k—1/2,1)/2 =0

mpmgs

such that also ISy term does not appear in %, similar to S=1/2 case. Proceeding in a similar
way it can be shown that all other IS terms are zero for any RF strengths, except for I, (3SZ — 2)
and Iy(S% 4+ S52)/2. Taking into account that (1]|3S% — 2|1)y = (—1|3S2 — 2|-1)y =
—(0]3S2 — 2|0)y/2 = —1/2, we obtain for I,(352 — 2)

Z km,ms<m1ms|lx(3szz —2)|Imymg)y = (_k1/2,1 + k—1/2,—1 + 2]‘71/2,0 —2k_ys20+k 121~ k1/2,—1 )/4

mpms

This sum may be different from zero, in which case an I, (3SZ — 2) term will appear in }[é’f}.
For example, if wg > w15+ w1;/2 > wr/2 > w15 — wq /2, We have kq /51 = —1,k_1/21 =
0,k /20 = 0 and the non-vanishing sum leads to an I, (352 — 2) term. On the other hand, if
wWR > W15+ W11 /2 > wis — w1 /2 > wr/2, We have ki1 = —1Lk 151 =—1,ky/p0=0
and the sum is zero, yielding no I, (3SZ — 2) term. In this way the presence or absence of
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I, (352 — 2) term can be predicted for any RF configuration. A similar analysis performed for
the Iy (S% + S2)/2 yields minus the sum obtained for I (35% — 2) hence the two IS terms are
simultaneously present or absent depending on RF strengths and wg. This is confirmed by

numerical simulations.

A similar analysis can be performed in the presence of quadrupolar interaction as

follows. In the absence of dipolar coupling the propagator factorizes into pure S and pure |
contributions. As a result, an effective Hamiltonian can be written as Heg = }[eff + wqly,
where K% ff is the S-spin effective Hamiltonian determined by Floguet or logarithm approaches
for w,; = 0. Denoting the eigenvectors and eigenvalues of }[(fffo by |m2) and €mg the total

effective Hamiltonian can be written as

Hesr= ) (g + muwn)mm@mm], [A2.15]

0
m],ms

Subscript X indicates that the | part of kets and bras are eigenstates of I. This Hamiltonian
does not contain IS terms, as expected. The effective Hamiltonian 7't obtained by taking the

logarithm of the full propagator exp(—i%,;;Tg) is then

HEE = Hege + Ty m Konyma@r Mm@y immy| [A2.16]
where the folding coefficients km,mg brings the eigenvalue ey, +mw,; into the

(—wgr/2,wr/2] interval. The change in the a)eff coefficient corresponding to basis operator

Oy is

0 0
{0 %y 2 Koy mo@rImym@Ymym, |

r(03)

Tr

= > Kmg@r{mmg|0ylmm8), /Tr(03) [A2.17]

0
mpmg

If 0, represents an IS operator, the condition that 0, does not appear in }[lff is then

Z k., m,m5|0 |m,m5) =0

my, mS

Since (m;|Iy|m;)x = m; and (m;|Iy|m;)xy = (m;|I;|m;)x = 0 it follows that only IS terms

involving Iy may appear in }[éff This is confirmed through numerical simulations. By
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construction, the eigenvalues ep,; are in the (—wg/2, wg/2] interval and the folding

coefficients km,mg clearly depend on the magnitude of the proton RF strength. With nonzero

quadrupolar coupling, the energy level pattern of #>:° of¢ and hence Hg is only approximately
symmetric, Empmd = ~€_m;—md: the degree of asymmetry depending on crystallite
orientation. Nevertheless, relations of the type k., ..o = —k_,, _n0 hold for most crystallite
orientations. For example, assuming km,,mg = —k—m,,—mg and if wg > 6315=1 + wq;/2 >
wg/2 > 6315=1 —wq;/2, we have ky;p1 = —1,k_q/21 =0,ky/20=0 and an 0, term will
appear if (1/2,1|0,|1/2, 1)X —(-1/2,-1|0,|-1/2,-1 ) # 0. Since |m?2) are linear
combinations of the ‘unperturbed’ states |mg)y, it is expected that more IS terms will appear
than in the case with zero quadrupolar coupling. This is confirmed in Figure A2.2. The
eigenstates |m2) depend strongly on crystallite orientation. Therefore, if nonzero the magnitude

of a given IS term depends on (m,;m3|0, |m;m¢) , and it will most probably exhibit a strong

dependence on crystallite orientation.

It presents interest to determine the relation between the effective RF strengths in ¢ and

HLE. According to Eq. [A2.17] the proton effective RF strength in 2 i

WS = wyy + Z km,mgwR<m1mg|Ix|m1mg)x /Tr(I%) [A2.18]
m;m3
ff _ WR
Or wi] = wq + szg(kuz,mg - k—1/2,—m§)'
Due to symmetry of the energy level pattern, km,,mg = _k—m,,—mg and
eff _ ZwR
wi; = Wyt Z 1/2 mo-

eff

It follows that w$;" and w;; may differ only by a multiple of 2wy /3. This feature was initially

discovered by analyzing w$f in simulations with different proton RF strengths. In a similar

manner we could also determine the change in effective S spin RF strength. Following Eq.
[A2.17] the change in ST is

> KoymgrlmmiISylmm3)y /Tr(5) (A2.19]

ml,mg

125



Due to the strong dependence of |m2) on crystallite orientation, the change in w$T will not

have a simple form.

Next, we consider the appearence of IS terms when the effective Hamiltonian is
calculated after performing a rotating frame transformation of type U(t,0) =
exp(—iwgtly) U(t,0). Since only the | part of the Hamiltonian is affected, the effective
Hamiltonian in the rotating frame is Ho = }[eff + (wy; — wp)ly, with H° ot unchanged.

Taking the logarithm of exp (—iF.¢Tx) gives

T = 2050 + (Wi, — wr)ly + Z Km0 @R Mm@ (mym| [A2.20]

m;m3

where, if needed, the coefficient km,mg brings the modified eigenvalue €5, + m; (w1, — wg)

into the (—wg/2, wg/2] interval. If w,; is comparable to wg, (as it was the case for most
simulations), it is seen that the range spanned by the eigenvalues of ¢ is reduced and may

fall well inside the (—wg/2, wg /2] interval. In this case all km,mg are zero hence 1 = Hog.

Therefore H % does not contain any IS terms and moreover the pure S part ersﬁf’ remains

unaffected.

To summarize, we have shown that in the absence of dipolar coupling, for both I =
1/2=Sand I =1/2,5 = 1 cases, an effective Hamiltonian ¢ that does not contain any IS
terms could be constructed. We have shown that the effective Hamiltonians # % (obtained by
taking the logarithm of the full propagator) and H.¢ were related through folding coefficients

ko, ms Which fold the eigenvalues of H ¢ within the (—wg/2, wg/2] interval. The folding

coefficients depend on the | spin RF strength. It was shown that the presence or absence of an
IS operator, 0,, in the effective Hamiltonian #f; depends on ki, ms and on the matrix
elements (m,m2|0p|m,m2)x. After performing the rotating frame transformation, as before an
effective Hamiltonian ¢ that does not contain any IS terms was constructed. In comparison
with H.g, the eigenvalues of . are confined to a reduced interval. As before the effective
Hamiltonian 7 obtained by taking the logarithm of the full propagator is related to o
through folding coefficients k., .. If the reduced eigenvalue interval of H o falls within

(—wgr/2,wg/2], it follows that all folding coefficients vanish, resulting in 7t = He and

hence the absence of IS terms. It was shown that, depending on w4, for fixed w;¢ and wg, non-
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vanishing folding coefficients in £ do not necessarily lead to IS terms, hence rotating frame

transformation may not be needed.

d2.7: Dependence of CPMAS signal on proton RF strength
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Figure A2.3 Dependence of CPMAS signal on y for (a) vi; = 46, (b) vi; = 49, (¢) v4; = 52 kHz. (d-
f) Dependence on y of the corresponding vfgf (1S) and vf{ ! (11) coefficients. Calculations start with

the Hamiltonian of Eq. [2.9] and assume vp = 10 kHz, f = 32", v;5 = 80 kHz, vg = 60 kHz,
Co/2m = 1.5MHz,ng =0, 8yp = 0 and 7cp = 10T. Labeling of the coefficients is given in Table

2.1. The coefficients v/ and v/ in (d-f) are expressed in kHz.

Dependence of CPMAS signal on proton RF strength is and y angle is shown in Figure A2.3.
A good transfer occurs when |vEL| is slightly above the maximum of |vEL|. Lower |vEf| results

in a significant drop in the signal.
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A2.8: Dependence of CPMAS signal on g and y for other matching
conditions

All calculations and resulting conclusions upto Figure 2.5 correspond to a particular
choice of RF strengths,v;s = 80 kHz and v,; = 46 kHz, a choice which yields good overall
CP transfer in simulations and is also close to the optimized conditions employed in the

experiments of Ref. [17].

180 Y [°]

0 . 4 a -
180 0 90 180

BQO
[°]
Bre]

Figure A2.4 (a) Dependence of CP signal on g and y. (b) Projection of (a) along y. (c) Dependence
on B and y of the A parameter which reflects the difference between |v{/ | and [ve/”|. (d) Projection
of (c) along y. Calculations start from the Hamiltonian of Eq. [2.9] and assume v, = 10 kHz, v,5 =
80 kHz, v;; = 76 kHz, vgp = 60 kHz, Cy/2m = 1.5 MHz, ¢ = 0, 8op = 0. The contact time is 10
rotor periods.

The same reference presents CP mismatch plots, in which variation of the double CP
signal is monitored as function of proton RF strength v,; and it is found that it exhibits maxima
and minima. From the above arguments we can also predict other matching conditions as

follows. The RF strengths v, = 80 kHz and vy; = 46 kHz correspond to vy, + |[vEl| = vy

with [vElf| = 14 kHz. One can speculate a new matching condition, vy, — [vElf| = vg, with the
same v, = 80 kHz and arranging v;; = 74 kHz. This is confirmed by simulations and shown
in Figure A2.4, where an optimized value v,; = 76 kHz is used. This is well in agreement with
the double CP mismatch plot in Ref. [17] where it is found that two consecutive maxima of the

signal occur at about 45 — 50 kHz and 70 — 76 kHz, when v, = 80 kHz.
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In the same way other matching conditions can be determined, for example those
involving 2vg. The matching conditions become vy, = 2vg + |vilf| and yield 106 and
134 kHz for the proton RF strength. We have verified that significant CP transfer occurs at
these values. Additional simulations show reduced CP transfer at other proton RF strengths
between these values. For proton RF strengths in the 100 kHz range, identical effective
Hamiltonians are obtained when starting from the Hamiltonian # (¢) of Eq. [A2.1] or from a

new rotating frame Hamiltonian, F (¢), given by

U(t,0) = exp(—i2wgtly) U(t,0), [A2.21]
H(t)
= (w1 — 2wR) Ix+Awy(By)Sz + w1sSx + wo(t, B, ¥o)[35% — S(S + 1)]
+ 2d(t, Bp, Vp)Szexp(+2iwgtly) I, exp(—2iwgtly). [A2.22]

From Eq. [A2.21], U(T,0) = U(Tg,0) and it follows, from the deterministic action of the
logarithm in Eq. [2.5], that 7% = H % and hence transformation to the new rotating frame is

not needed. The same holds for the Floquet approach and HZ = HZ = H 2

e

ff — }[eff

It is clear that the central quantity to determine the matching conditions is the nitrogen
effective RF strength. It therefore presents interest to investigate the CP transfer for other
nitrogen RF strengths. Figure A2.5(a) displays |vEi| as function of 8 and y when the nitrogen
RF strength is v, = 40 kHz. It is seen that |veff| peaks around 8 kHz. According to the simple
reasoning above, matching will occur if |vELf| = [vEff| which, given that v§T = v,; — v, can
be achieved when vy; = v + |vElf| = 52 or 68 kHz. This is verified in Figure A2.5(b) which
shows CP signal as function of g and y for v;; = 52 kHz. Similar CP transfer is achieved also

with v;; = 68 kHz.
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Figure A2.5 () Dependence of |v://| on 8 and y, for a smaller RF strength of S spin, v;s = 40 kHz.
(b) Dependence of the CP signal on § and y. The plots are projections along y direction. Calculations
start from the Hamiltonian of Eqg. [2.9] and assume v,; = 52 kHz, vg =60 kHz, Cy/2m =
1.5MHzne = 0,vp =10 kHz, 6yp = 0, and 7¢cp = 10Tk.

42.9: Effective Hamiltonian with ramp-CP
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Figure A2.6 Dependence on y of CPMAS signal and of a few vgf T coefficients (a-c) without and (d-f)
with a +3% linear ramp on the *H RF amplitude. Calculations start with the Hamiltonian of Eq. [2.12]
and assume v, = 10 kHz, B = 39", vy5 = 80 kHz, vy; = 50 kHz, vg = 60 kHz, Cy/2m = 1.5 MHz,
ng =0, 8pp = 0 and 7¢p = 20T,. Labeling of the coefficients is given in Table 2.1. In (a) and (d)
signal is calculated with Eq. [2.13] (black) and with exp(—iH,;sNTg) (red). The coefficients v;ffare
expressed in kHz.
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d2.10: Effective Hamiltonian in terms of fictitious spin-1/2

operators

We approximate the Hamiltonian of Eq. [2.26], H' = wsS; + wSil, + 3/, by
keeping off-diagonal terms only within, (2,3), (4,5) subspaces. We introduce fictitious spin-

1/2 operators

1 1 1
Zos = 11221 = 3)31), Xa5 = F[12)(31 + 321, Yo = = [12)(31 = [3)211,

along with the unit operator 1,5 = |2)(2| + |3)(3] for the (2,3) subspace, and similar
operators for the (1,6) and (4,5) subspaces. The Hamiltonian £’ can be written approximately

as
H' = Ho + Hs + His, [A2.23]

where H,, H,5, and H, are to be expressed in terms of the fictitious spin-1/2 operators

associated with subspaces(1,6), (2,3), and(4,5). For the (1,6) subspace we have
Hie = 216116 + 2(ws + w11 /2 + A16)Z16, [A2.24]

where X, and A, are linear combinations of matrix elements (1|H;s|1) and (6|Hs|6). The
unit operator 1,4 has no effect within the subspace and is henceforth omitted. For the (2,3)

subspace
Hys = (ws/2)133 + AZyz + (His)2s

with A = wg — w4;. The unit operator 1,5 has no effect within the subspace and is henceforth

omitted. The IS term has generally the form

(His)23 = 223223 + X23X23 + V23123,

where the coefficients z,3, x,3, y,3 depend on the matrix elements of H in the (2,3) subspace.

The Hamiltonian is then
Hyz = Dy3Zy3 + x33X53 + Y23las [A2.25]
with A%, = A + z,5. Similarly, for the (4,5) subspace
Hys = (—ws/2) 145 + AZys + (i) as

and, after dropping 1,5 and expressing (Hs),s , we obtain
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Hus = DisZys + Xa5Xas + YasYas, [A2.26]
with A, = A + z,5. The Hamiltonian H,5 can be further expressed as

:7‘[2’3 = e_ld)%BZZSeld)lz/BYZS [QZ3X23]8_1¢‘2/3Y23el¢%3223, [A2.27]

where Q,5 = /(A53)? + x2, + y& and
tangs’® = y,3/%z3,
tang® = Ays/ [x35 + Y.
Similarly, 7, can be expressed as

}[4’5 e e_i¢%sz4sei¢;l}sy4—5 [Q45X45]e—i¢¢5Y45eiqﬁ%Sle_s’ [A228]

where Q5 = +/(AL:)? + x2. + y2Z and angles ¢2°, ¢3° are defined in a similar way as
45 45 45 T Va5 g z Py

angles ¢23, pZ3.
Since K’ is block-diagonal, the corresponding propagator V can be written as

V = e H'nTR — o—iH{enTR | o=iHz3nTR 4 e~ iHisnTR — Vig + Vos+V,s.
Here we have

e"hnTn = X" p)(plehnT|g)(q,

p,q=2,3

and similar expressions for the other two exponential operators. Explicitly,

Vig = g 2l(ws+wi1/2+016)Z16NTR [A2.29a]

Vys = e—i¢§3223€i¢12/3yz3e_i923X23nTRe_i¢12/3y23ei¢%3223’ [A2.29Db]
] . . . .45 . .45

Vys = e—L¢§SZ45el¢¢5Y45e—1945X45nTRe_l¢¢ Y4sel¢§ Zss [A2.29c¢]

With an initial density operator I, = Z,4 — Z,3 — Z45, one finds

Vlzv-f- = Zl6 — 223 [COSZ ¢12(3 COS(Q23nTR) + Sin2 (l)}2/3]

— Zys[cos? ¢y cos(QusnTg) + sin? ¢3°]
+As3 + Ays, [A2.30]

where
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Ay =X [lsin2gb23cos¢23[1 — cos (Q,3nTR)] + singZ3cospZ3sin(Q,3nT, )]
23 — 423 2 Y Z 23 R VA Y 23 R
1
+ Y,3 [E sin2¢pZ3singZ3[1 — cos (Q,3nTR)] — cos¢>§3cos¢>}2,3sin(ﬂz3nTR)],

[A2.31]
and A,s can be obtained by replacing ‘23’ with ‘45’ in the above equation.

To obtain the direct transfer amplitude A;s we need to evaluate right hand side of Eq. [2.27],
A = iTr{VIZV*DTSZD}. Since D acts only on the S part of the basis states, DS, D does not

contain X3, Y53 or X,s, Y, terms. Therefore, A,; and A, terms do not contribute to the trace
in Eq. [2.19] and hence
1 2 423 i 2 123
A = ZTr{[Z16 — Zy3[cos? ¢py° cos(Q,3nTg) + sin® ¢y ]
— Zys[cos? ¢y cos(QusnTy)
+ sin? 51| DTS, D}, [A2.32]
which is Eq. [2.21].

To obtain the inverse transfer amplitude Ag; we need to evaluate the right hand side of Eqg.
[2.22], Ag; == %Tr{V*IZVD*SZD}. Since VT = e*#H'nTr = o=iH'(=nTr) \we infer from Eq.

[A2.32] that

VIV = Z,¢ — Zy3[cos? ¢p23 cos(Q,3nTg) + sin? ¢p23]
— Zys[cos?® ¢y° cos(QqsnTg) + sin? ¢3°] + Bys + Bys,

where the term B3 + B,z can be obtained by substituiting Q,;nTz = —Q,3nTg and QusnT; —

—QO4snTy in A3 + Ays. However, since B,3 + B, does not contribute to the trace,

2 .
Ag = §Tr {[216 — Z3[cos? ¢pZ3 cos(Q,3nTg) + sin? ¢p23]
— Zys[cos? py° cos(QysnTy)

+ sin? ¢°]| D15, D}, [A2.33]

which is Eq. [2.33].
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d2.11: Verification of the theoretical ratio 4;5/Ag; = 3/8

0.5

Sl

A
=
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0.15}
01
0.05F
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Y [°]

Figure A2.7 Dependence of the A;5/Ag; on y for a contact time t.p = 12T. Simulations assume 8 =
32°,vp =10 kHz, v, = 80 kHz,vy; = 46 kHz, vy = 60 kHz, Co/2m =1.5MHzne =0,0gp = 0.
The three different plots show ratios for those gamma angles for which A, is larger than 0.1(black),
0.2(blue), and 0.3(red). The average ratio A;s/As; and the error were 0.376 + 0.01, 0.375 %+ 0.005,
and 0.375 + 0.003 respectively.

@2.12: Discussion of double CP powder lineshapes

It is seen that, for 6,, = 0°, regardless of CP duration, the singularity at 4.26 kHz has
negligible intensity. This singularity corresponds to S, = 90° and for 8,, = 0°, the vg
component of the dipolar interaction vanishes resulting in negligible CP transfer. For
nonvanishing 6, angles this component is non-zero leading to CP transfer and hence the
presence of the singularity, as seen in Figure A2.8(b-d). For an ideal lineshape, another
singularity occurs at 3.48 kHz corresponding to 5, = 49° and 131°. This singularity is slightly
displaced to higher frequency values in the double CP spectra, regardless of CP duration or
Bop- This can be predicted by inspection of Figure 2.6(d), which shows that, around g, =
50°,130°, the N effective RF strength, v<l, is far from the CP matching condition. The
lineshapes in Figure A2.8(e-h) are obtained with other RF strengths: v;s = 85 kHz, v;; =

50 kHz. For almost all spectra, a singularity is present at 3.54 kHz, very close to the ideal-
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lineshape position. This is due to the fact that, with the new RF strengths, v£( is approximately

satisfying the matching condition around S, = 50°,130°. As before, the singularity

corresponding to 8, = 90° is not visible for the 6,, = 0 geometry.

(a) =0 (o) %0230 () %p=45" (g) %o

| 1 ]
l""-\"":l Ideal P Ty s?
’

3 : 4 E 5

3 4 5 3 4 5 3 4

v, [kHz] v, [kHz] v [kHz] v, [kHZ]
Figure A2.8 Double CP *N powder lineshapes simulated for different experimental conditions and with
four different angles between the Z axes of the quadrupole and dipole PAFs. In (a-d) v;5 = 80 kHz,
vy = 46 kHz while in (e-h) v,5 = 85 kHz, v4; = 50 kHz. Contact times are 10 (black), 12 (blue), 14
(red) rotor periods. The 4 columns, from left to right, correspond to a 6, angle of 0°, 30°, 45°, and
90°. Common parameters are vg = 60 kHz, Cy/2n = 1.5 MHz, ny = 0 v, = 10 kHz. An ideal **N

powder lineshape corresponding to the above quadrupolar parameters (dashed line) is displayed for
comparison. Vertical lines passing through the singularities of the ideal lineshape are also shown.
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Appendix 3

d3.1: System Hamiltonian

The Hamiltonian defining the system is given by

d(t, Bp,Yp)21;Sz. [A3.1]

In the above equation,

C . ,
wo(t.Bo. 7o) = ?Q Esm2 (Bo)cos(2wgrt + 2y,) — ﬁism(ZﬁQ) cos (wgt + yQ)]. [A3.2]
The explicit form of the second-order quadrupolar interaction is

2(wd)
9wos

HP (t Bo.ve) = (L+M+N) [A3.3]

where w, = (3nCy)/25(2S — 1) = (mCy)/2 and
3

L=;Sz {35, = S(S+ D1g},

M== 5z {125,% — 85(S + 1) 15 + 31 }{M; cos(wpt + yo)+M, cos(2wgt + 2y4)}
~ce z S S 1 R Yo 2 R Yo )5

9
N=——57{-34S,” + 18S(S + 1) 15 — 515}{Ny — 40N;cos(wrt +v,) +

20N, cos(Zth + ZyQ) — 280N, COS(3th + 3yQ) + 35N, cos(4th + 4)/Q)},
M; = -3 (sin 28,)(sin26y), M, =3 (sin?B,)(sin? HM),

Ny = (35 cos* B, —30 cos? B, + 3) (35 cos*6,, — 30 cos? 0,, + 3),

N, = sin g, (7 cos® B, —3cos BQ) sin @y, (7 cos® 0y, — 3 cos 6y),

N, = sin? By (7 cos? By~ 1) sin? @y, (7 cos? 6y, — 1),

N3 = cos sin3 By cos by sin3 6y,

N, = sin* By sin* 8,,.

In the equations above 1 represents the S-spin unit operator.
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We consider an axially-symmetric quadrupolar interaction (asymmetry parameter, n, = 0).

The MAS-averaged second-order quadrupolar interaction can be obtained from Eq. [A3.3] by
keeping only the time-independent terms and is given by

Hy” (Be) = (203)/(9wos)(L + N, [A3.4]

where

Nr

= 2280 52 {—345,% + 18S(S + 115 — 51}N,.

Here w,s represents the Larmor frequency of the S spin and 6,, denotes the magic angle.
Simulations with and without the time-dependent part of the second-order quadrupolar
interaction showed very little difference, hence omission of the time-dependent part is justified

for the RF strength and spinning speed considered here.

The time-dependent spatial part of the dipolar interaction is given by,

sin(28p) sin®(Bp)

d(t, Bp, = wp |———cos(wrpt + — cos(2wpt + 2 . A3.5
(t, Bp,¥p) D W2 (wg Yp) 4 (Cwg Yp) [ ]

A3.2: Form of the effective Hamiltonian

The general form of the Hamiltonian under consideration (Eq. [A3.1]) is given by the
expression:

H(t) = H () + d(t)I;S,, [A3.6]
where H(t) represent the various S terms appearing and d(t)[,S;, represents the dipolar part.
An effective Hamiltonian, H,f, is any time-independent Hamiltonian which satisfy

U(Tg, 0)=e~FessTr, [A3.7]
where U(t,, t;) represents the propagator between times t, and t,. The most general form for
the /-S system is

Hepr=Heppt (Aslz + Bsly + Csly) [A3.8]
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where H, esf £ represents the ‘pure-S” part of the effective Hamiltonian and the remaining terms
are heteronuclear terms of the effective Hamiltonian.

On the other hand, with T standing for Dyson's time-ordering operator,
AN . TR
U(Tg,0) = Texp [—l Jo }[(t)dt],
which is equivalent to the time-ordered limit
U(Ty,0) = lim [ et tat, [A3.9]

For any exponential operator in the product above we have

(—iAt)n<

(mg, m1|e_i}[(tk)4t|ms,; m;') = Y=o o

mg, my|H (t)"™ |mg’, m;")

and, since for any n we have (mg, m;|H (t;,)™ |ms',m;")y = 0 if m; # m,’, it follows that
(ms, m;|e" T m m,"y =0ifm; #m,’,

and that
(mg, my| [T e "2 img", m,"y = 0 if m; = m;’.

The equality above will hold also for the limit At — 0 hence we have the exact result

(mg, myle”TerfTRImg', m;"y = 0 if m; # m;’. [A3.10]

Therefore, 7. s cannot contain BsIy or C,ly terms since presence of such terms would violate
Eq. [A3.10]. Hence, H,rr= }[esfer Agl;. Numerical simulations are in agreement with this

result (simulations show erratic BiIy and Cly terms of the order of 10%°, obviously due to

numerical computation errors).

d3.3: Coherence types produced by TRAPDOR irradiation

Figure A3.1 illustrates the theoretical statement in the Chapter 3, according to
which, starting form p(0) = I, the only coherences produced at the end of first TRAPDOR

block are heteronuclear coherences involving Iy and Iy.
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Figure A3.1 Variation, with y angle, of the amplitude of several coherences at the end of first
TRAPDOR block with p(0) = Iy corresponding to (a) pure S terms, (b) heteronuclear terms with I,
(c) heteronuclear terms with Iy, and (d) heteronuclear terms with I,. Numerical simulations are
performed with g =50° Co =2MHz, vp =1kHz, vis =90kHz, Avg =10kHz, and vg =
60 kHz. Duration of TRAPDOR irradiation is 1007z (~1.67 ms.). All the terms in Eq. [A3.1] are
considered.

d3.4: Matrix Representation of Operators

Here, the Zeeman states of spin S are labelled as |1) = [3/2),]|2) =|1/2),|3) =
| —1/2),and |4) = | — 3/2). Subsequently, H,;, H;r, and Agl, are expanded into an
operator basis (8x 8 matrices) containing products of Cartesian I-spin operators Iy, Iy, I, and
fictitious spin-1/2 operators® for spin S (S with @ = X, Y, Z and i,j = 1,2,3,4). S12 and S3*
are satellite-transition single-quantum operators, S23 are central-transition single-quantum
operators, S13 and S2* are satellite-transition double-quantum operators, and Si* are triple-

quantum operators. For example, H;, may contain Sx* = 1,;[|1)(2| 4 |2)(1]]/2, where 1,is

the I-spin unit operator; and Agl, may contain heteronuclear terms such as S23I,. The

corresponding matrix representations are given below.
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It can easily be verified that Sy = 252% + V3(S3? + S3%), S, = 353* + 523 and so on.

d3.5: Comparison of two truncation procedures

Comparison between amplitudes calculated with (A) Agl, = Y., |M) (@ |(7i|Ag|m) I, where
|7it) denote the eigenstates of 7, and (B) calculated with Agl, = H s Iztr{Asl; H s 17}/
tr {(}[jfflz)z} which corresponds to the approach in Ref. [21]. Black curves correspond to

simulations without any truncation approximation. Three S angles were chosen to illustrate
various possibilities: full agreement between (A) and (B), partial agreement, and full

disagreement.

12 23 13
@ . STy (L) s Ss Iy © 5 S5 Ly
o0 \IV\'M/J\N 0 % 0 V\/\?\WFAN
50° 50° 50°
2 2 -2
) 0 180 360 0 180 360 0 180 360
3 (e) 3 ) »
< /WWVV\ 0 V\\v/,v 0
65° 65° o
B 5 65
0 180 360 0 180 360 0 180 360
® M ,  ,
=~ DN A
° 70° °
L 170 R 110
0 180 360 0 180 360 0 180 360
1 71 7%

Figure A3.2 Variation of the amplitude of several coherences at the end of first TRAPDOR block with
y angle. The calculations are performed without truncation (black), truncation approximation based
on Eq. [3.4] and [3.5] (red dash), and truncation approximation utilized in Ref. 2% (blue). Numerical
simulations are performed with C, = 2 MHz, v, = 1 kHz, vis = 100 kHz, Avg = 10 kHz, and vg =
60 kHz. Duration of TRAPDOR irradiation is 1007y (~1.67 ms). The 8 angle is indicated in each plot.
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43.6: Sign (phase) of the signal

I
K
ooo
O o=NWw

360

ALl o "]

Figure A3.3 Top: T-HMQC experiment (t; = 0): dependence on B and y of I-spin signal, AL,
corresponding to coherence S#2I, produced by first TRAPDOR block. For better visibility —A% is
displayed. Bottom: dependence on S and y of I-spin signal, A%, corresponding to coherence S32Iy
produced by the first TRAPDOR block. Other parameters used are, C, = 2 MHz, vy, = 1 kHz, vi5 =
100 kHz, Avg = 10 kHz, and vy = 60 kHz. Duration of excitation and reconversion TRAPDOR
blocks is 100T%. No I-spin 7 pulse is applied between the two blocks.

03 23
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A |
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Figure A3.4 Top: T-HMQC experiment (t; = 0): dependence on B and y of I-spin signal, Ak,
corresponding to coherence S231, produced by first TRAPDOR block. For better visibility —A% is
displayed. Bottom: dependence on § and y of I-spin signal, Ak, corresponding to coherence S23Iy
produced by the first TRAPDOR block. Other parameters used are, C, = 2 MHz, v, = 1 kHz, vi5 =
100 kHz, Avg = 10 kHz, and vy = 60 kHz. Duration of excitation and reconversion TRAPDOR
blocks is 100T%. No I-spin 7 pulse is applied between the two blocks.
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43.7: Evolution with four level crossings per rotor period

(a)
N
E S00F T \ T T T 7]
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0 0.5 1 1.5 2 25 3
time/Ty

Figure A3.5 Creation of heteronuclear coherences at beginning (0 — 3T;) of TRAPDOR irradiation.
(a) Eigenvalues of the S-spin part of the Hamiltonian in Eq. [3.1] over the same time period. (b-d) Time
evolution of the amplitudes of various coherences. The parameters employed for simulation are: C, =
2MHz, Av¢ = 10 kHz, v = 1kHz, v, = 100 kHz, vy = 60 kHz, § = 80°,y = 0°.
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Figure A3.6 Heteronuclear coherences towards the end (90 — 93T;) of TRAPDOR irradiation. (a)
Eigenvalues of the S-spin part of the Hamiltonian in Eq. [3.1] over the same time period. (b-d) Evolution
of amplitudes of various coherences. The parameters employed for simulationare: C, = 2 MHz, Avs =
10 kHz, vp = 1kHz,vi5 = 100 kHz,vg = 60 kHz, § = 80°, y = 0°.
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Figure A3.7 Expansion of Figure A3.6 showing evolution over one rotor period.
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d3.8: Conditions for neglecting the satellite-transition RF terms

Spin evolution performed with H = AwsS;+w;sSx + @357 — S(S + 1)] versus H =
H2 + H™ where H?3 = AwsSZ3+2w,5S5° —3@o15° and H'* = 3AwsS;* + 3w,y 15*
(Eq. [3.24] and Eqg. [3.25,3.26]). Figures A3.8- A3.10 correspond to three different values of
Vo (Vg = @wqo/2m), Vo = 50,100,150 kHz. The 50, 100, and 150 kHz values were chosen

based on inspection of Figure 3.6a. Initial condition is p(0) = S32.

12 23 13
sx Sx sx
1 1 1
@ 0 0=~ =g O W
-1 -1 -1
0 5 0 5 0 5
12 23 13
SY SY SY
1 1 1
<Pl A SAMYR
1 -1 1
0 5 0 5 0 5
s12 s23 s13
z
1 1 1
m_z 0 0 M 0 /\/\/\
1 -1 -1
0 5 0 5 0 5
time [us] time [us] time [us]

Figure A3.8 Simulations based on Eqg. [3.24] (black) and Eq. [3.25,3.26] (red). The parameters are
Vo = 50 kHz,v;5 = 100 kHz, Avs = 10 kHz. Initial condition is p(0) = Sx*.

Itis clear that with v, = 50 kHz and v;5 = 100 kHz neglection of satellite-transition RF terms
is a poor approximation. Still, even without neglecting the satellite-transition RF terms,
approximate S§? < S}2 quadrature and single- to double-quantum coherence interconversions

can be suspected.
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Figure A3.9 Simulations based on Eq. [3.24] (black) and Eq. [3.25,3.26] (red). The parameters are
Vo = 100 kHz,v;5s = 100 kHz, Avs = 10 kHz. Initial condition is p(0) = Sg*.

With v, = 100 kHz and v, = 100 kHz neglection of satellite-transition RF terms is
reasonable, except for some of the coherences which vanish within the approximation. From
Figure A3.9 interconversion between single-quantum (S32, S32) and double-quantum (S%3, S¢2)
satellite-transition coherences is fairly visible around 2.5,5,7.5 us. Quadrature between
Si2and S¢? is observed. Although less evident from Figure S9, quadrature between Si3and S¢3

also holds.
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Figure A3.10 Simulations based on Eq. [3.24] (black) and Eq. [3.25,3.26] (red). The parameters are

Vo = 150 kHz,v;5 = 100 kHz, Avs = 10 kHz. Initial condition is p(0) = Sg*.

With v, = 150 kHz and v, = 100 kHz neglection of satellite-transition RF terms is
reasonable for all coherences. From Figure A3.10 interconversion between single-quantum
(5£2,832) and double-quantum (S33,S;3) satellite-transition coherences is clearly visible
around 2.5, 5, 7.5 us. Quadrature between S;2and Si? is observed. Although less evident from

Figure A3.10, quadrature between Si3and S;3 also holds.

In the figure below spin dynamics starting from the central-transition initial condition, p(0) =

Sg°, is shown for 7, = 150 kHz.
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Figure A3.11 Simulations based on Eq. [3.24] (black) and Eq. [3.25,3.26] (red). The parameters are
Vo = 150 kHz,v;5 = 100 kHz, Avs = 10 kHz. Initial condition is p(0) = S£3.

In the figure below spin dynamics starting from the central-transition initial condition, p(0) =

Sy*, is shown for 7, = 150 kHz.
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Figure A3.12 Simulations based on Eq. [3.24] (black) and Eq. [3.25,3.26] (red). The parameters are
Vo = 150 kHz,v;5s = 100 kHz, Avs = 10 kHz. Initial condition is p(0) = SZ°.
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d3.9: Evolution of coherences in time intervals between
consecutive crossings

Consider the evolution in time intervals between crossings. For the small dipolar
coupling considered here we neglect, for the time being, the effect of the dipolar coupling.
Also, for simplicity, we neglect }[(gz) (which is similar to an offset) and, dropping dependence

on orientation in the notation, the Hamiltonian is:

Between crossings, eigenvectors of H (t) don’t change significantly and this allows us to

describe the time evolution via the time-independent Hamiltonian:

t
ft,f“ wo(t)dt

where w, = ,and t; and ¢, ; are times of two consecutive crossings. For Awg <

tk+1—tk

w15 < W (read the sign < as ‘considerably smaller/larger than’) it is allowed to neglect the
satellite-transition RF terms, Si? and S3*. The Hamiltonian is then approximately the sum of

two commuting terms

H = H2 + 1, [A3.13]
where
H? = AwsSE+2w,55%° — 30183, H'™ = 3AwsS7* + 3wy 15* [A3.14]
Using
Wefr = \/M;cosd) = Awg/werr and sing = 2w15/wefy, [A3.15]

2?3 can be written as
H3 = weprlcospSZ® + singSg®] — 3wy13°.

Using the rotation operator for a spin-1/2 system[1>8

exp(ipn-1) = cos%-&- 2in- Ising,
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where the angle of rotation is ¢ around the axis given by unit vector n, the propagator for the

2-3 subspace becomes
U%3(t,0) = {cos weTfft 123 —2i sinweTfft [S23 cos ¢p + SZ3 sin qb]} el3%et, [A3.16]

Action of this propagator on state |2 ) gives

We

U?2) = {cosweTfft|2 y—isin2Llcosp|2) —i sinwegftsingb |3 )}ei3‘7’Qt. [A3.17]

2
Similar expressions can be obtained for U23|3 ), (2|U23", (3|U23" such that time-evolution

of coherences involving states 2 and/or 3 can be evaluated. Since 1 is diagonal, we have

. _ 3 . _ 3
ULt (t, 0) = e~ (300 *5405)t |1 (1| 4 o3B30 4 (4. [A3.18]

We consider the evolution of coherences in time intervals between consecutive level
crossings where, after the first crossing, heteronuclear coherences are already present. For a
starting coherence

p(0) = g1, = 2L [A3.19]
the state of the system at time t is
p(t) = U%(t,0)p(0)U?%' (¢, 0). [A3.20]
Using Eq. [A3.16, A3.19, A3.20] we obtain

SF1Iy - [cos?(wesst/2) — sin?(wespt/2)cos2¢|SE Ly + [sin(wesrt) cos|SEL +

[sin?(wesrt/2)sin2¢|S23ly. [A3.21a]

Similarly for initial S23I, and SZ3I, coherences we obtain

SEIy - [cos(wesst)|SE3ly — [sin(wesst) cosp|SE3Ly + [sin(wesst) sing|SE31y,
[A3.21b]

SZ1y - [cos?(wesrt/2) + sin?(wesst/2)cos2¢]|SE3 1y + [sin?(weprt/2)sin2¢|SE Iy
—[sin(wesst) sing|SE3Iy. [A3.21c]
On the other hand, for initial heteronuclear coherences containing satellite transition

terms, the time evolution has to be calculated by using both U?23(¢,0) and U*(t,0). For

example, with
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p(0) = Sily = AT, [A3.22]
the state of the system at time ¢ is
p(t) = U(t,0)p(0)UT(t,0) = gzy( UM W22 + U2 ><1|U14*). [A3.23]

Using Eq. [A3.16, A3.18] yields

wefft

si21 6t +24 n (66t + 2 At sin (2L szl
x“Iy — |cos th+§ st |cos + sin th+§ st]sin ( Ycosdp | Sy Iy

2

wefft

3 Werrt
) cos¢p — sin (65Qt + Edst) cos(—LL )] SE21y

_ 3 .
— [cos (6th +§A5t) sm( >

3 Werrt
+ [sin (66Qt + EASt) sin ( esz ) sinqb] Sy
- [cos (65Qt + %Ast) sin (w"’Tfft) sinqb] SE31y. [A3.24a]

Proceeding in the same way we obtain that, starting from S}21,,

wefft
2

wefft

3 3
SE21, - [cos (60_)Qt + EASt) cos ( ) + sin (65Qt + Edst) sin ( )cos¢] SE21y

Werrt
22 > Singb] S31y

[ 3
+ [cos (65Qt + EASt) sin (

[ 3 Werrt 3 Werrt
+ |cos (6EQt + EASt> sin( egf ) cos¢p — sin (66Qt + §A5t> cos (%)] S,
[ . _ 3 . (Werft\ .
+ [sin (6th + EAst) sin (%) smqb] SE31y. [A3.24b]

For initial heteronuclear coherences involving S-spin double-quantum terms we obtain

wefft

3 Werrt
) — sin (6(7)Qt + EASt) sin (—L )cosq.’)] SPIy

3
SE31, - [cos (66Qt + EASt) cos ( >

(Uefft
2

[ (= .3 _ 3 . Wesst 13
+ |sin 6th+§Ast cos + cos 6th+§ASt sin ( > Ycosp | Sy ly

wefft
2

[ 3
+ |sin (66Qt + EASt) sin ( ) sinqb] SE21y

— :cos (66Qt + %Ast) sin (wegft) sinqb] SE21y, [A3.254]
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a)efft

13 _ 3 o, 3 . Werrl 13
Sy7ly = [cos (6a)Qt + EASt) cos ( ) —sin (6a)Qt + §A5t> sin (T)cosqb] Sy’ Iy

[ 3 Werrt
+ cos(65Qt+§ASt)sin( egf )sinqb]S)%Zly

[ t t
— |sin (65Qt + ;Ast) cos (we%) + cos (66Qt + %ASt) sin (we%)cosqb] Sy

[, _ 3 . Werft .
+ [sin (6th + gﬂst) sin (%) smq’)] SE21y. [A3.25b]
Finally, for initial heteronuclear coherences involving S-spin triple-quantum terms we obtain

Sty - cos(345t)SE 1y + sin(34gt)Sity, [A3.264]

SEtly = cos(34st) STy — sin(344t) Sty [A3.26b]

43.10: Evolution of coherences in time intervals between
consecutive crossings: effect of the dipolar interaction

Introducing the dipolar interaction averaged over the time from zero to the first level crossing,

the Hamiltonian is:
H = AwsSz+w1sSx + @o[352 — S(S + 1)] + d21,S;, [A3.27a]

Where S, = 3S4* + 523, 5, = 2523 + V3(SE2 + S3%), [352 — S(S + 1)] = 3(11* — 1),

[FHtwode _  [HHtaat
Wy =& ,d ==k : [A3.27b]
41—tk te+1—tk

and t; and t,,., are times of two consecutive crossings. For Awg < w;s < @ it is allowed to

neglect the satellite-transition RF terms, S32 and S3*. The Hamiltonian is then approximately

the sum of two commuting terms:

H = HB + 1 [A3.284]

First consider the Hamiltonian in the 2-3 subspace
HB = AwsSE+2w,5S5° — 3015 + d21,53°. [A3.280]
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With an initial density operator p(0) = Iy = (13* + 123)I, = p'*(0) + p23(0), the state of

the system in the 2-3 subspace before the first level crossing is

pB(t) = U?3(t,0)p23(0)UZ"(t,0) = exp(—iH 23t) I exp(+iH 23t), [A3.293]

or, since H 23 is diagonal with respect to the Zeeman states of the I spin,
p2(t) = %exp{—i?ﬁt} exp{+iH_t}l, + %exp{—if}[_t} exp{+iF, t}l_, [A3.29b]

where £, = AwgSZ3+2w,5S2 + dSZ3and H_ = AwgS23+2w, 523 — dS23. [A3.29¢]

Evaluation of the exponentials proceeds in the same way as with Eq. [A3.14, A3.16] and after

some straightforward algebra the final result is

p2 (t) = [cos (wTJ’t) cos (wz ) + si n( )sm( )cos(qb+ ¢d_ )] 1231, +
:cos ¢, sin (wTth) cos (wT_t) — cos ¢_ cos ( - ) sin ( - )] 25231, +
:sm ¢, sin ( ) cos (th) — sin ¢_ cos ( . ) sin ( z_t)] 2521, +

-sm( )sm( )sm(¢+ ¢_ )] 2531y, [A3.304]
where
wy = \/(Aws 1 5)2 + 4w cos py = (Awg + d) /w4, sin Py = 2055/ w4 [A3.30D]

Turning our attention to the 1-4 subspace the corresponding propagator is

laXBl+IB)al
2

With an initial density operator p#(0) = 1}*I, = we have after simple algebra

Pl () = UM (¢, 0) 1341, U7 (¢,0) = cos(3dt)15* Iy + sin(3dt) 253*Iy [A3.32]

Adding the results for the 1-4 and 2-3 subspaces we finally obtain
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p(t) = cos 3dt 1341y + sin 3dt 25}*1, + [cos () cos (=) +

(25 (22) s~ 03] 1+ e i (225 (5 -

s con (25 (<2 + i s (5) o (22 -

sin ¢_ cos (%) sin ()] 25231y + [sin (225) sin () sin(p,. — ¢-)| 2581, [A3.33]

@3.11: Absence of coherence $231, at zero offset

The time-dependent Hamiltonian of Eq. [3.1], with offset and second order quadrupolar

interaction set to zero is invariant under rotation with R = exp[—im(Iy + Sx)]:
RH(RT = 3 (¢).
As this holds at any time also the propagator is invariant
RU(t,0)RT = U(t,0). [A3.34]
We now suppose that there exists a nonzero Sz31, term in the density operator at time t,
p(t) = U, 0)I,U(t, 0" =aSZ3I, + 7, [A3.35]

where r represents all other terms in p(t). Taking into account Eq. [A3.34] and applying the
rotation to left and right members of Eq. [A3.35] we obtain

RU(t,0)I,U(t,0)TRT = U(t,0)I,U(t,0)" = —aSZ3I, + RrRT. [A3.36]

As RrRT cannot contain any SZ31I, contribution, by comparing Eq. [A3.35] and Eq. [A3.36] it

follows that a = —a, hence a = 0.

This line of proof cannot be used in case the offset and/or second order quadrupolar
interaction is taken into account since then R# (t)RT # # (t). Therefore, presence of S231I,

cannot be ruled out.
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d3.12: Evolution of coherences and impact of S-spin Offset
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Figure A3.13 Amplitudes of several heteronuclear coherences during a period 4007z of TRAPDOR
irradiation with (a-e) 4vs = 0 kHz and (f-j) 4vs = 1 kHz. Other parameters employed are: C, =

2MHz, viy = 1kHz,vig =95 kHz,vg = 60 kHz, § = 55° and y = 0°. Second order quadrupolar
interaction was set to zero. Figure A3.13 is the same as Figure 3.10.
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Figure A3.14 Offset dependence. Amplitudes of several heteronuclear coherences during a period
400T, of TRAPDOR irradiation and (a-e) Avg = 1 kHz, (f-j)) Avs = 2 kHz, and (k-0) Avg = 4 kHz.
Other parameters employed for simulation are: Cp, = 2 MHz, vy, = 1kHz, vi5 = 95kHz, vg =
60 kHz, B = 55° and y = 0°. Second order quadrupolar interaction was set to zero.
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