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List of Notation

Throughout the thesis all rings will be assumed to be commutative rings with unity.
Let R be a commutative ring, R[X1, X2, · · · , Xn] a polynomial algebra in n
indeterminates X1, X2, · · · , Xn over R and A an R-algebra. We fix the following notation.

R∗ : Group of units of R.
nil(R) : Nilradical of R.
Qt(R) : Total quotient ring of R.
Spec(R) : The set of all prime ideals of R.
MaxSpec(R) : The set of all maximal ideals of R.
k(P) : Residue field RP/PRP where P ∈ Spec(R).
ht(I) : The height of an ideal I of R.
Qt(R) : The field of fractions of R, when R is an integral domain.
ch(R) : Characteristic of R.
Pic(R) : Picard group of R.
R[n] : Polynomial algebra in n variables over R.
A = R[n] : A is isomorphic, as an R-algebra, to the polynomial algebra R[n].
SymR(M) : Symmetric algebra of an R-module M.
ΩR(A) : Universal module of R-differentials of A.
DerR(A) : Module of R-derivations of A.
tr.degR(A) : Transcendence degree of A over R, where R ⊆ A are domains.
RP : S−1R, where S = R\P and P ∈ Spec(R).
AP : A⊗R RP, for P ∈ Spec(R).
AutR(A) : The group of R-algebra automorphisms of A.
DVR : Discrete valuation ring.
PID : Principal ideal domain.
UFD : Unique factorization domain.
LND : Locally nilpotent derivation.
J (F) or J ac(X)(F) : Jacobian matrix of F := (F1, F2, · · · , Fm) with respect to the

indeterminates X := (X1, X2, · · · , Xn) in R[X1, X2, · · · , Xn].
∆F or JD(X)(F,−) : Jacobian derivation defined by F := (F1, F2, · · · , Fn−1) with

respect to the indeterminates X := (X1, X2, · · · , Xn) in
R[X1, X2, · · · , Xn].

grade(I) : = depth(I, R), which is the length of a maximal R-sequence in I
where R is a ring and I is an ideal of R.

DK : The natural extension of an R-derivation D : A −→ A on A⊗R K
where R is a domain and K = Qt(R).
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Chapter 1

Introduction

1.1 The motivation

In this title of proposed thesis, the objects of study are locally nilpotent derivations (LNDs)
of affine fibrations and subalgebras of affine fibrations. We, mainly, wish to explore the
structure of A2-fibrations using the techniques of locally nilpotent derivations; and also
wish to give a useful classification of the locally nilpotent derivations of A2-fibrations and
characterize the classes completely. While locally nilpotent derivations can be realized as
a generalization to partial derivatives, they also can be viewed as differential operators on
polynomial algebras, and correspondingly the kernel of LNDs represent the solution space
of differential equations corresponding to the considered differential operators. For exam-
ple, one may look the articles [Ess92] and [Ess94] by van den Essen to see how the theory
of LNDs can be applied to study certain problems in differential equations. A concise
write-up by El Kahoui in [EK04] nicely expresses the applications of the theory of LNDs as
follows.

"A classical application of derivations theory is the study of various questions such
as first integrals and invariant algebraic sets for ordinary polynomial differential systems
over the reals or the complexes. · · · Very often, the study of practical questions, arising for
example from differential equations, leads to dealing with derivations over abstract rings,
sometimes even nonreduced, of characteristic zero. One of the fundamental questions in
this topic is to describe their rings of constants."

Before we discuss in depth about LNDs, we shall first define some terminologies.

Definition 1.1.1.

• Let A be an R-algebra and M an A-module. A map D : A −→ M is called a derivation if
it satisfies the following properties.

(i) Additivity: D(a + b) = D(a) + D(b)

(ii) The Leibniz rule: D(ab) = aD(b) + bD(a) for all a, b ∈ A.

The kernel of a derivation D, denoted by Ker(D), forms a subring of A and is called the ring

of constants of the derivation D.
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• Let A be an R-algebra and D : A −→ A a derivation. D is said to be an R-derivation

of A if R ⊂ Ker(D). An R-derivation D is called locally nilpotent (R-LND or simply
LND) if for each a ∈ A there exists n ∈ N such that Dn(a) = 0. D is called irreducible if
D(A)A ⊈ (a)A for any non-unit element a ∈ A. D is called fixed point free if D(A)A =

A. A slice s ∈ A is an element satisfying D(s) = 1.

Notation 1.1.2. For a ring R and a field k, we fix the following notations.

• R[n] shall denote the polynomial algebra in n indeterminates over R.

• An
k shall denote the affine n-space over k.

• For F1, F2, · · · , Fm ∈ R[X1, X2, · · · , Xn]

(i) The notation J ac(X1,X2,··· ,Xn)(F1, F2, · · · , Fm) will denote the Jacobian matrix
∂(F1, F2, · · · , Fm)

∂(X1, X2, · · · , Xn)
of the polynomials F1, F2, · · · , Fm with respect to the indetermi-

nates X1, X2, · · · , Xn. If the indeterminates X1, X2, · · · , Xn of the polynomial algebra
are fixed, we do not need to mention the indeterminates and in that case the notation
J (F1, F2, · · · , Fm) shall denote J ac(X1,X2,··· ,Xn)(F1, F2, · · · , Fm).

(ii) The notation JD(X1,X2,··· ,Xn)(F1, F2, · · · , Fn−1,−) will denote the map
g 7−→ detJ ac(X1,X2,··· ,Xn)(F1, F2, · · · , Fn−1, g) 1. For the cases where mentioning the
indeterminates is not necessary, JD(X1,X2,··· ,Xn)(F1, F2, · · · , Fn−1,−) will be denoted
by ∆(F1,F2,··· ,Fn−1), i.e., ∆(F1,F2,··· ,Fn−1)(g) = detJ ac(X1,X2,··· ,Xn)(F1, F2, · · · , Fn−1, g).

The modern approach to the theory of LNDs was started during 1960s by french math-
ematicians like Dixmier, Gabriel, Nouaze, and Rentscler while working in the areas of Lie
algebras and Lie groups. As the theory of LNDs began to develop it was found that many
famous algebraic problems can be translated in terms of LNDs. For example we state the
original form of the "Jacobian Conjecture" and the "Zariski Cancellation Problem” and state
them in terms of LNDs as follows.

Jacobian Conjecture: Let k be a field of characteristic zero and let A = k[X1, X2, · · · , Xn].
Suppose, we have polynomials G1, G2, · · · , Gn in A such that detJ (G1, G2, · · · , Gn) ∈
A∗ = k∗. The conjecture states that G := (G1, G2, · · · , Gn) is invertible or equivalently
k[G1, G2, · · · , Gn] = k[X1, X2, · · · , Xn].

We now state the Jacobian Conjecture in terms of LNDs ([Fre17, p. 3.2.3]). Let F :=
F1, F2, · · · , Fn−1 be a sequence of elements in A. One can check that ∆F is a k-derivation of
A. The Jacobian Conjecture states that suppose we know that ∆F has a slice, then it follows
that ∆F is locally nilpotent and Ker(∆F) = k[F1, F2, · · · , Fn−1].

1which is called the Jacobian determinant of the elements F1, F2, · · · , Fn−1, g
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Zariski Cancellation Problem: Let k be an algebraically closed field and V be an affine
k-variety such that V × A1

k
∼=k An+1

k . Does it follow that V ∼=k An
k ? In other words, is the

affine n-space An
k cancellative?

The above statement can be translated in terms of locally nilpotent derivations as fol-
lows ([Ess00, pg. 54]). Let k be a field of characteristic zero and D a locally nilpotent
derivation of k[n+1] with a slice. Does it follow that Ker(D) = k[n]?

Though there are many unsolved problems in the study of LNDs, e.g., finding the struc-
ture of LNDs of certain algebras, the problem of finite generation of kernels of LNDs e.t.c.,
solving which will enrich the theory of LNDs, the existing theory of LNDs has vast appli-
cations towards the problems related to algebraic geometry and affine algebraic geometry.

In algebraic geometry, for an algebraically closed field k, the Ga-actions (or equivalently
the actions of the additive group k+) on An

k are very important objects of study. When the
field k has characteristic zero, the LNDs help translate the study of geometric problems
involving Ga-actions on An

k in terms of algebraic problems involving exponential maps on
the polynomial algebra k[n].

It can be shown (see [Dai10, Section 4]) that over an algebraically closed field of charac-
teristic zero, there is a bijection between the Ga-actions of k-variety X and the exponential
maps of the coordinate ring of X; and further there is a bijection between the exponential
maps of the coordinate ring of X and the LNDs of the coordinate ring of X, i.e., if B is the
coordinate ring of X, then we have

{Ga-actions on X} ⇐⇒ {exponential maps on B} ⇐⇒ {LNDs of B}.

So, to study algebraic actions it is enough to study LNDs whenever the base field is
algebraically closed of characteristic zero.

For the convenience of the readers, the detailed discussion on the relationship between
the Ga-actions, the exponential maps and the LNDs has been done in Appendix A.

In the recent years, LNDs and Ga-actions were used by many authors to give alternative
proofs of well established results and to find counterexamples of famous problems. To
quote a few:

• Rentschler [Ren68] gave a simple proof of Jung’s theorem on automorphisms of poly-
nomial ring k[X, Y] ([Jun42])2 where k←↩ Q using locally nilpotent derivations.

• Miyanishi [Miy73] used Ga actions (equivalent to exponential maps which in charac-
teristic zero are nothing but LND) to prove the cancellation theorem of Abhyankar,
Eakin, and Heinzer.

2Jung’s Theorem asserts that every plane automorphism is tame in the case when base field is of character-
istic zero.
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• Hilbert’s fourteenth problem: Let K be a field, K[X] = K[X1, · · · , Xm] the polynomial
ring in m variables over K, and K(X) its field of fractions. Then, the fourteenth prob-
lem of Hilbert asks whether the K-subalgebra L ∩ K[X] of K[X] is finitely generated
whenever L is a subfield of K(X) containing K.

For the case m ≤ 2 the answer to the Hilbert’s Fourteenth problem is affirmative
due to Zariski (see [Zar54]). However, it was Nagata, in 1958, who first presented
a counterexample to the above problem (see [Nag60]) for the case m = 2n2 where
n ≥ 4 ∈N (i.e., m ≥ 32).

Almost for thirty years since Nagata’s construction of the example it was not known
whether a counterexample to the problem exists for m ≤ 31; especially for the case
m = 3. Roberts, in 1988 ([Rob90]), gave a counterexample to the Hilbert’s Four-
teenth problem for m = 7 using Ga-actions. Subsequently, using techniques of LNDs
(or equivalently Ga-actions), counter examples to the problem were given in lower
dimensions by Daigle-Freudenburg for m = 6 ([DF99]), Freudenburg for m = 5
([Fre00]), and finally by Kuroda in the last two lowest dimensions, i.e., for m = 4, 3
([Kur04] [Kur05]).

• Makar-Limanov in [ML96] (1996) showed the Russel-Koras threefold defined by f =
x + x2y + z2 + t3 is not isomorphic to C3. To establish the result, he developed new
techniques of locally nilpotent derivations leading to the definition of AK-invariant
or the ring of absolute constants (now called as the Makar-Limanov invariant or ML-
invariant). To differentiate between algebraic structures ML-invariant is one of the
prominent tool which is used extensively.

• Zariski Cancellation Problem:

1. Crachiola and Makar-Limanov in [CML08], using the techniques of LNDs, gave
a simplified algebraic proof to the cancellation theorem of Miyanishi-Sugie and
Fujita ([MS80] and [Fuj79]), i.e., the proof that the Zariski Cancellation Problem
(see p. 5) has affirmative answer in characteristic zero for n = 2.

2. Gupta in [Gup14a], [Gup14b] and [Gup14c] completely solved the long stand-
ing Zariski Cancellation Problem in positive characteristics. Her method mainly
depends upon techniques originating from LNDs e.g., exponential maps, Derk-
sen invariant etc. The technique she has developed is now broadly being used
to understand different algebraic structures in affine algebraic geometry.

1.2 LNDs and A2-fibrations: A few results of interest

An important property of LNDs is the “Slice Theorem” which was first discovered by
Gabriel-Nouaz ([NG67]). Subsequently, many mathematicians have given proofs to this
crucial result, e.g., Dixmier ([Dix77]), Miyanishi ([Miy78]), Wright ([Wri81]). However, we
register below a version of “Slice Theorem” by Wright ([Wri81, Proposition 2.1]).

Theorem 1.2.1. Let R be a ring containing Q, A an R-algebra and D : A −→ A an R-LND. If D
has a slice s ∈ A, then we have A = Ker(D)[s] = Ker(D)[1].
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The converse also holds, provided D is irreducible, i.e., if D is irreducible and A = Ker(D)[1],
then D has a slice.

If a locally nilpotent derivation D has a slice, then it can be proven that D is surjective,
i.e., D(A) = A, provided the base ring R contains Q (A short proof of it is included here:
Let s be a slice then for y ∈ A, by the Slice Theorem (Theorem 1.2.1) write y = c0 +
c1s + · · · + cn−1sn−1 with ci ∈ Ker(D) then x = c + c0s + c1s2/2 + · · · + cnsn/n for any
c ∈ Ker(D) will satisfy D(x) = y). Since any LND having a slice is fixed point free,
naturally the converse asks

Question 1.2.2. Let R be a ring containing Q, A be an R-algebra and D : A −→ A an R-LND.
Suppose D(A)A is an unit ideal i.e D(A)A = A, does it imply D has a slice?

For the case A is a polynomial algebra, the following results are established.

(a) Answer to Question 1.2.2 is affirmative when A is a polynomial algebra in one inde-
terminate and is deduced as follows.

Let D : R[X] −→ R[X] be a fixed point free R-LND. Since D is uniquely deter-
mined by its image D(R[X]) which is generated by D(X) itself over R[X], and since
D(R[X])R[X] = R[X], there exists a ∈ R[X] such that aD(X) = 1. Let a = a0 + a1X +
a2X2 + · · ·+ amXm where ai ∈ R for all i ∈ {0, 1, · · · , m}. Then, by the additivity and
the Leibniz rule property of D it can be observed that D(a0X + a1

2 X2 + a2
3 X3 + · · ·+

am
m+1 Xm+1) = 1. Now since Q ⊆ R, it follows that ai

i+1 ∈ R for all i ∈ {0, 1, · · · , m}.
Hence, s := a0X + a1

2 X2 + a2
3 X3 + · · ·+ am

m+1 Xm+1 ∈ R[X] is a slice of D.

(b) Question 1.2.2 was studied for polynomial algebra in two variables (A = R[2]) and
positive results were obtained in phases by the following authors.

(a) Rentschler in [Ren68]: R is a field.

(b) Daigle and Freudenburg in [DF98]: R is an UFD.

(c) Bhatwadekar and Dutta in [BD97]: R is a Noetherian domain containing Q. (†)

(d) Berson-van den Essen-Maubach in [BEM01]: R is any ring containing Q and D
is divergence free.

(e) van den Essen in [Ess07]: R is any ring containing Q.

The final result can be quoted as

Theorem 1.2.3. Let R be any ring containing Q and D : R[X, Y] −→ R[X, Y] be a fixed
point free R-LND, then D has a slice s so that R[X, Y] = Ker(D)[s].

(c) For the case A = R[3] there exists a counterexample due to the works of Winklemann
([Win90]) and Snow ([Sno89]) .

Winklemann in 1990 constructed a C[T]-LND D on C[T][X, Y, Z] as follows.

D(X) = T D(Y) = X and D(Z) = X2 − TY− 1.
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Now since −YD(X) + XD(Y)−D(Z) = 1, it implies that D is fixed point free. Now
to prove D does not have a slice, it is enough to show that any one of its conjugate
derivations E = σ−1Dσ (where σ denotes an automorphism of R[3]) have the same
property. Snow, in [Sno89], constructed an LND E : R[3] −→ R[3] such that E(X) = T,
E(Y) = X and E(Z) = 1 + X2 which is a conjugate of D. van den Essen ([Ess00, pg.
41]) proved that E does not have a slice, and therefore, it follows that D does not have
a slice.

When A is not a polynomial algebra, the first result towards Question 1.2.2 is by Kahoui-
Ouali in [EKO12] for the case A is an A2-fibration over a regular ring. When A is an
A1-fibration, Kahoui-Ouali solved Question 1.2.2 completely in [EKO14, Section 2.1]. Our
interest is the case when A is an A2-fibration. We shall discuss the corresponding results
in Section 1.3.1. Before going into the detailed discussion we first define An-fibrations
(affine n-fibrations). Affine fibrations are important objects of study (see [Miy07]) in affine
algebraic geometry, and they occur naturally, for example,

(i) If R is a Noetherian domain containing Q and f ∈ R[X, Y] = R[2] is such that
R[X, Y]/( f ) = R[1], then R[X, Y] is an A1-fibration over R[ f ] (see [Bha88, Lemma
3.5]).

(ii) If R is a ring containing Q and D : R[3] −→ R[3] is an R-LND with a slice, then one
can see that Ker(D) is an A2-fibration over R (see [Fre09, Theorem 1.1]).

One can easily notice that for a ring R, the polynomial algebra R[n] necessarily satisfy
the following conditions.

1. R[n] is finitely generated over R,

2. R[n] is flat over R, and

3. R[n] ⊗R k(P) = k(P)[n] for every prime ideal P of R; i.e., the fibers of R[n] at each
prime ideal P of R are n-dimensional polynomial algebras.

Definition 1.2.4. Let R be a ring and A an R-algebra. A is called an An-fibration (or affine

n-fibration) if it satisfies the above listed three conditions.

The above definition of affine fibration was introduced by Sathaye in [Sat83], where he
proved the path breaking result that any A2-fibration over a discrete valuation ring (DVR)
containing Q is a polynomial algebra ([Sat83, Theorem 1]), i.e.,

Theorem 1.2.5. Let R be a DVR containing Q and A an A2-fibration over R. Then, A = R[2].

Definition 1.2.6. Let A be an An-fibration over a ring R. A is said to be trivial if A is a poly-
nomial algebra over R, i.e., A = R[n]. A is said to be stably trivial if A is a stably polynomial
algebra over R, i.e., there exists ℓ ∈N such that A[ℓ] = R[ℓ+n].

One should note that an open problem by Dolgačev-Veı̆sfeı̆ler [VD74] itself asks whether
an affine fibration A over a ring R is a polynomial algebra. Sathaye’s result (Theorem 1.2.5)
solved this problem for the case when R is a regular local ring of dimension one containing
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Q and A is an A2-fibration over R. Answer to this problem is not known even when R is a
regular local ring of dimension two containing Q and A is an A2-fibration over R.

After Sathaye’s result, the most significant work in the theory of affine fibration is the
structure theorem by Asanuma ([Asa87, Theorem 3.4]).

Theorem 1.2.7. Let R be a Noetherian ring and A an Ar-fibration over R. Then, ΩR(A) is a
projective A-module of rank r and A is an R-subalgebra (up to an isomorphism) of a polynomial
ring R[m] for some m ∈N such that A[m] = SymR[m](ΩR(A)⊗A R[m]) as R-algebras.

When the base ring is a one-dimensional Noetherian domain containing Q, Asanuma-
Bhatwadekar in [AB97], established that any A2-fibration has the following nice structure
([AB97, Theorem 3.8]).

Theorem 1.2.8. Let R be a one-dimensional Noetherian domain containing Q and A an A2-
fibration over R. Then, there exists W ∈ A such that A is an A1-fibration over R[W].

1.3 The objectives of the study

The study in this thesis keeps three aims. The first two aims are related to studying the
structure of A2-fibration using LNDs of it and exploring a certain class of LNDs of A2-
fibrations, which is discussed in Part II, consists of Chapter 3 and Chapter 4. The third aim
is to explore a possible concept of rank and rigidity of LNDs of affine fibrations that help to
understand the relation between the kernel of the LNDs, the ambient affine fibration and
the base space, which is discussed in Part III consisting only Chapter 5.

1.3.1 The first objective of the study

While fixed point free LNDs of R[3] need not have slice, Freudenburg, in [Fre09], observed
that the kernels of LNDs of R[3] with slice have nice structures; they are A2-fibrations over
the base ring R ([Fre09, Corollary 2.2]).

Lemma 1.3.1. Let R be a ring containing Q. If D is an R-LND of R[3] with slice, then Ker(D) is
an A2-fibration over R.

One may note that Lemma 1.3.1 is due to the fact that the Zariski Cancelation Problem
has an affirmative answer in dimension two over fields containing Q (follows from [Fuj79],
[MS80] and [Kam75]); and an alternative version of Lemma 1.3.1 is the following.

Lemma 1.3.2. If A is a stably polynomial algebra over a Noetherian domain R containing Q where
tr.degR(A) = 2, then A is an A2-fibration over R.

Freudenburg, in [Fre09], also observed that A2-fibrations over polynomial algebras
over fields containing Q are trivial if and only if they have LNDs with slice ([Fre09, Theo-
rem 3.1]).
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Theorem 1.3.3. Let Q ↪→ k be a field, R = k[n] and A an A2-fibration over R. Then, A = R[2] if
and only if A has an R-LND with slice.

And thereby, Freudenburg asked ( see [Fre09, Question 2])

Question 1.3.4. Let Q ↪→ k be a field, R = k[n] and A an A2-fibration over R. Suppose, A has a
fixed point free LND. Is then A = R[2]?

From Theorem 1.3.3, it follows that if the fixed point free LNDs of A2-fibrations have
slice, then Question 1.3.4 has an affirmative answer. Kahoui-Ouali, in [EKO12], solved
Question 1.3.4 completely. To be specific,

Theorem 1.3.5. Let R be a Noetherian normal domain containing Q and let A be a locally stably
polynomial A2-fibration over R. Let D be a fixed point free locally nilpotent R-derivation of A.
Then D has a slice if and only if Ker(D) is an A1-fibration over R. Consequently,

(I) If R is a regular ring, then Ker(D) is an A1-fibration; and therefore D has a slice, i.e.,
A = Ker(D)[1].

(II) If R is a regular UFD, then Ker(D) = R[1]; and therefore D has a slice, i.e., A = Ker(D)[1] =

R[2].

However, the question whether fixed point free LNDs of A2-fibrations have slice (i.e.,
Question 1.2.2 for the case A is an A2-fibration) remained open. Specifically,

Question 1.3.6. Let R be a ring containing Q and A an A2-fibration over R. Suppose, D is a fixed
point free locally nilpotent derivation of A. Does D have a slice?

Here it needs a mention that Kahoui-Ouali, in [EKO14], established that a fixed point
free locally nilpotent derivation of an A1-fibration has a slice, thereby settling the Question
1.2.2 when A is an A1-fibration over R ([EKO14, Corollary 2.5]).

Theorem 1.3.7. Let R be a Noetherian domain containing Q, A an A1-fibration over R and
D : A −→ A a fixed point free R-derivation. Then, D has a slice, i.e., A = R[1] and Ker(D) = R.

In [EKO16], Kahoui-Ouali, in view of Theorem 1.2.3, gave a partial affirmative answer
to Question 1.3.6 under the condition that A is a stably polynomial algebra over R (see
[EKO16, Theorem 3.1]).

Theorem 1.3.8. Let R be a ring. If A is a stably polynomial A2-fibration over R i.e., A also satisfies
A[m] = R[m+2] for some m ∈N, then A = R[2] if and only if A has a fixed point free R-LND.

Therefore, Question 1.3.6 remained unsolved for the case either A is a non-trivial A2-
fibration or A is a non-stably polynomial A2-fibration.

In [BD21], we have completely solved Question 1.3.6 for the case when R is a Noethe-
rian ring (see [BD21, Theorem 4.4 and Theorem 4.7]). Our result proves that if D is a fixed
point free R-LND on an A2-fibration over a Noetherian ring R containing Q, then D has
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a slice. A consequence of our result proves that when R is a one-dimensional Noetherian
ring containing Q, then an A2-fibration having a fixed point free R-LND has the structure
as described in Theorem 1.2.8. The detailed discussion on our results has been done in the
Chapter 3 (Part-II) of the thesis.

1.3.2 The second objective of the study

In view of Theorem 1.2.3, one should note that under the case R is a Noetherian ring con-
taining Q, Hamann’s cancellation result (see Theorem 2.3.6) establishes that Ker(D) = R[1].
In this regard the contribution of Bhatwadekar-Dutta (†) listed in pg.7 towards Theorem
1.2.3 needs a special mention. In their paper Bhatwadekar-Dutta characterizes all the ir-
reducible locally nilpotent derivations D with polynomial kernels in R[X, Y] when R is a
Noetherian ring, to be specific ([BD97, Theorem 4.7 and Corollary 4.9]).

Theorem 1.3.9. Let R be a Noetherian domain containing Q with quotient field K, A = R[X, Y]
and D an R-LND on A. The following are equivalent
(i) D is irreducible and Ker(D) = R[1].
(ii) DX and DY form an A-regular sequence or are comaximal in A.
(iii) There exists F ∈ R[X, Y] such that D = JD(X,Y)(F,−), K[X, Y] = K[F][1] and FX, FY either
form an A-regular sequence or are comaximal in A.
Moreover if DX and DY are comaximal in A, then A = Ker(D)[1].

Based on the Theorem 1.3.9 of Bhatwadekar-Dutta, we ask

Question 1.3.10. Is it possible to characterize the LNDs having polynomial kernels of a stably
polynomial algebra A over a Noetherian domain R containing Q where tr.degR(A) = 2?

In Theorem 1.3.9, since A = R[X, Y], one can naturally talk about the sequential proper-
ties of the canonical generators of D(A), i.e., DX and DY. However considering Question
1.3.10, as A is an A2-fibration over R, there does not exist such concept of canonical gener-
ators of D(A) whose sequential properties can be studied.

Remark 1.3.11. We observe that for the case A = R[X,Y], the sequential properties of D(X) and
D(Y) can be translated in terms of grade(D(R[X,Y])R[X,Y]) and further, grade(D(A)A) exists even
when A is not a polynomial algebra.

Before we progress further, we definite a terminology.

Definition 1.3.12. Let R be a Noetherian ring and I an ideal of R. We shall say grade(I) = ∞ if
I = R. For ℓ ∈N, we shall say grade(I) ≥ ℓ if either grade(I) = ∞ or ℓ ≤ grade(I) < ∞.

As we expect an answer parallel to Theorem 1.3.9 to Question 1.3.10, the above obser-
vation in Remark 1.3.11 paves a path to ask a more specific question.

Question 1.3.13. Let A be an A2-fibration over Noetherian domain R containing Q such that
A[n] = A[T1, T2, · · · , Tn] = R[X1, X2, · · · , Xn+2] = R[n+2] and D : A −→ A an R-LND. Then,
are the following statements equivalent?
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(i) D is irreducible and Ker(D) = R[1].

(ii) grade(D(A)A) ≥ 2.

(iii) D̃ = JD(X1,X2,··· ,Xn+2)(F, T1, T2, · · · , Tn,−) where D̃ is the trivial extension of D on
A[T1, T2, · · · , Tn], A⊗R K = K[F][1] and grade((FX1 , · · · , FXn+2)A[T]) ≥ 2.

It is to be noted that the result of Kahoui-Ouali, i.e., Theorem 1.3.8 gives an affirmative
partial answer to Question 1.3.13 when D is fixed point free, i.e., D(A)A is an unit ideal.

Chapter 4 (Part-II) of our thesis discusses on Question 1.3.13 and gives a characteriza-
tion of LNDs with polynomial kernels of stably polynomial A2-fibrations.

1.3.3 Relation between the first two objectives of study

It can be observed that the above stated two aims, Question 1.3.6 and Question 1.3.13, of
studies have a single origin, i.e., the corresponding problems are related.

Let R be a Noetherian domain containing Q, A an A2-fibration over R and D a non-zero
R-LND of A. Then, D can be of two types:

(I) grade(D(A)A) ≥ 2.

(II) grade(D(A)A) = 1.

When A = R[2], from Remark 1.3.11 and Theorem 1.3.9, one can observe that the R-
LNDs with grade(D(A)A) ≥ 2 have nice structures and those LNDs impart nice structure
on the ambient algebra too. Further, such R-LNDs of R[2] have beautiful characterizations;
to be specific (see Theorem 1.3.9)

Corollary 1.3.14. Let R be a Noetherian domain containing Q, A = R[X, Y] and D be an R-LND
on A. The following are equivalent

(i) D is irreducible and Ker(D) = R[1].

(ii) grade(D(A)A) ≥ 2.

Moreover if grade(D(A)A) = ∞, then A = Ker(D)[1].

If grade(D(A)A) = 1, it is clear from Corollary 1.3.14 that either D is reducible or
Ker(D) ̸= R[1] and vice versa. However, since R is Noetherian, for any reducible R-LND δ
there exists an irreducible R-LND δ∗ such that δ = λδ∗ for some λ ∈ R \ {0}, and in that
case we have Ker(δ) = Kerδ∗. So, we see that for A = R[2], we have grade(D(A)A) = 1
if and only if Ker(D) ̸= R[1]. Bhatwadekar-Dutta, in [BD97, Theorem 3.5], has given the
complete description of the kernel of any LND D of a polynomial algebra R[X, Y] over
a Noetherian normal domain R containing Q. So, even for the case grade(D(A)A) = 1,
the structure of Ker(D) is known when A = R[2] and R is a Noetherian normal domain.
Moreover, a recent result of Khaddah-Kahoui-Ouali ([KEKO22]) gives a description of the
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structure of R[X, Y], where R is a PID, over the kernel of any of its R-LND D stating that
R[X, Y] is a free module over Ker(D).

So, naturally one asks whether it is possible to give a complete description of the LNDs
of A2-fibrations and their kernels; and the relation of the kernel with the ambient A2-
fibration, similar to the case of polynomial algebra in two indeterminates, i.e.,

Problem 1.3.15. Let R be a Noetherian domain containing Q and A an A2-fibration over R. Then,
characterize all the R-LNDs D : A −→ A, find the structure of the Ker(D), and find the structure
of A over Ker(D) for the following cases

(a) grade(D(A)A) = ∞, i.e., D is fixed point free.

(b) 2 ≤ grade(D(A)A) < ∞.

(c) grade(D(A)A) = 1.

Our study focuses on the class of R-LNDs D of A such that grade(D(A)A) ≥ 2, i.e.,
either grade(D(A)A) = ∞ or 2 ≤ grade(D(A)A) < ∞; and solves Problem 1.3.15(a)
completely (see Chapter 3) and partially solve Problem 1.3.15(b) for the case A is a sta-
bly polynomial (see Chapter 4). We keep an aim to give a complete solution to Problem
1.3.15(b) and (c) as a post-PhD work.

1.3.4 The third objective of the study

In the theory of LNDs of polynomial algebras the concepts of rank and rigidity are impor-
tant tools which helped bring in some major results, e.g., [Fre95], [Dai96], [DF98]. While
the concept of the rank which is existing only for LNDs of polynomial algebras was intro-
duced by Freudenburg in his article [Fre95], the concept of rigidity of LNDs of polynomial
algebras was originated by Daigle in [Dai96]. Rank and rigidity of LNDs of polynomial
algebras are defined as follows.

Definition 1.3.16. Let A = R[n] and D : A −→ A an R-LND.

• The rank of D, denoted by Rk(D), is defined to be the least non-negative integer r such
that there exists a coordinate system (X1, X2, · · · , Xn) of A satisfying X1, X2, · · · , Xn−r ∈
Ker(D).

• A rank-r R-LND D of A is called rigid if, for any two coordinate systems (X1, X2, · · · , Xn)

and (Y1, Y2, · · · , Yn) of A satisfying X1, X2, · · · , Xn−r, Y1, Y2, · · · , Yn−r ∈ Ker(D), we
have R[X1, X2, · · · , Xn−r] = R[Y1, Y2, · · · , Yn−r].

Since many aspects of affine fibrations can be studied through the LNDs of them, in
that case questions arise: whether the kernel B of an LND of an affine fibration A over a
base ring R is necessarily an affine fibration over R and whether the given affine fibration
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A over R is also an affine fibration over the kernel B. When the affine fibration A is a poly-
nomial algebra, the rank and rigidity of LNDs keep a good amount of information about
the kernel of the LNDs and its relation with the the ambient polynomial algebra and the
base ring. However, the concept of rank has been defined only for polynomial algebras,
and therefore, it is natural to ask whether a suitable notion of rank of LNDs of affine fi-
brations can be defined that may help study the relations between the kernel of the LNDs,
the ambient affine fibration and the base ring, and which is consistent with the existing
concept of rank of LNDs of polynomial algebras.

The Part-III of the thesis, i.e., Chapter 5 is devoted towards a notion of rank and rigidity
of locally nilpotent derivations of affine fibrations. In Chapter 5, we define residual rank
and residual rigidity of LNDs of affine fibrations and show that the concept is analogous
to the perception of rank and rigidity of LNDs of polynomial algebras.

1.4 Thesis organization

The thesis has four parts. Part I of the thesis is devoted to the introduction and prelimi-
naries. The main research contributions of our study have been discussed in Part II and
Part III. The thesis includes an appendix in Part IV, which discusses the detailed relations
between the Ga actions, exponential maps and LNDs.
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Chapter 2

Preliminaries

In this chapter we setup notations, recall definitions and register some known results.

2.1 Notation

Given a ring R and an R-algebra A we fix the following notation.

R∗ : Group of units of R.
nil(R) : Nilradical of R.
Qt(R) : Total quotient ring of R.
Pic(R) : Picard group of R.
SymR(M) : Symmetric algebra of an R-module M.
ΩR(A) : Universal module of R-differentials of A.
DerR(A) : Module of R-derivations of A.
tr.degA(R) : Transcendence degree of A over R, where R ⊆ A are domains.
AP : A⊗R RP, for P ∈ Spec(R).
grade(I) : = depth(I, R) which is the length of a maximal R-sequence in I

where R is Noetherian and I is an ideal of R.

2.2 Definitions

Definition 2.2.1.

• A reduced ring R is called seminormal if whenever a2 = b3 for some a, b ∈ R, then there
exists t ∈ R such that t3 = a and t2 = b.

• A subring R of a ring A is called a retract of A, if there exists a ring homomorphism ϕ :

A −→ R such that ϕ(r) = r for all r ∈ R.

• A subring R of a domain A is said to be inert (factorially closed) in A, if f g ∈ R implies
f , g ∈ R for all f , g ∈ A\{0}.

• An algebra A over a ring R is said to be an An-fibration (or affine n-fibration) if A is
finitely generated and flat over R, and A⊗R k(P) = k(P)[n] for all P ∈ Spec(R), i.e., the
fibers of A at each prime ideal P of R are n-dimensional polynomial algebras.
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• Let A be an An-fibration over R.

1. A is said to be trivial if A is a polynomial algebra over R, i.e., A = R[n].

2. A is said to be stably trivial if A is a stably polynomial algebra over R, i.e., there exists
ℓ ∈N such that A[ℓ] = R[ℓ+n].

3. An m-tuple of elements W := (W1, W2, · · · , Wm) in A which are algebraically inde-
pendent over R is called an m-tuple residual variable of A if A⊗R k(P) = (R[W]⊗R

k(P))[n−m] for all P ∈ Spec(R).

• A domain R is called an HCF domain if for any two elements a, b in R, the ideal (a) ∩ (b)
is principal. HCF domains are often called GCD domains.

2.3 Preliminary results

First we list down some properties of inert subrings and retracts.

Lemma 2.3.1. Let B ⊆ A be domains.

(i) If C is a ring such that B ⊆ C ⊆ A and B is inert in A, then B is inert in C.

(ii) If B is inert in A, then B is algebraically closed in A.

(iii) Let B1 ⊆ B2 ⊆ A be domains such that B1 is inert in A. If tr.degB1
(A) = tr.degB2

(A) < ∞,
then B1 = B2.

(iv) An inert subring of a HCF domain (UFD) is a HCF domain (UFD); and a polynomial algebra
over a HCF domain (UFD) is a HCF domain (UFD).

(v) Retract of a UFD is a UFD.

Proof. Proofs of (i), (ii), (iii) and (iv) are easy. For a proof of (v), one may refer to the

arguments by Ed Enochs mentioned in ([EH73], p.69).

Next we observe a local-global property of the grade of an ideal of an algebra.

Lemma 2.3.2. Let R ⊆ A be Noetherian domains and I be an ideal of A. Then, the following holds.

(I) grade(I) = ∞ if and only if grade(IAP) = ∞ for all P ∈ Spec(R).

(II) If grade(I) < ∞, then grade(I) = grade(IAP) for some P ∈ Spec(R).

Proof. (I): By a standard local-global principle it quickly follows that grade(I) = ∞ if and

only if IAP = AP for all P ∈ Spec(R).
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(II): By [Mat80, pg. 105] there exists Q ∈ Spec(A) such that grade(I) = grade(IAQ).

Let P = Q ∩ R. Clearly, I ⊆ IAP ⊆ IAQ and hence we have grade(I) ≤ grade(IAP) ≤
grade(IAQ). This shows that grade(I) = grade(IAP).

We now quote a few results for later use. The first one is by Rentschler ([Ren68])

Theorem 2.3.3. Let k be a field of characteristic zero, A = k[X, Y] = k[2] and D : A −→ A a non-
trivial k-LND. Then, there exists F, G ∈ A such that A = k[F, G] and Ker(D) = k[F]. Further,
there exists α ∈ k[F] such that D = α∆F where ∆F is the derivation defined by ∆F(X) = −FY and
∆F(Y) = FX, or in other words D = αJD(X,Y)(F,−)

The following two Lüroth-type results are by Abhyankar-Eakin-Heinzer ([AEH72, Re-
mark 2.10] and [AEH72, Proposition 4.1 & Proposition 4.8]).

Theorem 2.3.4. Let k be a field, L a separable algebraic field extension of k and A a normal domain
such that k ⫋ A ⊆ L[1]. If L is algebraically closed in A, then A = L[1].

Theorem 2.3.5. Let R ⊆ B be domains such that tr.degR(B) = 1 and R ⊆ B ⊆ A = R[n]. If
either R is an HCF domain and B is inert in A or R and B are UFDs, then B = R[1].

A cancellation result of Hamann ([Ham75, Theorem 2.8]) states

Theorem 2.3.6. Let R be a Noetherian ring containing Q and A an R-algebra such that A[m] =

R[m+1] for some m ∈N. Then, A = R[1].

The following result of Bass-Connell-Wright ([BCW76, Theorem 4.4]) gives a character-
ization of locally polynomial algebras.

Theorem 2.3.7. Let A be a finitely presented R-algebra such that AP is RP-isomorphic to the
symmetric algebra of some RP-module for each P ∈ Spec(R). Then, A is R-isomorphic to the
symmetric algebra SymR(M) for some finitely presented R-module M.

We now state a result by Russel-Sathaye, famously known as the Russel-Sathaye cri-
teria for an algebra to be a polynomial algebra ([RS79, Theorem 2.3.1], also see [BD97,
Theorem 2.11]).

Theorem 2.3.8. Let R be a domain and A a finitely generated overdomain of R. Suppose that there
exists an element π in R which is prime in A such that πA ∩ R = πR, Aπ = R[1]

π and the image
of R/πR is algebraically closed in A/πA. Then A = R[1].

The next result is by Swan ([Swa80, Theorem 6.1]).

Theorem 2.3.9. Let R be a seminormal ring. Then, Pic(R) = Pic(R[n]) for all n ∈N.

As an immediate consequence of Theorem 1.2.7 ([Asa87]), Theorem 2.3.9, Theorem 2.3.6
and Theorem 2.3.7 the following holds.
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Corollary 2.3.10. Let R be a Noetherian ring containing Q and A an A1-fibration over R. If
ΩR(A) is extended from R, specifically when R is seminormal, then A = SymR(N) for some
finitely generated rank one projective R-module N.

Next, we state a few properties of affine fibrations.

Lemma 2.3.11. Let R be a ring and A an An-fibration over R. Then A is faithfully flat over R.

Proof. Since A is flat over R and A⊗R R/m = A⊗R k(m) = k(m)[n] ̸= (0) for each maximal

ideal m of R, it follows that A is faithfully flat over R.

Lemma 2.3.12. Let R be a domain and A an An-fibration over R. Then, A is a domain and R is
inert in A.

Proof. Since R is a domain, we have A ↪→ A⊗R Qt(R) = A⊗R k(0) = k(0)[n] = Qt(R)[n].
This shows that A is a domain and Qt(R) is inert in A⊗R Qt(R). Let f , g ∈ A\{0} be such

that f g ∈ R. We shall show that f , g ∈ R. Due to inertness of Qt(R) in A⊗R Qt(R), we

see that f , g ∈ Qt(R), and therefore, f , g ∈ A ∩Qt(R). Suppose, f = r/s for some r ∈ R
and s ∈ R\{0}, and hence, s f = r ∈ R. Since A is an An-fibration over R, by Lemma

2.3.11 it follows that A is faithfully flat over R, and therefore, sA ∩ R = sR. This shows

that r = s f ∈ sR, and hence, f ∈ R. Similarly, we have g ∈ R.

Asanuma, in his structure theorem of affine fibrations, i.e., Theorem 1.2.7 ([Asa87]), es-
tablished that for an affine fibration A over a Noetherian ring R, the module of differentials
ΩR(A) is a projective A-module and A can be viewed as an R-subalgebra of a polynomial
algebra B over R in such a way that A⊗R B is a symmetric B-algebra of the extended pro-
jective B-module ΩR(A)⊗A B. As a consequence of Asanuma’s result the following can
be observed.

Lemma 2.3.13. Let R be a Noetherian ring and A an An-fibration over R. Then, R is a retract of
A and A is a retract of R[t] for some t ∈N.

Proof. Since A is an An-fibration over a Noetherian ring R, by Theorem 1.2.7 ([Asa87]),

ΩR(A) is a projective A-module and there exists m ∈ N such that A is a R-subalgebra of

R[m] with the property A[m] = SymR[m](ΩR(A)⊗A R[m]). Using Lemma 2.3.11 we see that

A is a faithfully flat R-algebra, and therefore, R can be seen as a subring of A. Clearly, R
is a retract of R[m], and hence, R is a retract of A. Now, we shall show that A is a retract of

R[t] for some t ∈N.

Since ΩR(A) is a projective A-module, ΩR(A)⊗A R[m] is a projective R[m]-module, and

therefore, we have N⊕ (ΩR(A)⊗A R[m]) = (R[m])ℓ for some projective R[m]-module N and

ℓ ∈N. From this we get
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R[m+ℓ] = SymR[m]((R[m])ℓ)

= SymR[m](N ⊕ (ΩR(A)⊗A R[m]))

= SymR[m](N)⊗R[m] SymR[m](ΩR(A)⊗A R[m])

= SymR[m](N)⊗R[m] A[m].

Since any symmetric algebra has a natural retraction to its base ring, we see that R[m] is

a retract of SymR[m](N), and therefore, R[m]⊗R[m] A[m] = A[m] is a retract of SymR[m](N)⊗R[m]

A[m] = R[m+ℓ]. Again, since A is a retract of A[m], we see that A is a retract of R[m+ℓ].

A criterion for finite generation of algebras by Onoda ([Ono84, Theorem 2.20]) is as
follows.

Theorem 2.3.14. Let R be a Noetherian domain and A an overdomain of R such that

(I) There exists a non-zero f ∈ A for which A[1/ f ] is a finitely generated R-algebra.

(II) Am is a finitely generated Rm-algebra for all maximal ideals m of R.

Then A is a finitely generated R-algebra.

We quote below a result of Daigle on rigidity of LNDs of polynomial algebras over a
field containing Q ([Dai96, Theorem 2.5].

Theorem 2.3.15. Let k be a field containing Q. Then, all LNDs of k[3] are rigid.

We again register three results by Daigle ([Dai97, Theorem 3.3], [Dai97, Corollary 3.10]
and [Dai97, Corollary 2.4] respectively).

Theorem 2.3.16. Let A be a UFD containing Q and let B be inert in A. Assume that A is of finite
presentation as a B-algebra. Then A is almost smooth over B.

Proposition 2.3.17. Let k be a field of characteristic zero, B = k[X1, · · · , Xn] = k[n], A =

k[ f1, · · · , fm] a k-subalgebra of B of dimension d. Let J denote the ideal of B generated by the d× d
minors of the Jacobian matrix J ac(X1,··· ,Xn)( f1, · · · , fm). Suppose, A is inert in B, then ht(J) > 1.

Corollary 2.3.18. Let k be a field of characteristic zero and B = k[X1, · · · , Xn] = k[n]. Suppose,
f = ( f1, · · · , fn−1) ∈ Bn−1 is such that f1, · · · , fn−1 are algebraically independent over k and
k[ f1, · · · , fn−1] is inert in B. Then, ∆ f ∈ Derk(B) is irreducible and Ker(∆ f ) = k[ f1, · · · , fn−1].

We now register a few results of Das-Dutta from [DD14]). For the first two results one
may refer to [DD14, Lemma 2.1] and [DD14, Corollary 3.18] respectively.

Lemma 2.3.19. Let A be a stably polynomial algebra over a ring R. Then ΩR(A) is a stably free
A-module
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Corollary 2.3.20. Let R be a Noetherian domain and A an Am+1-fibration over R. Then an m-
tuple W of elements from A is an m-tuple residual variable of A over R if and only if A is an
A1-fibration over R[W].

The following is again a result of Das-Dutta ([DD14, Corollary 3.6, Lemma 3.12, Theo-
rem 3.16 & Corollary 3.19]).

Theorem 2.3.21. Let R be a Noetherian ring and A an An-fibration over R. Suppose, W ∈ A
is an m-tuple residual variable of A. Then, A is an An−m-fibration over R[W] and ΩR(A) =

ΩR[W](A) ⊕ Am. Further, if A is stably polynomial over R ←↩ Q and n − m = 1, then A =

R[W][1] = R[n].

It is to be noted that though Das-Dutta, in [DD14], proved Theorem 2.3.21 (see [DD14,
Corollary 3.19]) with the hypothesis that the base ring is a Noetherian domain containing
Q, from their proof it follows that Theorem 2.3.21 holds over Noetherian rings (not neces-
sarily domains) containing Q.

In [EKO14], Kahoui-Ouali proved the following result ([EKO14, Corollary 2.5]).

Proposition 2.3.22. Let R be a Noetherian domain containing Q, and let A be an A1-fibration
over R. Then A is trivial over R if and only if there exists δ ∈ DerR(A) which is fixed point free.

We end this section with one of our observations.

Lemma 2.3.23. Let R be a one-dimensional Noetherian domain containing Q, A = R[3] and D a
fixed point free R-LND of A. Then, the following are equivalent.

(I) Ker(D) = R[2] and A = Ker(D)[1].

(II) D has a slice.

Proof. (I) =⇒ (II): Follows from the converse of the Slice Theorem (Theorem 1.2.1).

(II) =⇒ (I): Since D has a slice, by the Slice Theorem (Theorem 1.2.1) we have A =

Ker(D)[1], and therefore, by Lemma 1.3.1 it follows that Ker(D) is an A2-fibration over R.

Since R is a one-dimensional Noetherian domain containing Q, by Theorem 1.2.8 ([AB97,

Theorem 3.8]) there exists W ∈ Ker(D) such that Ker(D) is an A1-fibration over R[W], and

hence, by Corollary 2.3.20 W is a residual variable of Ker(D). Since Ker(D)[1] = R[3], by

Lemma 2.3.19 and Theorem 2.3.21 we get Ker(D) = R[W][1] = R[2]. This completes the

proof.
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Part II

A class of LNDs of A2-fibrations
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Chapter 3

Fixed point free LNDs of
A2-fibrations

In this chapter our main aim is to solve the following problem quoted in Introduction as
Question 1.3.6. For our convenience, we rewrite it again.

The main problem to solve in this chapter:
Given an A2-fibration A over a ring R ⊇ Q and D : A −→ A a fixed point free LND of A,

our aim is to investigate whether D has a slice.

We show, without any extra hypothesis on A, that Question 1.3.6 has an affirmative
answer when the base ring R is Noetherian, specifically (see Theorem 3.3.2)
Theorem 3.A: Let R be a Noetherian ring containing Q and A an A2-fibration over R with
a fixed point free R-LND D : A −→ A. Then, Ker(D) is an A1-fibration over R and D has
a slice, i.e., A = Ker(D)[1]. In particular, if R is a normal domain, then A = SymR(I)[1] for
some invertible ideal I of R.

In view of Theorem 3.A, we investigate the hypothesis “A is stably polynomial over R”
in Theorem 1.3.8 and find that it helps to generate another fixed point free R-LND of A for
which the A2-fibration A becomes trivial. More precisely, we observe the following (see
Theorem 3.3.5).
Theorem 3.B: Let R be a Noetherian domain containing Q and A an A2-fibration over R
having a fixed point free R-LND. Then, A has another irreducible R-LND D : A −→ A
such that Ker(D) = R[1], and A is an A1-fibration over Ker(D). Further, the following are
equivalent.

(I) D is fixed point free.

(II) A is stably polynomial over R.

(III) A = R[2].

The following is the outline of this chapter. In Section 3.1 we observe some auxilary re-
sults; in Section 3.2 we review results on A1-fibrations having fixed point free derivations;
in Section 3.3 we discuss structure of A2-fibrations having fixed point free LNDs; and in
Section 3.4 we discuss a few examples.
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3.1 Auxiliary results

In this section, we observe some auxiliary results needed to prove the main results of this
chapter.

The following lemma is useful for reduction to the case when R is a reduced ring for
proving an R-algebra A is polynomial ring in n variables. To be precise.

Lemma 3.1.1. Let R be a Noetherian ring, η = nil(R) and A an R-algebra. Suppose, xi ∈ A
where i = 1, 2, · · · , n are such that A/ηA = R/η[x̄1, x̄2, · · · , x̄n] where x̄i’s are the images of xi’s
in A/ηA. Then, A = R[x1, x2, · · · , xn].

Proof. Clearly, A = R[x1, x2, · · · , xn] + ηA. Since there exists ℓ ∈ N such that ηℓ = (0), we

see that A = R[x1, x2, · · · , xn].

Next result helps in providing conditions for an R-algebra A to be R[1] given that the
induced R/η-algebra is singly generated.

Lemma 3.1.2. Let R be a Noetherian ring containing Q, η = nil(R) and A an R-algebra such
that A/ηA is a singly-generated R/η-algebra and (A/ηA)∗ = (R/ηR)∗. Then, A = R[1] if and
only if there exists D ∈ DerR(A) such that the induced R/ηR-derivation D : A/ηA −→ A/ηA
is fixed point free.

Proof. If A = R[1], then it is easy to see that there exists a fixed point free R/η-derivation

of A/ηA. So, we prove the converse. According to the hypotheses, A/ηA is generated by

a single element over R/η, and therefore, by Lemma 3.1.1, we have A = R[x] for some

x ∈ A. Suppose, D ∈ DerR(A) is such that the induced R/η-derivation D : A/ηA −→
A/ηA is fixed point free. By letting x̄ to be the image of x in A/ηA, it is easy to see

that D(x̄) ∈ (A/ηA)∗ = (R/η)∗, i.e., the image of D(x) in A/ηA is a unit in R/η, and

therefore, D(x) is a unit in R. We claim that x does not satisfy any algebraic relation over

R. On the contrary, if there exists ai ∈ R for all i = 0, 1, · · · , n, an ̸= 0 such that a0 +

a1x + · · · + anxn = 0, then we have D(x)(a1 + 2a2x + 3a3x2 · · · + nanxn−1) = 0. Since

D(x) ∈ R∗, we get a1 + 2a2x + 3a3x2 · · · + nanxn−1 = 0, from which again we see that

D(x)(2a2 + 6a3x + 12a4x2 + · · · + n(n − 1)anxn−2) = 0. Repeating same arguments, we

eventually get D(x)(n!)an = 0, i.e., an = 0 which is a contradiction to our assumption that

an ̸= 0. This proves that A = R[x] = R[1].

The next lemma shows that a derivation restricts onto a subalgebra provided it is a
retraction. i.e,

Lemma 3.1.3. Let C ⊆ B be algebras over a ring R with a retraction ϕ : B −→ C. Suppose,
D̃ : B −→ B is an R-derivation. Then, D := (ϕ ◦ D̃)|C : C −→ C is an R-derivation.
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Proof. Easy.

Suppose an A2-fibration A over R is a polynomial ring in one variable over a R-
subalgebra C. The next lemma describes the structure of such an R-subalgebra C.

Lemma 3.1.4. Let C, A be algebras over a Noetherian ring R containing Q such that A is an
A2-fibration over R and A = C[W] = C[1]. Then, C is an A1-fibration over R and A is an
A1-fibration over R[W].

Proof. Clearly, C is a finitely generated R-subalgebra of A, and further, C, being a direct

summand of the flat R-module A, is flat over R. Let P ∈ Spec(R). Now, k(P)[2] = A⊗R

k(P) = (C ⊗R k(P))[1], and therefore, by Theorem 2.3.6 ([Ham75]), we get C ⊗R k(P) =

k(P)[1]. This shows that C is an A1-fibration over R. Again, as C⊗R k(P) = k(P)[1], we see

that A⊗R k(P) = (C ⊗R k(P))[W] = (R[W]⊗R k(P))[1]. This proves that W is a residual

variable of A, and therefore, by Theorem 2.3.21 ([DD14]), A is an A1-fibration over R[W].

This completes the proof.

3.2 Structure of A1-fibrations having fixed point free LNDs

In [EKO14], Kahoui-Ouali proved Proposition 2.3.22 ([EKO14]) that states that an A1-
fibration over a Noetherian domain containing Q is trivial if and only if it has a fixed point
free derivation. In this section we show that the result of Kahoui-Ouali holds even over
Noetherian rings (not necessarily domains) containing Q (see Proposition 3.2.1), which we
shall use in the next section. Though the proof of this observation follows from Kahoui-
Ouali’s proof of Proposition 2.3.22 ([EKO14]), for the convenience of the readers it is de-
tailed here.

Proposition 3.2.1. Let R be a Noetherian ring containing Q and A an A1-fibration over R. Then
the following are equivalent.

(I) A = R[1].

(II) ΩR(A) is a free A-module.

(III) ΩR(A) is a stably free A-module.

(IV) There exists D ∈ DerR(A) such that D is fixed point free.

Proof. (I) =⇒ (II), (II) =⇒ (III) and (I) =⇒ (IV): Obvious.

(III) =⇒ (I): Suppose that ΩR(A) is a stably free A-module. Then, there exists n ∈ N

such that ΩR(A) ⊕ An = An+1. Since A is an A1-fibration over R, by Theorem 1.2.7

([Asa87]), there exists ℓ ∈ N such that A is an R-subalgebra of B = R[ℓ] and A[ℓ] =

SymB(ΩR(A) ⊗A B), and therefore, we have A[n+ℓ] = A ⊗R B[n] = A ⊗R B ⊗B B[n] =
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A[ℓ] ⊗B B[n] = SymB((ΩR(A) ⊗A B) ⊗B B[n] = SymB((ΩR(A) ⊕ An) ⊗A B). Now, since

(ΩR(A)⊕ An)⊗A B = Bn+1, we essentially have A[n+ℓ] = B[n+1] = R[n+ℓ+1], and hence,

by Theorem 2.3.6 ([Ham75]), we get A = R[1].

(IV) =⇒ (I): Suppose that D ∈ DerR(A) is fixed point free. Let us assume that R is

reduced. Since the total quotient ring K of R is zero-dimensional reduced Noetherian ring,

we see that A⊗R K = K[1] = K[U], say, for some U ∈ A. Suppose, D1 ∈ DerR(A). Letting

D(U) = α ∈ A and D1(U) = β ∈ A, we have αD1 = βD. Since D is fixed point free there

exists α1, α2, · · · , αm ∈ A and u1, u2, · · · , um ∈ A such that
m

∑
i=1

αiD(ui) = 1, and therefore,

m

∑
i=1

αiβD(ui) = β. Now, since αD1 = βD, we get
m

∑
i=1

αiαD1(ui) = β, i.e., α
m

∑
i=1

αiD1(ui) = β.

This shows that αD1 = α
m

∑
i=1

αiD1(ui)D.

Let D̃ : A⊗R K −→ A⊗R K be the extension of D. Clearly, D̃ is fixed point free. Since

A⊗R K = K[U], we have D̃(U) = D(U) = α ∈ K∗, i.e., α is a non-zero divisor in R. Since

A is flat over R, α remains a non-zero divisor in A, and therefore, D1 =
m

∑
i=1

αiD1(ui)D. This

proves that DerR(A) = HomA(ΩR(A), A) is a free A-module of rank one. Since ΩR(A) is a

projective A-module, it is a reflexive A-module, and therefore, ΩR(A) is a free A-module.

Consequently, by “(II) =⇒ (I)”, we get A = R[1].

Now, we suppose that R is not reduced. Set η := Nil(R). Clearly, the induced R/η-

derivation D : A/ηA −→ A/ηA is fixed point free. Since A/ηA is an A1-fibration over

R/η, from the previous discussion we have A/ηA = (R/η)[1] = (R/η)[X], say, and there-

fore, by Lemma 3.1.1, we get A = R[X]. Finally, due to Lemma 3.1.2, it follows that

A = R[X] = R[1].

3.3 Structure of A2-fibrations having fixed point free LNDs

The upcoming proposition illustrates the structure of kernel of a fixed point free derivation
on a symmetric algebra over a rank two projective module.

Proposition 3.3.1. Let R be a Noetherian ring containing Q and A = SymR(M) for some finitely
generated rank two projective R-module M. Suppose, D : A −→ A is a fixed point free R-
LND, then Ker(D) = SymR(N) for some finitely generated rank one projective R-module N and
A = Ker(D)[1].

Proof. By Theorem 1.2.3 we see that AP = Ker(D)
[1]
P and Ker(D)P = R[1]

P for all P ∈
Spec(R). This shows that AQ = Ker(D)

[1]
Q for all Q ∈ Spec(Ker(D)), and therefore, by

Theorem 2.3.7 ([BCW76]) we have A = SymKer(D)(L) for some finitely generated rank one
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projective Ker(D)-module L, which proves that Ker(D), being a retract of the finitely gen-

erated R-algebra A, is a finitely generated R-subalgebra of A. Since Ker(D)P = RP
[1] for

all P ∈ Spec(R), by Theorem 2.3.7 ([BCW76]) Ker(D) = SymR(N) for some rank one pro-

jective R-module N. Moreover, since A = SymKer(D)(L), by Proposition 3.2.1 we see that

A = Ker(D)[1].

Now we will state our first main result (Theorem 3.A) which gives answer to Question
1.3.6.

Theorem 3.3.2. Let R be a Noetherian ring containing Q and A an A2-fibration over R. Sup-
pose, D : A −→ A is a fixed point free R-LND. Then, Ker(D) is an A1-fibration over R and
A = Ker(D)[1]. Further, if ΩR(A)is extended from R, specifically, when R is seminormal, then
Ker(D) = SymR(N) for some finitely generated rank one projective R-module N.

Proof. Since A is an A2-fibration over R, by Theorem 1.2.7 ([Asa87]) there exists B = R[n]

such that A ⊆ B and A[n] = A ⊗R B = SymB(ΩR(A) ⊗A B) where ΩR(A) is a finitely

generated projective A-module of rank two. Let D̃ := D⊗ 1 : A⊗R B −→ A⊗R B be the

trivial extension of D. Note that D̃ is fixed point free and Ker(D̃) = Ker(D)⊗R B. Since

ΩR(A) is a projective A-module, ΩR(A) ⊗A B is a projective B-module, and therefore,

applying Proposition 3.3.1 we get Ker(D) ⊗R B = SymB(L) for some finitely generated

rank one projective B-module L and A ⊗R B = (Ker(D) ⊗R B)[1]. Since B = R[n], we

have A[n] = A⊗R B = (Ker(D)⊗R B)[1] = Ker(D)[n+1], and therefore, by Theorem 2.3.6

([Ham75]) we have A = Ker(D)[1]. Finally, using Lemma 3.1.4 we see that Ker(D) is an

A1-fibration over R.

Now, we assume that ΩR(A) is extended from R, i.e., ΩR(A) = M⊗R A for some R-

module M. Since ΩR(A) is a projective A-module of rank two and A is faithfully flat over

R, due to faithful descent property of finite projective module we see that M is a rank two

projective R-module. Since A is an A2-fibration over R, from earlier arguments we have

A ⊆ R[n] and

A[n] = SymR[n](ΩR(A)⊗A R[n])

= SymR[n]((M⊗R A)⊗A R[n])

= SymR(M)⊗R R[n]

= SymR(M)[n]

Thus, we have Ker(D)[n+1] = A[n] = SymR(M)[n], and therefore, for each P ∈ Spec(R),
we get Ker(D)

[n+1]
P = (SymR(M))

[n]
P = R[n+2]

P , from which, by Theorem 2.3.6 ([Ham75])

we see that Ker(D)P = R[1]
P . Now, applying Theorem 2.3.7 ([BCW76]) we have Ker(D) =

SymR(N) for some rank one projective R-module N. When R is seminormal, the result

follows directly from Corollary 2.3.10, as Ker(D) is an A1-fibration over R.
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As a consequence of Theorem 3.3.2 we can summarize the following equivalent condi-
tions for an A2-fibration over a noetherian ring R containing Q to have a fixed point free
R-LND.

Corollary 3.3.3. Let R be a Noetherian ring containing Q and A an A2-fibration over R. Then,
the following statements are equivalent.

(I) A has a fixed point free R-LND.

(II) A has an R-LND with a slice.

(III) A = C[W] = C[1] for some R-subalgebra C of A.

(IV) A = C[W] = C[1] where C ⊆ A is an A1-fibration over R.

(V) A is an A1-fibration over R[W] = R[1] where W ∈ A and there exists
B = R[W][U1, U2, · · · , Un] = R[W][n], for some n ∈ N, along with a retraction ϕ : B −→
A such that ∂W(ϕ(Ui)) = 0.

Proof. (I)⇐⇒ (II) =⇒ (III): Follows from Theorem 3.3.2.

(III) =⇒ (IV): Follows from Lemma 3.1.4

(IV) =⇒ (II): Since A = C[W] = C[1], A has a C-LND D with a slice, and therefore, D
is an R-LND of A with a slice.

(IV) =⇒ (V): From Lemma 3.1.4 it follows that A is an A1-fibration over R[W]. Now,

since C is an A1-fibration over R, by Theorem 1.2.7 ([Asa87]) there exists

B′ = R[U1, U2, · · · , Un] = R[n] for some n ∈N along with a retraction ϕ1 : B′ −→ C, which

induces a retraction ϕ : B −→ C[W] = A such that ϕ|B′ = ϕ1 where B = B′[W]. Clearly,

∂W(ϕ(Ui)) = 0 for all i = 1, 2, · · · , n.

(V) =⇒ (II): Set D := (ϕ ◦ ∂W)|A : A −→ A. By Lemma 3.1.3 it follows that D is an

R-derivation of A. We shall show that D is an R-LND with a slice W. Clearly, D(W) = 1.

Let α(U) ∈ A ∩ R[U1, U2, · · · , Un]. Note that ϕ(α(U)) = α(U). One may check that

D(α(U)) = 0 (3.1)

and

Di(α(U)Wm) = m(m− 1) · · · (m− i + 1) α(U)Wm−i for all i = 1, · · · , m (3.2)

Let f ∈ A. Then, f = α0(U) + α1(U)W + α2(U)W2 + · · ·+ αm(U)Wm for some αi(U)’s

in R[U1, U2, · · · , Un], and therefore, f = ϕ( f ) = ϕ(α0(U)) + ϕ(α1(U))W + ϕ(α2(U))W2 +

· · ·+ ϕ(αm(U))Wm. Now, using 3.1 and 3.2 we see that Dm+1( f ) = 0. This shows that D is

an R-LND of A with a slice W.
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As a follow up of the above corollary we now state a related problem on the structure
of A2-fibration.

Problem 3.3.4. Let R be a ring containing Q and A an A2-fibration over R. Is then A an A1-
fibration over R[V] for some V in A?

To know the origin of Problem 3.3.4, one may refer to [AB97] (also see [VD74], [Sat83],
[Asa87]and [BD94]). While Problem 3.3.4 is open in general, it is known that it has a nega-
tive answer even when R is a two-dimensional regular UFD (see Example 3.4.2). How-
ever, the following landmark results give partial affirmative answers to Problem 3.3.4.
Sathaye ([Sat83]) proved that A = R[2], if R is a DVR. A result of Bass-Connell-Wright
([BCW76]) along with the result of Sathaye show that A = R[2] holds even if R is a PID.
Later, Asanuma-Bhatwadekar ([AB97, Theorem 3.8 and Remark 3.13]) showed that A is an
A1-fibration over R[W] for some W ∈ A, if R is an one-dimensional Noetherian ring. For
more related results one may look at [DER02], [Ess07], [DF10], [Fre09], [EKO12], [EKO14],
[Das15], and [EKO16].

As Kahoui-Ouali’s result ([EKO16]) gives an affirmative answer to Question 1.3.6 under
the assumption that A is a stably polynomial algebra and in that case the A2-fibration
becomes trivial (i.e., polynomial algebra), we here show that the phenomemon is actually
due a "companion" LND of the given fixed point free LND, which becomes fixed point free
when the A2-fibration is stably trivial. For the detailed analysis, one needs to go though
Theorem 3.3.5 and Remark 3.3.7(B).

Theorem 3.3.5. Let R be a Noetherian domain containing Q with quotient field K and A an
A2-fibration over R having a fixed point free R-LND. Then, A has another irreducible R-LND
D : A −→ A such that Ker(D) = R[1] and A is an A1-fibration over Ker(D). Further, the
following are equivalent.

(I) D is fixed point free.

(II) A is stably polynomial over R.

(III) A = R[2]

Proof. Suppose, δ : A −→ A is a fixed point free R-LND. Then, by Theorem 3.3.2 Ker(δ)

is an A1-fibration over R and A = Ker(δ)[V] = Ker(δ)[1] for some V ∈ A. Since K is

the quotient field of R, we have Ker(δ)⊗R K = K[U0] = K[1] for some U0 in Ker(δ), and

therefore, A ⊗R K = K[V, U0]. Since Ker(δ) is finitely generated over R, there exists t ∈
R\{0} such that Ker(δ)[1/t] = R[1/t][U0], which enables us to choose α ∈ N and a K-

LND D̃ on A⊗R K such that D̃(V) = 0, D̃(U0) = tα, and D̃(A) ⊆ A. So, D := D̃|A is an

R-LND of A such that R[V] ⊆ Ker(D). Since R is Noetherian, through proper reduction,

we can ensure irreducibility of D. Now, since A = Ker(δ)[V], by Lemma 3.1.4 A is an A1-

fibration over R[V]. This shows that R[V] is inert in A, and hence, it is algebraically closed

in A. Note that Ker(D) is also algebraically closed in A. Now, since R[V] ⊆ Ker(D) and
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tr.degR(R[V]) = tr.degR(Ker(D)), we have Ker(D) is algebraic over R[V], and therefore,

Ker(D) = R[V].

We now prove the equivalence of (I), (II) and (III).

(I)⇐⇒ (III): Follows from Proposition 3.2.1.

(III) =⇒ (II): Obvious.

(II) =⇒ (I): Since A an A1-fibration over Ker(D) = R[1], we see that A ⊗R k(P) is

an A1-fibration over Ker(D) ⊗R k(P) = k(P)[1] for all P ∈ Spec(R), and therefore, by

Corollary 2.3.10 we get A⊗R k(P) = (Ker(D)⊗R k(P))[1] for all P ∈ Spec(R). Since A is

stably polynomial over R, applying Theorem 2.3.21 ([DD14]) we conclude the implication.

Remark 3.3.6. As a corollary of Theorem 3.3.2 we get Kahoui-Ouali’s result on triviality of stably
polynomial A2-fibration having a fixed point free LND, i.e., Theorem 1.3.8 ([EKO16]).

Proof. Let A[m] = R[m+2]. Using a standard reduction technique (see [EKO16, Lemma

4.3] for the details) we get a finitely generated Q-algebra R0 which is a subring of R
and a finitely presented R0 subalgebra A0 of A such that A[m]

0 = R[m+2]
0 , A0 ⊗R0 R = A,

D(A0) ⊆ A0 and D0 := D|A0 is a fixed point free R0-LND. Using Theorem 3.3.2 we get

A0 = Ker(D0)[1], and therefore, we have A0
[m] = Ker(D0)[m+1] = R0

[m+2], from which,

by Theorem 2.3.6 ([Ham75]) it follows that Ker(D0) = R0
[1]. This shows that we have

A0 = R0
[2], and therefore, by the properties of A0 and R0 it follows that A = R[2]. Now, on

applying Theorem 1.2.3 we conclude that Ker(D) = R[1] and A = Ker(D)[1].

Next, we assume that R is Noetherian and A is a locally stably polynomial algebra over

R. Since D is a fixed point free R-LND of A, by Theorem 3.3.2 we have Ker(D) is an A1-

fibration over R and A = Ker(D)[1]. Since A is locally stably polynomial over R and A =

Ker(D)[1], by Theorem 2.3.6 ([Ham75]) we see that Ker(D) is a locally polynomial algebra

over R, and therefore, by Theorem 2.3.7 ([BCW76]) it follows that Ker(D) = SymR(N) for

some rank one projective R-module N.

Remark 3.3.7. From Corollary 3.3.3 and the proof of Theorem 3.3.5 we note the following.

A. Let R be a Noetherian domain containing Q, A an A2-fibration over R and δ : A −→ A a
fixed point free R-LND. Then, there exists V ∈ A such that

(I) Ker(δ) is an A1-fibration over R and A = Ker(δ)[V] = Ker(δ)[1]. Further, A is stably
polynomial algebra over R if and only if Ker(δ) = R[1], i.e.,A = R[2].

(II) A has another irreducible R-LND D, not necessarily fixed point free, such that Ker(D) =

R[V] = R[1] and A is an A1-fibration over R[V]. Further, A = R[V][1] if and only if
D is fixed point free.
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B. Let R be a Noetherian domain containing Q and A an A2-fibration over R. Then A = R[2]

if and only if there exist a tuple of R-LNDs (D1, D2) of A with slices and an element V in A
such that D1(V) = 1 and D2(V) = 0.

Corollary 3.3.8. Let R be a Noetherian ring containing Q and A an A3-fibration over R. Suppose
that there exists a pair of R-LNDs (D1, D2) of A with slices and an element V in A such that
D1(V) = 1 and D2(V) = 0. Then, A = C[2] for some A1-fibration C over R. Further, if A has
another R-LND D3 with a slice and an element W ∈ A such that D2(W) = 1 and D3(V) =

D3(W) = 0, then A = R[3].

Proof. Since D1(V) = 1, we have A = Ker(D1)[V] = Ker(D1)
[1]. As the Zariski’s cancella-

tion problem has affirmative answer in dimension three over fields containing Q (follows

from [MS80], [Fuj79], and [Kam75]), from the proof of Lemma 3.1.4 we see that Ker(D1)

is finitely generated and flat over R and Ker(D1)⊗R k(P) = k(P)[2] for all P ∈ Spec(R),
i.e., Ker(D1) is an A2-fibration over R. Now, since D2 is an R-LND of A = Ker(D1)[V]

with a slice satisfying D2(V) = 0, it induces an R-LND D2 of A/VA = Ker(D1) having a

slice, and hence, by Corollary 3.3.3 we have Ker(D1) = C[1], i.e., A = C[2] where C is an

A1-fibration over R.

We now assume that A has another R-LND D3 with a slice and an element W ∈ A such

that D2(W) = 1 and D3(V) = D3(W) = 0. Since A = Ker(D1)[V] and Ker(D1) is an A2-

fibration over R, we see that V is a residual variable of A, and therefore, by Theorem 2.3.21

([DD14]), A is an A2-fibration over R[V]. Again, since R[V] ⊂ Ker(D2) ⊂ Ker(D2)[W] =

A, from Lemma 3.1.4 it follows that Ker(D2) is an A1-fibration over R[V]. Now, note that

as V, W ∈ Ker(D3) we can see D3 as an R[V]-LND of A = Ker(D2)[W] with a slice, and

therefore, the corresponding R[V]-LND of A/WA = Ker(D2) also has a slice. This shows

that Ker(D2) = R[V][1], i.e., A = R[V, W][1] = R[3].

3.4 Examples

Now let us illustrate with an example that there are non-trivial A2-fibrations over Noethe-
rian domains containing Q, which have fixed point free LNDs and hence are non-stably
polynomial. (refer Theorem 3.3.5)

Example 3.4.1. Let R be a Noetherian domain containing Q with quotient field K and B a non-
trivial A1-fibration over R (may refer to [Yan81, Example 1]). Set A := B[X] = B[1]. It is easy to
see that A is a non-trivial A2-fibration over R. Let B⊗R K = K[Y] for some Y ∈ B, and therefore,
A⊗R K = K[X, Y]. Let D be the restriction of the partial derivative ∂X : A⊗R K −→ A⊗R K
on A, i.e., D = ∂X|A. It is easy to see that D is an R-LND of A, D(X) = 1 and Ker(D) = B.
However, by the Slice Theorem (Theorem 1.2.1) and Theorem 2.3.6 it follows that A is not a stably
polynomial algebra over R.
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Now we refer to a collection of examples which shows the existence of non-trivial sta-
bly polynomial A2-fibrations which are not A1-fibrations over polynomial algebras in one
variable (refer Corollary 3.3.3).

Example 3.4.2. Let A be a non-trivial A2-fibration over a Noetherian domain R containing
Q such that A is stably polynomial over R, e.g., the examples of Raynaud in [Ray68](also see
[Sus82]) and Hochster in [Hoc72] (for both the examples one may also refer to [ER01], [Fre09]
and [Fre17], p.272 and p.282). If possible, let V ∈ A be such that A is an A1-fibration over
R[V]. From the Theorem 1.2.7 ([Asa87]) we see that A is an R[V] subalgebra of R[V][n]for some
n ∈N, and therefore, by the first fundamental exact sequence ([Mat80, Theorem 57, p.186]), we get
ΩR(A) = ΩR[V](A)⊕ΩR(R[V])⊗R[V] A = ΩR[V](A)⊕ A. Since A is stably polynomial over
R, by Lemma 2.3.19 ([DD14]) it can be seen that ΩR(A) is a stably free A-module, and therefore,
ΩR[V](A) is a stably free A-module. Now, from Theorem 1.2.7 (see [Asa87]) it directly follows that
A is a stably polynomial algebra over R[V], and hence, by Theorem 2.3.6 ([Ham75]) A = R[V][1],
which is a contradiction. This proves that there does not exist V ∈ A such that A is an A1-fibration
over R[V].

Asanuma-Bhatwadekar in [AB97, Example 3.12] constructed an example of a non-
trivial A2-fibration which can be written as an A1-fibration over a polynomial algebra
in one variable but not stably polynomial as well as does not possess any fixed point free
LND with reference to Corollary 3.3.3.

Example 3.4.3. Set T := C[X] = C[1] and R := C[X2, X3]. Let T[V, W] = T[2] and A =

R[V, W + XV2W2] + X2T[V, W]. One may check that A is a non-stably polynomial A2-fibration
over R and V is a residual variable of A over R; i.e., A is a non-trivial A1-fibration over R[V].

The next two examples are due to Winkelmann ([Win90]) which shows the existence of
fixed point free LNDs of a polynomial algebra R[3] not having have a slice even when R is
a PID containing C.

Example 3.4.4. Let R1 = C[t] = C[1], A1 = R1[X, Y, Z] = R[3]
1 and D1 : A1 −→ A1 an

R1-LND given by D1(X) = t, D1(Y) = X and D1(Z) = 1 + 2tY− X2.

Again, let R2 = C[s, t] = C[2], A2 = R2[X, Y, Z] = R[3]
2 and D2 : A2 −→ A2 an R2-LND

given by D2(X) = s, D2(Y) = t and D2(Z) = 1 + tX− sY.

Clearly, both LNDs D1 and D2 are fixed point free. However, it is well known that none of D1

and D2 have slice.
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Chapter 4

LNDs with polynomial kernels of
stably trivial A2-fibrations

In this chapter we move on to our next problem stated in the introduction, i.e., Question
1.3.13. Let us restate it here for our convenience.

The main problem to solve in this chapter: Let R be a Noetherian domain contain-
ing Q with quotient field K, A an A2-fibration over R such that A[n] = A[T1, T2, · · · , Tn] =

R[X1, X2, · · · , Xn+2] = R[n+2] and D : A −→ A an R-LND. Are then the following statements
equivalent?

(i) D is irreducible and Ker(D) = R[1].

(ii) grade(D(A)A) ≥ 2.

(iii) D̃ = JD(X1,X2,··· ,Xn+2)(F, T1, T2, · · · , Tn,−) where D̃ is the trivial extension of D on
A[T1, T2, · · · , Tn], A⊗R K = K[F][1] and grade((FX1 , · · · , FXn+2)A[T]) ≥ 2.

In this context we should recall that for an ideal I of a ring R we say grade(I) = ∞ if
I = R; and for ℓ ∈N, we say grade(I) ≥ ℓ if either grade(I) = ∞ or ℓ ≤ grade(I) < ∞.

A possible approach towards the above stated problem is using the techniques of Bhatwadekar-
Dutta applied in their proof of Theorem 1.3.9 ([BD97]). In their proof the following two
results ([BD97, Proposition 4.4] and [BD97, Proposition 4.5] respectively) played pivotal
roles.

Proposition 4.0.1. Let R be a Noetherian domain containing Q with quotient field K, and F ∈
R[X, Y] \ R. Suppose that K[X, Y] = K[F][1]. Then, R[X, Y] = R[F][1] if and only if FX, FY are
comaximal in R[X, Y]

Proposition 4.0.2. Let R be a Noetherian domain containing Q with quotient field K, and F ∈
R[X, Y] \ R. Then, R[F] is inert in R[X, Y] if and only if K[F] is inert in K[X, Y] and the ideal
(FX, FY)R[X, Y] is either the unit ideal, i.e., grade(FX, FY) = ∞ or grade(FX, FY) = 2. Conse-
quently, JD(X,Y)(F,−) is an irreducible R-derivation if R[F] is inert in R[X, Y].
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To follow the techniques of Bhatwadekar-Dutta in order to solve Question 1.3.13, the
first step would be to check whether the above two results are generalized for multivariate
polynomial rings. Since from Theorem 1.3.8 ([EKO16]) it already follows that Proposition
4.0.1 has an extension to stably polynomial algebras (see Proposition 4.3.1), we ask the
following questions.

Question 4.0.3. Let R be a Noetherian domain containing Q.

(I) Is it possible to classify the inert subrings of R[n], which are polynomial algebras in one
indeterminate? (asks to extend the 1st part of Proposition 4.0.2)

(II) If R[F1, · · · , Fn−1] is inert in R[X1, · · · , Xn] where F1, · · · , Fn−1 are algebraically indepen-
dent over R, is then JD(X1,··· ,Xn)(F1, · · · , Fn−1,−) an irreducible R-derivation? (asks to
generalize the 2nd part of Proposition 4.0.2)

In Section 4.1 we show that the answer to Question 4.0.3(I) is affirmative. Specifically
(see Proposition 4.1.4)
Proposition 4.A. Let R be a Noetherian domain containing Q and A = R[X1, X2, · · · , Xn] =
R[n] where n ≥ 2. Then, for an element F ∈ A \ R, R[F] is an inert subring of A if and only
if K[F] is an inert subring of A⊗R K and the ideal (FX1 , FX2 , · · · , FXn)A has grade at least 2.

In section 4.2 we show that from the proof of [Dai97, Corollary 2.4] (see [Dai97, Section
3]) an affirmative answer to Question 4.0.3(II) exists under certain assumptions. To be
specific (see Corollary 4.2.2),
Corollary 4.B. Let R be a Noetherian domain containing Q and A = R[X1, X2 · · · , Xn] =
R[n]. Suppose that F1, F2, · · · , Fn−1 ∈ A are algebraically independent over R; and
R[F1, F2, · · · , Fn−1] is inert in A. Then, the kernel of JD(X1,X2··· ,Xn)(F1, F2, · · · , Fn−1,−) is
R[F1, F2, · · · , Fn−1]. Further, if R is either a UFD or a regular domain, then
JD(X1,X2··· ,Xn)(F1, F2, · · · , Fn−1,−) is irreducible.

In Section 4.4 we investigate Question 1.3.13 and observe that while over Noetherian
UFDs containing Q it has complete affirmative answer, over general Noetherian domains
containing Q the result holds partially (see Theorem 4.5.1 and Corollary 4.5.3).
Theorem 4.C. Let R be a Noetherian domain containing Q with quotient field K, A an R-
algebra and D an R-LND of A. Suppose, X = (X1, · · · , Xn+2) and T = (T1, · · · , Tn) are
two sequence of indeterminates such that A[T] = R[X] and D̃ is the trivial extension of D
on A[T].

(a) Consider the following statements.

(I) D and DP are irreducible for each P ∈ Spec(R).

(II) Ker(D) = R[1].

(III) grade(D(A)A) ≥ 2.

(IV) There exists W ∈ A such that A ⊗R K = K[W][1], D̃ = JD(X)(W, T,−) and
grade((WX1 , · · · , WXn+2)A[T]) ≥ 2.
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(V) There exists W ∈ A such that A⊗R K = K[W][1], rD̃ = hJD(X)(W, T,−) and
grade((WX1 , · · · , WXn+2)A[T]) ≥ 2 where r ∈ R, h ∈ Ker(D).

Then, “(II)⇐⇒ (V)”, “(IV) =⇒ (V)” and “(III) =⇒ (I)” hold. Further, if R is either
a UFD or a regular domain, then (V) implies that JD(X)(W, T,−) is irreducible.

(b) If R is a UFD, then Ker(D) = R[1]. Further the following statements are equivalent.

(I) D is irreducible.

(II) grade(D(A)A) ≥ 2.

(III) There exists W ∈ A such that A ⊗R K = K[W][1], D̃ = JD(X)(W, T,−) and
grade((WX1 , · · · , WXn+2)A[T]) ≥ 2.

(c) If R is a regular domain, then Ker(D) = SymR(I) for some invertible ideal I of R.
Further, the following statements are equivalent.

(I) D and DP are irreducible; and Ker(D) = R[1].

(II) grade(D(A)A) ≥ 2; and Ker(D) = R[1].

(III) There exists W ∈ A such that A ⊗R K = K[W][1], D̃ = JD(X)(W, T,−) and
grade((WX1 , · · · , WXn+2)A[T]) ≥ 2.

4.1 A criterion for one-variable polynomial subrings of R[n] to be

inert

In order to explore Question 4.0.3 we first observe a few properties of polynomial rings.

The first lemma shows that for a non-constant element F in the polynomial algebra K[n],
the K-algebra generated by K[F] intersected with the ideal generated by partial derivatives
of F contains at least one non-zero element. This result is necessary in the proof of Lemma
4.1.2.

Lemma 4.1.1. Let K be a field containing Q and F ∈ K[X1, X2, · · · , Xn] = K[n] be a non-constant
element. Then, (FX1 , FX2 , · · · , FXn)K[X1, X2, · · · , Xn] ∩ K[F] ̸= (0).

Proof. Let S = K[F] \ {0}, L = S−1K[F], C = S−1K[X1, X2, · · · , Xn] and

I = (FX1 , FX2 , · · · , FXn)C. It is enough to prove that I is not contained in any maximal ideal

of C. So, we assume that I ⊆ m for some m ∈ MaxSpec(C). Note that Cm is a regular local

ring. Now, the ring homomorphisms K i−→ L
j−→ Cm, where i and j are inclusion maps

give rise to the following exact sequence.

ΩK(L)⊗L Cm
σ−→ ΩK(Cm) −→ ΩL(Cm) −→ 0
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Since Cm is a regular local domain and Q ↪→ L, one can see that ΩL(Cm) is a free Cm-module

of rank n− 1 ([AK70, pp. 159-167]), and therefore, the short exact sequence

0 −→ Im(σ) −→ ΩK(Cm) −→ ΩL(Cm) −→ 0

is split exact where σ(dL/K(a)⊗ b) = bdCm/K(i(a)). Since ΩK(Cm) is a free Cm module of

rank n with basis {dX1, dX2, · · · , dXn}, im(σ) = (FX1 dX1 + FX2 dX2 + · · · , FXn dXn)Cm and

ΩK(Cm) = ΩL(Cm)⊕ im(σ), we see that there exists a matrix M :=



FX1 FX2 · · · FXn

∗ ∗ · · · ∗
. . · · · .

. . · · · .

. . · · · .

∗ ∗ · · · ∗


such that MP forms a basis of ΩK(Cm) where P := (dX1, dX2, · · · , dXn)t. Using the fact

that det(M) = 1 in Cm we get ICm = Cm which is a contradiction to the assumption that

I ⊆ m. So, we have I = C. This completes the proof.

The next lemma proves that for a non-constant element F in K[n] the ideal generated by
the partial derivatives FXi s is not contained in any proper principal ideal of K[n], provided
K[F] is inert in K[n]. This result is used in the Proposition 4.1.4.

Lemma 4.1.2. Let K be a field containing Q and F ∈ K[X1, X2, · · · , Xn] = K[n] be a non-constant
element. If K[F] is an inert subring of K[X1, X2, · · · , Xn], then the ideal
(FX1 , FX2 , · · · , FXn)K[X1, X2, · · · , Xn] is not contained in any proper principal ideal
of K[X1, X2, · · · , Xn].

Proof. Set A := K[X1, · · · , Xn] and I := (FX1 , FX2 , · · · , FXn)K[X1, · · · , Xn]. If possible let

I ⊆ pA for a prime p in A, and therefore, by Lemma 4.1.1 we have pA ∩ K[F] ̸= (0).

Let 0 ̸= b ∈ pA ∩ K[F]. Then b = βp where β ∈ A. Since K[F] is an inert subring

of A, we get β, p ∈ K[F]. Write p = ϕ(F) := r0 + r1F · · · + rmFm where ri ∈ K. Since

FX1 , FX2 , · · · , FXn ∈ pA, we get FXi = aiϕ(F) where ai ∈ A for i = 1, 2, · · · , n. Now, for each

i = 1, 2, · · · , n comparing the degrees of Xis in the equation FXi = aiϕ(F) we see that either

ai = 0 or ϕ(F) = r0 which respectively imply that either F ∈ K or pA is an unit ideal – a

contradiction to our assumptions. So, we conclude that I ⊈ (a) for any non zero and non

unit a ∈ A.

The next result shows that an R[n]-extended ideal of R will contain a non-constant ele-
ment of R[n] if and only if all of the partial derivatives of that non-constant elements are in
the extended ideal. This result is also needed in the proof of Proposition 4.1.4.
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Lemma 4.1.3. Let R be a domain containing Q, I an ideal of R and F an element of the ideal
(X1, · · · , Xn)R[X1, · · · , Xn]. Then, F is in IR[X1, · · · , Xn] if and only if all of FX1 , · · · , FXn are
in IR[X1, · · · , Xn]

Proof. Write F as sum of monomials say F = ∑
i1,··· ,in

ai1···in Xi1
1 · · ·X

in
n , where ai1···in ∈ R. Then,

for each j = 1, 2, · · · , n we have

FXj = ∑
ij

∑
i1

∑
i2

· · ·∑
ij−1

∑
ij+1

· · ·∑
in

ai1···in Xi1
1 Xi2

2 · · ·X
ij−1
j−1X

ij+1
j+1 · · ·X

in
n

 ij X
ij−1
j .

Since Q ↪→ R, the above expression shows that for each j = 1, 2, · · · , n we have FXj ∈
IR[X1, · · · , Xn] if and only if ai1···in ∈ I for all (i1, i2, · · · , ij−1, ij, ij+1, · · · , in) ∈Nn with ij >

0. This proves that F ∈ IR[X1, · · · , Xn] if and only if FX1 , · · · , FXn ∈ IR[X1, · · · , Xn].

We now give an answer to the Question 4.0.3(I) which generalizes the first part of
Proposition 4.0.2 ([BD97]).

Proposition 4.1.4. Let R be a Noetherian domain containing Q with quotient field K and A =

R[X1, X2, · · · , Xn] = R[n] where n ≥ 2. Then for an element F ∈ A \ R, the following are
equivalent.

(I) R[F] is an inert subring of A.

(II) K[F] is an inert subring of A⊗R K and grade((FX1 , FX2 , · · · , FXn)A) ≥ 2.

Proof. (I) =⇒ (II): Assume that R[F] is inert in A. Let ab ∈ K[F] with a, b ∈ A⊗R K. Write

a = a1
a2

and b = b1
b2

where a1, b1 ∈ A and a2, b2 ∈ R so that ab = a1b1
a2b2

with a1b1 ∈ R[F]. By

our hypothesis we have a1, b1 ∈ R[F], and therefore, a1
a2

, b1
b2
∈ K[F]. This proves the first part

of (II).

We use induction on the number of indeterminates n to prove the conclusion. By 4.0.2

([BD97]) the result holds when n = 2. We assume that the result holds for n = r − 1 ≥
2 and shall show that it holds for n = r. We can assume, without loss of generality,

that F ∈ (X1, X2, · · · , Xr)A. We further assume that the (FX1 , FX2 , · · · , FXr)A ̸= A, i.e.,

grade((FX1 , FX2 , · · · , FXn)A) ̸= ∞, otherwise it directly leads to the conclusion of (II).

Case FX1 = 0 : In this case, F ∈ (X2, X3, · · · , Xr)R[X2, X3, · · · , Xr]. Since

R[X2, X3, · · · , Xr] is inert in A, we see that R[F] is inert in R[X2, X3, · · · , Xr]. Now applying

the induction hypothesis we get the required result.

Case FX1 ̸= 0 : We will show that one of FX2 , FX3 , · · · , FXr is a non-zero divisor in

A/FX1 A. Let Q ∈ AssA(A/FX1 A), and hence depth(AQ) = 1. It is enough to prove that

one of FX2 , · · · , FXr is not in Q. Let P := Q ∩ R. Then, there are two possibilities: P = (0)

and P ̸= (0).
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Assume that P = (0). Then, QA⊗R K ∈ AssA⊗RK(A⊗R K/FX1(A⊗R K)). Since A⊗R

K = K[r], we have ht(QA ⊗R K) = 1, and therefore, QA ⊗R K is a principal ideal. Since

K[F] is inert in K[X1, X2, · · · , Xr], by Lemma 4.1.2 we get (FX1 , FX2 , · · · , FXr) ⊈ QA⊗R K,

i.e., one of FX2 , FX3 , · · · , FXr does not belong to QA⊗R K.

Now assume that P ̸= (0). Let 0 ̸= a ∈ P. Since depth(AQ) = 1, we have Q ∈
AssA(A/aA); and since a ∈ R, we see that Q is an extended ideal of R. Thus, Q = PA,

and hence P ∈ AssR(R/aR). This shows that there exists b ∈ R \ aR such that bP ⊆ aR
along with bQ ⊆ aA. We claim that F /∈ Q. Otherwise, bF ∈ bQ ⊂ aA, and hence bF = aG
for some G ∈ A. Now, since R[F] is inert in A we have G ∈ R[F], and therefore, G = cF
for some c ∈ R. This shows that bF = aG = acF, i.e., b = ac which a contradiction to the

fact that b ∈ R \ aR. So, we have F /∈ Q. Now, by the Lemma 4.1.3 we get that one of

FX2 , FX3 , · · · , FXr does not belong to Q.

So, in both the cases we have one of FX2 , FX3 , · · · , FXn does not belong to Q.

(II) =⇒ (I): Assume that (II) holds. Since K[F] is an inert subring of A ⊗R K, it is

enough to prove that A ∩ K[F] = R[F]. We show that cA ∩ R[F] = cR[F] for all c ∈ R. Let

G ∈ A and ϕ(F) =
ℓ

∑
i=0

aiFi, ai ∈ R be such that cG = ϕ(F). As a0 = cG − (a1F + a2F2 +

· · ·+ aℓFℓ), we are done, if we show that ai ∈ cR, for each i = ℓ, ℓ− 1, · · · , 2, 1; i.e., enough

to show that for each k = ℓ, ℓ− 1, · · · , 2, 1, ϕ
(k)
k (F) ∈ cA where ϕk(F) =

k

∑
i=0

aiFi and where

ϕ(k) denotes the k-th derivative of ϕ.

First, we shall show that ϕ
(ℓ)
ℓ (F) ∈ cA, and for which we start with showing ϕ

(1)
ℓ (F) ∈

cA. Note that cGX1 = ϕ
(1)
ℓ FX1 , cGX2 = ϕ

(1)
ℓ FX2 , · · · , cGXn = ϕ

(1)
ℓ FXn . Let cA =

⋂
Nj be a re-

duced primary decomposition of cA where Pj ∈ Spec(A) be such that {Pj} = AssA(A/Nj),

and therefore, {Pj APj} = AssAPj
(APj /cAPj). This shows that depth(APj) = 1. Hence, by

the given hypothesis at least one of FX1 , FX2 , · · · , FXn becomes a unit in APj , i.e., FXi0
/∈ Pj

for some i0 = 1, 2, · · · , n, and therefore, since we have ϕ
(1)
ℓ (F)FXi0

= cGXi0
∈ cA ⊂ Nj, it

follows that ϕ
(1)
ℓ (F) ∈ Nj. So, we have ϕ

(1)
ℓ (F) ∈ Nj for each j, and therefore, ϕ

(1)
ℓ (F) ∈ cA.

Now, for each m = 1, 2, · · · , ℓ− 1, by repeating the above argument m-many times on the

m-th derivative ϕ
(m)
ℓ (F), we can conclude that ϕ

(m+1)
ℓ (F) ∈ cA. In particular, ϕ(ℓ)(F) ∈ cA;

and as Q ↪→ R, it follows that aℓ ∈ cR. Note that ϕ(F) = ϕℓ(F) = ϕℓ−1(F) + aℓFℓ. Since

aℓ ∈ cR, we get ϕℓ−1(F) = cG− aℓFℓ ∈ cA.

Now, for each k = ℓ− 1, ℓ− 2, · · · , 1, repeating the whole argument for ϕk(F) we see

that ak ∈ cR. This completes the proof.

Remark 4.1.5. From the proof of Proposition 4.1.4 it follows that under the given hypothesis if R[F]
is an inert subring of A, then either one of FX1 , FX2 , · · · , FXn is unit or two of FX1 , FX2 , · · · , FXn
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form a regular sequence in A; and further, if all of FX1 , FX2 , · · · , FXn are non-zero and non-unit,
then for each FXi there exists FXj such that FXi , FXj form a regular sequence where i ̸= j.

4.2 Irreducible Jacobian derivations of polynomial algebras

The following proposition plays a major part in proving the upcoming Corllory 4.2.2. It is
an extension of Proposition 2.3.17 ([Dai97]).

Proposition 4.2.1. Let R be a Noetherian domain containing Q with quotient field K and R[X] =

R[n]. Suppose F = (F1, F2, · · · , Fm) ∈ R[X]m be such that R[F] is inert in R[X] and tr.degR(R[F]) =
d. Let I be the ideal generated by the d× d minors of M = J ac(X)(F) in R[X]. Then, grade(I) ≥ 2

provided any one of the following holds.

(I) R is either a UFD or a regular domain.

(II) d = m and (R/P)[F] remains inert in (R/P)[X] for all height one prime ideal P of R.

Proof. Set A := R[X] and B := R[F].
(I): Suppose that R is a UFD. Then the conclusion follows from Theorem 2.3.16 ([Dai97,

Theorem 3.3]) and the proof of Proposition 2.3.17 (see [Dai97, Corollary 3.10]).

Now, suppose that R is regular. For P ∈ Spec(R), consider RP. Since RP is a UFD, by

the earlier case we have grade(IAP) ≥ 2. Since this holds for all P ∈ Spec(R), by Lemma

2.3.2 it follows that grade(I) ≥ 2.

(II): We now assume that d = m and (R/P)[F] remains inert in (R/P)[X] for all height

one prime ideal P of R. Note that since R[F] = R[m], R[Fi] is inert in R[F] for each i =

1, 2, · · · , m. Note that from Lemma 2.3.2 it follows that to prove grade(D(A)A) ≥ 2 it is

enough to prove that grade(D(A)AP) ≥ 2 for each P ∈ Spec(R) where AP = A ⊗R RP.

Therefore, without loss of generality we assume that R is a local domain. We shall show

that grade(D(A)A) ≥ 2. To prove it we use induction on the dimension of the Noetherian

local domain R. If dim R = 0, the result follows from Proposition 2.3.17 ([Dai97]). We

assume that the assertion holds when dim R = ℓ; and now we shall show that it holds

when dim R = ℓ+ 1.

Let I = (ϕ1, ϕ2, · · · , ϕr)A where ϕ1, ϕ2, · · · , ϕr are the d × d minors of M and I ̸= A,

i.e., grade(I) ̸= ∞. We will show that if ϕ1 ̸= 0, then one of ϕ2, · · · , ϕr is a non-zero

divisor in A/ϕ1A. So let ϕ1 ̸= 0 and dim(R) = ℓ+ 1. Let Q ∈ AssA(A/ϕ1A), and hence

depth(AQ) = 1. It is enough to prove that one of ϕ2, ϕ3, · · · , ϕr is not in Q. Let P := Q ∩ R.

Then, there are two possibilities: P = (0) and P ̸= (0).

Assume that P = (0). Then Q(A⊗R K) ∈ AssA⊗RK(A⊗R K/ϕ1(A⊗R K)). Since A⊗R

K = K[n], we have ht(Q(A⊗R K)) = 1, and therefore, Q(A⊗R K) is a principal ideal. Since
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B is inert in A, it can be seen that B⊗R K is inert in A⊗R K, and therefore, by Proposition

2.3.17 ([Dai97]) we get (ϕ1, ϕ2, · · · , ϕr)⊗R K ⊈ Q(A⊗R K), i.e., one of ϕ2, ϕ3, · · · , ϕr does

not belong to Q(A⊗R K).

Now assume that P ̸= (0). Let 0 ̸= a ∈ P. Since depth(AQ) = 1, we have Q ∈
AssA(A/aA); and since a ∈ R, we see that Q is an extended ideal of R. Thus, Q = PA,

and hence P ∈ AssR(R/aR). This shows that there exists b ∈ R \ aR such that bP ⊆ aR
along with bQ ⊆ aA. Note that due to inertness of R[Fi] in A we have Fi /∈ Q for all

i = 1, 2, · · · , m; otherwise it contradicts that b ∈ R \ aR. Now, by the Lemma 4.1.3 we get

that at least one of FiX1
, FiX2

, · · · , FiXr does not belong to Q for each i = 1, 2, · · · , m, i.e.,

for each i = 1, 2, · · · , m, not all of FiX1
, FiX2

, · · · , FiXr are zero in A/Q. Let R1 = R/P and

A1 = A/PA = A/Q = R1[X]. By the hypothesis we have R1[F] is inert in A/Q. Since

dim(R1) ≤ ℓ, by the induction hypothesis we have grade((ϕ1, ϕ2, · · · , ϕr)A1) ≥ 2, and

therefore, (ϕ2, · · · , ϕr) ⊈ Q, i.e., one of ϕ2, · · · , ϕr does not belong to Q.

So, in both the cases we see that at least one of ϕ2, · · · , ϕr does not belong to Q. This

completes the proof.

Our next observation answers the Question 4.0.3(III) and it generalizes the second part
of Proposition 4.0.2 ([BD97]).

Corollary 4.2.2. Let R ←↩ Q be a Noetherian domain and R[X] = R[X1, X2, · · · , Xn] = R[n].
Suppose that F = (F1, F2, · · · , Fn−1) ∈ R[X]n−1 is a sequence of algebraically independent ele-
ments over R and R[F] is inert in R[X]. Then, Ker(JD(X)(F,−)) = R[F]. Further, JD(X)(F,−)
is irreducible provided either R is a UFD or a regular domain or (R/P)[F] remains inert in
(R/P)[X] for all height one prime ideal P of R.

Proof. Set A = R[X] and ∆ := JD(X)(F,−). Since ∆ ̸= 0, it is clear that Ker(∆) ̸= A
and tr.degKer(∆)(A) ≥ 1. Again, since Ker(∆) and R[F] are algebraically closed in A,

tr.degR[F](A) = 1 and R[F] ⊆ Ker(∆), we see that R[F] = Ker(∆).

Clearly, {∆(Xi) | i = 1, 2, · · · , n} are the (n− 1)× (n− 1) minors of the JacobianJ ac(X)(F)
and tr.degR(R[F]) = n− 1, and therefore by Proposition 4.2.1 we see that the ideal

(∆(X1), ∆(X2), · · · , ∆(Xn))A is either the unit ideal or has grade at least two. This proves

that (∆(X1), ∆(X2), · · · , ∆(Xn))A is not contained in a principal ideal of A, i.e., ∆ is irre-

ducible on A.

4.3 A criterion for a stably trivial A2-fibration to be trivial

The next proposition gives a criterion for a stably polynomial A2-fibration to be a polyno-
mial algebra. The proof is given in the spirit of Bhatwadekar-Dutta’s proof of Proposition
4.0.1 ([BD97]). One can see that the result is related to Theorem 1.3.8 ([EKO16]).
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Proposition 4.3.1. Let R be a Noetherian domain containing Q with quotient field K and A a sta-
bly polynomial A2-fibration over R. Suppose, X = (X1, X2, · · · , Xn+2) and T = (T1, T2, · · · , Tn)

are two sequence of indeterminates such that A[T] = R[X]. Let F ∈ A be such that A⊗R K =

K[F][1]. Then A = R[F][1] if and only if (FX1 , FX2 , · · · , FXn)A[T] = A[T].

Proof. Due to Theorem 2.3.21 ([DD14]) it is enough to prove that F is a residual coordinate

of A. Since an element h ∈ A is a residual coordinate of A over R if and only if h is

a residual coordinate of AP over RP for all P ∈ Spec(R), without loss of generality we

assume R to be local with maximal ideal m and residue field k = R/m. Since A⊗R K =

K[F][1], for each P ∈ Spec(R)\{0}we only need to show that A⊗R k(P) = k(P)[F][1] where

F denotes the image of F in A⊗R k(P). We prove this using induction on the dimension d
of the local ring R.

If d = 0, there is nothing to prove as F is already a coordinate of A⊗R K = K[2]. Assume

that d = 1. Since R is an one-dimensional Noetherian local domain, by the Krull-Akizuki

theorem there exists a discrete valuation ring (DVR) (C, π) such that R ⊆ C ⊆ K and

the residue field L = C/(π) is finite over k. Since A2-fibrations over a DVR containing

Q are trivial (see Theorem 1.2.5 ([Sat83])), we get A ⊗R C = C[2]. We shall show that

A⊗R C = C[F][1]. Since F is a generic coordinate of A⊗R C, by Theorem 2.3.8 ([RS79]) it

is enough to show that L[F] is algebraically closed in A⊗R L = (A⊗R C)⊗C L = L[2]. By

Theorem 2.3.4 ([AEH72]) the algebraic closure of L[F] in A⊗R L = L[2] is of the form L[U],

and therefore, we have L[F] ⊆ L[U] ⊆ A⊗R L ⊆ A[T]⊗R L = L[X1, X2, · · · , Xn+2]. Thus,

the partial derivatives of U with respect to X1, X2, · · · , Xn+2 are well defined. Let us write

F = a0 + a1U + a2U2 + · · ·+ amUm where ai ∈ L. Applying partial derivatives with respect

to X1, X2, · · · , Xn+2 we get the following equation

∂F
∂Xi

= a1
∂U
∂Xi

+ 2Ua2
∂U
∂Xi

+ · · ·+ mUm−1am
∂U
∂Xi

where i = 1, 2, · · · , n+ 2. Since (FX1 , FX2 , · · · , FXn+2)A[T] = A[T], there exists b1, b2, · · · , bn+2

such that b1
∂F

∂X1
+ b2

∂F
∂X2

+ · · ·+ bn+2
∂F

∂Xn+2
= 1, which along with the above equation gives

the following

(b1
∂U
∂X1

+ b2
∂U
∂X2

+ · · ·+ bn+2
∂U

∂Xn+2
)(a1 + 2a2U + · · ·+ mamUm−1) = 1

On comparing degrees of U in the above equation, we get ai = 0 for all i = 2, 3, · · · , m.

This shows that F is linear in U, and therefore, L[F] = L[U]. So, we have A⊗R C = C[F][1],
and hence A⊗R L = L[F][1]. Since L is a finite separable extension of k, we get A⊗R k =

k[F][1], i.e., F is a residual coordinate of A.



42 Chapter 4. LNDs with polynomial kernels of stably trivial A2-fibrations

Now, assume that the result holds for all domains of dimension d ≤ m − 1. Let

dim(R) = m. Consider R1 := R/P where P is a height-one prime ideal of R and set A1 :=

A⊗R R1. Clearly, A1 is an A2-fibration over R1. Since dim(R1) = m− 1, by the induction

hypothesis F is a residual coordinate of A1, and therefore, A1 ⊗R1 k(Q) = k(Q)[F][1] for all

Q ∈ Spec(R1) where Q denotes the image of Q ∈ Spec(R) in R1 such that P ⊆ Q. Since

A1 = A ⊗R R1 and k(Q) = k(Q) we have A ⊗R k(Q) = k(Q)[F][1] for all Q ∈ Spec(R)
such that P ⊆ Q. This shows we have A ⊗R k(P) = k(P)[F][1] for all P ∈ Spec(R) with

ht(P) ≥ 1. Since F is already a generic variable of R[X, Y], i.e., R[X, Y]⊗R k(0) = k(0)[F][1],
it follows that F is a residual coordinate of A, and hence, by Theorem 2.3.21 ([DD14]) we

get A = R[F][1].

Remark 4.3.2. Let R be a regular domain containing Q with quotient field K and A an A2-
fibration over R. Let F ∈ A be such that A ⊗R K = K[F][1]. Fix P ∈ Spec(R). Then, by
[Asa87, Corollary 3.5] there exist sequence of indeterminates T = (T1, T2, · · · , Tn) and X =

(X1, X2, · · · , Xn+2) such that A ⊗R RP[T] = RP[X]. In that case, we see that A ⊗R RP =

RP[F][1] if and only if (FX1 , FX2 , · · · , FXn+2)A⊗R RP[T] = A⊗R RP[T]

4.4 LNDs of stably trivial A2-fibrations with image having grade

at least two

The following lemma gives a condition for the ideals of an R-algebra A to be equal.

Lemma 4.4.1. Let R ⊂ A be rings, I an ideal of R and J1 ⊆ J2 ideals of A such that I ⊆ Ji ∩ R
for i = 1, 2. Suppose that the images of J1 and J2 are same in A⊗R R/I, then J1 = J2.

Proof. Let for any element x ∈ A, the notation x̄ denote the image of x in A⊗R R/I. Let

x ∈ J2. Then x̄ ∈ J2 ⊗R R/I = J1 ⊗R R/I. This shows that there exists y ∈ J1 such that

x̄ − ȳ = 0̄ in A ⊗R R/I, i.e., x − y ∈ IA, i.e., x ∈ J1 + IA. Since IA ⊆ J1, it is clear that

x ∈ J1, and therefore, we have J1 = J2.

The next result states that for a Noetherian domain R containing Q, a stably polynomial
R- algebra A of transcendence degree two is also an A2-fibration.

Lemma 4.4.2. Let R be a Noetherian domain containing Q and A an R-algebra such that A[n] =

R[n+2]. Then, A is an A2-fibration over R.

Proof. Since A[n] = R[n+2], A is finitely generated and flat over R and further we have

(A⊗R k(P))[n] = k(P)[n+2] for all P ∈ Spec(R), and therefore, the result follows from the

cancellation result of Fujita, Miyanishi and Sugie ([Fuj79], [MS80].
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The next lemma is a part of proof of Bhatwadekar-Dutta’s ([BD97]) result Theorem 1.3.9
which we state here as it is used in the proof of our main result Theorem 4.C (Theorem 4.5.1
and Corollary 4.5.3).

Lemma 4.4.3. Let R be a Noetherian domain containing Q with quotient field K, A = R[X, Y] =
R[2] and D : A −→ A an R-LND. Then, there exists F ∈ Ker(D) such that K[X, Y] = K[F][1]. If
D(A)A = A or D(X), D(Y) form a regular sequence in A, then αD(X) = FY and−αD(Y) = FX

for some α ∈ A. Further, F can be chosen to be an irreducible element from the ideal (X, Y)A, and
in that case α ∈ R∗, i.e., D(X) = FY and D(Y) = −FX, and consequently, (D(X), D(Y))A =

(FX, FY)A.

Proof. By Theorem 2.3.3 ([Ren68]) there exists F ∈ Ker(D) such that K[X, Y] = K[F][1].
Since F ∈ Ker(D), we have FXD(X) + FYD(Y) = 0 and therefore, due to the hypothe-

sis D(A)A = A or D(X), D(Y) form a regular sequence in A, we get αD(X) = FY and

−αD(Y) = FX for some α ∈ A.

Let F(0, 0) = b ∈ R. Clearly, F− b ∈ (X, Y)R[X, Y], D(F− b) = 0 and K[X, Y] = K[F−
b][1]. This shows that F can be chosen to be from the ideal (X, Y)R[X, Y]. Further, since

R is Noetherian, F can be chosen to be an irreducible in A. Now, since K[X, Y] = K[F][1]

and αD(X) = FY and −αD(Y) = FX for some α ∈ A, by Jacobian criterion we have

α ∈ K∗ ∩ A = R. Thus, α ∈ R is such that α | FX, and α | FY and therefore, it follows that

α | F in A. Since F is an irreducible in A, we have α ∈ R∗, and hence (D(X), D(Y))A =

(FX, FY)A.

The next result describes the condition for two elements b1, b2 in R to be a regular
sequence which are R-multiples of regular sequence a1, a2 in R.

Lemma 4.4.4. Let R be a domain and let r, s, ai, bi ∈ R, i = 1, 2 be such that rai = sbi. Suppose
that a1, a2 form a regular sequence in R. Then the following holds.

(I) If s = 0, then r = 0. If s ̸= 0, then s | r.

(II) Suppose r, s ∈ R \ {0}. Then, b1, b2 also form a regular sequence in R if and only if either
s = r upto units or r, s ∈ R∗.

Proof. (I): Since a1, a2 is a regular sequence, if s = 0 then clearly r = 0. Now assume that

s ̸= 0.

ra1 = sb1 and ra2 = sb2 together gives ra1b2 = sb1b2 = rb1a2 so that we have r(a1b2 −
b1a2) = 0. This implies either r = 0 or a1b2 − b1a2 = 0. If r = 0, then clearly s | r. Assume

r ̸= 0. Then as a1b2 − b1a2 = 0 and since {a1, a2} is a sequence, we have b1 ∈ (a1) and

b2 ∈ (a2). Thus b2 = αa2 and substituting this back in ra2 = sb2 we have ra2 = sαa2 and

hence (r− αs)a2 = 0. Since by hypothesis a2 ̸= 0, we get s | r.
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(II): If either s = r upto units or r, s ∈ R∗, then clearly b1, b2 form a regular sequence in

R. Now, suppose that b1, b2 form a regular sequence in R. If r, s ∈ R∗ we are done. Clearly,

under the given hypotheses only one of r and s cannot be a unit of R. So assume that both

r and s are not in R∗. Now, since r, s ∈ R \ {0}, by repeating the arguments in (I) we have

r | s and also from (I) we have s | r; these two together gives us r = s upto units.

Now we will establish the relationship between irreducibility of a derivation over an
R-algebra A and the grade of its image ideal.

Lemma 4.4.5. Let R ⊆ A be Noetherian domains and D : A −→ A an R-derivation. Then, the
following holds.

(I) If grade(D(A)A) ≥ 2, then D and DP are irreducible for all P ∈ Spec(R).

(II) (a) If D is irreducible and A is a UFD, then grade(D(A)A) ≥ 2.

(b) For each P ∈ Spec(R), if DP is irreducible and AP is a UFD, then grade(D(A)A) ≥ 2.

Proof. (I): Assume that grade(D(A)A) ≥ 2. If possible let D be reducible. Then, there

exists a ∈ A such that D(A)A ⊂ aA, which clearly contradicts the assumption that

grade(D(A)A) ≥ 2. Therefore, D is irreducible.

Let P ∈ Spec(R) and DP denote the extension of D to AP. Since grade(D(A)A) ≤
grade((DP(AP)AP)), we have grade(DP(AP)AP) ≥ 2. This tells us that DP is irreducible.

(II): Suppose that D is irreducible. Let I = D(A)A. If I = A, i.e., grade(I) = ∞ , we are

done. So assume that I ̸= A.

(a): Since A is Noetherian, there exists P = ( f1, f2, · · · , fr) ∈ Spec(A) such that I ⊆ P
and grade(I) = grade(PAP). Now suppose that A is a UFD. Since AP is a UFD and PAP

is a prime ideal of AP, there exists a prime p1 ∈ A such that p1 remains a prime in AP

and p1 | f1 in AP; and from which it follows that p1 | f1 in A. In that case we have

P = (p1, f2, · · · , fr). Note that there exists j ̸= 1 such that p1 ∤ f j in A; otherwise we

shall have D(A)A = I ⊂ P ⊂ (p1), which is a contradiction to the assumption that D is

irreducible. So, without loss of generality we assume that p1 ∤ f2. In that case, on repeating

previous arguments we get a prime p2 ∈ A such that p2 remains prime in AP, p2 | f2 in A
and p1 ̸= p2, and hence P = (p1, p2, f3, · · · , fr). Since p1 and p2 are distinct primes in AP,

they form a sequence in AP, i.e., grade(PAP) ≥ 2, and hence we have grade(I) ≥ 2.

(b): Assume that for each P ∈ Spec(R), DP is irreducible and AP is a UFD. Then by

(a) we have grade(DP(AP)AP) ≥ 2 for each P ∈ Spec(R). Now, since grade(D(A)A) =

grade(DP0(AP0)AP0) = grade(D(A)AP0) for some P0 ∈ Spec(R), by Lemma 2.3.2 it follows

that grade(D(A)A) ≥ 2.
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As a consequence of the above Lemma 4.4.5 we get the following results.

Corollary 4.4.6. Let R be a Noetherian domain, A a stably polynomial algebra over R and D :

A −→ A an R-derivation.

(I) Suppose that R is a UFD. Then, D is irreducible if and only if grade(D(A)A) ≥ 2.

(II) Suppose that R is a regular domain. Then, D and DP are irreducible for each P ∈ Spec(R) if
and only if grade(D(A)A) ≥ 2.

Corollary 4.4.7. Let R ⊆ A be Noetherian domains containing Q and D, E : A −→ A two
R-LNDs. Assume that rD = sE for some r, s ∈ A and grade(D(A)A) ≥ 2. Then D is irreducible
and s|re for some e ∈N.

Proof. Clearly, by Lemma 4.4.5(I) D is irreducible. For rest of the proof, let us fix the fol-

lowing notation.

P := “ideal generated by the image of the derivation has grade at least two”

Given that D satisfies P on A. Let Rr = R[1/r], Ar = A⊗R Rr, and Dr and Er denote

the natural extension of D and E respectively on Ar. Since Ar is flat over A, we see that Dr

satisfies P on Ar. Now, since rDr = sEr on Ar where r is an unit in Rr and since Dr satisfies

P on Ar[T], it follows that s is a unit in Rr, and therefore, s | re in R for some e ∈N.

For the next results of this section we use the following hypothesis.

Let H := “Let R be a Noetherian domain containing Q with quotient field K and A an R-
algebra. Suppose, X = (X1, X2, · · · , Xn+2) and T = (T1, T2, · · · , Tn) are two sequences of inde-
terminates such that A[n] = A[T] = R[X] = R[n+2]. Let D : A −→ A be a non-trivial R-LND,
D̃ the trivial extension of D on A[T] and DK the natural extension of D on A⊗R K.”

We now observe some properties of LNDs of stably polynomial A2-fibrations.

Proposition 4.4.8. Under the hypothesisH the following holds.

(I) DK = h ∂
∂G , rD̃ = hJD(X)(F, T,−) for some r ∈ R \ {0}, h ∈ Ker(D) \ {0} and ir-

reducibles F, G ∈ A such that Ker(D) ⊗R K = K[F], A ⊗R K = K[F, G] = K[2] and
Ker(D̃) = Ker(D)[T]. Further, JD(X)(F, T,−) is irreducible in A[T]⊗R K = K[X].

(II) (a) Suppose that grade(D(A)A) ≥ 2. Then, h ∈ R and h|re for some e ∈N and therefore,
rD = JD(X)(hF, T,−), i.e., rD is a Jacobian derivation.

(b) Suppose that grade(D(A)A) = ∞. Then, grade((FX1 , · · · , FXn+2)A[T]) = ∞ and
D̃ = JD(X)(µF, T,−) for some µ ∈ R∗.
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(c) Suppose that 2 ≤ grade(D(A)A) < ∞. Then, there exist fi ∈ (FX1 , · · · , FXn+2)A[T]
and gi ∈ D̃(A[T])A[T] for i = 1, 2 such that g1, g2 form a regular sequence where
h fi = rgi and h | r. Further, f1, f2 form a regular sequence in A[T] if and only if either
r = h upto units or r, h ∈ R∗, and therefore, D̃ = JD(X)(µF, T,−) for some µ ∈ R∗.

Proof. (I): By Lemma 4.4.2 A is an A2-fibration over R and therefore, by Theorem 2.3.3

([Ren68]), one can find F, G ∈ A such that F, G are irreducible in A, A ⊗R K = K[F, G],

Ker(DK) = K[F] and DK = h
∂

∂G
where h = DK(G) = D(G) ∈ Ker(D). Since D is non-

trivial, h ̸= 0, i.e., h ∈ Ker(D) \ {0}. Consider the Jacobian derivation ∆ := JD(X)(F, T,−)
defined on A[T] and its extension ∆K on A[T] ⊗R K. Note that rD̃K = h∆K where r =

∆K(G) = ∆(G). Since A[T]⊗R K = K[F, G, T] = K[X], it follows that r ∈ K∗ ∩ A. Further,

since A is faithfully flat over R, we have K ∩ A = R, and therefore, r ∈ R\{0}. Now,

observe that the equation rD̃K = h∆K also holds on A[T], and therefore we have rD̃ = h∆

on A[T]. Clearly, Ker(D̃) = Ker(D)[T]. Further, since A[T]⊗R K = K[F, G][T] = K[X], we

see that K[F, T] is inert in K[X], and therefore, by Corollary 2.3.18 ([Dai97]) ∆ is irreducible

in K[X].

(II)(a): Assume that grade(D(A)A) ≥ 2. Since A[T] is faithfully flat over A, we see that

grade(D̃(A[T])A[T]) ≥ 2. By Proposition 4.4.8(I) we have rD̃ = h∆ for some r ∈ R and

h ∈ Ker(D), and hence by Corollary 4.4.7 we get h | re for some e ∈ N. Since h ∈ Ker(D),

and r ∈ R ⊂ Ker(D), it follows that h ∈ R. Thus, we have rD̃ = JD(X)(hF, T,−) = h∆

where r, h ∈ R.

(II)(b): Though the proof follows from Theorem 1.3.8 ([EKO16]) and Theorem 1.3.9

(iii) ([BD97]), we give an independent proof. We suppose that grade(D(A)A) = ∞, i.e.,

D(A)A = A. Note that A[T]⊗R K = K[F, G][T] = K[X], and therefore, (FX1 , · · · , FXn+2)A[T]⊗R

K = A[T]⊗R K, i.e., a1FX1 + a2FX2 + · · ·+ an+2FXn+2 = t where t ∈ R and ai ∈ A[T] for all

i = 1, 2, · · · , n + 2. Set I := R ∩ (FX1 , FX2 , · · · , FXn+2)A[T]. Note that I is an ideal of R, t ∈ I
and I = R if and only if (FX1 , · · · , FXn+2)A[T] = A[T]. We claim that (FX1 , · · · , FXn+2)A[T] =
A[T]. Since by a standard local-global principle we have (FX1 , · · · , FXn+2)A[T] = A[T] if

and only if (FX1 , · · · , FXn+2)AP[T] = AP[T] for all P ∈ Spec(R) where AP = A ⊗R RP,

without loss of generality we may assume that R is local. We shall use induction on

dim(R) to prove our claim. If dim(R) = 0, the claim holds true obviously. So, assume

that dim(R) ̸= 0.

If possible let (FX1 , · · · , FXn+2)A[T] ̸= A[T]. Then, there exists P ∈ Spec(A[T]) such

that (FX1 , · · · , FXn+2)A[T] ⊆ P. Clearly, I ⊂ P and hence there exists p ∈ Spec(R) such

that I ⊂ p and P ∩ R = p. Consider the domain R1 = Rp. Let (R̂1, p̂) be the completion

of (R1, p). Since the non-zero divisors of R remains non-zero divisor in R̂, going modulo
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a minimum prime ideal of R̂1, we may assume that R̂1 is a domain such that I = R if and

only if Î := I ⊗R R̂1 = R̂1. Let (˜̂R1, ˜̂p) denote the normalization of (R̂1, p̂).

(†): Note that (FX1 , · · · , FXn+2)A[T] = A[T] if and only if (FX1 , · · · , FXn+2)
˜̂A1[T] =

˜̂A1[T].

One implication is obvious. We let (FX1 , · · · , FXn+2)
˜̂A1[T] =

˜̂A1[T]. Since ˜̂A1[T] is integral

over Â1[T], it follows that (FX1 , · · · , FXn+2)Â1[T] = Â1[T], and therefore, due to faithful

flatness of Â1[T] over A1[T], we have (FX1 , · · · , FXn+2)A1[T] = A1[T]. This shows that

(FX1 , · · · , FXn+2)
˜̂A[T] = ˜̂A[T].

Let dim(R) = 1. Then, (˜̂R1, ˜̂p) is a Noetherian normal local domain of dimension

one, i.e., ˜̂R1 is a DVR. Set ˜̂A1 := A ⊗R
˜̂R1. Clearly, ˜̂A1[T] =

˜̂R1[X] = ˜̂R1

[n+2]
. One can

observe that ˜̂A1 is an A2-fibration over ˜̂R1 ←↩ Q, and therefore, by Theorem 1.2.5 ([Sat83])˜̂A1 = ˜̂R1[U, V] = ˜̂R1

[2]
. So, we have ˜̂A1[T] =

˜̂R1[X] = ˜̂R1[U, V, T]. Now observe that

(FX1 , · · · , FXn+2)A[T]⊗A[T]
˜̂A1[T] = (FX1 , · · · , FXn+2)

˜̂A1[T]

= (FU , FV , FT1 , FT2 · · · , FTn)
˜̂A1[T]

= (FU , FV)
˜̂A1[T].

Since the natural extension of D on ˜̂A1 is fixed point free and since ˜̂A1 = ˜̂R1[U, V], by

Lemma 4.4.3 it follows that (FU , FV)
˜̂A1[T] =

˜̂A1[T] = (FX1 , · · · , FXn+2)
˜̂A1[T]. Now, using

the argument in (†) we have (FX1 , · · · , FXn+2)A1[T] = A1[T], which gives a contradiction.

We now assume that our claim holds for R where dim(R) ≤ ℓ. Let dim(R) = ℓ+ 1.

Let {P1, P2, · · · , Pm} = Ass˜̂R1
(˜̂R1/t˜̂R1). Note that ht(Pi) = grade(Pi) = 1 for all i =

1, 2, · · · , m (see [Mat80, Theorem 38]).

Case
⋃m

i=1 Pi ⊇ ˜̂I : By prime avoidance lemma we have ˜̂I ⊆ Pj for some j = 1, 2, · · · , m.

Note that Pj
˜̂A1[T] ∈ Ass˜̂A1[T]

(˜̂A1[T]/t˜̂A1[T]) and Pj
˜̂A1[T]

⋂ ˜̂R1 = Pj. Now, by the induction

hypothesis, considering the LND induced by D on ˜̂A1[T]⊗˜̂R1

˜̂R1/Pj we have

(FX1 , · · · , FXn+2)
˜̂A1[T]⊗˜̂R1

˜̂R1/Pj =
˜̂A1[T]⊗˜̂R1

˜̂R1/Pj. Since we assumed that

(FX1 , · · · , FXn+2)A[T] ̸= A[T], by the arguments in (†) there exists ˜̂P ∈ Spec(˜̂A1[T]) such

that (FX1 , · · · , FXn+2)
˜̂A1[T] ⊆ ˜̂P and ˜̂P⊗˜̂R1

˜̂R1/Pj =
˜̂A1 ⊗˜̂R1

˜̂R1/Pj. Since Pj ⊆ ˜̂P⋂ ˜̂R1, by

Lemma 4.4.1 we see that ˜̂P = ˜̂A1[T], which is a contradiction.

Case
⋃m

i=1 Pi ⊉ ˜̂I : Clearly P1 ⊉ ˜̂I. Consider the domain ˜̂R1/P1. Then dim(˜̂R1/P1) ≤

ℓ, and therefore, by the induction hypothesis we have ˜̂R1/P1 = I ⊗R
˜̂R1/P1 which is a

contradiction to the fact that ˜̂R1 is a local domain with maximal ideal ˜̂p ⊇ I ⊗R
˜̂R1.
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So, we get (FX1 , · · · , FXn+2)A[T] = A[T] for dim(R) = ℓ+ 1. This establishes our claim,

i.e., grade((FX1 , · · · , FXn+2)A[T]) = ∞.

We now show that D̃ = JD(X)(µF, T,−). From the equation rD̃ = h∆ we get the

following system of equations

rD̃(Xi) = h(ai1FX1 + ai2FX2 + · · ·+ ain+2FXn+2) = h∆(Xi)

where, for i, j = 1, 2 · · · , n + 2, aij ∈ A[T] and aii = 0. Since D(A) = A, we have

D̃(A[T])A[T] = A[T], and therefore, there exists bi ∈ A[T], i = 1, 2, · · · , n + 2 such that
n+2

∑
i=1

biD̃(Xi) = 1, i.e.,
n+2

∑
i=1

birD̃(Xi) = r, which, along with the above set of equations, gives

us h
n+2

∑
i=1

bi∆(Xi) = r. Thus, we have c :=
n+2

∑
i=1

bi∆(Xi) ∈ R, i.e., (FX1 , · · · , FXn+2)A[T] con-

tains a constant c ∈ R such that hc = r and therefore cD̃ = ∆. Note that by Proposition

4.3.1 we have A = R[F, G] for some G ∈ A, and therefore, R[F, G][T] = R[X]. From this

we see that µ := det(J ac(F,G,T)(X)) ∈ R∗. Further, by Theorem 1.3.9 ([BD97]) we have

Ker(D) = R[F] and D = JD(F,G)(F,−). This shows that

D̃ = JD(F,G,T)(F, T,−)
= det(J ac(F,G,T)(X))JD(X)(F, T,−)
= µ . JD(X)(F, T,−)
= JD(X)(µF, T,−) = µ∆ where µ ∈ R∗.

(II)(c): Since A[T] is faithfully flat over A and 2 ≤ grade(D(A)A) < ∞, we have

2 ≤ grade(D̃(A[T])A[T]) < ∞. So, there exists αi, βi ∈ A[T], i = 1, 2, · · · , n + 2 such

that g1 := α1D̃(X1) + α2D̃(X2) + · · · + αn+2D̃(Xn+2) and g2 := β1D̃(X1) + β2D̃(X2) +

· · ·+ βn+2D̃(Xn+2) form a regular sequence in A[T]. Set f1 := α1∆(X1) + α2∆(X2) + · · ·+
αn+2∆(Xn+2) and f2 := β1∆(X1) + β2∆(X2) + · · ·+ βn+2∆(Xn+2). Note that by (II)(a) we

have rD̃ = h∆ where r, h ∈ R and h | re for some e ∈ N and also h fi = rgi for i = 1, 2.

Now, since g1, g2 forms a sequence, by Lemma 4.4.4 we have h | r.

We now assume that f1, f2 form a regular sequence in R, then by Lemma 4.4.4 it follows

that either r = h upto units or r, h ∈ R∗, and therefore, D̃ = JD(X)(µF, T,−) for some

µ ∈ R∗. Conversely, we assume that r, h ∈ R∗. Then, it is easy to see that f1, f2 form a

regular sequence in R as g1, g2 form the same.

Remark 4.4.9. (I) In Proposition 4.4.8 under the hypothesis “grade(D(A)A) ≥ 2” if we fur-
ther have r ∈ R∗, then in view of Lemma 4.4.4 it is clear that h ∈ R∗, and in that case
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grade((FX1 ; · · · , FXn+2)A[T]) ≥ 2, and therefore, by Proposition 4.1.4 we have Ker(D) =

R[F].

(II) One can see that Proposition 4.4.8(I) also follows from [ML98, Lemma 8] (also see [Fre17,
Theorem 3.20] ).

4.5 LNDs with polynomial kernels of stably trivial A2-fibrations

We are now ready to prove our main results. First we shall prove Theorem 4.C(a).

Theorem 4.5.1. Let the hypothesisH holds and consider the following statements.

(I) D is irreducible.

(I’) D and DP are irreducible for each P ∈ Spec(R).

(II) Ker(D) = R[1].

(III) grade(D(A)A) ≥ 2.

(IV) There exists W ∈ A such that A⊗R K = K[W][1], D̃ = JD(X)(W, T,−) and
grade((WX1 , · · · , WXn+2)A[T]) ≥ 2.

(V) There exists W ∈ A such that A⊗R K = K[W][1], rD̃ = hJD(X)(W, T,−) and
grade((WX1 , · · · , WXn+2)A[T]) ≥ 2 where r ∈ R, h ∈ Ker(D).

Then, we have the following

(a) "(I’) =⇒ (I)", “(II) ⇐⇒ (V)”, “(IV) =⇒ (V)” and “(III) =⇒ (I’)” hold.

(b) Suppose that (V) holds and assume that either R is a UFD or a regular domain or R[W]⊗R

R/P is inert in A⊗R R/P for all height-one prime ideal P of R. Then, JD(X)(W, T,−) is
irreducible in R[X] and RP[X] for all P ∈ Spec(R).

(c) If R is a UFD, then (II) holds and further (I) and (I’) are equivalent.

(d) Suppose that R is either a UFD or a regular domain. Then, “(I’) ⇐⇒ (III)”, "(IV) =⇒
(III)" and “(I’) & (II) =⇒ (IV)” hold true.

Proof. (a): “(I′) =⇒ (I)” and “(IV) =⇒ (V)” are trivial. “(III) =⇒ (I′)” follows from

Lemma 4.4.5(I).

Now, we shall prove “(II)⇐⇒ (V)”. Assume that (II) holds, i.e., Ker(D) = R[1] = R[W]

for some W ∈ A. We shall show that (V) holds. By Proposition 4.4.8(I) we have an ir-

reducible element F in A, r ∈ R and h1 ∈ Ker(D) such that A ⊗R K = K[F][1], rD̃ =
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h1JD(X)(F, T,−). Since R[F] ⊂ R[W] and K[F] = K[W], we see that F = r0 + r1W
for some r0 ∈ R and r1 ∈ R\{0}. In that case we have rD̃ = h1r1JD(X)(W, T,−) =

hJD(X)(W, T,−) where h = h1r1 ∈ Ker(D). Since R[W] = Ker(D) is inert in A, it is inert

in A[T] = R[X], and hence by Proposition 4.1.4 we have grade((WX1 , · · · , WXn+2)A[T]) ≥
2.

We now assume that (V) holds. Since A ⊗R K = K[W][1], K[W] is inert in A ⊗R K
and hence it is inert in A[T]⊗R K = K[X]. Now, since grade((WX1 , · · · , WXn+2)A[T]) ≥ 2

whereas A[T] = R[X], by Proposition 4.1.4 we have R[W] is inert in A[T]. Further, since

R[W] ⊂ A, we have R[W] is inert in A and hence R[W, T] is inert in A[T], and therefore, by

Corollary 4.2.2 we have Ker(JD(X)(W, T,−)) = R[W, T]. Since rD̃ = hJD(X)(W, T,−)
for some r ∈ R, h ∈ Ker(D) and since D̃ is a natural extension of D, R[W] ⊂ Ker(D).

Since both R[W] and Ker(D) are inert in A and tr.degKer(D)(A) = tr.degR[W](A), we have

Ker(D) = R[W].

(b): We assume the hypothesis. Since (II)⇐⇒ (V) hold, we have from (a) that Ker(D) =

R[W] = R[1], and therefore, R[W, T] is inert in A[T] = R[X]. This also shows that RP[W, T]
is inert in AP[T] = RP[X] for each P ∈ Spec(R). Now, due to the given hypothesis, from

Corollary 4.2.2 it follows that JD(X)(W, T,−) is irreducible in R[X] and RP[X] for all P ∈
Spec(R).

(c): Assume that R is a UFD. By Theorem 2.3.5 ([AEH72]) and Theorem 2.3.6 ([Ham75]),

one can easily see that Ker(D) = R[1] (also see Corollary 5.1.8). We now show that (I)

and (I′) are equivalent. It is enough to show that “(I) =⇒ (I′)”. So, assume that (I)

holds, i.e., D is irreducible. Since R is a UFD, we already have Ker(D) = R[W] for some

W ∈ A. Now, by Corollary 4.4.6 we see that grade(D(A)A) ≥ 2 and hence by Proposition

4.4.8 (I) & (II)(a) it follows that rD̃ = hJD(X)(W, T,−) where r, h ∈ R. Since Ker(D) =

R[W] is inert in A we see that R[W, T] is also inert in A[T] = R[X], and therefore, by

Corollary 4.2.2 we have JD(X)(W, T,−) is irreducible. Since R is a UFD, both D̃ and

JD(X)(W, T,−) are irreducible and rD̃ = hJD(X)(W, T,−) where r, h ∈ R, it follows that

D̃ = JD(X)(W, T,−). Rest follows from (b).

(d): We assume that R is either a UFD or a regular domain. “(I′) ⇐⇒ (III)” follows

directly from Corollary 4.4.6.

We now prove “(IV) =⇒ (III)”. So, assume that (IV) holds. Note that since “(IV) =⇒
(V)” holds true, from (b) it follows that JD(X)(W, T,−) is irreducible in R[X] and RP[X]

for all P ∈ Spec(R). From this it follows that D̃, and therefore D is irreducible in R[X] and

RP[X] for all P ∈ Spec(R). Now, by Corollary 4.4.6 we see that grade(D(A)A) ≥ 2; and

therefore (III) holds.
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Next we prove “(I′) & (II) =⇒ (IV)”. Assume that (I′) and (II) holds. Now, since

(II) ⇐⇒ (V) holds true, we assume that both (II) and (V) holds, and therefore by (b)

we see that JD(X)(W, T,−) is irreducible where Ker(D) = R[W] = R[1]. Again, since

D is irreducible, D̃ is also irreducible. Since R is either a UFD or a regular domain,

in view of Corollary 4.4.6, we see that an iterative use of Corollary 4.4.7, for both D̃
and JD(X)(W, T,−), on the given equation rD̃ = hJD(X)(W, T,−), where r ∈ R and

h ∈ Ker(D), gives us D̃ = JD(X)(W, T,−). Now since we already have (II) ⇐⇒ (V), it

follows that grade((WX1 , · · · , WXn+2)A[T]) ≥ 2. This establishes (IV).

Remark 4.5.2. (a) From the proof of Theorem 4.5.1 the following is observed easily. If we assume
(II) and (III) hold, then in (V) we have rD̃ = hJD(X)(F, T,−) where r, h ∈ R; as due to
Corollary 4.4.7 it would follow that h|re for some e ∈N, implying h ∈ R.

(b) It is to be noted that under the hypothesis of Theorem 1.3.9 ([BD97]) the following statements
can be seen to be equivalent.

(I) D is irreducible and Ker(D) = R[1].

(I’) D and DP are irreducible for each P ∈ Spec(R) and Ker(D) = R[1].

(II) Either D is fixed point free or D(X) and D(Y) form an R[X, Y]-regular sequence.

(III) D = JD(X,Y)(F,−), K[X, Y] = K[F][1] and FX, FY either form an R[X, Y]-regular
sequence or are comaximal in R[X, Y].

As a particular application of the Theorem 4.5.1 we have the following corollary.

Corollary 4.5.3. Let the hypothesisH holds.

(A) Assume that R is a UFD. Then, Ker(D) = R[W] = R[1] for some W ∈ R. Further, the
following are equivalent.

(I) D is irreducible.

(I’) D and DP are irreducible for all P ∈ Spec(R).

(II) grade(D(A)A) ≥ 2.

(III) D̃ = JD(X)(W, T,−).

(B) Assume that R is a regular domain. Then, Ker(D) = SymR(I) for some invertible ideal I of
R. Further the following are equivalent.

(I) D and DP are irreducible and Ker(D) = R[1] for all P ∈ Spec(R).

(II) grade(D(A)A) ≥ 2 and Ker(D) = R[1].

(III) There exists W ∈ A such that A ⊗R K = K[W][1], D̃ = JD(X)(W, T,−) and
grade((WX1 , · · · , WXn+2)A[T]) ≥ 2.
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Proof. (A): By Theorem 4.5.1(c) we have Ker(D) = R[W] = R[1] for some W ∈ A; and

therefore, it follows that R[W] is inert in A[T] = R[X]. Again directly by Theorem 4.5.1(c)

we have (I)⇐⇒ (I’). For the rest of the proof, first notice that by Proposition 4.1.4 we have

grade((FX1 , · · · , FXn+2)A[T]) ≥ 2. Now, “(I) ⇐⇒ (II)” follows from Theorem 4.5.1(c) and

(d); and “(II)⇐⇒ (III)” follows from Theorem 4.5.1 (c), (d) and (a).

(B): Since RP is regular local, it is a UFD and therefore, by Corollary 4.5.3(A) we have

Ker(D)P = R[1]
P for all P ∈ Spec(R). Now, since D is an R-LND of A, D has a pre-slice, i.e,

there exists z ∈ A such that a := D(z) ∈ Ker(D), and therefore, Da, the natural extension

of D on A[1/a], has a slice. So, by the Slice Theorem (Theorem 1.2.1) we have A[1/a] =
Ker(D)[1/a][1]. This shows that Ker(D)[1/a] is a finitely generated algebra over R, and

therefore, by Theorem 2.3.14 ([Ono84]), Ker(D) is finitely generated over R. Since R is

Noetherian, by Theorem 2.3.7 ([BCW76]) we have Ker(D) = SymR(I) for some invertible

ideal I of R.

Now, “(I)⇐⇒ (III)” follows from Theorem 4.5.1(a) and (d); and “(I)⇐⇒ (II)” directly

follows from Theorem 4.5.1(c).

Though the implication “(I) =⇒ (III)” or even “(I) & (II) =⇒ (III)” in Theorem 4.5.1
may not hold if R is not a UFD or not a regular domain (see Corollary 4.5.3), the following
result specify an extra condition under which the implication holds when R is a general
Noetherian domain containing Q.

Proposition 4.5.4. Let the hypothesis H holds. Assume that D is irreducible and Ker(D) =

R[F]. Then, there exist di ∈ A[T] such that aFXi = sdi and di =
∂U
∂Xi

DV − ∂V
∂Xi

DU for all i =
1, 2, · · · , n + 2 where U, V ∈ A satisfying A⊗R K = K[U, V]. Further, if there exist i, j such that
di, dj form a regular sequence in A[T] whenever FXi , FXj form the same, then grade(D(A)A) ≥ 2.

Proof. By Theorem 2.3.3 ([Ren68]) there exists G ∈ A and h ∈ R[F] such that A ⊗R K =

K[F, G] and DK = h
∂

∂G
. Let U, V ∈ A be such that A⊗R K = K[U, V] and D(U) ̸= 0 ̸=

D(V). Since K[U, V][T] = K[F, G][T], clearly we have

(FX1 , · · · , FXn+2)A[T]⊗R K = (FX1 , · · · , FXn+2)K[U, V][T]
= (FU , FV , FT1 , · · · , FTn)K[U, V][T]
= (FU , FV)K[U, V][T]
= (FF, FG)K[F, G][T]
= A[T]⊗R K

Therefore, for 0 = D(F) = FU D(U) + FV D(V) we have D(U) = αFV and D(V) =

−αFU where α ∈ A⊗R K.

Again since K[U, V, T] = K[X1, X2, · · · , Xn+2], we have
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
(4.1)

Clearly, det(J) ∈ K∗ ∩ A[T] = R \ {0}. Note that FTi = 0 for each i and αFV = D(U)

and αFU = −D(V), and therefore,

αFXi =
(

∂U
∂Xi

DV − ∂V
∂Xi

DU
)

i.e., aFXi = sdi

where di =
(

∂U
∂Xi

DV − ∂V
∂Xi

DU
)

for all i = 1, 2, · · · , n + 2, sα = a ∈ A and s ∈ R.

We now prove the next part.

Case (FX1 , FX2 , · · · FXn+2)A[T] = A[T] : By Proposition 4.3.1 we have A = R[F, G] =

R[2] for some G ∈ A, and therefore, by Theorem 1.3.9 ([BD97]) grade(D(A)A) ≥ 2.

Case (FX1 , FX2 , · · · FXn+2)A[T] ̸= A[T] : In view of Remark 4.1.5, without loss of gener-

ality, we assume that FX1 , FX2 form a regular sequence. By hypothesis d1, d2 form a regular

sequence, and therefore grade(D(A[T])A[T]) ≥ 2. Since A[T] is faithfully flat over A, it

follows that grade(D(A[T])A[T]) = grade(D(A)A) ≥ 2.

4.6 Examples

We shall now workout on two examples of stably polynomial A2-fibrations in complete
details; one by Hochster ([Hoc72]) and another by Raynaud ([Ray68]). These examples of
A2-fibrations belong to the class of one-stably polynomial algebras and can not be written
as A1-fibrations over polynomial algebras (see Example 3.4.2 in Chapter 3 for details), and
therefore, by Theorem 1.3.8 ([EKO16]) they do not possess fixed point free LNDs.

First we compute the example by Hochster.

Example 4.6.1. Let R = R[X0, X1, X2]/(X2
0 + X2

1 + X2
2 − 1), B = R[Y0, Y1, Y2] and K denote

the quotient field of R. Let x0, x1 and x2 denote the image of indeterminates X0, X1 and X2 respec-
tively in R. Since the polynomial X2

0 + X2
1 + X2

2 − 1 have the Jacobian matrix as (2X0, 2X1, 2X2)

( ̸= 0) which is a row matrix of rank-1, using Jacobian criterion for regular rings we notice that R
is a regular ring. Further, by Nagata’s criterion it can be seen that R is a UFD.
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Define an R-LND D0 : B −→ B by D0(Y0) = x0, D0(Y1) = x1, D0(Y2) = x2.
Let c := x0Y0 + x1Y1 + x2Y2 ∈ B. See that c is a slice of D0, i.e., D0(c) = 1. Let A :=

Ker(D0) = R[Y0 − x0c, Y1 − x1c, Y2 − x2c] = B/(c). Clearly, by the Slice Theorem (Theorem
1.2.1) B = A[c], and therefore by Lemma 1.3.1 A is a 1-stably trivial A2-fibration over R.

Set Ỹ0 := Y0− x0c, Ỹ1 := Y1− x1c and Ỹ2 := Y2− x2c. Observe that B⊗R K = K[Y0, Y1, Y2] =

K[3], D0(x1Y0 − x0Y1) = x1x0 − x0x1 = 0 and D0(x2Y1 − x1Y2) = x2x1 − x1x2 = 0. Now
x1Y0− x0Y1 = x1Ỹ0− x0Ỹ1 and x2Ỹ1− x1Ỹ2 are K-linear transformations of variables in K[3] and
hence are again variables in K[3]. Thus,

B⊗R K = K[3] = K[Y0, Y1, Y2] = K[x1Y0− x0Y1, x2Y1− x1Y2, c] = K[x1Ỹ0− x0Ỹ1, x2Ỹ1− x1Ỹ2, c].

We use the relation Ỹ0 = −(x1Ỹ1 + x2Ỹ2)/x0 to eliminate Ỹ0 in B⊗R K and A⊗R K and get the
following.

B⊗R K = K
[
(−x2

0 − x2
1)

x0
Ỹ1 −

x1x2

x0
Ỹ2, x2Ỹ1 − x1Ỹ2, c

]

A⊗R K = B/(c)⊗R K = K
[
(−x2

0 − x2
1)

x0
Ỹ1 −

x1x2

x0
Ỹ2, x2Ỹ1 − x1Ỹ2

]

Set S := x2Ỹ1 − x1Ỹ2 ∈ A and T :=
(−x2

0 − x2
1)

x0
Ỹ1 −

x1x2

x0
Ỹ2. One can check that T =

−(x1Y0− x0Y1) = −(x1Ỹ0− x0Ỹ1) ∈ A. Due to finite generation of A over R, ∃ r ∈ R such that
A[1/r] = R[1/r][S, T] = R[1/r][2]. To obtain r, first note that(

S
T

)
=

(
x2 −x1

−x2
0−x2

1
x0

x1x2
x0

)(
Ỹ1

Ỹ2

)

We now calculate the generators Y0 − x0c, Y1 − x1c and Y2 − x2c of A in terms of S and T in
A⊗R K.

Y0 − x0c =
−x2

0x2 − 2x1x2
2

x0x1(2x2
2 − 1)

S +
−x2

1 − x2
2

x1(2x2
2 − 1)

T

Y1 − x1c =
x2

2x2
2 − 1

S +
x0

2x2
2 − 1

T

Y2 − x2c =
x2

0 + x2
1

x1(2x2
2 − 1)

S +
x0x2

x1(2x2
2 − 1)

T

Hence it is clear that we can choose r to be x1(2x2
2 − 1). Define a new R-LND DK on A⊗R K as

follows
DK : K[S, T] −→ K[S, T] by S 7→ 0, T 7→ x1(2x2

2 − 1)



4.6. Examples 55

Notice that DK|A(A) ⊆ A = R[Y0 − x0c, Y1 − x1c, Y2 − x2c] and therefore D := DK|A is an
R-LND of A. Let D̃ be the trivial extension of D on A[c] = B = R[Y0, Y1, Y2], i.e., D̃|A = D and
D̃(c) = 0. Using the equations above we have

D̃(Y0) = −x2
1 − x2

2 = D(Ỹ0), D̃(Y1) = x0x1 = D(Ỹ1), D̃(Y2) = x0x2 = D(Ỹ2)

It is easy to see that D̃ is irreducible, and therefore, so is D. Also, Ker(D)⊗R K = K[x2Ỹ1 −

x1Ỹ2] = K[x2Y1 − x1Y2]. Now, as x2 =
∂(x2Ỹ1 − x1Ỹ2)

∂Y1
, −x1 =

∂(x2Ỹ1 − x1Ỹ2)

∂Y2
form a se-

quence in R[Y0, Y1, Y2], by Proposition 4.1.4 it follows that Ker(D) = R[x2Ỹ1 − x1Ỹ2] = R[1].

One can check that D̃ = −JD(Y0,Y1,Y2)(x2Ỹ1− x1Ỹ2, c,−) = −JD(Y0,Y1,Y2)(x2Y1− x1Y2, c,−)
and grade(D(A)A) = 2.

The next example is by Raynaud ([Ray68]).

Example 4.6.2. Let R = R[X, Y, Z, F, G, H]/(XF + YG + ZH − 1), K := Qt(R) and B =

R[U, V, W] = R[3]. Let x, y, z, f , g and h denote the images of indeterminates X, Y, Z, F, G and H
respectively in R. Since the polynomial XF+YG+ZH− 1 has the Jacobian matrix (F, G, H, X, Y, Z)
( ̸= 0) and hence using Jacobian criterion for regular rings we notice that R is a regular ring.

Define an R-LND D0 on B by

D0(U) = f , D0(V) = g, D0(W) = h.

Let c := xU + yV + zW ∈ B. Observe that D0(c) = 1, i.e., c is a slice of D0. Let
A := ker(D0) = R[U− f c, V − gc, W − hc] = B/(c). By the Slice Theorem (Theorem 1.2.1) we
have B = A[c], and therefore by Lemma 1.3.1 A, is a 1-stably trivial A2-fibration over R.

Note that B⊗R K = K[U, V, W] = K[S, T, c] = K[3] for some S, T ∈ B. We now calculate the
elements S and T. Set Ũ = U − f c, Ṽ = V − gc, W̃ = W − hc. Observe that D0(gU − f V) =

D0(gŨ − f Ṽ) = g f − f g = 0 and D0(hV − gW) = D0(hṼ − gW̃) = hg − gh = 0. Now
gU − f V and hV − gW are K-linear transformations of variables in B⊗R K and hence are again
variables in B⊗R K. See that

B⊗R K = K[3] = K[U, V, W] = K[gU − f V, hV − gW, c] = K[gŨ − f Ṽ, hṼ − gW̃, c].
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Note that gŨ − f Ṽ, hṼ − gW̃ ∈ A. Using the relation Ũ = −(yṼ + zW̃)/x we eliminate
U in B⊗R K and A⊗R K and get the following.

B⊗R K = K
[
(x f + gy)

x
Ṽ +

gz
x

W̃, hṼ − gW̃, c
]

A⊗R K = K
[
(x f + gy)

x
Ṽ +

gz
x

W̃, hṼ − gW̃
]

Set S := hṼ − gW̃ ∈ A and T :=
(x f + gy)

x
Ṽ +

gz
x

W̃. Note that

xT = (x f + yg)Ṽ + zgW̃
= (x f + yg)V + zgW − gc(x f + yg + zh)
= (x f + yg)V + zgW − gc
= −x(gU − f V)

= −x(gŨ − f Ṽ) ∈ A,

i.e., T = −(gU − f V) = −(gŨ − f Ṽ) ∈ A. As A is finitely generated, ∃ r ∈ R such that
A[1/r] = R[1/r][S, T] = R[1/r][2]. We shall now find r. First, note that(

S
T

)
=

(
h −g

x f+gy
x

gz
x

)(
Ṽ
W̃

)

The generators Ũ = U − f c, Ṽ = V − gc and W̃ = W − hc of A are calculated as follows:

Ũ =
z f
g

S +
−gy− hz

g
T

Ṽ = zS + xT

W̃ =
−x f − gy

g
S +

hx
g

T

Clearly, we can set r := g ∈ R. Now, define a new LND DK on A⊗R K as follows

D : K[S, T] −→ K[S, T] by S 7→ 0, T 7→ g

Notice that Ker(DK) = K[S] = K[hṼ − gW̃], DK|A(A) ⊆ A = R[U − f c, V − gc, W − hc].
This shows that D := DK|A is an R-LND of A. Using the above equations we see that

D(U) = −gy− hz = D(Ũ), D(V) = gx = D(Ṽ), D(W) = hx = D(W̃)
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Let D̃ be the trivial extension of D on A[c] = B = R[U, V, W], i.e., D̃|A = D and D̃(c) = 0.
Note that D̃ is irreducible, and therefore, so is D. Also, Ker(D)⊗R K = K[hṼ − gW̃] = K[hV −

gW]. Now, since h =
∂(hṼ − gW̃)

∂V
, −g =

∂(hṼ − gW̃)

∂W
form a sequence in R[U, V, W], by

Proposition 4.1.4 it follows that Ker(D) = R[hṼ − gW̃].

One can easily check that D̃ = −JD(U,V,W)(hṼ− gW̃, c,−) = −JD(U,V,W)(hV− gW, c,−)
and grade(D(A)A) = 2.
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Part III

Rank and rigidity
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Chapter 5

Rank and rigidity of LNDs of affine
fibrations

The main aim of this chapter: To define a notion of rank and rigidity of LNDs of affine
fibrations which is analogous to the perception of rank and rigidity of LNDs of polynomial
algebras.

Before we go to the definition of rank and rigidity of LNDs of affine fibrations we note
some important results related to rank and rigidity of LNDs of polynomial algebras.

The following two results show that when the rank of an LND of a polynomial algebra
is at most two, then the LND satisfies some nice properties.

Theorem 5.0.1. Let R be a domain containing Q, A = R[n] and D : A −→ A an R-LND. Then,
the following hold.

(I) Suppose that the rank of D is one. Then, Ker(D) = R[n−1] and A = Ker(D)[1].

(II) Suppose that the rank of D is two.

(a) If R is an HCF domain or a UFD, then Ker(D) = R[n−1].

(b) If D is fixed point free, then Ker(D) = R[n−1] and A = Ker(D)[1].

Theorem 5.0.1(I) follows from the property that kernel of an LND of a domain B is
an inert subring of B and the trancendence degree of B over the kernel is one. Theorem
5.0.1(II)(a) holds due to Theorem 2.3.5 ([AEH72]); and Theorem 5.0.1(II)(b) appears as a
corollary of [Ess07, Remark 3.2].

As a consequence of Theorem 5.0.1 we have the following characterization of the R-
LNDs of R[3] having a slice when R is a PID.

Corollary 5.0.2. Let R be a PID containing Q, A = R[3] and D a fixed point free R-LND of A.
Then, the following are equivalent.

(I) The rank of D is at most two.
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(II) Ker(D) = R[2] and A = Ker(D)[1].

(III) D has a slice.

The equivalence of (I) and (II) of Corollary 5.0.2 follows from Theorem 5.0.1. (II) implies
(III) follows from the converse of the Slice Theorem (Theorem 1.2.1); and (III) implies (II)
follows from Lemma 1.3.1, Theorem 1.2.5 ([Sat83]) and Theorem 2.3.7 ([BCW76]).

Remark 5.0.3. (I) It is to be noted that in Theorem 5.0.1, if rank of D is three, then Ker(D)

need not be a polynomial ring even when R is a PID and D is fixed point free (see

[Win90] or [Fre17, pp.104 – 105]).

(II) In Corollary 5.0.2, if the rank of D is three, then D can not have a slice. See [Win90]

or [Fre17, pp.104 – 105] for example of such LNDs. Note that Corollary 5.0.2 holds

even over one-dimensional Noetherian domains containing Q; see Lemma 2.3.23 for

details.

In section 5.1, we define residual rank of LNDs of affine fibrations. We observe that if
an affine fibration is a polynomial algebra, then the rank of an LND equals to its residual
rank under certain conditions (see Remark 5.1.4(3)); otherwise, in general, residual rank is
dominated by rank. Further, we get results analogous to the existing results on the rank of
LNDs of polynomial rings, specifically (see Corollary 5.1.7 and Corollary 5.1.9).

Theorem 5.A: Let A be an An-fibration over a Noetherian domain R containing Q and
D : A −→ A an R-LND. Then, the following hold.

(I) If the residual rank of D is one, then Ker(D) is an An−1-fibration over R and A is an
A1-fibration over Ker(D). Further, if R is a UFD, then A = Ker(D)[1].

(II) If the residual rank of D is two and R is a UFD, then Ker(D) = B[1] for some An−2-
fibration B over R.

(III) Suppose that D is fixed point free and the residual rank of D is at most two, then D
has a slice.

Clearly, the above result is an analogue to Theorem 5.0.1. As an immediate application
of Theorem 5.A, we get a characterization of the LNDs of A3-fibrations with slice as follows
(see Corollary 5.1.11). The result is analogous to Corollary 5.0.2.

Corollary 5.B: Let R be a Noetherian domain containing Q, A an A3-fibration over R and
D : A −→ A a fixed point free R-LND. Then, the following are equivalent.

(I) The residual rank of D is at most two.

(II) Ker(D) is an A2-fibration over R and A is an A1-fibration over Ker(D).

(III) D has a slice.

Further, if the residual rank of D is three, then Ker(D) need not be an A2-fibration over R
(see Example 5.3.3).
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Notation: Let R be a domain with quotient field K, A an R-algebra and D : A −→ A
an R-LND. The natural extension D ⊗R K : A⊗R K −→ A⊗R K of D on A⊗R K will be
denoted by DK.

Keshari and Lokhande proved the following result on rigidity of LNDs ([KL14, Theo-
rem 3.1 & Corollary 3.2]) as an extension of a result by Daigle (Theorem 2.3.15).

Theorem 5.0.4. Let R be a domain containing Q with Qt(R) = K and D an R-LND of R[n] such
that the rank of D equals to the rank of DK. If DK is rigid, then D is also rigid. Consequently, an
R-LND D of R[3] is rigid if the rank of D equals to the rank of DK.

In section 5.2, we define residual-rigidity using residual rank and show that our notion
of rigidity of LNDs of affine fibrations also enjoys similar property as in Theorem 5.0.4,
specifically (see Theorem 5.2.4 and Corollary 5.2.5).

Theorem 5.C: Let A be an An-fibration over a Noetherian domain R containing Q with
Qt(R) = K and D : A −→ A an R-LND. If the residual rank of D equals to the rank of DK
and DK is rigid, then D is residually rigid. Consequently, if n = 3 and the residual rank of
D equals to the rank of DK, then D is residually rigid.

In section 5.3, we discuss a few examples of LNDs of affine fibrations and calculate
their residual ranks.

5.1 Rank of LNDs of affine fibrations

We first define rank of an LND of an affine fibration.

Definition 5.1.1. Let R be a ring and A an An-fibration over R.

1. For an R-subalgebra B of A, the sequence (R, B, A) is called an (n, r)-residual system if B is
an An−r-fibration over R and A⊗R k(P) = (B⊗R k(P))[r] for all prime ideals P of R.

2. Let D : A −→ A be an R-LND; D is said to have residual rank r if r is the least non-negative
integer for which there exists an (n, r)-residual system (R, B, A) such that B ⊆ Ker(D).

The residual rank of D is denoted by Res-Rk(D). Note that Res-Rk(D) belongs to {0, 1, · · · , n}.

Remark 5.1.2. Given a non-trivial An-fibration A over a ring R, there may not exist an

(n, r)-residual system (R, B, A) where 1 ≤ r < n even for the case n = 2 (see Example

5.3.2). However, Asanuma and Bhatwadekar proved that (see Theorem 1.2.8 or [AB97,

Theorem 3.8]) when R is a one-dimensional Noetherian domain containing Q and A is an

A2-fibration over R, then there exists W ∈ A such that A is an A1-fibration over R[W],

and therefore, by Lemma 5.1.5 it follows that (R, R[W], A) is a (2, 1)-residual system. From

their result it also follows that A has an R-LND D such that Ker(D) = R[W], and therefore,

the residual rank of D is one.
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In view of Definition 5.1.1 a result on residual variables by Das and Dutta ([DD14,
Corollary 3.6, Theorem 3.13, Corollary 3.19 & Appendix A]) can be stated as follows.

Remark 5.1.3. Let R be a Noetherian ring, A an An-fibration over R and (R, B, A) an (n, n− r)-
residual system. Then, A is an An−r-fibration over B and ΩR(A) = ΩB(A)⊕ (ΩR(B)⊗B A).
Further, suppose B = R[W] = R[r], i.e., W is an r-tuple residual variable of A, and ΩR(A) is a
stably free A-module. Then,

(I) A[ℓ] = B[n−r+ℓ] for some ℓ ∈N.

(II) A = B[1], provided n− r = 1 and Q ↪→ R.

It is to be noted that though Das and Dutta, in [DD14], proved Remark 5.1.3(II) (see
[DD14, Corollary 3.19]) over Noetherian domains containing Q, from their proof it follows
that Remark 5.1.3(II) holds over Noetherian rings (not necessarily domains) containing Q.

Remark 5.1.4. Let R be a ring, A an An-fibration over R and D : A −→ A an R-LND. Then,

the following can be observed from Definition 5.1.1.

1. Residual system implies tower of affine fibrations: If R is Noetherian and (R, B, A)

an (n, r)-residual system, then by Remark 5.1.3 we see that A is an Ar-fibration over

B. If we further assume that R is a domain, then by Lemma 2.3.12 it follows that R is

inert in both B and A, and B is inert in A.

2. Condition for residual rank of an LND to be zero: If R is a domain, then it is easy

to see from Lemma 2.3.12 and Lemma 2.3.1 that Res-Rk(D) = 0 if and only if D = 0.

3. Relation between residual rank and rank: If R is a domain with K = Qt(R) and D
is non-trivial, then the following hold.

(a) Since A ⊗R K = K[n], it directly follows from the definition that Rk(DK) =

Res-Rk(DK) ≤ Res-Rk(D).

(b) Suppose A = R[n]. Clearly, Rk(DK) ≤ Res-Rk(D) ≤ Rk(D). Hence, if we

suppose that Rk(D) = Rk(DK), then we have Res-Rk(D) = Rk(D).

Now, we discuss the case residual rank is at most two. Collectively, the discussion
proves Theorem 5.A. At first we observe a few results on residual systems.

Lemma 5.1.5. Let R be a domain, A an R-algebra and B an R-subalgebra of A such that B is an
An−r-fibration over R and A is an Ar-fibration over B. Then, the following hold.

(I) If r = 1, then (R, B, A) is an (n, 1)-residual system.

(II) If R contains Q, n = 3 and r = 2, then (R, B, A) is a (3, 2)-residual system.
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Proof. Note that A is finitely generated and flat over R. Since A is an Ar-fibration over B,

we have A⊗R k(P) is an Ar-fibration over B⊗R k(P) = k(P)[n−r] for all P ∈ Spec(R). This

implies that tr.degB⊗Rk(P)(A⊗R k(P)) = r for all P ∈ Spec(R).

(I): Let r = 1. Fix P ∈ Spec(R). By Lemma 2.3.13 and Lemma 2.3.1 we see that

B ⊗R k(P) ⊆ A ⊗R k(P) ⊆ B ⊗R k(P)[t] is a chain of UFDs for some t ∈ N. Since

tr.degB⊗Rk(P)(A⊗R k(P)) = 1, Theorem 2.3.5 ([AEH72]) implies A⊗R k(P) = (B⊗R k(P))[1] =
k(P)[n]. This shows that A is an An-fibration over R, and hence, (R, B, A) is an (n, 1)-

residual system.

(II): Assume that R ←↩ Q, n = 3 and r = 2. Fix P ∈ Spec(R). Since B ⊗R k(P) =

k(P)[1] is a PID, by Theorem 1.2.5 ([Sat83]) and Theorem 2.3.7 ([BCW76]) it follows that

A⊗R k(P) = (B⊗R k(P))[2] = k(P)[3]. This shows that A is an A3-fibration over R, and

hence, (R, B, A) is a (3, 2)-residual system.

Theorem 5.1.6. Let A be an An-fibration over a domain R containing Q, D : A −→ A a
non-trivial R-LND and (R, B, A) be an (n, r)-residual system such that B ⊆ Ker(D). Then,
the following hold.

(I) If r = 1 and R is Noetherian, then A is an A1-fibration over B and Ker(D) = B, i.e., A is
an A1-fibration over Ker(D), and Ker(D) is an An−1-fibration over R. If we further assume
that either A is stably polynomial over R and B = R[n−1]; or D is fixed point free, then
A = Ker(D)[1].

(II) If r = 2, R is Noetherian and D is fixed point free, then A = Ker(D)[1] and Ker(D) is an
A1-fibration over B as well as an An−1-fibration over R. If we further assume that A is
stably polynomial over B, then Ker(D) = B[1].

(III) Suppose that R is a Noetherian UFD.

(a) If r = 1, then A = Ker(D)[1] and Ker(D) = B.

(b) If r = 2, then A is an A2-fibration over B and Ker(D) = B[1].

(IV) Suppose that R is an HCF domain and A is stably polynomial over R as well as over B.

(a) If r = 1, then A = Ker(D)[1] and Ker(D) = B.

(b) If r = 2, then Ker(D) = B[1].

Proof. Since D ̸= 0 and A is a domain, by ([Fre17, Principle 1 & Principle 11]),

tr.degKer(D)(A) = 1 and Ker(D) is inert in A.

(I): Let R be Noetherian and r = 1. By Remark 5.1.4(1) A is an A1-fibration over B
and B is inert in A. Since B ⊆ Ker(D) ⊆ A and tr.degB(A) = tr.degKer(D)(A) = 1, using

Lemma 2.3.1 we get Ker(D) = B.
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Now we further assume that A is stably polynomial over R. By Lemma 2.3.19 ([DD14])

ΩR(A) is stably free over A. Since (R, B, A) is a residual system and Ker(D) = B = R[n−1],

applying Remark 5.1.3 we get A = Ker(D)[1].

Again, along with the hypotheses r = 1 and R is Noetherian, if we further suppose that

D is fixed point free, then by Proposition 2.3.22 ([EKO14]) we get that A = Ker(D)[1].

(II): Let R be Noetherian, r = 2, and D a fixed point free R-LND. Since (R, B, A) is an

(n, 2)-residual system, from Remark 5.1.4(1) we have A is an A2-fibration over B. Now,

since B ⊆ Ker(D), we see that D is a B-LND of A, and hence by Remark 3.3.7 ([BD21])

it follows that A = Ker(D)[1] and Ker(D) is an A1-fibration over B. Since B is an An−2-

fibration over R, by Lemma 5.1.5(I) we get (R, B, Ker(D)) is an (n− 1, 1)-residual system

and which implies that Ker(D) is an An−1-fibration over R. If we further assume that A is

stably polynomial over B, then by Remark 3.3.7 ([BD21]) Ker(D) = B[1].

(III): Let us assume that the hypothesis holds. Since both A and B are affine fibrations

over R, by Lemma 2.3.13 and Lemma 2.3.1 we see that both A and B are UFDs. Again,

since Ker(D) is inert in A, by Lemma 2.3.1 it follows that Ker(D) is also a UFD.

(a) Let r = 1. By (I) we have Ker(D) = B. Since A is an A1-fibration over Ker(D),

by Theorem 1.2.7 ([Asa87]) we find a t ∈ N such that A is a Ker(D)-subalgebra

of Ker(D)[t]. This shows that Ker(D) ⊆ A ⊆ Ker(D)[t] is a chain of UFDs where

tr.degKer(D)(A) = 1. Therefore, by Theorem 2.3.5 ([AEH72]) we conclude that A =

B[1].

(b) Let r = 2. By Remark 5.1.4(1), A is an A2-fibration over B and therefore, using

Theorem 1.2.7 ([Asa87]) we get an ℓ ∈ N such that A is an B-subalgebra of B[ℓ].

Notice that B ⊆ Ker(D) ⊆ A ⊆ B[ℓ] is a chain of UFDs where tr.degB(Ker(D)) = 1.

Therefore, by Theorem 2.3.5 ([AEH72]), we get Ker(D) = B[1].

(IV): We assume the hypothesis. Since A is stably polynomial over both R and B, there

exist s, t ∈ N such that A[s] = R[n+s] and A[t] = B[r+t]. Since R ⊆ A ⊆ R[n+s] and

B ⊆ A ⊆ B[r+t], by Lemma 2.3.1 both R and B are inert in A, and therefore, repeated

application of Lemma 2.3.1 implies that A, B and B[m] are HCF domains for all m ∈N.

(a) Let r = 1. By (I) we have Ker(D) = B, and hence A[t] = B[t+1] = Ker(D)[t+1]. Clearly,

A is inert in Ker(D)[t+1] and Ker(D) ⊆ A ⊆ Ker(D)[t+1] is a chain of HCF domains.

By Theorem 2.3.5 ([AEH72]) we get A = Ker(D)[1].

(b) Let r = 2. Since A is stably polynomial over B, we see that B ⊆ Ker(D) ⊆ A[t] =

B[t+2] is a chain of HCF domains for some there t ∈ N. Note that since Ker(D) is

inert in A, it is also inert in A[t]. Now, by Theorem 2.3.5 ([AEH72]) we conclude that

Ker(D) = B[1].
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As a consequence of Theorem 5.1.6, we get the following analogue of Theorem 5.0.1(I)
and (II)(a).

Corollary 5.1.7. Let A be an An-fibration over a Noetherian domain R containing Q and D :

A −→ A a non-trivial R-LND. Then, the following hold.

(I) Suppose that Res-Rk(D) = 1. Then, Ker(D) is an An−1-fibration over R and A is an A1-
fibration over Ker(D). Furthermore, if either A is assumed to be stably polynomial over R or
R is assumed to be a UFD, then A = Ker(D)[1].

(II) Suppose that Res-Rk(D) = 2 and R is a UFD. Then, Ker(D) = B[1] for some An−2-fibration
B over R.

Proof. (I) : Since Res-Rk(D) = 1, there exists an (n, 1)-residual system (R, B, A) such

that B ⊆ Ker(D), and therefore, the result follows due to Theorem 5.1.6[(I) & (III)].

(II) : Since Res-Rk(D) = 2, there exists an (n, 2)-residual system (R, B, A) such that B ⊆
Ker(D), and therefore, by Theorem 5.1.6(III) we get the result.

As an immediate corollary of Theorem 5.1.6(III) we observe the following result.

Corollary 5.1.8. Let R be a Noetherian UFD containing Q, A an A2-fibration over R and D :

A −→ A a non-trivial R-LND. Then, Ker(D) = R[1].

Proof. Clearly, (R, R, A) is a (2, 2)-residual system such that R ⊆ Ker(D), and therefore, by

Theorem 5.1.6(III) we directly get Ker(D) = R[1].

Next, we get an analogue of Theorem 5.0.1(II)(b).

Corollary 5.1.9. Let A be an An-fibration over a Noetherian domain R containing Q and D :

A −→ A a fixed point free R-LND. Suppose Res-Rk(D) ≤ 2, then A = Ker(D)[1] and Ker(D) is
an An−1-fibration over R, i.e., Res-Rk(D) = 1.

Proof. Let Res-Rk(D) ≤ 2. Then, there exists an (n, r)-residual system (R, B, A) such that

B ⊆ Ker(D) where either r = 1 or r = 2 (note that r ̸= 0 because D is fixed point free).

Now, from Theorem 5.1.6[(I) & (II)] it follows that A = Ker(D)[1] and Ker(D) is an An−1-

fibration over R, which, by Lemma 5.1.5, is equivalent to say that Res-Rk(D) = 1.

Remark 5.1.10. The phenomenon in Corollary 5.1.9(I) is very specific for fixed point free

LNDs, i.e., if the LND D is not fixed point free then the condition Res-Rk(D) ≤ 2 need not

imply Res-Rk(D) = 1. One may look at Example 5.3.4 for details.
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We now prove Corollary 5.B.

Corollary 5.1.11. Let R be a Noetherian domain containing Q, A an A3-fibration over R and
D : A −→ A a fixed point free R-LND. Then, the following are equivalent.

(I) D has a slice.

(II) Res-Rk(D) = 1.

(III) Res-Rk(D) ≤ 2.

(IV) Ker(D) is an A2-fibration over R and A = Ker(D)[1].

(V) Ker(D) is an A2-fibration over R and A an A1-fibration over Ker(D).

(VI) Ker(D) is Noetherian and A is an A1-fibration over Ker(D).

Further, if Res-Rk(D) = 3, then Ker(D) need not be an A2-fibration over R.

Proof. (I) =⇒ (II): Since D has a slice, A = Ker(D)[1], and therefore, finite generation

and flatness of A over R will imply the finite generation and flatness of Ker(D) over R.

Further, we see that k(P)[3] = A⊗R k(P) = (Ker(D)⊗R k(P))[1] for all P ∈ Spec(R). Now,

since the Zariski cancellation problem has affirmative answer in dimension two over fields

containing Q (follows from [MS80], [Fuj79], and [Kam75]), we conclude that Ker(D) ⊗R

k(P) = k(P)[2] for all P ∈ Spec(R) and therefore, it follows that Ker(D) is an A2-fibration

over R. Since A = Ker(D)[1], we see that Res-Rk(D) ≤ 1. Since D is non-trivial, we have

Res-Rk(D) = 1.

(II) =⇒ (III), (IV) =⇒ (V) and (V) =⇒ (VI): Obvious.

(III) =⇒ (IV): Directly follows from Corollary 5.1.9(I).

(VI) =⇒ (I): Directly follows from Proposition 2.3.22 ([EKO14]) and the converse of

the Slice Theorem (Theorem 1.2.1).

Example 5.3.3 exhibits an R-LND D such that Res-Rk(D) = 3, but Ker(D) is not an

A2-fibration over R. This shows that if Res-Rk(D) = 3, then Ker(D) need not be an A2-

fibration over R.

5.2 Rigidity of LNDs of affine fibrations

First, we define rigidity of LNDs of affine fibrations.

Definition 5.2.1. Let A be an An-fibration over a ring R and D : A −→ A an R-LND with
residual rank r. We define D to be residually rigid if, for any two (n, r)-residual systems (R, B1, A)

and (R, B2, A) with B1, B2 ⊆ Ker(D) we have B1 = B2.
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Remark 5.2.2. Let R be a ring, A an R-algebra and D : A −→ A an R-LND.

1. If A = R[n] and Rk(D) = Res-Rk(D), then one can see that the residual-rigidity of D
implies rigidity of D.

2. If R is a domain, A = R[n] and Rk(D) = 1, then it can be seen, due to inertness of

Ker(D), that D is rigid. In the context of affine fibrations one may observe a similar

phenomenon, also caused by the inertness of the kernel of the LNDs: If R is a Noethe-

rian domain, A is an An-fibration over R and Res-Rk(D) = 1, then D is residually

rigid.

Before proving Theorem 5.C, we note the following lemma which can be seen as an
extension of an observation by Abhyankar-Eakin-Heinzer ([AEH72, p. 1.7]).

Lemma 5.2.3. Let A be a domain and B1, B2 subdomains of A. Suppose B2 is inert in A. If b ∈ B1

is such that bA ∩ B2 ̸= {0}, then b ∈ B2.

Proof. Let d ∈ bA ∩ B2. Then, d = bc ∈ B2 for some c ∈ A. Since b, c ∈ A and B2 is inert in

A, we have b, c ∈ B2.

We now present Theorem 5.C.

Theorem 5.2.4. Let A be an An-fibration over a Noetherian domain R and D : A −→ A an
R-LND. Suppose that Res-Rk(D) = Rk(DK). If DK is rigid, then D is residually rigid.

Proof. Let Res-Rk(D) = Rk(DK) = r. Let us assume that DK is rigid. Since K is a field,

we have Res-Rk(DK) = Rk(DK) = r. Let (R, B1, A) and (R, B2, A) be two (n, r)-residual

systems such that B1, B2 ⊆ Ker(D). By Remark 5.1.4(1), we get A is an Ar-fibration over

both B1 and B2; and both B1 and B2 are inert in A. We shall show that B1 = B2.

Let U ∈ B1
n−r and V ∈ B2

n−r be such that B1 ⊗R K = K[U] and B2 ⊗R K = K[V]. Since

A is an Ar-fibration over both B1 and B2, we have A⊗R K = K[U][r] = K[V][r] = K[n], and

therefore, since DK is rigid and Rk(DK) = r, we have K[U] = K[V], i.e., B1 ⊗R K = K[V].

Suppose that x ∈ B1. Since B1 ⊗R K = K[U] = K[V] = B2 ⊗R K, there exists r ∈ R such

that rx ∈ B2. This shows that rx ∈ xA∩ B2, and therefore, by Lemma 5.2.3 we have x ∈ B2.

So, we get B1 ⊆ B2. Now, interchanging the roles of B1 and B2 we get B2 ⊆ B1. Hence,

B1 = B2. This completes the proof.

As a direct consequence of Theorem 5.2.4 and Theorem 2.3.15 ([Dai96]) we get the fol-
lowing.

Corollary 5.2.5. Let A be an A3-fibration over a Noetherian domain R and D : A −→ A an
R-LND such that Res-Rk(D) = Rk(DK), then D is residually rigid.
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5.3 Examples

We now discuss a few examples. The first example involves a non-trivial A2-fibration
along with a fixed point free LND.

Example 5.3.1. Let R be a Noetherian domain containing Q, A a non-trivial A2-fibration

over R and D : A −→ A a fixed point free R-LND. We shall show Res-Rk(D) = 1.

By Remark 3.3.7 ([BD21]) we have A = Ker(D)[1] and Ker(D) is an A1-fibration over R,

and therefore, by Lemma 5.1.5 we see that (R, Ker(D), A) is a (2, 1)-residual system. This

shows that Res-Rk(D) ≤ 1. Since D is non-trivial, Res-Rk(D) ̸= 0, and hence Res-Rk(D) =

1.

The next example is by Hochster (see [Hoc72] or [Fre17, p. 10.1.5]).

Example 5.3.2. Let R = R[X, Y, Z]/(X2 + Y2 + Z2 − 1) = R[x, y, z] where x, y, z denote

the images of X, Y, Z in R. Let A = R[U, V, W]/(xU + yV + zW). One can see that R
is a Noetherian UFD, A is a non-trivial A2-fibration over R and A[1] = R[3]. We claim

that there does not exist B ⊆ A such that (R, B, A) is a (2, 1)-residual system. On the

contrary, let (R, B, A) be a (2, 1)-residual system. Since R is a Noetherian domain and B is

an A1-fibration over R, by Lemma 2.3.13 and Lemma 2.3.1 we see that R ⊆ B ⊆ R[m] is a

sequence of UFDs for some m ∈ N where tr.degR(B) = 1, and therefore, by Proposition

2.3.5 ([AEH72]) we have B = R[1]. Now, since A is stably polynomial over R, by Lemma

2.3.19 ([DD14]) and Remark 5.1.3 it follows that A = R[2] which is a contradiction to the fact

that A is a non-trivial A2-fibration over R. This shows that for any non-trivial R-LND D
of A, the residual rank of D is always two, and therefore, in view of Example 5.3.1, A does

not have any fixed point free R-LND. In this context, one should note that by Corollary

5.1.8 we have Ker(D) = R[1]; however, A can not be an A1-fibration over Ker(D).

The following example is by Winkelmann ([Win90], also see [Fre17, pp.104 – 105]).

Example 5.3.3. Let R = C[X] = C[1], A = R[U, V, W] = R[3] and D : A −→ A be an

R-LND defined by D(U) = X, D(V) = U and D(W) = U2 − 2XV − 1. One can easily see

that D is fixed point free. It is known that Ker(D) = R[ f , g, h] ̸= R[2] where

f = U2 − 2XV,

g = XW + (1− f )U,

Xh = g2 − f (1− f )2, i.e., h = XW2 + 2(1− f )(UW + (1− f )V).

By Theorem 5.0.1 it follows that Rk(D) = 3. We shall calculate Res-Rk(D). Note

that Ker(D) is not an A2-fibration over R, otherwise by Theorem 1.2.5 ([Sat83]) and The-

orem 2.3.7 ([BCW76]) we get Ker(D) = R[2] which is a contradiction. Further, D has no

slice; otherwise by Lemma 1.3.1 ([Fre09]) it would follow that Ker(D) is an A2-fibration
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over R, which is a contradiction. Thus, D is fixed point free without a slice, and there-

fore, by Corollary 5.1.9, we have Res-Rk(D) = 3. So, by Remark 5.1.4(3) we see that

3 = Res-Rk(D) ≤ Rk(D) = 3, i.e., Res-Rk(D) = Rk(D) = 3.

We now consider an example by Bhatwadekar and Dutta ([BD94, Example 4.13] ) (also
see [V0́1]).

Example 5.3.4. Let F be a field containing Q, R = F[π](π) and A = R[X, Y, Z]. Set F :=

π2X + πY(YZ + X + X2) + Y. One can check that A⊗R k(P) = (R[F]⊗R k(P))[2] for all

P ∈ Spec(R), i.e., F is a residual variable of A, and therefore, by Remark 5.1.3, A is an A2-

fibration over R[F], and hence, by Theorem 1.2.7 ([Asa87]), A is stably polynomial over

R[F]. It is not known whether A = R[F][2].

Define an R-LND D of A by D(X) = Y2, D(Y) = 0 and D(Z) = −(π + Y + 2XY).
Then, R[F] ⊆ Ker(D). We shall find Rk(D) and Res-Rk(D). Clearly, D is irreducible and

triangular. By Corollary 5.1.8 we get Ker(D) = R[F][1] = R[2]. We now show that D is not

fixed point free. On the contrary, assume that D is fixed point free, and therefore, there

exists f1, f2, f3 ∈ R[X, Y, Z] such that D(X) f1 + D(Y) f2 + D(Z) f3 = 1. Since D(Y) = 0, we

have D(X) f1 + D(Z) f3 = 1, i.e., Y2 f1 − (π + Y + 2XY) f3 = 1. Hence, in A/YA = R[X, Z]
we get −π f3 = 1, i.e., π is a unit in R[X, Z], giving a contradiction to the fact that π is a

prime in R.

As A = R[X, Y, Z] and Y ∈ Ker(D), we see that Rk(D) ≤ 2. Since R is a UFD and

D is a non-trivial irreducible R-LND without having a slice, by Corollary 5.1.7 we have

Res-Rk(D) = 2; and also by Theorem 5.0.1 it follows that Rk(D) = 2. So, we have

Res-Rk(D) = Rk(D) = 2. Note that since A is an A2-fibration over R[F], by Lemma

5.1.5 we have (R, R[F], A) is a (3, 2)-residual system such that R[F] ⊆ Ker(D).
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Appendix A

Ga-actions, exponential maps and
LNDs

Here we get into the details of the relationship between the Ga-actions, exponential maps
and LNDs. Throughout this section k will denote an algebraically closed field.

A.1 Relationship between the Ga-actions and the exponential maps

Definition A.1.1. Let B = k[n] and X := Spec(B). Then the Ga-action on X is a morphism of
varieties θ : Ga × X −→ X satisfying

(i) θ(0, x) = x ∀ x ∈ X, and

(ii) θ(α, θ(β, x)) = θ(α + β, x) ∀x ∈ X, α, β ∈ Ga

In fact for the above definition, B need not necessarily be k[n] but it can also be any
affine k-domain.

Definition A.1.2. Let B be a ring, h an element of B[X, Y] and µh : B[T] −→ B[X, Y] the
B-algebra evaluation map T 7→ h. Given a ring homomorphism ϕ : B −→ B[T], we define
ϕh : B[X, Y] −→ B[X, Y] to be the unique lift of the composite ring homomorphism µh ◦ ϕ : B −→
B[X, Y] satisfying ϕh(X) = X and ϕh(Y) = Y. One can see that the ring homomorphism ϕh

makes the following diagram commutative

B[X, Y] B[X, Y]

B B[T]

ϕh

ϕ

ν µh

where ν is the inclusion map.
For the field k we shall denote the additive group (k,+) by Ga(k).



76 Appendix A. Ga-actions, exponential maps and LNDs

Proposition A.1.3. Let B be an affine k-algebra and ϕ : B −→ B[T] be a k-homomorphism. Then
the following are equivalent.

1. Spec(ϕ) : Ga(k)× Spec(B) −→ Spec(B) is a Ga-action

2. ϕ0 = idB[X,Y] and ϕX+Y = ϕY ◦ ϕX.

Proof. The condition that ϕ0 = idB[X,Y] is equivalent to say that the composition map B
ϕ−→

B[T]
µ0−→ B is the identity map on B (see Definition A.1.2). Now applying the Spec functor

on the composite map B
ϕ−→ B[T]

µ0−→ B gives the composite map Spec(B)
Spec(µ0)−−−−→ Ga(k)×

Spec(B)
Spec(ϕ)−−−−→ Spec(B) to be the identity map on Spec(B); which is equivalent to say

that Spec(ϕ)(0, x) = x for all x ∈ Spec(B) (the first condition of the Definition A.1.1 of Ga

action). Note that Spec(B[T]) = Ga(k)× Spec(B)

Now one can see that the second condition of the Ga-action’s Definition A.1.1 is equiv-

alent to the commutativity of the following diagram

Ga(k)×Ga(k)× Spec(B) Ga(k)× Spec(B)

Ga(k)× Spec(B) Spec(B)

1Ga×Spec(ϕ)

ψ×1Spec(B) Spec(ϕ)

Spec(ϕ)

(A.1)

Where ψ : Ga(k)×Ga(k) −→ Ga(k) is the morphism corresponding to the k-homomorphism

k[T] −→ k[X, Y] which maps T to X +Y. Now the commutativity of diagram A.1 is equiv-

alent to the commutativity of the below diagram (via contraviant equivalence of the Spec

functor)
B[X, Y] B[T]

B[T] B

η

µX+Y

ϕ

ϕ (A.2)

Where µX+Y is the B-homomorphism evaluation map T 7→ X + Y and η is defined as

η(T) = X along with η(b) = ϕY(b).

Note that under the composite of maps B[T]
µX−→ B[X, Y]

ϕY

−→ B[X, Y] one can see that

T 7→ X and b 7→ ϕY(b) ∀b ∈ B and therefore ϕY ◦ µX = η. Now from the Definition A.1.2

it follows that µX ◦ ϕ = ϕX ◦ ν as well as µX+Y ◦ ϕ = ϕX+Y ◦ ν. Combining these relations

along with the commutativity of the diagram A.2 it follows that ϕX+Y ◦ ν = ϕY ◦ ϕX ◦ ν.

Now since ν is injective as well as ϕh(X) = X, ϕh(Y) = Y for all h ∈ B[X, Y], it follows that

ϕX+Y = ϕY ◦ ϕX. This proves the equivalence of the two statements.

Any k homomorphism ϕ satisfying the second property of the statement of Proposition
A.1.3 is called as an exponential map. The proposition A.1.3 establishes bijection between
the Ga -actions and the exponential maps.
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A.2 Relationship between the exponential maps and the LNDs

We now discuss the bijection between the exponential maps and the locally nilpotent k-
derivations of B. Throughout this section we assume that the field k has characteristic zero.

Set Γ := {ϕ ∈ Homk(B, B[T]) | ϕ0 = idB[X,Y] and ϕX+Y = ϕY ◦ ϕX}.

Given ϕ ∈ Γ, define Dϕ : B −→ B to be the composition of the maps

B
ϕ−→ B[T] d/dT−−→ B[T]

µ0−→ B,

where d/dT denotes the derivative with respect to T.

We claim that Dϕ ∈ LNDk(B).

One can check that µ0 ◦ ϕ = idB and ϕ0 = idB[X,Y] (see Definition A.1.2). Dϕ being

additive follows from the fact that all of µ0,
d

dT
and ϕ are additive. Now for the Leibniz

rule,

Dϕ(xy) = µ0

(
d

dT
(ϕ(x)ϕ(y))

)
= µ0

(
d

dT
(ϕ(x)).ϕ(y) + ϕ(x).

d
dT

(ϕ(y))
)

= µ0

(
d

dT
(ϕ(x))

)
µ0(ϕ(y)) + µ0(ϕ(x))µ0

(
d

dT
(ϕ(y))

)
= Dϕ(x)y + xDϕ(y)

Therefore, Dϕ ∈ Derk(B). We now show that the following diagram commutes

B[T] B[T]

B B

d/dT

Dϕ

ϕ ϕ (A.3)

Let b ∈ B and write ϕ(b) = ∑
i∈N

biTi ∈ B[T]. Then,
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∑
i∈N

ϕY(bi)Xi = ϕY

(
∑

i∈N

biXi

)

= ϕY(ϕX(b))

= ϕX+Y(b)

= ∑
n∈N

bn(X + Y)n

= ∑
n∈N

bn

(
∑

i+j=n

(
n
i

)
XiY j

)

= ∑
i∈N

(
∑
j∈N

bi+j

(
i + j

i

)
Y j

)
Xi

Thus we get ϕY(bi) = ∑
j∈N

bi+j

(
i + j

i

)
Y j ∀i ∈ N. Now since we have ϕY ◦ ν(bi) =

µY ◦ ϕ(bi) it follows that ϕ(bi) = ∑
j∈N

bi+j

(
i + j

i

)
T j ∀i ∈ N. But, since by definition

Dϕ(b) = b1, we have

ϕ(Dϕ(b)) = ϕ(b1) = ∑
i∈N

bi+1(i + 1)Ti+1 =
d

dT ∑
i∈N

biTi =
d

dT
(ϕ(b)).

Thus it follows that the square A.3 commutes and thus by recursive usage of the commu-
tative square A.3 it follows that the diagram

B[T] B[T]

B B

(d/dT)n

Dn
ϕ

ϕ ϕ (A.4)

also commutes. Now since d/dT is locally nilpotent it follows that Dϕ is also locally nilpo-
tent from the commutative square A.4. Hence Dϕ ∈ LNDk(B) and thus we have a well de-
fined map from the set of exponential maps Γ to the set of all locally nilpotent k-derivations
as ϕ 7→ Dϕ.

Now for the map in the converse direction let D ∈ LNDk(B) be given, consider the

map ϕ : B −→ B[T] which is defined by b 7→ ∑
n∈N

Dn(b)
n!

Tn. Since, Dn is additive ∀n ∈ N

and respects multiplication by scalars as k ⊆ ker(D), it follows that the above maps are
k-homomorphisms.

Claim : ϕ ∈ Γ.
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Define ∆ : B[X, Y] −→ B[X, Y] by ∑
i,j
(bijXiY j) 7→∑

i,j
(D(bij)XiY j. It is easy to verify directly

that ∆ ∈ LNDk[X,Y](B[X, Y]) by using D ∈ LNDk(B). Now for every h ∈ k[X, Y] since
h ∈ ker(∆), we have that h∆ ∈ LNDk[X,Y](B[X, Y]).

Claim: e(h∆) ∈ Autk[X,Y](B[X, Y]).
Clearly e(h∆) is a k[X, Y]-homomorphism by the direct application of Leibniz rule for h∆.
Now since h1∆ ◦ h2∆ = h2∆ ◦ h1∆ = (h1 + h2)∆ for all h1, h2 ∈ k[X, Y] it follows that the
map e(h1+h2)∆ : B[X, Y] −→ B[X, Y] is well defined and for g ∈ B[X, Y]

(eh1∆ ◦ eh2∆)(g) = eh1∆

(
∑
j∈N

(h2∆)j(g)
j!

)

=

(
∑
j∈N

eh1∆((h2∆)j(g))
j!

)

= ∑
j∈N

1
j!

(
∑

i∈N

(h1∆)i((h2∆)j(g))
i!

)

=

(
∑

i,j∈N

(h1∆)i ◦ (h2∆)j(g)
i!j!

)
= ∑

n∈N

1
n! ∑

i+j=n

(
n
i

)(
(h1∆)i ◦ (h2 j∆)j

)
(g)

= e(h1+h2)∆(g)

From this it follows that eh∆ ◦ e−h∆ = e0 = idB[X,Y] proving that eh∆ is a k[X, Y]-
automorphism.

We now prove that e(h∆) = ϕh, and for which it is enough to show the commutativity
of diagram below

B[X, Y] B[X, Y]

B B[T]

eh∆

ϕ

ν µh (A.5)

as it is trivial to observe that eh∆(X) = X, eh∆(Y) = Y. Note that for any b ∈ B we have

(eh∆ ◦ ν)(b) = eh∆(b) = ∑
n∈N

(h∆)n(b)
n!

= ∑
n∈N

Dn(b)
n!

hn = µh

(
∑

n∈N

Dn(b)
n!

Tn

)
= µh(ϕ(b))

which establishes that the square A.5 commutes. Hence we have ϕX+Y = eX∆+Y∆ =
eY∆ ◦ eX∆ = ϕY ◦ ϕX so that ϕ ∈ Γ as claimed.

Now we shall show that the above constructions establish two bijective maps between
the set of exponential maps on B and the set of k-LNDs on B which are inverses to each
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other.

Let D ∈ LNDk(B). Define ϕD : B −→ B[T] as discussed above, i.e., b 7→ ∑
n∈N

Dn(b)
n!

Tn.

Now, if we construct back DϕD , then

DϕD(b) = µ0(
d

dT
(ϕD(b))) = µ0(

d
dT

( ∑
n∈N

Dn(b)
n!

Tn)) = µ0(
∞

∑
n=1

Dn(b)
(n− 1)!

Tn−1)) = D(b)

and hence DϕD = D.

On the other direction, let ϕ ∈ Γ and define Dϕ as given in the construction above. Let

ψ : B −→ B[T] be the map defined by b 7→ ∑
n∈N

Dn
ϕ(b)
n!

Tn. We need to show that ϕ = ψ.

Write ϕ(b) = ∑
n∈N

bnTn. Since the diagram A.4 commutes, we have
d

dT

m
(ϕ(b)) = ϕ(Dm

ϕ (b))

for all m ∈ N. Letting T 7→ 0, we have m!bm = ϕ(Dm
ϕ (b))|T=0 = µ0(ϕ(Dm

ϕ (b))) ∈ B.
Now, since µh ◦ ϕ(x) = ϕh(x) for all x ∈ B and by hypothesis ϕ0 = idB[X,Y], we have

µ0(ϕ(Dm
ϕ (b))) = ϕ0(Dm

ϕ (b)) = Dm
ϕ (b). Therefore, bm =

Dm
ϕ (b)
m!

for all m ∈ N, which
proves that ϕ = ψ.

Therefore, from the discussions in sections A.1 and A.2 it is clear that when k is a alge-
braically closed field of characteristic zero, there is a bijection between the Ga-actions and
the exponential maps as well as a bijection between the exponential maps and the locally
nilpotent derivations.
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