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Abstract

This thesis addresses various higher-order accurate fitted mesh methods (FMMs) for solving singularly per-
turbed linear and nonlinear parabolic partial differential equations (PDEs) with smooth and nonsmooth data.
The diffusion coefficient of those PDEs is generally considered as a small parameter ¢, called “singular pertur-
bation parameter . Depending on the smooth and nonsmooth data, generally singularly perturbed differential
equations (SPDEs) exhibit boundary or/and interior layers. These are thin regions in the vicinity of the bound-
ary line of the given domain or/and the line of discontinuity of the given data where the gradients of the solution
change rapidly as the perturbation parameter ¢ gets smaller; and hereby, the analytical solution of SPDEs in-
herently adapts to the multi-scale character.

Several real-life problems are often modeled as linear and nonlinear PDEs involving space and time vari-
ables, which can be viewed as SPDEs with smooth and nonsmooth data. Indeed, computational analysis of
those PDEs that appeared, particularly in mathematical biology, has become incredibly significant for an un-
derstanding of the various biological processes and also for the application of such models to the medical
sciences. As a prominent example in the context of mathematical biology, one can consider the chemo-taxis
model, which arises in the mathematical modeling of tumor angiogenesis. On the other hand, the drift-diffusion
equations are the most widely used mathematical models for describing semiconductor devices, which usually
represent SPDEs with discontinuous source term. Henceforth, from the application point of view as well as for
the multi-scale character of the analytical solution, the construction of effective numerical techniques are es-
sential and challenging for analyzing SPDEs. It is well-known that devising FMMs constituted on appropriate
layer-resolving non-uniform meshes is of natural and prime interest to the scientific community so as to achieve
“parameter-robust”(also familiar as “e-uniformly convergent ) numerical solution that converges independent
of the parameter €.

The major objective of the thesis is to devise, analyze, and compute parameter-robust, cost-effective high-
order numerical approximations for a class of singularly perturbed linear parabolic PDEs of the convection-
diffusion type with smooth and nonsmooth data; and their extensions to the semilinear parabolic PDEs.

Our investigation in this thesis begins with developing an e-uniformly convergent robust numerical algo-
rithm for solving a class of singularly perturbed one-dimensional linear parabolic convection-diffusion initial-
boundary-value problems (IBVPs) with time-dependent convection coefficient and possessing a regular bound-
ary layer. The current numerical algorithm consists of two parts. The first one is the development of a new
hybrid FMM for higher-order numerical approximation in the spatial variable; the other one is the implemen-
tation of the Richardson extrapolation technique solely in the temporal direction (called temporal Richard-
son extrapolation) for enhancing the temporal accuracy. The idea behind the newly developed algorithm is
further extended for the cost-effective higher-order numerical approximation of two-dimensional singularly
perturbed linear parabolic problems with time-dependent boundary conditions by proposing a new fractional-
step fitted mesh method (FSFMM) and, later, by the temporal Richardson extrapolation. Next, a complete
convergence analysis is provided towards higher-order numerical approximations for a class of singularly per-

turbed one-dimensional semilinear parabolic convection-diffusion IBVPs exhibiting a regular boundary layer
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by proposing two novels FMMs (the fully-implicit FMM and the implicit-explicit (IMEX) FMM) followed
by the extrapolation technique. Our further investigation involves cost-effective higher-order numerical ap-
proximations of two-dimensional semilinear singularly perturbed parabolic convection-diffusion problem with
non-homogeneous boundary data by developing two new fractional-step fitted mesh methods (FSFMMs) (the
fully-implicit FSFMM and the IMEX-FSFMM); and later, by the extrapolation technique. Next, we turn our
attention to investigating singularly perturbed PDEs with nonsmooth data. In this regard, efficient numerical
methods are proposed and analyzed for two different classes of model problems with nonsmooth data. The
first one is the singularly perturbed parabolic PDEs exhibiting strong interior layers, and the other one is the
singularly perturbed parabolic PDEs exhibiting both boundary and weak interior layers. Finally, we focus
our attention on devising and analyzing a higher-order time-accurate FMM for a class of singularly perturbed

semilinear parabolic convection-diffusion IBVPs exhibiting both boundary and weak interior layers.
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Chapter 1

Introduction

This chapter begins with the general introduction and historical perspective to singularly perturbed problems
(SPPs). It further highlights specific applications of singularly perturbed differential equations (SPDEs) to the
real life problems which are relevant to the model problems considered in this thesis. Apart from this, it consists
of review of the related literature emphasizing computational difficulties and several numerical methods as well
as motivation and objectives of the research works carried out in this thesis, and also contains some preliminaries

followed by a brief description of the model problems and the structure of the thesis.

1.1 Introduction to SPPs and brief history

Mathematical and numerical aspects of the model problems consisting of partial differential equations (PDEs)
with the highest order spatial derivative multiplied by a small parameter €, known as SPPs, are always being the
subject of interest to many researchers because of the application of SPPs in the various fields of engineering
and applied sciences; and also due to the occurrence of the interior and boundary layers in the solutions of
SPDE:s. Interior or/and boundary layers, which are thin regions in the vicinity of the boundary line of the given
domain or/and the line of discontinuity of the given data where the gradient of the solution changes rapidly as
the perturbation parameter ¢ gets smaller, are usually common features of the solutions of SPDEs.

SPDEs can be classified into two subcategories: SPDEs with smooth data and SPDEs with nonsmooth data.
We call the problems with smooth data when the coefficients and the right-side term of the differential equation
are continuous in the domain under consideration. However, if the coefficients and the right-side term of the
differential equation are not continuous in the domain, we call them SPDEs with nonsmooth data. Note that
the problems with nonsmooth data can sometimes consist of discontinuous initial or boundary conditions ( see
[46,47, 51]).

In 1904, at the Third International Congress of Mathematicians in Heidelberg, Prandtl’s seven-pages report,
which was published in that conference proceedings [93], introduced the boundary layer theory as the funda-
mental building block of fluid dynamics; and subsequently laid the foundations of SPPs. Prandtl highlighted
the significance of viscous flow demonstrating how a quantity as small as the viscosity of common fluids like
water and air may play a significant role in determining their flow. The key factor behind his analysis was that
any flow over a surface can be separated into two regions: a thin region close to the surface (called the boundary
layer) where the effect of viscosity is strong; and a region outside the boundary layer where the effect viscosity
is negligible. In 1964, Friedrichs and Wasow used the term singular perturbation for the first time in their paper

[42] while studying nonlinear vibration theory at New York University. Even though Prandtl initiated work on



boundary layer theory; but Wasow’s contribution in [117] and his other works for next few decades on asymp-

totic theory of solution of SPDEs gave it considerably more generality to SPPs from theoretical perspective.

1.2 Applications of SPDEs to specific models

Several real-life problems are modeled in linear and nonlinear PDEs involving space and time variables which
can be viewed as SPDEs with smooth and nonsmooth data. One can explore and analyze such PDEs for
understanding the physical significance of SPDEs; and some of them are cited below in relevance with of the

model problems discussed in this thesis.

As a prominent example, one can consider the advection-dispersion equation which governs many physical
process including advective transport, molecular diffusion, and hydrodynamic dispersion, chemical reaction in
the liquid phase, contaminant decay or production with the solid phase. This model equation appears often in
geology, hydrology, environmental engineering, chemical and petroleum engineering (see [64]). Even for the
understanding of biological processes, one can study the advection-dispersion equation used for modeling oral

drug absorption phenomena (see [40]).

In the context of application of SPDEs to the mathematical biology, particularly to the medical sciences,
we cite an interesting model, known as chemo-taxis model [54], which arises in mathematical modeling of tu-
mor angiogenesis [38], spatial and temporal evolution of chemotactic bacterial bands [8] etc. As an illustration
of the tumor angiogenesis, we consider the one-dimensional model equations which essentially describe the
growth of solid tumors from the dormant avascular state to the vascular state. In that case, the tumour cells
stimulate angiogensis, the process whereby tumour secrets a diffusible chemical substance, known as tumour
angiogenesis factor (TAF), that induces neighboring endothelial cells to migrate towards the tumor through a
chemotaxis phenomena; and further continues to spread to the other organs of the body. The model is therefore
composed of two phenomenon: the diffusion of TAF into the surrounding tissue, and its effect on the neighbor-
ing endothelial cells; and thus consists of two coupled equations: one for the concentration of TAF, denoted by
c¢(z,t); and the other for the the endothelial cell density, denoted by p(z,t). After normalizing the PDEs, the
population diffusion chemotaxis equation for the endothelial cells, and the diffusion equation for the TAF are

respectively given as follows:
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subject to appropriate initial and boundary conditions. When the diffusion coefficient ¢ of the endothelial cells
in the population equation is substantially smaller than the speed of migration caused by the taxis term, the

corresponding model behaves like SPDEs. For more details, we refer [13] and the references therein.

On the other hand, the drift-diffusion equations, the most widely used mathematical model for describing
semiconductor devices, can be considered as a significant application of SPDEs with nonsmooth data. The
drift-diffusion equations govern the evolution of the flow of electrons and holes in semiconductor devices on

the dielectrical relaxation time scale. In this regard, the one-dimensional model equations subject to suitable



initial and boundary conditions are mentioned below:
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where z € (0,1) and ¢ > 0 with suitable initial-boundary conditions. The functions (n,p, ®) represents
the electron concentration, the hole concentration, and the electric potential, respectively. The function C(z)
models the doping concentration and the preconcentration of electrons and holes in the semiconductor; and
treated as discontinuous function. Due the small diffusion coefficient €, the above equations behave like SPDE:s.

For more details, see [74] and the references therein.

1.3 Computational challenges and opportunities in SPDEs

It is well-known that the investigation and construction of the asymptotic approximation as well as the numerical
approximation to the solutions of SPPs are of great importance in applied mathematics. One can construct an
asymptotic approximation to the analytical solution by employing the perturbation technique which consists
at least two asymptotic expansions, called the inner-expansion and the outer-expansion, which are respectively
valid inside and outside the boundary layer. To know more about the perturbation techniques, we refer to the
books of Bush [10], Eckhaus [31], Kevorkian and Cole [62], Lagerstrom [66], O’Malley [87], Van Dyke [30]

and the review article [67] of Lagerstrom and Casten.

From computational point of view, finding efficient numerical solutions of SPDEs are of extreme impor-
tance. Classical numerical techniques which are appropriate when ¢ is O(1); and are often inappropriate when
€ — 0, unless the number of mesh intervals, IV, satisfies the condition N = 0(5_1). Failing to satisfy this
condition, the classical numerical techniques are not adequate on the uniform meshes for small €, as they may
not able to capture the gradient of the solution accurately inside the layers generally, the region of most inter-
est. This goes against the natural expectation that error of a numerical method can decrease when the mesh is
refined. In this regard, one can refer to the books [77, 99] and the article [76] of Miller et al. This disadvantage
motivates researchers to develop and analyze numerical methods that are robust to the perturbation parameter
€; and it has become a very active field of study since past few decades. Such "parameter robust” (also known
as "e-uniformly convergent") numerical methods play a key role to achieve accurate numerical results without

much resolving the boundary layer, whether ¢ = 1072 or e = 1076,

There are two basic numerical approaches in the literature in connection with parameter robust numerical
methods: One is called the fitted operator method (FOM) and the other is called the fitted mesh method (FMM).
The FOMs approximate the differential operator by a specified difference operator by introducing an artificial
diffusion parameter, called exponential fitting factor, and the methods utilize uniform meshes (see the book
[29]). Despite the fact that the FOM, such as the II’-in Allen-Southwell method, performs well when applied
to one dimensional SPDEs; but the extension of FOMs to 2D SPDEs are difficult and even impossible in the
case of characteristic boundary layers (see [39, Example 2.2]). On the other hand, FMMs utilize a specified

difference operator on special layer-resolving meshes (which is fine inside the layer region and coarse outside



the layer region) adapted to the nature of the differential operator (see the book [77]) . Because of their easy im-
plementation and extension to address higher dimensional and nonlinear problems, FMMs offer an advantage
over FOMs and often considered as a well-known methodology for solving SPPs to overcome the limitations
of the traditional methods. In the context of FMMs, Shishkin [102] is the first person to introduce a special
nonuniform mesh fitted accurately to capture the layer phenomena, known as the Shishkin mesh. This well-
known layer-resolving mesh can be constructed easily if the location and the width of the boundary/interior
layers are known a-priori. There is also a growing interest recently in the generation of layer-adapted meshes
other than Shishkin meshes that not only allow layer structure resolution, but also provide e-uniform conver-
gence of the numerical solutions for different FMMs. To know about construction of different layer-resolving
meshes and associated FMMs, we refer to the books [32, 77, 99, 105, 113], the survey articles of Kadalbajoo
and Gupta [56], and kadalbajoo and Patidar [57], the latest survey article [98] of Roos as well as to the mono-
graphs [68, 110]. Further, one can refer the articles of Hemkar et al. [52] and Clavero et al. [15, 16] for dealing
with high-order FMMs for singularly perturbed parabolic PDEs. Apart from this, the further development of
FMMs based on the equidistribution principle, one can look into the research work of Beckett in [3]; and couple

of recent research findings of Natesan with his co-authors in [2, 28, 43, 78].

As the thesis mainly focuses on computational and theoretical aspects of various classes of linear and
nonlinear parabolic PDEs which are singularly perturbed in nature; a quick review of the literature in connection

with numerical approximations of general class of parabolic PDEs is also furnished below.

In this regard, we want to highlight contributations of Kadalbajoo with his co-authors in [49, 50, 59]; and
recently, by Gowrisankar and Natesan in [44] for efficient numerical apprximation of Burgers’ equation. To cite
a few, we refer the standard books [14, 53, 79, 107, 112] which address various numerical techniques including
finite difference and finite element methods for solving parabolic PDEs. In addition to these, one can also recall
contributations of Wade et al. in [63, 1, 114, 115, 116] and that of Gracia et al. in [48, 108], respectively
towards advancement of numerical techniques for the non-homogeneous parabolic evolution problems and for

the time-fractional evolution problems.

1.4 Motivation and objectives

The major objective of the thesis is to devise, analyze, and compute parameter-robust cost-effective high-order
numerical approximations for a class of singularly perturbed linear parabolic PDEs of convection-diffusion
type with smooth and nonsmooth data; and their extensions to the semilinear parabolic PDEs. In the following,
we cite a brief survey of research works which significantly contributed towards parameter-robust numerical
techniques for solving SPDEs with smooth and nonsmooth data; and pose the possible relevant questions in-

vestigated in this thesis.

Construction of parameter-uniform higher-order FMMs for SPDEs is always a difficult undertaking. No-
table among them is the hybrid numerical scheme which in the recent years has become popular as an efficient
FMM for solving numerous stationary and non-stationary convection-diffusion SPPs. In the context of SPDEs
with smooth data, the hybrid scheme is proposed for solving singularly perturbed convection-diffusion BVP by
Stynes and Roos in [109]. The similar method is also investigated by kadalbajoo and Ramesh in [58] for sin-
gularly perturbed second-order differential-difference equation of convection-diffusion type; and for system of

singularly perturbed convection-diffusion BVPs by Priyadharshini et al. in [94]. Further, Mukherjee and Nate-

4



san in [81] proposed the similar hybrid scheme for singularly perturbed parabolic convection-diffusion IBVP;
and Das and Natesan in [26] investigated the same for singularly perturbed parabolic convection-diffusion
IBVP with time delay. The above literature shows that the hybrid scheme converges with almost second-order
accuracy in the spatial variable on a piecewise-uniform Shishkin mesh, unless the condition ¢ < N~ is sat-
isfied. On the contrary, it can be demonstrated through the numerical experiments that whenever ¢ > N1,
the spatial accuracy reduces to O(N 1), specifically outside the boundary layer. On the other hand, it is no-
ticed that the numerical scheme in [26, 81] produces first-order accurate numerical solution of the parabolic
IBVP with respect to the temporal discretization; and thus, the corresponding fully discrete approximation
yields globally first-order convergent numerical solution (considering both the spatial and temporal accuracy).
However, achieving globally higher-order convergent numerical solutions to SPDEs are always a desirable and

challenging task. In view of the above observations, we pose the following natural question:

e “Is it possible to construct and analyze a new FMM followed by a post-processing technique to obtain e-
uniformly convergent globally higher-order accurate numerical solution (with respect to both space and
time) for a class of singularly perturbed 1D parabolic IBVPs with time-dependent convection coefficient

so as to overcome the drawback of the existing method?”

In this context, we want to mention that there are couples of research works on the post-processing technique
found in the literature for obtaining better approximation to the numerical solutions of SPDEs. For instance,
the articles [27, 82] can be referred to the Richardson extrapolation technique for non-stationary convection-
diffusion SPPs. However, these cited articles mostly focus on the convergence analysis of the extrapolated
solution with respect to the spatial variable apart from enhancing the temporal order of convergence. We now
discuss about couple of research outcomes related to fractional-step fitted mesh methods (FSFMMs), which
play vital role for solving singularly perturbed multidimensional evolutionary PDEs. The advantage of using
the fractional-step method is that it reduces the computational cost remarkably because only tridiagonal linear
systems need to be solved at each time level instead of solving the block tridiagonal linear system to compute
the numerical solution. In connection with the fractional implicit Euler methods, for instance, one can refer
[25, 69] for singularly perturbed 2D parabolic reaction-diffusion IBVPs; and [24] for singularly perturbed 2D
parabolic convection-diffusion IBVPs. These methods are uniformly convergent with first-order accurate in
time. Further, we refer contributions of Clavero et al. in [17], Mukherjee and Natesan in [84] and Bujanda et
al. in [9] to develop higher-order (with respect to both space and time) FSFMMs for singularly perturbed 2D
parabolic IBVPs by using the Peaceman-Rachford fraction-step method. Note that most the above cited articles
consider homogeneous boundary conditions.

It is observed that in the case of fully discrete numerical approximation of evolutionary PDEs with non-
homogeneous (in particular, time-dependent) boundary conditions; the classical evaluation of the boundary data
causes the order reduction in time. In the literature there are relatively few research articles which deal with
numerical approximation of singularly perturbed 2D parabolic PDEs with time-dependent boundary conditions.
In the recent past, Clavero and Jorge implement the fractional implicit Euler method in the time variable and
the classical finite difference schemes in the spatial variables to develop and analyze FSFMMs for solving
singularly perturbed 2D parabolic reaction-diffusion problems in [21] and convection-diffusion problems in
[22] with time-dependent boundary conditions. In both the cases, order reduction in time is observed if the

natural evaluation of the boundary data is used; and a suitable modification to the natural evaluation is suggested



to eliminate such order reduction. Nevertheless, development and convergence analysis of higher-order e-
uniform numerical approaches for singularly perturbed 2D parabolic convection-diffusion problems with time-
dependent boundary conditions are still in the early stages and challenging too. Here, we ask the following

relevant question:

o “Can we construct and analyze a new FSFMM followed by a post-processing technique to obtain e-
uniformly convergent globally higher-order accurate numerical solution (with respect to both space and
time) for a class of singularly perturbed 2D linear parabolic IBVPs with time-dependent boundary con-
dition; and propose a suitable evaluation of the boundary data to avoid the order reduction phenomena

before and after extrapolation 7 ”

Over the last few decades, the construction of parameter-robust numerical methods (on uniform or special
non-uniform meshes) for solving stationary and non-stationary semilinear SPPs has also drawn attention to
the several researchers due to various reasons such as modeling of real life problems via semilinear SPDEs,
the computational difficulty in tackling the nonlinearity etc. In this regard, we cite few articles which sig-
nificantly contributed to numerical approximation of singularly perturbed semilinear BVPs at the initial stage
of development. Farrell et al. in [35] prove that it is not possible to attain parameter-uniform convergence
of exponentially fitted finite difference method in the discrete supremum norm on uniform meshes. Contrary
to this, the fitted mesh methods (FMMs) (see the book [77]) which utilize a specified difference operator on
special layer-adapted meshes are quite successful to achive accurate numerical results with much resolving the
boundary layer, whether ¢ = 102 ore = 10~5. Farrell et al. in [34] construct such uniformly convergent finite
difference methods on special piecewise-uniform meshes for solving singularly perturbed semilinear elliptic
BVPs; and they prove that the methods are first-order accurate in the discrete supremum norm. Further, Gra-
cia et al. in [45] analyze a first-order FMM for a system of semilinear SPDEs of reaction-diffusion type; and
recently, Mariappan and Tamilselvan in [72] analyze a higher-order FMM for a system of semilinear SPDEs of
reaction-diffusion type.

On the other hand, computational investigation of FMMs for solving semilinear parabolic SPDEs is still
in its growing phase. In this context, couple of research articles which deal with numerical approximation
of semilinear parabolic IBVPs are cited here. For instance, one can recall the contributions of Shishkina and
Shishkin in [106]; and Clavero and Jorge in [19] for efficient numerical solution of system of 1D singularly
perturbed semilinear parabolic reaction-diffusion IBVPs on layer-adapted non-uniform meshes. Recently, Rao
and Chaturvedi in [95] analyze a parameter-uniform second-order spatially accurate FMM for a system of
semilinear parabolic reaction-diffusion IBVPs. In addition to this, we recall contributions of Boglaev to propose
and analyze first-order uniformly convergent monotone iterative method in [6] and in [7] on layer resolving
non-uniform meshes for solving singularly perturbed 2D semilinear parabolic PDEs of reaction-diffusion and
convection-diffusion type with homogeneous boundary conditions. However, up to our knowledge, hardly
any research work is done towards e-uniform higher-order numerical techniques in combination with a post-
processing technique for solving singularly perturbed semilinear parabolic PDEs of convection-diffusion type.

In connection with the above, we pose the following relevant questions:

o “Can we construct and analyze a new fully-implicit FMM followed by a post-processing technique to

obtain c-uniformly convergent globally higher-order accurate numerical solution (with respect to both



space and time) for singularly perturbed 1D semilinear parabolic PDEs of convection-diffusion type? ”

e “Isit possible to extend investigation of e-uniformly convergent globally higher-order accurate numerical
solution (with respect to both space and time) for singularly perturbed 2D semilinear parabolic PDEs
of convection-diffusion type with time-dependent boundary condition by developing a new fully-implicit
FSFMM followed by a post-processing technique? ”

o “Note that the fully implicit method results in nonlinear systems and henceforth, it increases the computa-
tional cost due to the solvability of the nonlinear systems via iterative methods. We further ask regarding
possible formulation of fully discrete linearized FMM and FSFMM, respectively for singularly perturbed
1D semilinear parabolic PDEs and 2D semilinear parabolic PDEs of convection-diffusion type so that

we can avoid solving the nonlinear systems associated with the fully implicit method.

So far we discuss about various computational aspects and challenges related to singularly perturbed convection-
diffusion PDEs with smooth data. We now proceed further to look into various scopes for efficient numerical
approximation of convection-diffusion SPDEs with nonsmooth data. Firstly, we focus on SPDEs having dis-
continuous convection coefficient with alternating sign pattern. This type of problem can be viewed as the
linearized version of the time dependent viscous Burger’s equation exhibiting shock layer (see [88]). In the
recent years, the development of FMMs for solving such SPDEs has received significant attention by the sev-
eral authors. Likewise the smooth data case, the hybrid numerical scheme is also analyzed by Cen in [11] for
singularly perturbed BVPs with discontinuous data. Afterwards, Mukherjee and Natesan in [80, 83] analyze a
similar hybrid scheme for a class of singularly perturbed IBVPs possessing strong interior layers. They con-
struct the method on a piecewise-uniform Shishkin mesh resolving interior layers and prove that the method is
at least second-order (up to the logarithmic factor) accurate in space measured in the discrete supremum norm,
provided the parameter ¢ satisfies ¢ < N~!. However, one can observe from the numerical experiments that
whenever € > N, the spatial order of convergence reduces to first-order, particularly outside the interior

layers. In view of this observations, the following typical question naturally arises:

e “Is it possible to design a new FMM which is at least second-order accurate in the spatial variable both
outside and inside the interior layers, regardless of the parameter ¢, for a class of singularly perturbed

1D linear parabolic IBVPs having strong interior layers 7 ”

Next, we consider convection-diffusion SPDEs whose right-hand side source term has a jump discontinuity at
the interior of the domain. Here, the convection coefficient has the same sign pattern through out the domain and
is possibly discontinuous at the same point. This type of problem appears in the semiconductor device modeling
(see, e.g., [73]); and the solution of which possesses a layer at the boundary in addition to an interior layer. In
this context, we recall contribution of Farrell et al. in [33], and Shishkin in [103], respectively for singularly
perturbed convection-diffusion BVPs and singularly perturbed parabolic IBVPs with discontinuous right-hand
side source term. Furthermore, differential equations with discontinuous data have been discussed in [100]. It is
to be noted that the structure of the Shishkin mesh near the point of discontinuity in case of convection-diffusion
SPDEs with weak interior layer is substantially different from that of convection-diffusion SPDEs with strong
interior layers. Due to the occurrence of weak interior layer in one side of the point of discontinuity, the Shishkin

mesh becomes finer on one side and coarser on other side of the interface point. Our current investigation in



[119] reveals that this mesh structure indeed causes great difficulty while establishing inverse-monotonicity
of the higher-order FMM, a possible extension of the new FMM proposed for singularly perturbed parabolic
IBVPs with boundary and weak interior layers. Here, we pose the following objectives which are challenging

tasks from theoretical as well as computational point of view:

e “Can we construct a higher-order FMM for singularly perturbed 1D linear parabolic convection-
diffusion IBVPs having both boundary and weak interior layers, by suitable modification of the stan-
dard Shishkin mesh fitted to both the layers, so that we can overcome the theoretical difficulty in proving
inverse-monotonicity property of the method and also, achieve at least second-order accuracy across the

different regions, regardless of the parameter €? ”

On the other hand, theoretical and numerical investigations of efficient FMMs for solving nonlinear SPDEs with
discontinuous data are still in its growing stage. In this regard, we highlight couple of research articles that made
significant contributions towards numerical approximation of stationary nonlinear SPDEs with discontinuous
data. To cite a few, Farrell et al. propose and analyze uniformly convergent nonlinear finite difference methods
on appropriate layer-adapted meshes, respectively for singularly perturbed semilinear reaction-diffusion BVPs
in [36] and for quasilinear convection-diffusion BVPs in [37] with discontinuous data. They also study exis-
tence of the solution of the continuous nonlinear problem by means of the upper and lower solution approach;
and also discuss about existence of the solution of the discrete nonlinear problem. In addition to this, we recall
contribution of Rao et al. in [96] for parameter uniform numerical solution of singularly perturbed system of
semilinear reaction-diffusion BVPs and IBVPs on non-uniform Shishkin mesh. However, to the best of our
knowledge, hardly any attempt has been made to investigate theoretical and computational aspects of singu-
larly perturbed nonlinear parabolic PDEs of convection-diffusion type with discontinuous data. In light of the

foregoing, we raise the following pertinent question:

e “Is it possible to analyze parameter-robust higher-order accurate numerical approximation of a class
of singularly perturbed 1D semilinear parabolic PDEs of convection-diffusion type with discontinuous

data; and to study existence of the solution of the continuous as well as the discrete nonlinear problems
? »

1.5 Preliminaries

This part presents some important definitions, frequently used notations, and conventions that will be utilized
throughout the thesis.
We consider the following definition to call a numerical method “c-uniform" or “parameter-robust” in the

thesis.

Definition 1.1 ([32]). Consider a family of mathematical problems parameterized by a perturbation parameter
g, such that ¢ € (0,1]. Assume that u. be the unique solution of each problem in that family and U be
the numerical approximation of each u. obtained by a numerical method, where U, is defined on the discrete
domain D" with the discretization parameters IV and M, respectively in the spatial and temporal directions
such that At = T'/M. Then, the numerical method is said to converge e-uniformly in the norm || - ||, if there

exist some positive integers Ny and My (independent of ¢) such that for some all N > Ny and M > M, one



gets
max ||Uz: — ue|| < C(N7P + (At)?),

0<e<1

where C, p and ¢ are positive numbers and are independent of ¢, N, M.

Here, p and q are called e-uniform order of convergence of the numerical method in the spatial and temporal
variables, respectively, and C' is called the e-uniform error constant.

To define how a function behaves as § — 0, we introduce Landau’s order symbols O (big-oh) and o
(little-oh) used in the thesis. For further details, see the books [62, 85]. Let f = f(z,d) and g = g(z, d) be two
real valued functions with z lying in some domain D, where § > 0.

Definition 1.2. We can write f(z,0) = O(g(z,0)), as & — 0, if there exists positive numbers M and 4y
independent of ¢ such that
[f(z,6)] < Mlg(x,0)], forall &< do.

Definition 1.3. We can write f(x,d) = o(g(z,0)), asd — 0,if

iex)
60 g(x,0)

=0.

Let us introduce the well-known function spaces considered in the thesis, particularly, for one-dimensional
parabolic problem. Let D C R x [0, T]. For each integer £ > 0, €*(D) denotes the set of functions which are
continuously differentiable up to order £ in D. Let v € (0, 1). Then, €7(D) denotes the set of Holder continuous

functions in D. Below, we define the Holder continuous function.

Definition 1.4 ([41, 92]). A function f : D — R is said to be Holder continuous of exponent +y if there exist a
constant M such that

F(X,8) = f(YV,m)| < M(IX =Y 2+ |t —7|)""*, forall (X,¢),(Y,7) €D.

Then, for each integer £ > 1, @“*7(D) is denoted as the parabolic Holder space and is defined as

aj+kf
" OxI Otk

e () = {f €¢’(D), Vj,keNU{0}andwith0 < j+2k < é}.
Note that the above definitions and notations are often used with D, OD.

We use the standard supremum norm throughout the thesis, which is denoted by || - ||5, and for a function
f : D — R defined by

fllp = £(X, 1)].
1£1lp (g}gél( )

‘When the domain is obvious, we sometimes omit “D" from the above notation.

Next, we furnish the following definition of M-matrix used in the thesis.

Definition 1.5. [32, 91] A matrix A € RV is called an M-matrix if A is invertible, A~! > 0, and a;; <0
foralli,j =1,...,N, i # j.



In the following, we introduce the difference operators which are used frequently to describe the finte
difference schemes in the subsequent chapters. For this purpose, for one-dimensional parabolic problem, we
consider arbitrary meshes respectively in the spatial and the temporal domains as b = {z; };VZO and AA =
{tn}ﬁ/fzo, where N and M are positive integers. Let us denote At = t, —t,—1, n = 1,...M; and h; =
zj—xj 1, j=1,2,...,Nand hj = hj+ hj1, j=1,2,...,N — 1.

For a given mesh function 1]);-1 = (xj,1t,), we then define the forward difference, backward diffrence,
modified-central difference, second-order central operators in space, respectively denoted by
D}, Dy, D% §2(orDf Dy ) and the backward difference operator in time, denoted by D, , as follows:

T T

Ly W Wi — W} hivt
Do} = === Dfj = =5, Do = 2Dy + Doy,
J J J J
-1
2 v

D Dyl = 529} = = (DF W} — DyyY), and Dyl =

, At
J

)

Further, for two-dimensional parabolic problem, we consider arbitrary mesh in the spatial domain as b =

{xz,y]}zszév and we denote hy, = x; — z;—1, 1,2,...N and ?Lxl = hg, +h 1,2,...N — 1. in the

in+17

x-direction.

For a given mesh function ¥}, = P(x;,yj,tn), the difference operators denoted by
D}, Dy, D%, 62 in the x-direction and the backward difference operator denoted by D, in the ¢-direction, are

defined as follows:

hiy

( on i1 — Wi - i Vi e Py oy 1
Divij = ———, Dybi; = ——F——= Dybj; =="D;b;; + =—Dybs;,
ha, ha, Ry, ha,

2 B 2 _
5311’?,]' = T(D;q)z] - Dx 4’2]‘)7 5311)23' = T(D;w% - Dx 11)?,),

ZTi T4

no_qpnot

and D, V7, = JT

Similarly for the y-direction, we define the difference operators denoted by DJ Dy, Dy, 55. Throughout the
thesis, C' (sometimes subscripted) denotes a positive constant that is independent of the perturbation parameter
€, N and M (number of mesh-intervals in the spatial and the temporal directions, respectively). Note that an
unsubscripted C' may take a generic value but whenever a subscripted C' is used, we treat it as a fixed constant
for that particular position. However, for clarity of our presentation, we also use the notations 9, 1, , Ry, &,

which are fixed constants and independent of perturbation parameter and discretization parameters.

1.6 List of model problems

In this section, we describe model problems briefly that are considered in this thesis.
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1.6.1 Singularly perturbed 1D linear parabolic PDE with smooth data

Here, we consider the following class of singularly perturbed parabolic convection-diffusion initial-boundary
value problems (IBVPs) posed on the domain ® = Q x (0,7 = (0,1) x (0,T7:

(E?t + Lx@) y(x,t) = g(z,t), (z,t) €D,

y(x,0) = qo(z), onQ=[0,1], (1.1)
y(O,t) = Sl(t)a y(lvt) = Sr(t), t e [O,T],

where o2 5
_ .9y 9y
Loecy = €52 + a(z, t)ﬁac + b(z,t)y, (1.2)

and ¢ is a small parameter such that ¢ € (0, 1]. The coefficients a(z,t), b(x,t) and the source term g(z, t) are

considered to be sufficiently smooth with
a(z,t) >m >0, b(x,t) > P >0, onD =0 x[0,T]. (1.3)

The boundary and the initial data, i.e., s;, s, and qg are also assumed to be sufficiently smooth. The solution
of the IBVP (1.1)-(1.3) generally possesses boundary layer at x = 1 of width O(g).

1.6.2 Singularly perturbed 2D linear parabolic PDE with smooth data

Here, we consider the following class of singularly perturbed parabolic convection diffusion IBVPs posed on
the domainD = G x (0,7]; G = (0,1) x (0,1) :

0
(a—'_LE)u(xayat) :ﬂ(x)yvt)v (55a3/7t) €D7
uw(@,y,0) = qo(z,y), (z,y) €C=1[0,1] x[0,1], (1.4)
u(xayvt)zs(x7y7t)7 in aGX (OaT]v

where -
Lou = —eAu+ 0(z,y,t).Vu+ b(z,y,t)u,
(1.5)
U(@,y,t) = (v1(z,9,1), v2(2,9,1)),
and ¢ is a small parameter such that ¢ € (0,1]. The coefficients ¥(z,y,t), b(x,y,t) and the source term

g(x,y,t) are considered to be sufficiently smooth with

vi(z,y,t) >mg > 0,v9(x,y,t) >mg >0, b(x,y,t) >0, onD. (1.6)

The boundary and the initial data, i.e., s and qg are also assumed to be sufficiently smooth. The solution of

the IBVP (1.4)-(1.6) generally possesses exponential layers of width O(e) at the outflow boundaries = 1 and
y=1.
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1.6.3 Singularly perturbed 1D semilinear parabolic PDE with smooth data

Here, we consider the following class of singularly perturbed semilinear 1D parabolic convection-diffusion
IBVPs posed on the domain® = Q x (0,7] = (0,1) x (0,7T):

ay(axt’ t) + H“%Ey(wvt) + b($at>y($,t)) = ﬂ($,t), (l’,t) S @,
y(z,0) = qo(z), ze€=][0,1], (1.7)

y(O,t) = Sl(t)a y<17t) = Sr(t)a te (O,T],

where

and ¢ is a small parameter such that ¢ € (0, 1]. The coefficient a(z), the source term g(x, t) are considered to
be sufficiently smooth with
a(z) >m >0, onQ. (1.8)

In addition, it is assumed that the function b(z, ¢, y) satisfies that

ab(g’;’y)zﬁ>o, (z,t,y) €D x R. (1.9)

The boundary and the initial data, ¢.e., s;, s, and qqg are also assumed to be sufficiently smooth. The solution
of the IBVP (1.7)-(1.9) generally possess boundary layer of width O(¢) at z = 1.

1.64 Singularly perturbed 2D semilinear parabolic PDE with smooth data

Here, we consider the following class of singularly perturbed parabolic convection-diffusion IBVPs posed on
the domain D = G x (0,7:

t
au(g}y’) +Leu(z,y,t) +b(2,y,t, u(z,y, 1)) =g(z,y,1), (2,y,1) €D,
uw(z,9,0) = qo(x,y), (z,y) €G=10,1] x [0,1], (1.10)

u(x7 y? t) = s(':U? y’ t)? in aG X (07 T]?

where

-

Leu=—eAu+9(x,y,t).Vu,
(1.11)

6(:673/775) = (Ul(.%', yat)7v2(xv Y, t))7

and ¢ is a small parameter such that ¢ € (0,1]. The coefficients ¥/(z,y,t) and the source term g(x,y,t) are

considered to be sufficiently smooth with
vi(z,y,t) >m >0, wva(x,y,t) >mg >0, onD. (1.12)

12



In addition, it is assumed that the function b(w, Y, t, u) satisfies that

ab(x7 y? t? u)

3 >B >0, (x,y,t,u) eDxR. (1.13)
u

The boundary and the initial data, 7.e., s and qq are also assumed to be sufficiently smooth. The solution of the

IBVP (1.10)-(1.13) generally possesses exponential layers of width O(e) at the outflow boundaries © = 1 and
y=1.
1.6.5 Singularly perturbed linear parabolic PDE with nonsmooth data

In the beginning, for describing the model problem, we introduce the following notations:

D=0 x (0,T] = (0,d) x (0,T], D+ =0+ x(0,T] =(d,1)x (0,T], 0<d< 1,

D=0ax(0,T]=(0,1) % (0,T], D=ax[0,T]=[0,1] x (0, 7).

Here, we consider the following class of singularly perturbed parabolic IBVPs:

9 _ -
(Lx,g—a)y(x,t)_g(x,t), (z,) € D~ UDT,

y(z,0) = qo(z), z€Q, (1.14)

y(0,t) = si(t), wy(1,t) =s.(t), te(0,7T],

where 52 5
Lrey= 887;; + a(m)a—i —b(z, t)y,
together with the following interface conditions:
Iy
Wan =0, |Z|@n=0 te@1) (1.15)
z

Here, ¢ is a small parameter such that e € (0, 1]; and we assume that the convection coefficient a(z), the reaction
term b(x,t), and the source term g(x,t) are sufficiently smooth on 0~ U @, D and D~ U D+, respectively;

such that
lal(@ < C, g4, 8) < C,

_ (1.16)
b(x,t) > B3>0, on®D.
‘We consider two cases for the convection coefficient:
Casel: —mj <a(x)<-m <0, z<d, m>a(x)>m >0 z>4d, 1.17)
CaseIl:a(z) >my >0, Q@ UQ". (1.18)

The boundary and the initial data, ¢.e., i.e., s;, s, and qg are also assumed to be sufficiently smooth. Here,
71(d,t) = g(d*,t) — g(d—,t), where g(d*,t) = lim, ,a+0g(z,t). In Case I, the solution of the IBVP
(1.14)-(1.16) with (1.17) generally possess strong interior layers of width O(e) in the vicinity of the point
x = d; and in Case II, the solution of the IBVP (1.14)-(1.16) with (1.18) generally possess a boundary layer at

13



left boundary = = 0 and a weak interior layer in the right side of the point = d of width O(¢).

1.6.6 Singularly perturbed semilinear parabolic PDE with nonsmooth data

Here, we consider the following class of singularly perturbed parabolic IBVPs of the form:

Lo ey(ax,t) —b(x,t, y(x,t)) — g-;’ =g(2,1), (z,t)ed® UDT,
y(z,0) = qo(z), ze€Q=10,1], (1.19)

y(O,t) = Sl(t)v y(lvt) = ST(t)a te (O>T]7

where 52 5
L] Yy
Lm,sy = 58.%2 + a(l’)%,
together with the interface conditions
9y
[y] (d7 t) =0, |:87:| (dv t) =0, te (07 T]' (1.20)
z

Here, ¢ is a small parameter such that ¢ € (0, 1]; and it is assumed that the convection coefficient a(x) is smooth

onQ and @', and the source term 4(z, t) is smooth enough on ® and D such that

a(r) >m>0,Vze UuQh,

[a](a)| < C, |lgl(a, )] < C. (1.21)
In addition, it is assumed that the function b(z, ¢, y) satisfies that

5b(x,t,y)
dy

>B >0, (x,ty)eDxR (1.22)

The boundary and the initial data, i.e., s and qq are also assumed to be sufficiently smooth. The solution of
the IBVP (1.19)-(1.22) generally possesses a weak interior layer to the right side of x = d, in addition to the
boundary layer at 2 = 0 of width O(e).

1.7 Structure of the thesis

The thesis is composed of eight chapters and the rest of the chapters are structured as follows:

The major research contributions are presented in Chapters 2-7; out of which the first four chapters are
devoted to investigation of robust numerical methods for time-dependent SPDEs with smooth data; and the
remaining two chapters are for time-dependent SPDEs with nonsmooth data. A concise description of research
works in those chapters are sequentially unveiled below.

In Chapter 2, we propose and examine a robust numerical method for one-dimensional singularly perturbed
linear parabolic IBVPs of the form (1.1)-(1.3), which can consist of the time-dependent convection coefficient.
At the beginning, we discuss about the analytical properties which include stability and asymptotic behavior of
the solution of the continuous problem. We then analyze a new FMM together with the Richardson extrapolation
technique (solely in the temporal direction) for achieving higher-order numerical approximation (with respect
to both space and time) of the IBVP (1.1)-(1.3). To constitute the fully discrete scheme associated with the

new FMM, firstly we discretize the governing PDE using the backward-Euler method in the temporal direction;
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and afterwards, the resulting semidiscrete problem is approximated by proposing a new hybrid finite difference
scheme in the spatial direction. To achieve this, the spatial domain is discretized by means of a piecewise-
uniform Shishkin mesh accumulated near the boundary at + = 1, and the time domain by an equidistant
mesh. At the end, numerous numerical results are presented to corroborate the theoretical findings; and also
to demonstrate the computational efficiency (in terms of computational time) and the accuracy of the present
numerical method in comparison with the existing numerical method given in [81]. Further, we carry out

numerical experiments for the semi-linear parabolic problems using using the Newton’s linearization technique.

In Chapter 3, we extend our study for cost-effective higher-order numerical approximation of two-dimensional
singularly perturbed linear parabolic IBVPs of the form (1.4)-(1.6) consisting of the time-dependent boundary
conditions. Firstly, we present the analytical properties of the solution of the continuous problem; and thereafter,
we study computational aspects of the IBVP (1.4)-(1.6) by proposing a new FSFMM, followed by the Richard-
son extrapolation technique solely in the temporal direction. The proposed FSFMM combines the fractional
implicit Euler method to discretize in time and a new hybrid finite difference scheme to discretize in space. To
constitute this method, we discretize the spatial domain using a non-uniform rectangular mesh (tensor-product
of 1D piecewise-uniform Shishkin meshes with N mesh-intervals in each spatial direction), and the time do-
main by an equidistant mesh. In addition to this, we discuss the order reduction phenomena in connection with
the classical evaluation of the time-dependent boundary conditions. Finally, numerous numerical experiments
demonstrate that the theoretical findings match well with the numerical results. We also compare the accuracy

of the proposed method with the FSFMM proposed in [22] to show the robustness of the current algorithm.

Chapter 4 is devoted to the study of two novel computational methods for one dimensional singularly
perturbed semilinear parabolic IBVPs of the form (1.7)-(1.9). The study begins with stability analysis and
derivation of asymptotic behavior of the analytical solution of the governing semilinear problem. We approxi-
mate the IBVP (1.7)-(1.9) by proposing two new FMMs followed by the extrapolation technique; and provide
convergence analysis of those methods. The first one is the fully-implicit method which utilizes the implicit
Euler method for the temporal discretizing; and the other one is the implicit-explicit IMEX) method which
utilizes the IMEX-Euler method for the temporal discretizing. The spatial discretization for both the numerical
methods is based on a new finite difference scheme. To accomplish this, the spatial domain is discretized by
means of a piecewise-uniform Shishkin mesh accumulated near the boundary at z = 1, and the time domain
by an equidistant mesh. Finally, numerous numerical results are presented to validate the theoretical findings,
and a comparative study is made among the proposed methods along with the standard implicit upwind finite
difference scheme to test the effectiveness of the newly developed methods with regard to the order of accuracy

and the computational cost.

In Chapter S, we extend our study of analyzing different computational methods for two-dimensional sin-
gularly perturbed semilinear parabolic IBVPs of the form (1.10)-(1.13). At first, the analytical properties of the
solution of the continuous problem is discussed. At first, two new FSFMMs are developed and analyzed for
cost-effective numerical approximations of the IBVP (1.10)-(1.13), and later on, the extrapolation technique
is applied solely in the temporal direction to achieve globally higher-order accurate numerical solution. The
proposed methods are the fully-implicit fractional-step method, which utilizes the the fractional implicit Euler
method for the temporal discretizing; and the IMEX fractional-step method, which utilizes the fractional IMEX-

Euler method for the temporal discretizing. The spatial discretization for both the numerical methods is based
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on a new finite difference scheme. To constitute this method, we discretize the spatial domain using a non-
uniform rectangular mesh (tensor-product of 1D piecewise-uniform Shishkin meshes with N mesh-intervals in
each spatial direction), and the time domain by an equidistant mesh. In addition to this, we analyze the order
reduction phenomena in connection with the classical evaluation of the time-dependent boundary conditions.
Finally, we carry out extensive numerical experiments to validate the theoretical findings. Moreover, the nu-
merical results of the proposed methods are compared with the fractional-step implicit upwind finite difference
scheme to examine the robustness of the newly developed methods.

Chapter 6 deals with two different class of singularly perturbed linear parabolic convection-diffusion IB-
VPs of the form (1.14)-(1.16) with nonsmooth data. At first we focus our attention on the IBVP (1.14)-(1.16)
together with the condition (1.17), whose solution possesses strong interior layers. Here, we devise and analyze
a new efficient FMM, which is constituted utilizing a suitable layer-resolving Shishkin mesh in the spatial di-
rection. Next, we turn our attention to the IBVP (1.14)-(1.16) together with the condition (1.18), whose solution
exhibits both boundary and weak interior layers. Here, we propose and analyze a new efficinet FMM, which is
constituted utilizing a modified layer-adapted mesh in the spatial direction. The modified layer-adapted mesh
is a modification of the standard Shishkin mesh adapted to both boundary and weak interior layers. In the
both cases, we use an equidistant mesh in the temporal direction. Finally, extensive numerical experiments are
conducted in both the cases to support the theoretical findings and also to show the improvement in terms of
spatial order of convergence in comparison with the existing numerical method. Further, we carry out numerical
experiments for the semi-linear parabolic problems using using the Newton’s linearization technique.

In Chapter 7, we focus on robust numerical approximation of a class of singularly perturbed semilinear
parabolic IBVPs of the form (1.19)-(1.22) with nonsmooth data. Here, the solution exhibits both boundary
and weak interior layers. At first, we study existence, stability of the analytical solution of the governing
semilinear problem and derive asymptotic behavior of the analytical solution. We then propose and analyze a
higher-order time accurate FMM utilizing a suitable layer-adapted Shishkin meshin the spatial direction and
an equidistant mesh in the temporal direction. Finally, The theoretical error estimates are finally verified by
numerical experiments, which also include comparison of the proposed numerical method with the implicit
upwind method in terms of order of accuracy.

The thesis ends with a summary of the research contributions in Chapter 8; and also provides intuitive
ideas for possible future scopes of the current research works. It is to be noted that the examples considered in
the thesis satisfy the required compatibility conditions. In this context, one can see Appendix B|which verifies

the compatibility conditions for examples considered in Chapter 3|and 5.
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Chapter 2

On c-Uniform Higher-Order Accuracy of New Efficient
Numerical Method for Singularly Perturbed 1D Linear
Parabolic PDEs with Smooth Data

This chapter aims to achieve higher-order numerical approximation to the solutions of a class of singularly per-
turbed parabolic problems which can consist of the time-dependent convection coefficient and generally possess
regular boundary layer. In order to fulfill the aim, at first we develop and analyze an efficient numerical method
by discretizing the model problem using a new finite difference scheme on an appropriate layer-adapted mesh
in the spatial direction, and the time derivative using the backward-Euler method on an equidistant mesh. We
adopt the two-stage discretization process to establish the parameter-uniform estimate in the discrete supremum
norm; and provide stability analysis in both the temporal and spatial discretization cases. Afterwards, we apply
the Richardson extrapolation technique solely in the temporal direction for enhancing the temporal accuracy.
We finally show that the resulting numerical solution is globally second-order convergent with respect to both
the spatial and temporal variables. At the end, numerous numerical results are presented to corroborate the
theoretical findings; and also to demonstrate the computational efficiency and the accuracy of the present nu-
merical method in comparison with the existing numerical method. Besides this, we extend the computational

experiment by solving the singularly perturbed semi-linear parabolic problem.

2.1 Introduction

In this chapter, we study the following class of singularly perturbed parabolic convection-diffusion initial-
boundary value problems (IBVP) posed on the domain ® = Q x (0,7] = (0,1) x (0,77:

0 .
(57 + Loc)ul@t) = g(a,t), D,

y(x,0) = qo(x), onQ=10,1], (2.1)
y(07t) = Sl<t)7 y(lvt) = Sr(t)v te [OvTL

where

&%y dy

LLE_I/ = —&‘w + a(ﬁ,t)% + b(.’E,t)y,
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e € (0, 1] is a small parameter, and the coefficients a(x, t), b(z,t) and the source term g(z, t) are considered to

be sufficiently smooth with
a(z,t) >m >0, b(z,t) > >0, onD =Q x [0,7]. (2.2)

The existence of the solution y(z, t) of the IBVP (2.1)-(2.2) follows from [Chapter IV, §5] of the book [65] by
Ladyzenskaja et al. The solution of the IBVP (2.1)-(2.2) generally possesses boundary layer at x = 1 of width
O(e). In the model problem, apart from imposing the smoothness criterion on a, b and g, the boundary and the
initial data, i.e., s, s, and qqg are assumed to be sufficiently smooth. Besides this, the following compatibility

conditions are imposed at the corner points (0,0) and (1,0):

90(0) = 5:(0), go(1) = 5(0), (2.3)
and
s 2
d c1;0) =4(0,0) + Ed sggo) _ a(o,O)Chc‘;g(CO) —b(0,0)qo(0), s
s 2 .
el 1,00+ 01,0180 —p1,0)q0(1).

Under these hypothesis the IBVP (2.1)-(2.2) exhibits a unique solution y € €2+7(D). Further, in order to derive
the bounds of the derivatives up to fourth-order in space and second-order in time in Lemma 2.3, we require
the solution y € €*7(D), which is ensured by the assumption of the compatibility conditions in (2.3)-(2.4)
together with the following compatibility conditions at the corner points (0, 0) and (1, 0):

d®s;(0) _ 9g(0,0) ab(0,0) . 9a(0,0)
a2 ot - qO(O) ot - qO(O) ot - Ll’ﬁ <ﬂ - £‘$7€q0) (07 0)7 .
ds,(0)  g(1,0) ab(1,0) . 8a(1,0) '
a2 ot —qo(1) ot —qo(1) ot _Lx,€<ﬂ_£m,€q0) (1,0).

Here, it is important to note that papers [26, 81] assume the convection coefficient ‘a’ as the function of x only,
i.e., a = a(x). However, we consider time dependent convection coefficient in the considered PDE in (2.1)
which makes the theoretical and computational analysis more interesting and challenging.

The layout of this chapter is structured as follows: The properties of the analytical solution consisting of the
stability and the asymptotic behavior are discussed in Section 2.2. Section 2.3 provides an appropriate layer-
adapted mesh and describes the newly proposed numerical method. In Section 2.4, we perform the convergence
analysis by adopting the two-stage discretization process. Firstly, we estimate the error related to the time
semidiscretization and later, we estimate the error related to the spatial discretization of the resulting stationary
problem (2.15). Finally, we prove the main convergence result related to the e-uniform error estimate of the
proposed method. In Section 2.5, we discuss about the temporal Richardson extrapolation. Further, Section 2.6
presents the Newton’s linearization method for solving the singularly perturbed semi-linear parabolic problem.
Finally, the numerical results are presented in Section 2.7 for several test examples to validate the theoreti-

cal results; and the computational efficiency accuracy as well as the accuracy of the present method are also
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compared with the existing scheme. The chapter is ended up with a brief summary in Section [2.8.

2.2 The analytical solution of continuous problem

In this section, we discuss properties of the analytical solution of the IBVP (2.1)-(2.2) and its derivatives. These
properties are essential for convergence analysis related to the numerical approximation of the IBVP (2.1)-(2.2).
At first, we show that the differential operator (gt + LLE) corresponding to our model problem (2.1) satisfies
the maximum principle in Lemma 2.1 and consequently, we obtain the stability result in Lemma 2.2. A concise
proof of Lemma 2.1 is furnished below for clarity of the presentation. Let 9D = D\D.

Lemma 2.1. Let the function ¢ € €%(D) N C2(D) be such that ¢ < 0, on 0D and (gt + Lm)qﬁ <0,in®,

then it implies that ¢ < 0 on D.

Proof: Here, we use method of contradiction. Firstly, ¢ € C°(D) = there exists (s,7) € D such that

o(s,7) = max_¢(x,t),
(z,t)eD
and without loss of generality, we assume that ¢(s,7) > 0. Now, in conformity with the hypothesis of the

maximum principle, ¢(z,t) < 0 on 09 = (s,7) € D. Therefore, under the above assumption, we have

0 0
<§ + Lz@)qﬁ(s, 7) > 0, and this contradicts the hypothesis that <§ + Lw)qﬁ(x, t) <0forall (z,t) € D.
Hereby, we complete the proof. |

The following e-uniform stability result is deduced by applying Lemma 2.1.

1
Lemma 2.2. The solution y(x,t) of the IBVP (2.1)-(2.2) satisfies that ||y||lz < ||lylloo + =gz
m

Now, according to the result stated in [[90], Lemma 2.2], without loss of generality, we assume that y = 0
on 09. Hence, the first-order compatibility conditions in (2.4) and the second-order compatibility conditions
in (2.5), respectively imply that

94(0,0) dg(1,0)

5(0.0)=0=4g(1,0), and “5= — Ly25(0,0) = 0= "= — Lo.g(1,0). (2.6)

Now, apart from assuming the conditions on the function g4 at the corner points (0,0) and (1,0), we further

assume the following conditions:

&7%4(0,0)

Sop =0 for0<j+2k<3, 2.7)

which are required to show that the reduced solution U(x,t) of the IBVP (2.1)-(2.2) is sufficiently smooth.
Afterwards, we decompose the solution y(z, t) as

y(x,t) = U(x,t) + V(x, t) + W(x,t),

where 7 is a boundary layer type function and W is the remainder term which is of O(¢); and derive the bounds
of the derivatives given in (2.8) by adopting the approach given in [90], as mentioned in [99, Part II, Section
2.2, Remark 2.8].
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Lemma 2.3. The derivatives of the solution y(x,t) of the IBVP (2.1)-(2.2) satisfy the following estimate

)8j+ky(x,t)

Bl 5 ‘ < C’<1 + e exp(—m(1 — x)/e)), (z,t) €D, (2.8)

YV j, k € NU{0} satisfying 0 < j + 2k < 4.

2.3 The discrete solution of continuous problem

This section provides the description of the layer-adapted mesh for discretizing the domain ® and the proposed
numerical method for discretizing the IBVP (2.1)-(2.2).

231 Discretization of the domain

Let N(> 4) be an even positive integer. Now, to discretize the domain D, we construct a mesh EN’N =
o x ALt Here, @" is denoted as the piecewise-uniform Shishkin mesh on the spatial domain Q as depicted
in Fig 2.1. To construct the mesh, we partition Q into two sub-intervals [0,1 — 1] and [1 — n, 1], where the

transition parameter 1 is defined by

1
n= min{g,noeln]\f}, no = 2/6,

where 6 is a positive constant to be determined later. We consider non-uniform mesh in the analysis and for

that we considern = ngpeln V.

N
vz

Figure 2.1: Shishkin mesh

Now, on each sub-interval we place equidistant mesh with N/2 mesh-intervals such that oV = {z; }évzo,
where o(1 _
ﬂy for 0 < j < N/2,
_ N
= N 2
(1-m)+ (j - E)Nn for N/2 < j < N.

On the other hand, we construct an equidistant mesh, denoted by A% := {tn}nMZO’ with M mesh-intervals in
the temporal direction having the step-size At = T'/M. Next, hj = x; — x;_1, 1 < j < N, is denoted as the
step-size in the spatial direction such that ﬁj = hj + hjy1,1 < j < N —1; and it follows from the definition
of z;’s that

H=2(1-m)/N, forl<j<Z,

h = 2n/N, for § < j < N.
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2.3.2 Proposed numerical method
Firstly, we discretize (2.1) by using the backward-Euler method with respect to the the temporal variable and it

yields the following semidiscrete scheme:

P (z) = (), z€Q,
(I + ALyt )y (@) = 4™ (2) + Atg(z, tysr), wE€Q, 2.9)
yn-i-l(o) - sl(t”Jrl)’ yn+1(1) = Sr(thrl)a

where
2

Lot = _58(12 + a(x’t”“)aax +b(z, tni1)-
Here, 4" () denotes the semidiscrete approximation to the exact solution y(z, t) of the IBVP (2.1)-(2.2) at the
time level ¢,, = n At.

Afterwards, in order to constitute the fully discrete scheme, we discretize (2.9) in the spatial direction by
proposing a new hybrid finite difference scheme. The scheme consists of a modified central difference scheme
whenever ¢ > ||a|| N~!; and whenever ¢ < ||a||N~!, the scheme is constituted by combining the midpoint
upwind scheme in the outer region (0, 1 — 1] and the modified central difference scheme in the boundary layer
region (1 — 1, 1).

Thus, to get the numerical solution of the IBVP (2.1)-(2.2) on §N’At, we use the fully discrete finite difference
scheme of the following form:

VP =qo(z;), 0<j<N,

(
Y AL VI = Y At
for 1 < j < N/2, and when & > ||a||N 7!,

+1 +1 +1 _ +1
}/jn—l/Z + Atl"’TJif,mqu'jn - ijn—l/Q + Atﬂjﬂ—l/Q’
(2.10)
for 1 < j < N/2, and when ¢ < [|a| N},

1 1 1 1
Yj”+ + Atﬁyvfmcdyj“ =Y+ Atg]ﬂ* ,

for N/2<j <N —1,

Yo = sitan). YR = 8,(tnen), n=0,1,. M1,

where
n+1 n+l _ g2y n+l n+l ny—vn+l n+1 n+1
SRt ¥] ! = eV L@ DY Y
n+1 n+1 __ 2vn+1 n+1 sy n+1 n+1y n+1
LRl Yl = a2yl g @ Dy g ity
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a™th

Let pj = (5 — jTJ) Then, we rewrite the difference scheme (2.10) in the following form:

VY =qo(zj), 0<j<N,
A 1 _ 1 +1 +1 _ ~ntl
LYYy = gy Y + p§Y T+ Y = g,
(2.11)
for1 <j <N -1,
Yot = si(tns1), Y =s.(tws1), n=0,1,...,M—1.
Here, the coefficients p ", 115, uj are given by
( _ _
1y = At g e 15 = ARG, 5+ 1, 0 = Aty
for1 < j < N/2, and whene > ||a|N~!,
- _ - 1 _ 1+ +
Hi = Al + 30 1= Aty 50 1 = Al
(2.12)
for1 < j < N/2, and whene < ||a|N~!,
- _ - _ + _ +
By =AUy 15 = Abpg g+ 1 pf = Bt iy g
for N/2<j < N-—-1,
where
+1 +1 n+1
P % G54 N iy g = 20 _ 9%
;o — T X - 9 mcea,j .
mup,J hjih; h; 2 hjh,; h;
9 n+1/ bn—H/ % n+1
¢ _ i=1/2 _ %-1/2  and R - 4t (2.13)
Mmup,j hjhj+1 + hj + 2 MmCd’j hjthrl hj J ’
2e 2p;
_ + j
Pomupj =~ Bomedj =~
mup,j hj hj+1 'med,j hj hj+1
and the right hand side vector G"*! in (2.11) is given by
Y+ At gt for 1 < j < N/2, and when ¢ > |ja| N1,
LV, + At g™ + LY+ Atgr Y,
g]n+1 _ (2.14)
for1 < j < N/2, and when ¢ < ||a||N 71,
Y+ At gt for N/2<j<N—1.

2.4 Convergence analysis

In this section, we derive the e-uniform error estimate associated with the fully discrete scheme (2.11)-(2.14).

In order to derive the required estimate, we adopt the two-stage discretization process. Firstly, we estimate the
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error related to the time semidiscretization and later, we estimate the error related to the spatial discretization

of the resulting stationary problem.

241 Error related to the time semidiscretization
Here, we estimate the global temporal error related to the approximation of the exact solution y(z,t) of the
IBVP (2.1)-(2.2) at the time level ¢ = ¢, by the semidiscrete solution 3™ (z). For this purpose, we perform

the stability analysis and also present the consistency result of the scheme (2.9).

2.4.1.1 Stability
In the following lemma, it is shown that the operator (I + AtLgfgl) satisfies the maximum principle.

Lemma 2.4. Let the function ¢ € C°(Q) N €*(Q) be such that 1(0) < 0, ¢(1) < 0, and (I + AtLIE)(z) <
0, forall x € Q, then it implies that {)(x) < 0, for all x € Q.

Proof: The outline of the proof is similar to that of Lemma 2.1. |
Now, the result in Lemma 2.5 guarantees the stability of the time semidiscrete scheme (2.9) and hereby

ensures that the scheme (2.9) produces a unique solution after each time step.

Lemma 2.5. Let the function Z. € C°(Q) N C%(Q) be such that Z(0) = 0 = Z(1). Then we have

IZ[} < (7 + AeezEhz]|.

1
(1+ BAL)
Proof: Consider the following functions

Yr(a) = I+ aes 2| £ 2@, wen

(1+ BAt
It is obvious that ¢)*(0) < 0, ¥»*(1) < 0, and since,

(I + AtL2EY||(1 + AtLzthz |
(1+ BAE)

> ||(I+ AL EHZ|| = (I + ALt *=(z) <0, z€q,

by applying Lemma 2.4, we obtain the desired result.
n

24.1.2 Temporal error

We define e" ™1 (x) = y(z,tn41) — 4™ () as the global error related to the time semidiscrete scheme (2.9) at
the time level ¢,,1. It is to be noted that for deriving the required estimate of the global error at the final time
step, one needs to consider the contribution of the local error obtained at each time step. Due to this reason, we
obtain estimate of the local error in Lemma 2.6.

Now, let us denote ’17”“1 (z) as the solution of the semidiscrete scheme (2.9) obtained at the time level ¢,,11, by
choosing y(x,t,) as the initial data instead of 4" (), x € Q; and hereby, we introduce the following auxiliary

BVP:
(I + ALY (2) = y(a, tn) + Atg(a,tny), ©€Q,

7H0) = si(tnr), 71 (1) = sp(tag).

2.15)
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Lemma 2.6. The local error related to the time semidiscrete scheme (2.9) at the time level t, 1, defined as

et (z) = y(x,tny1) — ¥ (2), satisfies the following estimate:
[+ < cran?. 2.16)

Proof: Applying Taylor’s theorem on the analytical solution y(x,t) with respect to the temporal variable, we

have

Oy(w, tus1) | (AD)? Oy(x,5)
ot 2 otz
(At)? 8%y(z, 5)

= (I + AL y(@, tnr) — Atg(@, tngr) + S aE (2.17)

y($,tn) :y($atn+1)_At tn <8 <tpt1,

On the other hand, from (2.15) we have
y(z,ty) = (I + ALV T (2) — Atg(z, tair). (2.18)

Since, €"*1(0) = 0 = ¢"*1(1), by using Lemma 2.5 on €"*!, we obtain from (2.17) and (2.18) that

0%y
e < O||(1 + Aterthye || < C(At)QH—atz H
0%y
Thus, the proof is completed by using the bound of 2 from Lemma 2.3. |

Now, we rewrite the global error as
" () = e (z) + d" T (2),
where the term d" ! (z) = 3! (z) — y" ! (), satisfies the following:
I+ Atﬁgzl)dnﬂ(aﬁ) =e"(z), zeq
{ d"t1(0) =0, d"t(1)=0.
Then, by using Lemma 2.5 on d"!(z), we obtain that

el < )+ s el

1
1+ BAY)
Finally, using the above relation recursively and by invoking the consistency result in Lemma 2.6, we obtain

the desired estimate of the global error stated in the following Lemma.

Theorem 2.1 (Global error). Under the hypothesis of Lemma 2.6, the global error e"t! satisfies the following

estimate:

sup He”Jrl H < CAt.
(n+1)At<T
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2.4.2 Error related to the spatial discretization
Here, we analyze the following discrete problem, which is obtained by discretizing (2.15) with respect to the
spatial variable using the proposed hybrid scheme as described in Section 2.3:
At ontl —  —yntl ol o+l _ it
LN Yj™ = i Y Y7+ i Y = it
for1<j <N -1, (2.19)

i;on+1 e Sl(tn+l); )7;\}+1 = Sr(tn+1)7
where the coefficients 1, uj, p5 are described in (2.12)-(2.13) and E;‘H is given by
y(xj, tn) + Atg}”l, for1 < j < N/2, and when ¢ > |la|N 7!,

o B0t D) 4 Syl ) + Aigl ),
T (2.20)

for 1 < j < N/2, and when ¢ < ||a|]|[N 7!,

| y(@jitn) + At it for N/2<j< N -1

In the subsequent sections, we analyze the stability and the truncation error associated with the above discrete

problem; and finally, we derive the local error estimate related to the spatial discretization of (2.15).

2.4.2.1 Stability
In the following lemma, we prove that the difference operator L]%thyb defined in (2.11)-(2.13) satisfies the

discrete maximum principle.

Lemma 2.7 (Discrete maximum principle). Assume that the following conditions hold for N > Ny:

N/InN > np||a|| and (2.21)

nN > (o] + Ait) 2.22)

. e . . =N .
where Ny is some positive integer. Then, for fixed n, if any mesh function Pp"T': Q" — R satisfies that

0T <0, O <0, and LY, W0 <0, for 1 < j < N — 1 then it implies that O < 0, for all j.

Proof. In conformity with the hypothesis of the discrete maximum principle, without loss of generality we

consider 11)?“ = 1, for fixed n; and assume that the mesh function 1p; satisfies the following system:

L%fhybll)j =wj, for1 <j <N -1,
(2.23)
Yo =wo, Yy =wn,

where w; <0, for0 < j < N.Now, we consider the following two cases to prove that the (N +1) x (N +1)
matrix 4, associated with the coefficients of \; in (2.23) for 0 < j < N, is an M-matrix.
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Case.l Lete > |la|| N~L. Since H < 2N, for 1 < j < N/2, we have
H
0y > (- @) >0,
2
and also for N/2 4+ 1 < j < N — 1, we have
IIaHh> ( HaHH)
> (e -2 > (e - ) 5 o,
pj > (5 5 ) 2 \¢ 5 >

Hence, it follows from (2.12)-(2.13) that py; <0, ,u;r < 0 and |,u§] — |,u;| — |,u;r| >0,forl1<j<N-1.
Case2. When ¢ < ||a|| N 1. Here, for N/2 +1 < j < N — 1, using (2.21) we obtain that

h
pj 2 (- ”6‘2”) — (1~ lalneN "M N) >0,

and hence it follows from (2.12)-(2.13) that yi; <0, ,u;r < Oand |p§| — [p; | — \,u;r| >0,forN/2+1<j<
N — 1. Again, for 1 < j < N/2, we have uj < 0 and using (2.22) we obtain that

. _ 1
Hi = Bty t+ 5

2
_ _2€At B At[a;ﬂ_ll/g B b?jll/g B 1
 hjhy H 2 2A¢
At 1
= — bl — —1 <
< 4] =0

and further we have

2e an+11 2 bﬁi1 2 2e 1
g |+ | < At (54 L2 A () S < ]
hjhj hj 2 hjhj_H 2

This shows that under the assumptions (2.21) and (2.22), the matrix 4 is an M-matrix, and since 4 is also
irreducible, 2-1 > 0. We thus obtain the desired result. [ |

Remark 2.1. From Lemma 2.7, it can be concluded that the spatially discrete scheme (2.19)-(2.20) is uniformly
stable under the assumption (2.21) and (2.22) in the discrete supremum norm and the corresponding system has

a unique solution.
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2.4.2.2 Truncation error

For the numerical scheme (2.19)-(2.20), the local truncation error is defined as

N,At At ~n+l  yntl
s LN,hyb[yj Y B

BT ST T (T 4 AL @),

for1 < j < N/2, and whene > ||a|N~!,

1
—~n+1 |, , e~n+1 ~n+1 ~n+1 1
BT ST — S (A (L) (50))

1
= ¢ (@ AT @),
for1 < j < N/2, and when ¢ < [ja|N "},

W S = (7 A L) (@) )

for N/2 <i< N —1,

At ‘IJJ.Y?M . (2.24)

Here, for any sufficiently smooth function ¢: @ — R, ‘J';Vd) denotes the truncation error corresponding to the
stationary singularly perturbed problem and is obtained by approximating the differential operator £, . with
respect to the spatial variable using the newly proposed hybrid scheme. Let ¢; = ¢(x;). Thus, it follows from
(2.24) that

L cabi — (Locd)(zj), for1 < j < N/2, andwhene > [lal| N1,

The = 8 LWt @j — (Lyed)j1/9, forl<j < N/2, andwhene < [ja| N1, (2.25)

N,mup

Lot 0 — (Laed)(z;), forN/2<j< N-—1.

N,mc
In the next lemma, the required estimates of ijcb are derived by making use of the Taylor’s theorem on the func-

tion ¢ and in this regard, we consider the remainder term in the integral form, i.e., 7l / (x — s)k d)kﬂ(s)ds,
FJE

which arises while approximating ¢ (z) by a Taylor polynomial of degree k around a point £ € Q.
Lemma 2.8. One can obtain the following estimates:
(i) whene > |la| N7,

‘L%T%Cd(d)j) - (L“d’)(fﬂj)) < Chy [6 /““j“

Tj—1

m@@mm+/”“w@wmﬂ,
- for1<j < N/2,
(2.26)
n+1 Zj Tjt1
L)~ (Coct)ap)| < O [

Tj—

+1
6O lds+hy [
1

Tj—1

6(s)]ds],
Jorj=NJ2,
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and when ¢ < ||a|N~%, for 1 < j < N/2,

R (5) = (L)

gykéjkWMmHmm/ (10@ )]+ 16 (s)| + 16D (s)1)ds],

j—1

(ii) for N/2 < j < N —1,

i1

|¢(4)(5)|d5+/$3 |c[>(3)(s)]d,s}.

j—1

) — ()| < Ot [e [

Tj—1

(2.27)

(2.28)

Now, to derive the bounds of the truncation error ‘.T;Yylf f 1, one needs to know about the asymptotic behavior

of the analytical solution of the auxiliary BVP (2.15) and its derivatives. For this purpose, the solution 3" (z)

is decomposed in the form (2.29) and the required bounds of its components are obtained in the following

lemma.

Lemma 2.9. The analytical solution of (2.15) is decomposed as

) =7 @) v (@), zeq

where the components "' () and "1 () of the solution 3" () satisfy the following bounds:

‘dj n+1()’<0[1+ i1 L 0<i<4
mEn eI exp(-n(l—2)/e)|, for0<j<4,
e dy*t'(1)

7 (@) = exp(—a(l,tpy1)(1 — ) /e), v = a(l,thy1) dx

Proof: The proof follows from [18].
In the following lemma, we obtain the bounds of the truncation error ‘J';Vy’ﬁfl.

Lemma 2.10. The truncation error given by (2.24) satisfies the following bounds:

CAt {H2 +e texp(—m(1 — xj)/e)},
for1 < j < N/2, and when e > ||a||N~1

CAt {&‘H + H? + H Y exp(—m(1 — xj_H)/s)},
for1 < j < N/2, and when e < ||a| N1

TN < CAt[eH + H? + e exp(—n(1 - 2;)/2)]
forj = 2\7/27 andwhena > ||GHN_17

CAt [sH +H? + e texp(—m(1 - Ii+1)/5)}’
forj = N/2, and when ¢ < ||a||N~1,

CAt {hQ + h%e 3 exp(—m(1 — asj)/s)}, forN/2<j<N-1
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Proof: From (2.24), it is clear that in order to obtain the bound of ‘J'jvg’ff 1, one needs to determine the appropriate

bound of ‘J’jj.vgnﬂ. In doing so, firstly we decompose ‘J’j].\%n+1 using the decomposition of 7"+ in (2.29), as

(-T‘%n+l == (Jij]'?%TH»l + ‘Y‘:T‘%WH»I (2‘31)

where ‘J'é\%nﬂ and ‘J’;VEH ., denote the truncation errors corresponding to " *1(x) and 7"+ (z), respectively.

Afterwards, by making use of Lemma 2.9 and 2.8 in (2.31), we obtain the required bounds of T]NgnH by

considering different cases depending on the location of mesh point x; € ﬁN, in the following way.

Case 1: Let 1 < j < N/2. Here, two sub-cases are considered based on the relation between ¢ and N.

1) When ¢ > ||a||N 1. Using the bounds of the derivatives of p 1 iven in Lemma 2.9 and the estimate
g g
given in (226), we deduce that

[T | = VR ey T = Laep™ ()]
< c[hj(hj +hje1) + hjs—l{ exp(—m(1 — 2j41)/¢) — exp(—m(1 — zj_1) /5)}]
< C[H2 + He’l{ exp(—m(1 — z;41)/¢) — exp(—m(1 — xj_l)/g)}]
~C [HQ + He Y exp(—n(1 — z;)/e) sinh(mH/s)] .

Now, since ¢ > ||a||N~! implies mH /e < 2 and for 0 < £ < 2, sinh & < O, we obtain that

[Tis] < C[H? + 22 exp(-m(1 — ;) /).

Similarly, using the bounds of the derivatives of 7”1

(2.26), we obtain that

given in Lemma 2.9 and the estimate given in

[T ] = Ny ™ = Lo (2))]
< C[Hg_2{ exp(—a(l,tn41)(1 —xjq1)/e) —exp(—a(l, tpp1)(1 — J:jfl)/E)H

< CH2 exp(—a(l, tan)(1 — ;) /¢)|.
Finally, using the bounds of ‘Té\%nﬂ and ‘Tj\%n 41 10 (2.31), we have
TNn| <O [H2 + H2e 3 exp(—n(1 — ;) /e)}
e [HQ + e Lexp(—m(1 — xj)/g)} .

(i) When ¢ < ||a||N~!. Using the bounds of the derivatives of 7"*! given in Lemma 2.9 and the estimate
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given in (2.27), we deduce that

[T 1| = N ) T = Lo ()]
< O[a(hj + 1) + hy% o+ { exp(—m(1 — 2j41)/¢) — exp(—m(1 — xj_l)/g)}
+ hjs_l{ exp(—m(1 — z;)/e) — exp(—m(1 — :L‘j,l)/s)H

< C[aH + H? + exp(—m(1 — zj41)/e) + He ' exp(—m(1 — x])/s)}
Now, since h; = h;;1 = H and s” exp ( — s) < C, we obtain that

[Ts] < C[H + H + exp(—m(1 — 2;11)/2)].

To find the bound of ‘TNm .|, we proceed by finding the bound for the exact expression of TN, ,, =
1 ~nad gt o
L?\/Tmupg;‘l+ - (Lx,aqn—i_l)jfl/g. Here,

TRt = o @ =T + 1 (G =G + (2.32)
+1 2~n+1 2~n+1
bit (T -7+ 1€(d G i )
2 J 71 2 dx? dax?
+1 +1
L (af‘“d?}z + “*1—%& ) (2.33)
2\ dz =t gy ) '

Now, using the expression in (2.33) and following the argument given in (2.30) for 1 < j < N/2, we
obtain that

T enia] < CH ™ exp(=a(l, tns1)(1 = 2j41) fe).

Finally, using the bounds of ‘Tj\%nﬂ and ‘J’ﬁ%n 41 10 (2.31), we have
TN ] < C[EH + H? + H  exp(—m(1 — a;jﬂ)/s)} .

Case 2: Let j = N/2. Here, we also consider two sub-cases.

(i) When ¢ > ||a|| N~1. Using the bounds of the derivatives of 7! given in Lemma 2.9 and the estimate
given in (2.26), we deduce that

[T 1| = |ON heaBy T = Lo (35)]
= C[(e 4+ hy) (s + hys1) + { exp(-m(1 = 2511)/€) - exp(-m(1 — z;1)/e) }]
+hje  exp(-m(l = 2541)/2) — exp(-m(1 — z;-1)/2) |
< C[EH +H? 4 { exp(—m(1 — z;41)/¢) — exp(—m(1 — xj,l)/g)}} ,
eH + H? + { exp(—m(1 — z;)/e)(exp(mh/c) — exp(mH/a))H

—cf
< c[aH + H? + exp(—m(1 — xj)/s)} .
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Similarly, using the bounds of the derivatives of g"*!

(2.26), we obtain that

given in Lemma 2.9 and the estimate given in

|Ln+1 ~n+1l :1: Eqn—i-l( )|

N
Tt = 1EN mead;

< Ole{ exp(=all, tus) (1 = 251)/2) = exp(=a(l, tui2) (1~ 2;-1)/2) |

< C[Efl exp(—a(l,tp41)(1 —xj)/e)|.

Finally, using the bounds of ‘Tj\%nﬂ and ‘Tj\%n +1 10 (2.31), we have
|‘.T%n+1| < CleH + H? + e exp(—m(1 — z;)/¢)|.

(ii) When e < ||a||N~!. Arguing in the same way as it is done before, we obtain that

’7%n+1‘ ‘L?/tzupN;H_l LIﬁAﬁn—i_l (33])‘

< CleH + H? + exp(—m(1 — x;11)/e) + He L exp(—m(1 — z;)/¢)|.

On the other hand, using the expression in (2.33) and following the argument given in (2.30) for j = N/2,

we obtain that
TN ] < Ce ™ exp(—a(L, tar1) (1 - 2))/e).

Finally, using the bounds of ‘J'j\%nﬂ and "Tj\%n-&-l in (2.31), we have
TNl <C [5H + H? 4 e exp(—m(l — xj+1)/s)] .
Case 3: When N/2 < j < N — 1. Here, we deduce that

T pn+1\ ’Lrjtf+71ncd?;l+1 Locp™(z))]
<C _hj(hj +hje1) + hjg—l{ exp(—m(1 — z;41)/¢) — exp(—m(1 — xj_1>/a)}}
<C :hz + hsfl{ exp (—m(1 — zj41)/e) — exp(—m(1 — xj_l)/e)H

=C :hQ + he 2 exp(—m(1 — x;) /) sinh(mh/e)}

<C 12 4 p2e3 exp(—m(1 — x])/e)} ,
since the assumption given in (2.21) yields mh /e < 2 and for 0 < ¢ < 2, sinh¢ < C¢. Likewise

[T1] < Che2[exp (= a(l, tugn) (1 = 2541)/€) = exp(=a(l, tusr) (1 = 251)/e)

< Ch2e 3 exp(—a(l, tui1)(1 — z5)/e),
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Finally, using the bounds of ‘.T]].?%,LH and TJ]'YE” +1 1n (2.31), we have

“Iﬁ%n“’ <C {hQ + h2e 3 exp ( —m(1l — l’j+1)/€)i|.

Hence, the proof. |
2.4.2.3 Auxiliary results

This section begins with several vital results which is used in the error analysis.

Lemma 2.11. Consider the following mesh function

N

—1
11 (1+%) . for0<j<N -1,
8;(0) = k=j+1 ©
1, forj=N,

where 0 is a positive constant. Then, we get the following results:

(i) If0<m/2, then exp(—m(l—x;)/e) < 8;(0), for0<j<N-1. (2.34)
(i) Snja(f) < CN, (2.35)
Proof: See [109, Lemma 2.5] for the proof of (i) and [111, Lemma 3.1] for the proof of (i). [ |

Lemma 2.12. If 0 < m/2, then under the hypothesis (2.21) of Lemma 2.7, we have

At
%sj(e), for1 < j < N/2, and when > ||a| N7,

CAt

Lﬁfhybsj(e) > 8;(0), for1<j<N/2, andwhene < |la||N"!,

C?tSj(H), forN/2<j<N-—-1

Oh;
Proof. Here, we have 8;(0) — 8;_1(8) = —Z. Firstly, we deduce that
5

. : ithi 0 hiit 0
RS (0) 2 =—8,0(0) + i [ (C8500) + L850 (6))]
J J J
0 nt1 1 hj :
€+6h]8](6)|:a_7 h] thj|? 0[‘]7& / ’ ;
> (2.36)
—==0; et f = N/2.
ehjsj(g)[ j e+6hj]’ orj =N/
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and

. 20h,;? il [0
L mapSi(0) > = oy 5j—1(9)+aj_+11/2[55j—1(9)}
J
0 h;
> (0) |t — 20 . :
> S0 [ zehj} 2.37)

Next, from (2.12)-(2.13), we obtain that

LR85 (0) = 15 85-1(0) + 158;(0) + 11 8j41(6)
[ ALLRE81(6) +85(6),
for1 < j < N/2, and when & > ||a||N~!

9
)0

for1 < j < N/2, and when ¢ < [|a|N "1,

n 1
—{ ALl sj(9)+§(1+

N,mup

| ALY 485(0) +8;(0), for N/2 < j < N —1.

We now split the proof into the following two cases.
Case1: Let1 < j < N/2.

(i) When ¢ > |la/|N~!. From (2.36) and (2.38), we have

N At 08,0),  forl<j< N/2,
LNhySi(0) > _
At Msj(e), for j = N/2.

2e

Since € > ||la||N~! implies mH /e < 2, utilizing the condition § < m/2 we obtain the desired result.

(i) When e < |la||N~!. From (2.37) and (2.38), we have

At Msj(e), for1 < j < N/2,
e+0H
]\7hybS (9) 9<Hl o 20)

Since € < ||la|]|N~! implies H/e < 1/|a||, we obtain the desired result utilizing the condition 6 < m/2.
Case 2: Let N/2 < j < N — 1. From (2.36) and (2.38), we have

O(m — 0)

At
; >
LN hySi(0) = At A

S;(0).

The desired result thus follows from the condition # < m/2 and from the inequality mh /e < 2, which holds due

to the assumption given in (2.21). Hence, this completes the proof.
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Further, a straightforward calculation yields the results obtained in the following lemma.

Lemma 2.13. Consider the following mesh function

T for0<j<NJ2,
1—-nm

1, for N/2 < j < N.

pj =

Then, the discrete derivatives of the function y; are given by

,

0, for1 <j< N/2,
8205 = —2 forj = N/2
zPj = e, = )
(h+ H)(1—m)
0, forN/2 <i< N -1,
and 1
T for1 <j < N/2,
D¥pj = h forj =
. forj = NJ2,
(h+ 7)1 =) /
0, forN/2 < j < N-1,
and hence, we obtain that
an+1
I for1 <j < NJ/2,
1—-nm
Ll o> ) 2eN + a1 AN
N,medPi = j . forj=NJ/2,
2(1-m)
L 0, forN/2 < j < N-—1.

2.4.2.4 Local spatial error

Here, we estimate the error @J’”l —§7j”+1 ’ in the outer region (i.e., for 1 < j < N/2) as well as in the boundary
layer region (i.e., for N/2 < j < N) separately related to the spatial discretization of the semidiscrete problem

(2.15) by newly developed method (2.19).

Lemma 2.14. Assume that N > Ny satisfies conditions (2.21) and (2.22). Then, if 0 < m/2, the local error
related to the spatial discretization of (2.15) satisfies the following estimate:

g v < c((N—1 Fx)N"L 1 N‘”O‘)), for1<j<N/2, (2.39)
where
e, whene <|al|[N71,

Xe =
0, whene > |al|N"1.

Proof. We split up the proof into two cases.
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When € > ||a||[N~L. Consider the following discrete function
®;(0) = C[H2<1 - xj) + H?p; + Sj(e)}, for0 < j <N,
where C is sufficiently large. Using the inequality (2.35) and Lemmas 2.12/and 2.13, we have

- H2
CAt[mH? + % + e Texp(—m(1 — zj)/e)}, for1 < j < N/2,

(26N + mhN)H?
. 2(1—=m)
CAt|mH? 4 e texp(—m(1 — xj)/e)}, for N/2<j<N -1

At r
LN ®i(0) = CAtlnH? + + e texp(—m(1 — :L‘j)/é‘):| , forj=N/2,

Then, using Lemma 2.10, we obtain that

Lup®5(0) > [T, for1 < j < N -1

o . . o . it —N
Thus, by employing the discrete maximum principle to ®;(0) + @”;‘H — anﬂ)’ over @ ([0, 1], we
have
[ =Y < ®;(0), forl<j<N -1

Therefore, for 1 < j < N/2,
-7 <o [HQ + SN/Q(G)} .
Now, using H < 2N~ and invoking the inequality (2.35), finally we get

g -V < C(N—2 n N‘”O(’), for1 < j < N/2.

When ¢ < ||a]|N~!. Consider the following discrete function

c[(s+H)H(1+xj) +sj+1(9)], for 0 < j < N/2,
v,(0) =
C[(e + H)H(l + xj) + (1 + ?)Sj(e)}, for N/2 < j < N,
where C is chosen sufficiently large. Using the inequality (2.35) and Lemma 2.12, we have

CAt|m(e + HYH + H exp(—n(1 — 2j,1) /g)} , forl <j < N/2,

LA 0;(0) > { CAt|n(e + H)H + & texp(—m(1 — zj41) /5)} , forj = N/2,

r Oh .
CAt[mH? + Zexp(—n(1 - mj)/g)], for N/2 < j < N —1.
Afterwards, Lemma 2.10 implies that

L ¥5(0) > [T ], for1<j <N -1,
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since the assumption given in (2.21) yields mh/e < 2. Thus, by employing the discrete maximum

principle to W;(6) + (57" — ffj"H), over @ ([0, 1], we have

[ =Y < W(0), forl<j<N-—L
Therefore, for 1 < j < N/2, it implies that

@ml _ f/jn+1’ < O[EH + H2+<1 + %)SN/Z(H)}’

and we finally obtain the desired result using H < 2N !, (2.34) and the inequality mh /e < 2. |

Corollary 2.1. It is straightforward from Lemma 2. 14 that the estimate in (2.39) reduces to the following form:

AR i C’(N’Q + N*W), for1 <j<NJ2, (2.40)
when € > ||la||N~! and (2.40) also holds if we select ¢ < ||a||N ™.

Lemma 2.15. Assume that N > Ny satisfies conditions (2.21) and (2.22). Then, if 0 < m/2, the local error
related to the spatial discretization of (2.15) satisfies the following estimate:

g v < c(n(%N—2 2 N + N‘”O‘)), forN/2<j<N-1. (2.41)
Proof: Consider the following discrete function
T;(0) = C[(JW2 + N’“O")(l + a;j) + h25f28j(9)}, for N/2 < j < N,

where C is chosen sufficiently large. Then, it is clear that [z, ' — 17](}“‘ < Y n () and also from (2.40), we

have @;\;721 — ?ﬁf;‘ < T ny2(0). Further, using the inequality (2.34) and Lemma 2.12, we have

L Y5(0) = CAL[ (N2 4 N710) 4+ n2e738,(0)]
> COAt [(N*2 + N700) 4 23 exp(—m(1 — z;)/e)|.
Hence, it follows from Lemma 2.10) that

LN T5(0) > \‘T%’fﬁll, for N/2+1<j<N-1

Therefore, using h = 2npeN ! In N and by employing the discrete maximum principle to () + (_?]TLH -

I l7 1 ) ‘ J

for N/2<j<N-1 n

Theorem 2.2. Assume that N > N satisfies conditions (2.21) and (2.22). Then, if 0 < m/2 andng > 2/0, the
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local error related to the spatial discretization of (2.15) satisfies the following estimate:

_ CN~2, for1<j<N/2,
g]n+1 _ an+1‘ < (2.42)
CN—2In®>N, for NJ2<j<N —1.

Proof: The proof follows from (2.40) and (2.41). [ |

243 Error related to the fully discrete scheme
We define E"(z;) = [y(x), tnt1) — Y]-"H], for 0 < j < N, as the global error related to the fully discrete
scheme (2.11) at the time level ¢,,.;. Now, to show the c-uniform convergence of the fully discrete scheme

(2.11), we rewrite the global error in the following form:
En+1($j) — ’éﬂ-‘rl(ajj) + E?’L-‘rl(x]) + [i;jn+1 _ Y]’n+1] (243)

Here, &t (z;) = [y(x}, tny1) — 3" (2;)] and E"H(z;) = ['yV”“(xj)—}N/JnH], respectively, denote the local
error related to the time semidiscretization of the IBVP (2.1)-(2.2) and the spatial discretization of the auxiliary
BVP (2.15) at time level ¢,,+1. Now, consider the fully discrete scheme after one step by taking Y"* = E™ and
the source term g = 0. Then, the term [?"*1 — Y™ *1] can be written as the solution of the following systems:

L%fhbe?—‘rl = y(x]7tn) - }/jna 1 S j S N — 17

n+1l _ pn+l __
Rit = R =,

where R;LH = [}7]7‘+1 — Yj"H], and by employing the discrete maximum principle for the operator L]%fhyb, one

can obtain that
[t = e = [Kwtessnd, = 05 44

Afterwards, from (2.43) and (2.44), we obtain that

|{E e}, <

e+ 2| e,

, forl1<j3<N-1. (245

Now, by invoking the estimates obtained in (2.16) and (2.42) in (2.45), with the assumption that NV - < COA,
0 < 6 < 1, we have

C (AN 4 A + H{E”(xj)}j

, for1 <j < N/2,

[+ @ <
C(AtN—2+5 In? N + At?) + H{E”(%‘)}j

, forN/2<j<N-—1.

Hence, we obtain the required estimate of the global error in (2.46), which is stated in the following theorem as

the main convergence result of this chapter.

Theorem 2.3 (Global error). Assume that N > Ny satisfies conditions (2.21) and (2.22). Then, if § < m/2
and g > 2/0, the global error related to the fully discrete scheme (2.11) at the time level t,,1 satisfies the
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following estimate:

C(N—2+6 + At)7 for1<j<N/2,

(s tusn)}; = {1711 < (2.46)
(N*”é %N + At), for Nj2<j <N -1,

where N and At are such that N~° < CAt, 0 < & < 1.

Remark 2.2. We would like point out that the error estimate (2.46) holds true for the existing hybrid scheme
proposed in [81] under the restrictive condition ¢ < C'N~! and we demonstrate this phenomenon in Section
2.7. Besides this, it is shown in Section 2.7 that the existing scheme converges with at least first-order accuracy
in the spatial variable both outside and inside the boundary layer when ¢ > N~'; and this observation is
contrary to the computational results of the newly developed method. As consequence of this, one can see in
Section 2.7/ that the existing scheme after using the temporal Richardson extrapolation converges e-uniformly
with first-order global accuracy as /N increases; whereas the e-uniform global accuracy of the proposed method
combined with the temporal extrapolation is of almost order two. A theoretical justification for the accuracy of

the proposed method related to the temporal Richardson extrapolation is given in Section 2.5.

2.5 Error related to temporal Richardson extrapolation

On the domain [0, 7], we construct a fine mesh, denoted by AAL2 = {fn }721]\:40’ by bisecting each mesh interval
of A2, So, tyy1 — tn = T/2M = At/2 is the step-size. Let YV (2, ¢,.1) and ZN2(x;,¢,.1) be the
respective solutions of the fully discrete problem (2.10) on the mesh QY x A2t and @Y x ABL2, Then, as

consequence of Theorem 2.3, the global error can be expressed as

y(]}j, tn+1) — YN’At(l‘j, tn+1) = Cl(At) + CQ(N_Q—HS In? N) + O(At)—l—

_ (2.47)
o(N“2HI2 N, (zj,tn1) €@ x AX,
where C1 and C are fixed arbitrary constants. Similarly, we have
Y(2j,tng1) — ZVAN (24, t01) = CL(AL/2) + Co(N~201n? N) + o(At)+ 2.48)

o(N"2H 2 N), (25,1n41) € Q" x ADY2,
Now, from (2.47) and (2.48), we have
§(@jstnir) = (2274 (@5 tn11) = YN (@) 1011) ) = (A1) + O(N"2 In? N)
= O(AtF) + O(N~2 1% N), (2.49)

(xj,tht1) € a" x A2, for some k>1.

Remark 2.3. We set (ZZ NAY g tng1) — YA (2, th)) as the temporal extrapolation formula so that the
temporal accuracy can be improved from O(At) to O(At*), k > 1. However, it is clear from (2.49) that the

spatial accuracy due to the temporal extrapolation remains unaltered and is of O(N 2 N ).

Now, let (2, t,41) and 22(z, ,41) be the respective solutions of the time-semidiscrete problem (2.9)
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on the mesh @ x A2 and @ x A2Y2, such that ™ (xj,tny1) ~ Y VA (2, t041) and 22 (2, tp1) ~
ZNAY (2 tns1), o5 € @", and it follows that

(2»’3&(% tat1) =y (a5, tn+1)> ~ (2ZN’At(f'fja ta1) — YV (g, tn+1)) : (2.50)
Again, utilizing Theorem 2.1, one can have
y(2j,tnt1) — (QZAt(xjath) - yAt(ij,th)) = O(At%), k> 1, (mj,tn1) €0" x A, (@251)

Thus, (2.51) implies that the term O(At*) appeared in (2.49) is due to the time-semidiscrete approximation.
Therefore, by analyzing the global error related to the temporal extrapolation of the solution to the time-
semidiscrete problem (2.9), one can determine the temporal order of accuracy due to the extrapolation, i.e.,
the exact value of k. Henceforth, we define the temporal extrapolation formula associated with the time-

semidiscrete problem by

st tusn) = (222 @ tar1) = @ tar1) ), (@5 taga) €8x A4S, (2.52)

The following expression gives the local truncation error related to the operator (I + AtL gjgl):

(1 + AL (@, tns) — 5 ) = [5%, ) — gl )] + (253
(AL 0Pyt 1) ;
5 S+ O(A),

Then, by following the approach in [60], we define a function ¢ (z,t) as the solution of the IBVP:

I (z,t) _ 18Py(a,t)
T+£:p,s¢(ﬂf7t) =5 a2 in®,
¢(z,0) =0, onQ, (2.54)

®(0,t) = d(1,t) =0, te(0,7],

where the coefficients associated with the operator £ . satisfy the conditions given in (2.2). Since Lemma 2.3
2

0? 0
implies that H a—tg H5 < C, letting g = a—t'g in Lemma 2.2, one can derive the following c-uniform stability

result.
Lemma 2.16. The solution §(x,t) of the IBVP (2.54) satisfies that |||z < C.
Lemma 2.17. The derivatives of the solution $(x,t) of the IBVP (2.54) satisfies the bounds

‘8”%(:6, t)

. < Qe D
i ‘_Cs (z,0) €D,

YV j, k € NU{0} satisfying 0 < j + 2k < 4.

l1—z

Proof: By changing the independent variable x to the new variable = and letting dN)(i, t) = d(z,t)

39



with similar definitions of 'd,g and y; the IBVP (2.54) is transformed to the following form:
P L0d
072 oz

&(z,t) =0, on 09,

~~ b 0% . =
+5b¢—fa—§w, 1[1;537

where D = (0, %) x (0,7 and 9D = 5\5 For each (Z,t) € D, the rectangle Rz5:= (2 —0,2+0) x (0,7,
for & > 0 is denoted as a neighbourhood of (,t) such that Rz 5 C Rz 25 C D. Then, by applying the result
(10.5) from [65, p. 352], one can obtain that

aﬂl@

8%y
|52

o2

<]

+[#)

|, foro<j+an<a, (2.55)
Rz 25

Rz 5 Rz 25

where the constant C' independent of Rz s. Hence, for each (z,t) € D, we apply Lemmas 2.3 and 2.16 in

(2.55) to obtain that B

‘81'* (7, 1)
T Otk

Thus, by changing the variable 7 to the original variable x, we get the desired result. |

’gc, for0<j+2k < 4.

Remark 2.4. In order to derive the bounds of the derivatives up to fourth-order in space and second-order
in time in Lemma 2.17, we require the function ¢ € C*¥7(D), which is ensured by the assumption that the
2
3 a—tg must satisfy the compatibility conditions given in (2.6) at the corner points (0, 0) and (1, 0).
Therefore, we require the solution y € €5+7(D), which can be guaranteed by assuming sufficient smoothness

function g =

on the data associated with the IBVP (2.1)-(2.2) and the necessary compatibility conditions together with the
conditions in (2.3)-(2.5) at the corner points (0,0) and (1, 0) (See [[65], Chapter IV, §5]).

Remark 2.5. Note that in order to derive the expression of the local truncation error in (2.53), it is required that
H Py < C, which can be derived by applying the technique on the IBVP (2.1)-(2.2) as given in the proof of

o3l
Lemma2.17.

Again, utilizing (2.54), we obtain that

(5 + ML, i) = 0, 1) + AL 4 L2 (1)~
(A1) 02 (x, 5)

2 oz’

At O?y(z,ty11)

th <s< tn+1,
+ O(At?). (2.56)

Therefore, (2.53) and (2.56) imply that the semidiscrete solution of problem (2.9) on the mesh Q x AB can be

written as follows:
}/At(% thrl) = y(ﬂf, thrl) + Atd)(xa thrl) + R(ma tn+1>a (2.57)

where R(x, t,,4+1) satisfies the following relation:
(I + AtLYENR(2, tngr) = R(z, tn) + O(AL?). (2.58)
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Since, R(0,tp+41) = R(1,t541) = 0, by using Lemma 2.5 on R(z, ¢,,+1), we have
|[R(tns1)|| < C||R(E)|| + O(AL)?. (2.59)
Finally, using the relation in (2.59) recursively, we obtain from (2.57) that
y(z,tni1) = g2 (@, tns1) + At (2, tpyp1) + O(AE?),  (x,tn41) € Q x AP (2.60)
Similarly, we have

Y(, tns1) = 220 (@, tg) + %w,%ﬂ) +O(A),  (2,8n11) €0 x ABY2, (2.61)

Thus, by using the extrapolation formula in (2.52), and the expressions in (2.60) and (2.61), we have

(y(x, thrl) - ycﬁ:ip(xa thrl)) =2 (y(ZE? tn+1) - ZAt(:L'a tn+1)) -

(y(wv tn+1) - yAt(x7 tn-i—l))
=O(At)?,  (x,tpg1) € x AP (2.62)

Therefore, the above analysis shows that the global temporal error due to the temporal extrapolation is uniformly
convergent of second-order in time.
2.6 Singularly perturbed semilinear parabolic problem

Here, we discuss about the numerical solution of the following class of singularly perturbed semi-linear parabolic
IBVPs:

0y Py Oy _
a1 Cape Talt)g = glaty), (x,t) €D,
y(x,0) = qo(z), z€Q, (2.63)

y(O,t) = sl(t)v y(lvt) = Sr(t)7 te [O,T],

where ¢ € (0, 1]. The convection coefficient a(x, t) is smooth enough and satisfy the conditions given in (2.2).

The nonlinear term g(z, ¢, y) satisfies that

g(x,t,y)

k
1 By

IA

<k, for(x,t,y)eDxR; ki,ky>0.

Further, adequate smoothness on the data qg, s; and s,; and the necessary compatibility conditions ensures that
the IBVP (2.63) has a unique solution (see [65] for further details). Now, we describe the Newton’s linearization
technique which generates the sequence {4* }22 o with the initial guess ¥ satisfying the initial and boundary
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conditions of the IBVP (2.63); and yk+1, for all £ > 0, is the solution of the following linear IBVP:

OyFt1 H2k+1 Hyk+1
yé)t e ayxz +a(z,t) y@x B, )y = R (at), (x,) €D,
y*+(z,0) = qo(z), z€Q, (2.64)

yF0,1) = sy (t), ¥ (1, t) = s,(2), t € [0,T],
where b*(z,t) and G¥(x,t) are given by

0
bk(‘rvt) = aiz(xvuyk)?

gk(x7t> :£($7t7yk> - bk(‘rvt)yk‘

Next, for each iteration k£, we compute the numerical solution of the IBVP (2.64) by using the newly developed

numerical method and apply the following condition as the stopping criterion:

k+1 k
0, TEX_ V¥ (25, t,) — Y*(xj,tn)| < TOL, (2.65)

where Y*(x > tn) is the numerical solution at the mesh point (z;,t,) € ™2 and where TOL is the specified
error constant. For further details, the book [29] can be referred. In the subsequent section, we present the

numerical results for the semi-linear parabolic IBVP (2.63).

2.7 Numerical experiments

Here, numerous numerical results are presented to validate the theoretical findings and also to demonstrate the
computational efficiency of the newly proposed numerical method. Moreover, those computational results are

compared with the hybrid scheme developed in [81]. We set g = 4.2, for all the experiments.

271 Test examples
Example 2.1. The first test problem is considered as the parabolic IBVP of the form:

2
(89? —ngg +(1+=z(1 —x))gi =g(z,t), (z,t) €(0,1)x (0,1],
y(l‘,O) - q()(-%'), S [07 1];

y(0,t) =0, y(1,1) =0, te(0,1],
where g(x,t) and qo(x) are to be selected to fit with the exact solution given by
y(z,t) = exp(—t)((1 —exp(—(1 — z)/e))/(1 — exp(—1/e)) — cos(m/2x)).

For each ¢, the maximum point-wise errors ez’ ¢ corresponding to the proposed numerical method without

and with extrapolation are respectively calculated by

NAt, .
(]gjg]l\%}fl:Mw(xj’tn) -Y (zj,tn)],
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and

NAt,
Ogjén]\%);:M |y($j7 tn) - Yve:ctp (.T], tn)’
Here, Y N2 (z;,t,) and Y];[tﬁ t(:zrj,tn) are respectively the numerical solution and the extrapolated solution
obtained at the mesh point (z;,t,) € D™, From these errors, the corresponding order of convergence is

N,At

computed by ’I“N At = logy < ) . Afterwards, for each N and At, the e-uniform maximum point-wise

€
IN,At/2
€e

error and the corresponding order of convergence, are respectively calculated by

N,At N, At N, At eNAt
e = mgl,X € and r = 1Og2 (W) .

Example 2.2. The second test problem is considered as the parabolic IBVP of the form:

Jy 82y 9,9+ 0y 9
— —e—=2+(1 — —Z 4+ (1 =1 1-— 1 1
5 on 5 + (1L +at xt)ax+( +zt)y =10t°z(1 — ), (x,t) € (0,1) x (0, 1],

y(2,0) =0, xz€l0,1],
y(0,t) =0, y(1,t)=0, te(0,1],

The following technique is used for exhibiting the e-uniform convergence and the accuracy of the proposed
method as we are not acquainted with the exact solution of Example 2.2. We denote y2N,At/ Q(xj, t,) and
};ei];;m/ 2 (xj,t,) respectively, as the numerical solution and the extrapolated solution obtained at the mesh
point (z;,t,) € D2NAH2 — G2N 5 A2 with At/2 = T/2M. Here, similar to the mesh @, we construct a

piecewise-uniform Shishkin mesh QN with the transition parameter 1 given by

A—minl el E
n= 2,T]0 n 2 3

-th

such thatfor j = 0,1,... N, the j th point of @" becomes 2 7 point of Q2N For each e, we calculate the maxi-

mum point-wise errors eév At corresponding to the proposed numerical method without and with extrapolation,

respectively by
N,At 2N,At/2
0<jg]1\%}1§:M‘Y (zjtn) =Y / (2j,tn)],
and
N, At 2N, At/2
o 2 Veady @ tn) = Yoo~ (s ta)|
/e\N,At
Then, one can compute the corresponding order of convergence by ’I“N At = log, m . Finally, for
e:
each NV and At, we compute the quantities €¥-2* and 7V-2* analogously to e’>A* and 7-V-A1,
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Example 2.3. The third test problem is considered as the semi-linear parabolic IBVP of the form:

9y %y 2,0, 0y _
n *8@+(1+$tﬂﬁ t )%+exp(y)y—y(fﬂ,t), (z,t) € (0,1) x (0,1],

y($70) = q()(CU)7 S [07 1]7

y(0,t) =0, y(1,t)=0, te][0,1],
where g(x,t) and qo(x) are to be selected to fit with the exact solution as given in Example 2.1.

Now, we apply the linearization technique discussed in Section 2.6 for Example 2.3/and solve the following

linear IBVP of the form (2.64) numerically for each iteration k:

OyF+1 92 k+1 9yF+!
Y € y + (1 + ot — thZ)%T + exp(yk)(l + yk)ylH1 =

ot~ 0x2
g(x, 1) —exp(y") (1 +5*)(1 — "), (x,t) € (0,1) x (0, 1],
yk+1(x7 0) = qo(CU)7 T € [Oa ”7

L /F0,6) =0, (1,0 =0, telo1].

We use (2.65) as the stopping criterion with TOL = 10~'°. Here, for each ¢, we calculate the maximum
point-wise errors eév At corresponding to the proposed numerical method without and with extrapolation; and
the corresponding order of convergence r At by using the definitions given in Example 2.1; and also compute
the quantities e™>2* and V>2¢ for each N and At.

2.7.2 Numerical results and observations

One can observe from Fig 2.2 that the respective numerical solutions of Examples 2.1, 2.2 and 2.3| consist of
boundary layers nearest to the boundary at z = 1. Moreover, one can completely visualize the numerical solu-
tions from the surface plots depicted in Figs 2.3, 2.4 and 2.5. The above figures are obtained utilizing the newly
developed method with At = 0.8/N. In the following we discuss about the numerical results corresponding
to e-uniform convergence, effect of extrapolation on global and temporal accuracy, spatial accuracy, e-uniform
global accuracy and computational efficiency of the proposed method. Note that for computing e-uniform

errors, we select all the values of € from S, = {272,...,2720},
2.7.2.1 c-uniform convergence

In Tables 2.1.2.3|and 2.5, for different values of €, N and At, the maximum point-wise errors along with the
corresponding order of convergence calculated using the proposed method with At = 1.6/N and At = 0.8/N
are respectively presented for Examples 2.1, 2.2 and 2.3. This shows the monotonically decreasing behavior
of the e-uniform errors with increasing IV and it surely reflects e-uniform convergence of the present method.
This also indicates that the rate of convergence of the e-uniform errors increases when we select At = 0.8/N
instead of At = 1.6/N. In support of this observation, the calculated e-uniform errors in Tables 2.1.2.3 and
2.5 are depicted in Figs 2.6, 2.7/ and 2.8; and this clearly illustrates the influence of the temporal error over the
global error with the choice of the time step At, as we know that the temporal accuracy (which is of order one)
before temporal extrapolation dominates the spatial accuracy of the proposed method according to the estimate
of Theorem 2.3.
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2.7.2.2 Effect of extrapolation on global and temporal accuracy
We therefore propose to implement the Richardson extrapolation technique in the temporal direction for im-
proving the temporal accuracy of the proposed method so that the dominance of the temporal error over the
global error can be reduced. For visualizing the effect of the temporal extrapolation on the global accuracy,
we select At = 0.8/N, and further display the e-uniform errors and the corresponding order of convergence
calculated using the proposed method in Tables 2.2, 2.4 and 2.6, respectively for Examples 2.1, 2.2 and 2.3} and
those numerical results are also plotted in Figs 2.6, 2.7 and 2.8, respectively. It demonstrates that the e-uniform
order of convergence of the proposed method is significantly improved after using the temporal extrapolation.
Next, for visualizing the effect of the extrapolation on the temporal accuracy, we select sufficiently large
N to minimize the influence of the spatial error. In Tables 2.7.2.8 and 2.9, for different values of ¢ and At,
the maximum point-wise errors along with the corresponding order of convergence calculated before and after
the temporal extrapolation using the proposed method are respectively presented for Examples 2.1, 2.2 and
2.3. For ¢ = 274,279, those numerical results are also plotted in Figs 2.9, 2.10 and 2.11, respectively for
Examples 2.1, 2.2/ and 2.3. Henceforth, the above numerical experiment shows that the temporal accuracy of
the resulting numerical solution after applying the temporal Richardson extrapolation improves from first-order

to second-order, irrespective of the parameter ¢, as we discussed in Section 2.5.
2.7.2.3 Spatial accuracy (region-wise)

The above numerical experiment confirms that by applying the temporal Richardson extrapolation one can also
verify the spatial accuracy when selecting At = 1/N in place of At = 1/N2. So, the results provided in Tables
2.10, 2.11 and 2.12, respectively for Examples 2.1, 2.2 and 2.3, reflects the spatial accuracy of the proposed
method. Moreover, by selecting the same discretization parameter At, those computational results are also
compared with the existing hybrid scheme. From Tables 2.10, 2.11 and 2.12, we get a strong evidence that the
spatial accuracy is at least O(N~2) outside the boundary layer and is O(N 2 In? N) inside the boundary layer,
regardless of the smaller and the larger values of . This phenomenon agrees well with the theoretical output of
Theorem 2.2.

Contrary to the above observation, the results of those tables related to the existing hybrid scheme reveal that
the spatial accuracy is O(N~!) outside the boundary layer and is O(N~21n? N) inside the boundary layer,
when ¢ = 275, In addition, when ¢ = 274, we observe first-order spatial accuracy of the existing method
and second-order spatial accuracy of the present method for both outside and inside the boundary layer; and
in that case we recognize the mesh oV as the equidistant mesh. In support of this comparison, the maximum
point-wise errors for ¢ = 274,276 in Tables 2.10, 2.11 and 2.12| are graphically presented in Figs 2.12, 2.13
and 2.14, respectively. As a result, when ¢ = 274 276 satisfying € > N !, the newly developed method
produces region-wise higher-order accurate results in comparison with the existing method. At the same time,
when e = 2714 2720 satisfying ¢ < N1, the spatial order of accuracy of both the numerical methods remains

same through out the domain.
2.7.2.4 c-uniform global accuracy

To compare the e-uniform global order accuracy of the proposed method with the existing hybrid scheme using
the temporal extrapolation, we select At = 1/N, and display the e-uniform error and the corresponding order
of convergence calculated using both the proposed method and the existing method in Tables 2.13, 2.14 and

2.15, respectively, for Examples 2.1, 2.2/ and 2.3; and those numerical results are also graphically presented in
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Figs 2.15,2.16 and 2.17, respectively. Here, we observe that the proposed method combined with the temporal
extrapolation converges e-uniformly with at least of O(N~21n? N) global accuracy which indeed matches with
the spatial accuracy of the proposed method, because the temporal accuracy is of O(At?) after the extrapolation
as it is discussed previously. At same-time, the existing hybrid scheme combined with the temporal extrapola-
tion converges e-uniformly with O(NN~1!) global accuracy. This shows that there is a significant improvement

in the e-uniform global order accuracy of the proposed method over the existing method.

Remark 2.6. The numerical experiments confirm that the theoretical restriction N™° < CAt,0 < § < 1
mentioned in Theorem 2.3/ is not reflected in the computed e-uniform accuracy of the proposed numerical
method. In this context, we want to point out that by following the error analysis provided in [26], one can
overcome this theoretical restriction. However, the convergence analysis presented in this chapter is very much

useful to extend and analyze the proposed method for solving multi-dimensional parabolic PDEs.

2.7.2.5 Computational efficiency

Finally, for the purpose of demonstrating the computational efficiency, we compare the computational time of
the newly developed method with the existing hybrid scheme in Tables 2.16, 2.17 and 2.18| respectively for
Examples 2.1, 2.2 and 2.3, taking At = 1/N?; and those results are also compared with the computational time
of the proposed method after applying the Richardson extrapolation in the temporal direction by choosing At =
1/N. We notice a small difference in the computational time of the present method with the existing method;
and the computational times of both the numerical methods are therefore comparable in case of At = 1/N2.
However, we observe a significant reduction in the computational time corresponding to the newly developed
method together with the temporal Richardson extrapolation which indeed produces the globally second-order
convergent numerical solution with the choice of At = 1/N, regardless of the smaller and the larger values of

E.

2.8 Conclusion

In the recent time, the existing hybrid numerical method is proven to be a useful and popular technique among
various FMMs for finding efficient numerical solution of singularly perturbed convection-diffusion parabolic
PDEs. While investigating about the accuracy of the method, it is found that the existing hybrid scheme con-
verges with almost second-order accuracy in the spatial variable on a piecewise-uniform Shishkin mesh, unless
the condition ¢ << N~ is satisfied. On the contrary, the method is not good enough to produce the numerical
solution with higher-order spatial accuracy, whenever ¢ > N . In this chapter, we overcome this drawback,
by developing and analyzing an e-uniformly convergent robust numerical algorithm for a class of singularly
perturbed parabolic IBVPs of the form (2.1)-(2.2).

The current numerical algorithm consists of two parts. First one is the development of a new hybrid FMM,
which produces at least second-order accurate numerical solution with respect to the spatial variable both in the
outer region (outside the boundary layer) as well as in the boundary layer region (inside the boundary layer),
irrespective of the parameter €. This finding overshadows the drawback of the existing hybrid scheme. In this
context, it is important to note that to derive the error estimate for the newly developed method, we analyze
the error separately for the time semidiscretization and the spatial discretization, which finally contribute to the
global error in relation with the fully discrete scheme.

The other one is the implementation of the Richardson extrapolation technique solely in the temporal direction
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for enhancing the temporal accuarcy of the numerical solution from first-order to second-order. As a result
of this, we show that the resulting numerical solution is not only second-order e-uniformly convergent in the
spatial variable but also in the temporal variable.

These theoretical findings are very-well supported by the several numerical experiments and also agree well
with the numerical results corresponding to the singularly perturbed semi-linear parabolic problem. More-
over, one can observe a significant reduction in the computational time corresponding to the newly developed
FMM together with the temporal Richardson extrapolation, regardless of the smaller and the larger values of ¢.
Keeping in mind the robustness of the newly proposed algorithm, we further study the computational and the
theoretical aspects of the proposed numerical algorithm for solving multi-dimensional parabolic PDEs (linear

and nonlinear) in the subsequent chapters.
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Figure 2.2: Numerical solutions computed at { = 1 for N = 128
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(a)fore =27% N =128 (b) fore =220, N =128
Figure 2.4: Surface plots of the numerical solutions of Example 2.2
(a)fore =27% N =128 (b) fore =220, N =128
Figure 2.3: Surface plots of the numerical solutions of Example 2.1
04 02 gmmw‘iiimw}m“md"'\ :i
(a)fore =276, N =128 (b) fore =272°, N =128

Figure 2.5: Surface plots of the numerical solutions of Example 2.3
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Table 2.1: e-uniform maximum point-wise errors and order of convergence for Example 2.1 computed before
temporal extrapolation.

€ €S Number of mesh intervals N/ time step size At ( At = 1.6/N)

64 /i 128/% 256/% 512/% 1024/%
eN At 4.7311e-03 1.8152¢-03 6.9899¢-04 2.8827e-04 1.2651e-04
plVoAt 1.3820 1.3768 1.2778 1.1882
€ €S Number of mesh intervals N/ time step size At( At = 0.8/N)

64 /55 128/545 256/ 555 512/ 555 1024/ 555

eN At 4.1296e-03 1.4964e-03 5.3899¢-04 1.9965e-04 7.8348e-05
plVoAt 1.4645 1.4731 1.4328 1.3540

Table 2.2: c-uniform maximum point-wise errors and order of convergence for Example 2.1 computed after
temporal extrapolation with At = 0.8/N.

€ €S Number of mesh intervals N/ time step size At
1 1 1 1 1
64 /55 128/465 256/355 512/ 555 1024/ 1555

elN-At 3.5314e-03 1.2137e-03 3.9124e-04 1.2368e-04 3.8105e-05
plVAt 1.5409 1.6332 1.6615 1.6985

AAt = 1.6/N (before extrapolation)
L:]_()'2 3 3 At = 0.8/N (before extrapolation)
o 4= At = 0.8 /N (after extrapolation)
m 4
>
@® ]
= ]
107 £

10 N 103

Figure 2.6: Loglog plot for comparison of e-uniform maximum point-wise errors before and after the extrapo-
lation for Example 2.1.
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Table 2.3: c-uniform maximum point-wise errors and order of convergence for Example 2.2\ computed before
temporal extrapolation.

SRSER Number of mesh intervals N/ time step size At( At = 1.6/N)
64 /% 128/45 256/ 155 512/555 1024/5%5

el.at 4.9037e-03 2.0489¢-03 8.9582e-04 4.1339¢-04 1.9956e-04

PN,At 1.2590 1.1935 1.1157 1.0507
€ €S Number of mesh intervals N/ time step size At( At = 0.8/N)
64 /55 128/445 256/ 555 512/ 455 1024/ 555

el.at 3.7560e-03 1.4350e-03 5.6899¢-04 2.3827e-04 1.0637e-04

PI.A 1.3881 1.3346 1.2558 1.1635

Table 2.4: c-uniform maximum point-wise errors and order of convergence for Example 2.2 computed after
temporal extrapolation with At = 0.8/N.

€€eS: Number of mesh intervals N/ time step size At
1 1 1 1 1
64 /55 128/ 465 256/355 512/ 555 1024/ 1555

eVt 2.2161e-03 7.3715e-04 2.3773e-04 7.5609¢-05 2.3279e-05

Piv.At 1.5880 1.6326 1.6527 1.6995

AAt = 1.6/N (before extrapolation)
10'2 3 =¥ At = 0.8/N (before extrapolation)

+F At = 0.8/N (after extrapolation)

Max. Error

10° N 10°

Figure 2.7: Loglog plot for comparison of e-uniform maximum point-wise errors before and after the extrapo-
lation for Example 2.2.
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Table 2.5: c-uniform maximum point-wise errors and order of convergence for Example 2.3 computed before
temporal extrapolation.

€ E€S: Number of mesh intervals N/ time step size At(At = 1.6/N)

1 1 1 1 1
64/ 128/ 256/ 1% 512/5% 1024/ L

eNAt 4.3634e-03 1.6061e-03 6.0580e-04 2.3846¢-04 9.9783e-05

VAt 1.4419 1.4067 1.3451 1.2569
€ €S Number of mesh intervals N/ time step size At(At = 0.8/N)
64 /55 128/445 256/ 555 512/ 555 1024/ 555

eN At 3.9039e-03 1.3737e-03 4.8721e-04 1.7568e-04 6.6081e-05

plVoAt 1.5068 1.5014 1.4656 1.4141

Table 2.6: c-uniform maximum point-wise errors and order of convergence for Example 2.3 computed after
temporal extrapolation with At = 0.8/N.

€EeS: Number of mesh intervals N/ time step size At
1 1 1 1 1
64 /55 128/ 465 256/ 355 512/ 555 1024/ 1555

elNAt 3.4930e-03 1.1846e-03 3.8203e-04 1.2087e-04 3.7261e-05

piV.At 1.5601 1.6327 1.6602 1.6977

A\ At = 1.6/N (before extrapolation) |

10'2 - 3P At = 0.8/N (before extrapolation) |
5 : 43 At = 0.8/N (after extrapolation) 7
e
L
>
©
=

S
N
H|

H

o>

102 N 103

Figure 2.8: Loglog plot for comparison of e-uniform maximum point-wise errors before and after the extrapo-
lation for Example 2.3.
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Table 2.7: Comparison of the temporal accuracy for Example 2.1 computed before and after the extrapolation.

Number of space intervals N = 8192
€ temporal extrapolation | At = % At = 3—12 At = 6%1 At = 1—§8 At = ﬁ
before 2.9210e-03 1.4560e-03 7.2642e-04 3.6277e-04 1.8128e-04
274~ 1071 1.0045 1.0031 1.0018 1.0008
after 1.1131e-05 3.4900e-06 9.6643e-07 2.4251e-07 5.3206e-08
1.6733 1.8525 1.9946 2.1884
before 3.9687¢-03 1.9707¢-03 9.8079¢-04 4.8913e-04 2.4426e-04
270~ 1072 1.0100 1.0067 1.0037 1.0018
after 2.9210e-05 9.3082e-06 2.5975e-06 6.6327e-07 1.5776e-07
1.6499 1.8414 1.9694 2.0719
before 4.6936e-03 2.3270e-03 1.1567e-03 5.7642e-04 2.8769e-04
27 M~ 1074 1.0122 1.0084 1.0049 1.0026
after 4.0049¢-05 1.3550e-05 3.8988e-06 1.0325e-06 2.7024e-07
1.5634 1.7972 1.9168 1.9339
before 4.7018e-03 2.3311e-03 1.1587e-03 5.7742e-04 2.8820e-04
2720 1076 1.0122 1.0084 1.0049 1.0026
after 4.0090e-05 1.3570e-05 3.9022e-06 1.0291e-06 2.6486e-07
1.5628 1.7981 1.9228 1.9581
10* 0 10° 0
—0(AP) —0(AF)
............. g v © din
...... extrapolation extrapolation
,610'4 ................ befoe tempora 5 A * before temporel
£ % xtrapolation = extrapolation
10°
K 10°

10 ‘
M 10?

(a)e =276,

(b)e =272,

Figure 2.9: Loglog plot for compariosn of the temporal order of convergence for Example 2.1
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Figure 2.10: Loglog plot for compariosn of the temporal order of convergence for Example 2.2

Table 2.8: Comparison of the temporal accuracy for Example 2.2 computed before and after the extrapolation.

Number of space intervals N = 4096

€ temporal extrapolation | At = 3% At = é At = ﬁls At = ﬁ At = ﬁ
before 2.8611e-03 1.4364e-03 7.1953e-04 3.6007e-04 1.8011e-04

24~ 107! 0.99411 0.99736 0.99877 0.99941
after 1.2367e-05 2.8038e-06 6.5921e-07 1.5918e-07 3.9068e-08

2.1410 2.0886 2.0501 2.0266
before 3.3446e-03 1.6751e-03 8.3757e-04 4.1868e-04 2.0930e-04

276~ 1072 0.99759 0.99995 1.0003 1.0003
after 8.3233¢-06 2.2380e-06 6.6411e-07 1.8149e-07 4.7483e-08

1.8949 1.7527 1.8715 1.9345
before 3.4827e-03 1.7397e-03 8.6711e-04 4.3235e-04 2.1581e-04

2714~ 1074 1.0013 1.0046 1.0040 1.0024
after 1.7361e-05 7.0166e-06 2.4234e-06 7.2924e-07 1.8946e-07

1.3070 1.5337 1.7326 1.9445
before 3.4829¢-03 1.7398e-03 8.6711e-04 4.3234e-04 2.1581e-04

2720 ~ 10 1.0014 1.0046 1.0040 1.0025
after 1.7436e-05 7.0569¢-06 2.4425e-06 7.3390e-07 1.9000e-07

1.3050 1.5307 1.7347 1.9496
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Table 2.9: Comparison of the temporal accuracy for Example 2.3 computed before and after the extrapolation.

Number of space intervals N = 8192

£ temporal extrapolation | At ==  At=5  At=g At=1g At=5¢
before 2.0435e-03 1.0144e-03 5.0511e-04 2.5201e-04 1.2587e-04

274~ 1071 1.0104 1.0060 1.0031 1.0015
after 1.4985e-05 4.2548e-06 1.1151e-06 2.7124e-07 5.8131e-08

1.8163 1.9320 2.0395 22222
before 2.6901e-03 1.3325e-03 6.6262e-04 3.3036e-04 1.6496e-04

276 ~ 102 1.0135 1.0079 1.0041 1.0019
after 2.5499¢-05 7.3432¢-06 1.9444e-06 4.8621e-07 1.4184e-07

1.7960 1.9171 1.9997 1.7773
before 3.1029e-03  1.5359e-03 7.6330e-04 3.8036e-04 1.8984e-04

2714 ~ 1074 1.0145 1.0088 1.0049 1.0026
after 3.1084e-05 9.3408e-06 2.5694e-06 6.7420e-07 1.7628e-07

1.7345 1.8621 1.9302 1.9353
before 3.1071e-03 1.5380e-03 7.6432¢-04 3.8087e-04 1.9010e-04

2720 1076 1.0145 1.0088 1.0049 1.0026
after 3.1106e-05 9.3499¢-06 2.5710e-06 6.7277e-07 1.7389e-07

1.7342 1.8626 1.9341 1.9519

10* == 0(At) <+ 0(At)
—0(Af) —0(Af)
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Figure 2.11: Loglog plot for comparison of the temporal order of convergence for Example 2.3
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Table 2.10: Comparison (region-wise) of the spatial accuracy for Example 2.1 computed using extrapolation

with At = 1/N.
N proposed method existing method [81]
outer region boundary layer region | outer region boundary layer region
[0,1—n] (1-m,1] [0,1—n] (1-m,1]
H e=2""~10""!
128 | 4.5441e-06 2.1310e-04 7.1657e-05 1.5010e-04
1.9994 2.0022 0.97552 1.9721
256 1.1365e-06 5.3195e-05 3.6442¢-05 3.8256e-05
2.0000 1.9999 0.98813 0.93962
512 | 2.8413e-07 1.3300e-05 1.8371e-05 1.9945¢-05
2.0000 2.000 0.99416 0.94916
1024 | 7.1031e-08 3.3246e-06 9.2229¢-06 1.0330e-05
| e=25~10"2
128 1.0988e-05 1.2135e-03 3.8370e-05 1.1735e-03
2.4029 1.6332 1.2751 1.6418
256 | 2.0777e-06 3.9119¢-04 1.5855e-05 3.7605e-04
2.4327 1.6614 1.3018 1.6777
512 | 3.8483e-07 1.2366e-04 6.4311e-06 1.1755e-04
24674 1.6985 1.3323 1.7185
1024 | 6.9583e-08 3.8102e-05 2.5540e-06 3.5719e-05
| e=2""x 10"
128 1.0170e-05 1.1513e-03 1.0170e-05 1.1513e-03
2.0101 1.6295 2.0101 1.6295
256 | 2.5248e-06 3.7212¢-04 2.5248e-06 3.7212¢-04
2.0204 1.6579 2.0204 1.6579
512 | 6.2233e-07 1.1792e-04 6.2233e-07 1.1792e-04
1.9498 1.6972 1.9498 1.6972
1024 | 1.6109e-07 3.6367e-05 1.6109e-07 3.6367e-05
H e=2"20x10"°
128 1.0272¢-05 1.1514e-03 1.0272¢-05 1.1514e-03
1.9997 1.6293 1.9997 1.6293
256 | 2.5686e-06 3.7220e-04 2.5686e-06 3.7220e-04
2.0003 1.6575 2.0003 1.6575
512 | 6.4202e-07 1.1798e-04 6.4202¢-07 1.1798e-04
2.0006 1.6965 2.0006 1.6965
1024 | 1.6044e-07 3.6401e-05 1.6044e-07 3.6401e-05
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Figure 2.12: Loglog plot for comparison of the spatial order of convergence for Example 2.1



Table 2.11: Comparison (region-wise) of the spatial accuracy for Example 2.2/ computed using extrapolation

with At = 1/N.
N proposed method existing method [81]
outer region boundary layer region | outer region boundary layer region
[0,1—n] (1-m,1] [0,1—n] (1-m,1]
H e=2""~10""! H
128 | 2.7217e-05 1.0362e-04 3.5989¢-04 2.8470e-04
1.9999 2.0029 1.0205 1.0019
256 | 6.8049e-06 2.5853e-05 1.7741e-04 1.4216e-04
2.0000 1.9999 1.0103 1.0013
512 1.7012e-06 6.4640e-06 8.8073e-05 7.1015e-05
2.0000 2.0002 1.0052 1.0007
1024 | 4.2530e-07 1.6157e-06 4.3879e-05 3.5489¢-05
| e=25~10"2 |
128 | 7.4496e-05 7.2634e-04 2.1879e-04 7.0382e-04
2.1986 1.6336 1.1966 1.6361
256 1.6229¢-05 2.3408e-04 9.5454e-05 2.2644e-04
22141 1.6671 1.1545 1.6785
512 | 3.4979e-06 7.3708e-05 4.2880e-05 7.0745e-05
22314 1.6994 1.1382 1.7180
1024 | 7.4487e-07 2.2697e-05 1.9481e-05 2.1504e-05
| e=2""x 10" |
128 | 7.5565e-05 7.3649e-04 7.5565e-05 7.3649e-04
1.9751 1.6328 1.9751 1.6328
256 1.9220e-05 2.3749¢-04 1.9220e-05 2.3749¢-04
1.9512 1.6589 1.9512 1.6589
512 | 4.9705e-06 7.5210e-05 4.9705e-06 7.5210e-05
1.9062 1.697 1.9062 1.6972
1024 | 1.3261e-06 2.3194e-05 1.3261e-06 2.3194e-05
H e=2"20x10"° H
128 | 7.4521e-05 7.3674e-04 7.4521e-05 7.3674e-04
1.9996 1.6327 1.9996 1.6327
256 1.8636e-05 2.3758e-04 1.8636e-05 2.3758e-04
1.9993 1.6586 1.9993 1.6586
512 | 4.6613e-06 7.5254e-05 4.6613e-06 7.5254e-05
1.9984 1.6968 1.9984 1.6968
1024 | 1.1666e-06 2.3213e-05 1.1666e-06 2.3213e-05
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Figure 2.13: Loglog plot for comparison of the spatial order of convergence for Example 2.2
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Table 2.12: Comparison (region-wise) of the spatial accuracy for Example 2.3 computed using extrapolation
with At = 1/N.

N proposed method existing method [81]
outer region boundary layer region | outer region boundary layer region
[0,1—n] (1-m,1] [0,1—mn] (1-m,1]
H e=2"%x10""1 H
128 | 3.5116e-06 1.9332¢-04 5.6553e-05 1.6133e-04
1.9996 2.0021 0.97820 2.2891
256 | 8.7815e-07 4.8257e-05 2.8707e-05 3.3007e-05
2.0000 2.0005 0.98924 1.1919
512 | 2.1954e-07 1.2060e-05 1.4461e-05 1.4449¢-05
2.0000 2.0000 0.99479 0.99428
1024 | 5.4884e-08 3.0149¢-06 7.2566e-06 7.2530e-06
| e=2"%~10"2 |
128 8.2994¢-06 1.1845e-03 2.9347e-05 1.1650e-03
2.3637 1.6326 1.2338 1.6354
256 1.6126e-06 3.8200e-04 1.2478e-05 3.7498e-04
2.3971 1.6602 1.2689 1.6685
512 | 3.0613e-07 1.2086e-04 5.1781e-06 1.1796e-04
2.4352 1.6977 1.3031 1.7056
1024 | 5.6602e-08 3.7259¢-05 2.0985e-06 3.6165e-05
| e=2"1~ 10" |
128 | 17.3375e-06 1.1562¢-03 7.3375e-06 1.1562¢-03
2.0089 1.6306 2.0089 1.6306
256 1.8231e-06 3.7340e-04 1.8231e-06 3.7340e-04
2.0172 1.6587 2.0172 1.6587
512 | 4.5037e-07 1.1827e-04 4.5037e-07 1.1827e-04
2.0332 1.6976 2.0332 1.6976
1024 | 1.1003e-07 3.6461e-05 1.1003e-07 3.6461e-05
H e=2"29~10"° H
128 | 7.4022e-06 1.1562¢-03 7.4022¢-06 1.1562e-03
2.0002 1.6304 2.0002 1.6304
256 1.8503e-06 3.7347e-04 1.8503e-06 3.7347e-04
2.0003 1.6585 2.0003 1.6585
512 | 4.6249¢-07 1.1830e-04 4.6249e-07 1.1830e-04
2.0005 1.6973 2.0005 1.6973
1024 | 1.1558e-07 3.6481e-05 1.1558e-07 3.6481e-05
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Table 2.13: Comparison of e-uniform maximum point-wise errors and order of convergence for Example 2.1

computed using extrapolation with At = %

Number of mesh intervals N/ time step size At

1 1 1 1 1
e€s. 64124 128/1k5 256/ 51 512/5% 1024/ 51

proposed method

eNAt 3.5307e-03 1.2135e-03 3.9119e-04 1.2366e-04 3.8102e-05
plV-At 1.5408 1.6332 1.6614 1.6985

c€S, existing method [81]

eV At 3.5307¢-03 1.1735¢e-03 3.7605e-04 1.7242¢-04 8.6268e-05
AL 1.5891 1.6418 1.1250 0.99903

Table 2.14: Comparison of e-uniform maximum point-wise errors and order of convergence for Example 2.2

computed using extrapolation with At = %

Number of mesh intervals N/ time step size At

1 1 1 1 1
e€S. 64124 128/1k5 256/ 51 512/5% 1024/ 051

proposed method

eNAt 2.2155e-03 7.3674e-04 2.3758e-04 7.5583e-05 2.3272e-05
pVAt 1.5884 1.6327 1.6523 1.6995

€ €S existing method [81]

eV At 2.2155¢e-03 7.3674e-04 2.8181e-04 1.4051e-04  7.0160e-05
AL 1.5884 1.3864 1.0040 1.0020

Table 2.15: Comparison of c-uniform maximum point-wise errors and order of convergence for Example 2.3
computed using extrapolation with At = 1/N.

Number of mesh intervals N/ time step size At

1 1 1 1 1
ces. 64 /g 128/ 7k 256/ 512/ 1024/ 725

proposed method

eN At 3.4925e-03 1.1845e-03 3.8200e-04 1.2086¢-04 3.725%¢e-05
pIVoAt 1.5600 1.6326 1.6602 1.6977

€ €S existing method [81]

eN-At 3.4925e-03 1.1650e-03 3.7498e-04 1.3116e-04 6.5608e-05
pN.At 1.5840 1.6354 1.5155 0.99935
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Table 2.16: Comparison of computational time (in seconds) for Example 2.1,

N existing method [81] proposed method proposed method with
(At =1/N?) (At =1/N?) extrapolation (At = 1/N)
| e=24~10" |
128 2.447747 1.698225 0.082046
256 39.977219 33.678347 0.640903
512 471.538427 436.295669 5.213903
1024 6891.453204 6807.459580 40.902199
| e=2"%~10"2 |
128 2.467187 1.613887 0.080390
256 39.781018 33.799365 0.689698
512 470.013505 438.211076 5.578360
1024 6881.485278 6788.904188 40.775835
| e=220~10° |
128 2.366928 2.600754 0.111272
256 39.237350 43.213915 1.034624
512 463.726248 513.227230 6.906543
1024 6832.210552 7342.670128 43.881859

Table 2.17:  Comparison of computational time (in seconds) for Example 2.2,

proposed method with

N existing method [81] proposed method
(At =1/N?) (At =1/N?) extrapolation (At = 1/N)
| e=2"*~10" |
128 21.235057 16.562923 0.638085
256 298.134008 256.980466 5.249468
512 4321.015141 4044.483856 44.559408
1024 64571.722837 62886.556371 347.377197
H e=2%~10"2 H
128 21.392572 16.693169 0.697348
256 304.132240 254.106250 6.147811
512 4411.644756 4086.152055 44.941473
1024 72732.595346 70987.220896 346.357530
| e=2"20106 |
128 21916113 22.348399 1.027123
256 302.573161 306.687003 7.525740
512 4356.711021 4370.601466 49.354894
1024 64683.607333 64840.945562 357.591586
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Table 2.18: Comparison of computational time (in seconds) for Example 2.3,

N existing method [81] proposed method proposed method with
(At =1/N?) (At =1/N?) extrapolation (At = 1/N)
| u
128 18.543270 12.507168 0.361790
256 303.828897 232.691973 2.983254
512 3511.456426 2832.781757 22.906101
1024 40343.169721 39689.100922 166.065631
| u
128 12.680438 9.632157 0.332569
256 195.416197 162.609039 2.905975
512 2500.498345 2147.380792 22.680907
1024 35257.318952 32977.883816 165.887013
| \ e=220~10° |
128 10.465427 10.448180 0.541479
256 168.2466500 170.295158 3.747230
512 2120.502122 2129.276525 26.207795
1024 32790.637608 33074.209161 175.229874
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Chapter 3

Higher-Order Efficient Numerical Method for Singu-
larly Perturbed 2D Linear Parabolic PDEs with Non-
homogeneous Boundary Data : =-Uniform Convergence
and Order Reduction Analysis

The aim of this chapter is to develop and analyze a cost-effective high-order efficient numerical method
for a class of two-dimensional singularly perturbed linear parabolic convection-diffusion problems with non-
homogeneous boundary data. To achieve the goal, we develop a new fractional-step fitted mesh method
(FSFMM) that combines the fractional implicit-Euler method with an alternative evaluation of the boundary
data for discretizing in time and also consists of a new finite difference method for discretizing in space. To
constitute this method, we discretize the spatial domain using a non-uniform rectangular mesh (tensor-product
of 1D piecewise-uniform Shishkin mesh with /N mesh-intervals in each spatial direction) and the time domain
by an equidistant mesh. We prove that the resulting fully discrete scheme is e-uniformly convergent in the dis-
crete supremum norm. We further show that the order reduction in time associated with the classical evaluation
of the time-dependent boundary conditions can be eliminated by the suitable choice of the boundary data. In
addition to this, we implement the Richardson extrapolation solely for the time variable in order to increase
the order of convergence in the temporal direction; and as a result, we obtain a globally second-order accurate
numerical solution (in both space and time). Finally, we present the numerical results with the default and
alternative choices for the boundary data to validate the theoretical findings. We also compare the accuracy of

the proposed method with that of the implicit upwind method to show the robustness of the current algorithm.

3.1 Introduction

We consider the following class of two-dimensional singularly perturbed parabolic convection-diffusion-reaction
IBVPs posed on the domain D = G x (0,7] = (0,1)% x (0,7]; G = [0,1]?:

0
(a+L€)u("L‘ay)t) :ﬂ(xvyat)a (‘T)yvt) ED?
u(.fE,y,O) = QO(l’ay)7 (xvy) € aa 3.1

u(x7y7 t) = S('r’y7t)7 (x7 y’ t) E 8G X (07T]7
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where -
Leu = —eAu+ 0(x,y,t) - Vu+ b(z,y,t)u,

17($,y,t) = (Ul(xvyat)a Ug(l‘,y,t)),

and ¢ is a small parameter such that ¢ € (0,1]. The coefficients ¥(z,y,t), b(x,y,t) and the source term
g(z,y,t) are considered to be sufficiently smooth with

vl(xaya t) > mp > Ou ’UQ(CC,y, t) > mp > Ou b(ﬂ?,y,t) > B > O, onD. (32)

The solution of the IBVP (3.1)-(3.2) generally possesses exponential layers of width O(¢) at the outflow bound-
ariesx = 1 and y = 1 (see [77, 99]). We set L. = L; . + Lo, where the differential operators L1 o, Lo . are
defined by

L i @ )2 4 by (2 )
= —¢— +vi(z — T
lel 92 1\, Y, O 1T, Y, t)u,
0%u Ou
Lycu=— + vz, y,t) — + ba(z, y, t)u,

“oy? dy

with g = g1 + g2, b = b1 + by with b; > 3; > 0, for i = 1, 2. We further assume that the initial and boundary
data of the problem are sufficiently smooth functions and also assume that necessary compatibility conditions
hold among them in order to u(x,y,t) € €7 (D), which has continuous derivatives up to fourth-order in space
and second-order in time. The existence of the solution «(z, y, t) of the IBVP (3.1)-(3.2) follows from [Chapter
IV, §5] of the book [65] by Ladyzenskaja et al. The compatibility conditions are given below:

S(xvyuo) :CIO(xay), on 8G7
8 ) 70
S(aé)ty) = —Le(0)ao(z, y) + g(z,9,0), ondG
3.3)
0*s(z,y,0) _ 2 dg(x,y,0) (
T = _LEﬂ($7y7 0) + LE(O)qO(.’E,y) —+ T? on aG’
\ 88(10";/’75) = —LgS(fL'ayat) +g(1:,y,t), (:U’y’t) c {O, 1} % {0’ 1} % (O,T]

The rest of this chapter is structured as follows: Section 3.2 presents a priori bounds for the analytical solution
and its derivatives. In Section 3.3, we introduce the time semidiscrete scheme, that uses the fractional implicit-
Euler method and prove its uniform convergence. In order to avoid the order reduction while considering
non-homogeneous boundary conditions, an appropriate evaluation of the boundary data is suggested. The fully
discrete scheme is introduced in Section 3.4 and the description of an appropriate rectangular mesh is also given.
Then, by combining the errors due to the spatial and temporal discretization, we deduce parameter-uniform
convergence result of the fully discrete scheme. In Section 3.5, we discuss about the temporal Richardson
extrapolation. Finally, the numerical results are presented in Section 3.6 for several test examples to validate
the theoretical result. Here, we compare the accuracy of the present method with the implicit-upwind method

given in [22]. The conclusion of this chapter is provided in Section 3.7.
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3.2 Asymptotic behavior for the analytical solution

We decompose the solution u(z, y, t) such that
u(z,y,t) = o(x,y,t) + w(z,y,t), (x,y,t) €D,
where v is the regular component and w is the singular component. Again, we consider the decomposition
w(x,y,t) = w(z,y,t) + wn(z,y,t) + w11 (z,y,t), (z,y,t) €D,

where wy, w» are the exponential layers near the sides z = 1 and y = 1 of G, respectively; and wy; is the
corner layer near the point (1,1). Following the approach given in [24], one can show that the components of

u(z,y,t) satisfy the following bounds:

o, y, 1)

DT Dz Otk <o (3.4)

W‘ < et exp (- =), (3.5)
W‘ < Ceexp ( - W) (3.6)
82;;”:92(27@25) ‘ < =" min{exp (- “‘1(1&__‘”)) exp (- "‘Q(Z_y)) b 3.7)

where V j1, jo, k € NU {0}, j = j1 + Jj2, 0 < j+ 2k <4and (z,y,t) €D.
Lemma 3.1. The derivatives of the solution u(x,y,t) of the IBVP (3.1)-(3.2) satisfy the following bounds:

Pulrnt)| <, 39
P g (222
‘W\ < e (- U2V, (3.10)

where j = j1 + ja2, 0 < j+ 2k <4 and (z,y,t) €D.

3.3 The time semidiscrete problem

In this section, we describe the numerical method to discretize the continuous problem (3.1)-(3.2) in the tem-
poral direction. We discuss the stability; and provide the error analysis by proposing a suitable choice of the
time-dependent boundary data instead of evaluating them classically in order to avoid the order reduction phe-
nomena.

We consider an equidistant mesh, denoted by A®* := {t,}}  on the temporal domain [0, 7] with M mesh-
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intervals such that At = ¢, —t,—1 =T/M, n=1,...,M. Let u"(z,y) = u(z,y,t,). Then, the semidis-
crete problem obtained by utilizing the fractional-steps implicit-Euler method which can be written as two half

scheme is given below:
(7) (initial condition)
(z,y) = qolzy),  (2,9) €G,
(23) (first half)

(I + ALyt 2 (2, y) = w™(z,y) + Atgi (@, y, tayr),  (2,y) €6,

W2 a,y) = 2 @), () € 0,1} % (0,1, G1D
(7i7) (second half)
(T4 ALy a2, y) = w22, y) + Atgo(2,y, tara), (z,9) €6,
W a,y) = 8" (z,y), (2,9) €[0,1] x {0,1},
forn =0,..., M — 1, where the operators L’f:gl and LZEH are defined by
L?,j:_l = _6887;2 + Ul(x, Y, tn—l—l)a% + bl(.iU, Y, tn—l—l)a
LS;TI = —55%22 + vz, y,tn+1)a% + ba(z, Yy, thit)-
The classical choice of the boundary conditions is given by
s"T2(2,y) = s(2,y,ter), (2,y) € {0,1} x [0,1],
(3.12)
s"t(x,y) = s(z,y,thr1), (z,y) €[0,1] x {0,1}.
Here, we propose an alternative choice of the boundary data which is given by
Sn+1/2(‘r’ y) = (I + AtLg;l)s(‘rv Y, tn-i-l) - Atﬂ2($7 Y, tn+1)7 (ﬂj‘, y) € {07 1} X [Oa 1]7 (3 13)

s"(z,y) = s(z,y, tnr1), (z,y) €[0,1] x {0,1}.
We show that the operators (I + AtL?ﬁil) and (I + AtLgfgl) satisfy the following maximum principle.

Lemma 3.2 (Maximum principle). Let the function ¢ € C°(G) N C2(G) such that (z,y) < 0 on 0G and
(I+ AtLZ;l)w(aﬁ,y) <0, k=1,2 forall (x,y) € G. Then, it implies that \(x,y) < 0 for all (x,y) € G.

Proof. For the operator (I—l—AtL’fgl), we first prove the maximal principle. Letus fixy € [0, 1]. Let (z*,y) € G
such that

Y(x*,y) = max_(z,y),
(z*,y)EG

and without loss of generality, we assume that ¢(z*,y) > 0. Now, in conformity with the hypothesis of

the maximum principle, ¥(x,y) < 0 on OG, which implies that (z*,y) € G. Since g—éf(a:*,y) = 0 and
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‘32715(33*7@ < 0, this gives that
(T + ALy (a*,y) > 0,

which is a contradiction to the hypothesis (I + AtL’f;l)w(x, y) < 0, for all (z,y) € G. Hence, we proved
the result for the operator (I + AtL’f;l). Similarly, one can prove the maximum principle for the operator
(I+ ALy, H

The following result ensures the stability of the time semidiscrete scheme (3.11).

Lemma 3.3. Let the function Z. € C(G) N C2(G). Then, we have

1 n
125 < 1206 + T 1T+ AtLEEDZ g

where k =1, 2.

Proof. Consider the following functions

U (2,) = —12]loc - I+ A2+ 2(x,y), (2.y) €6,

1
(1+ BkAt)”(

where k = 1,2. It is obvious that ¥ (z,y) < 0 on 9G, and

1+ b At
(I+ AW (a,y) < K

< AL (T4 ML) Z <0, ()€

By applying Lemma 3.2, we obtain the desired result.
H

3.3.1 Error analysis
Let us denote ¢"*! as the local truncation error of the time semidiscrete scheme (3.11) at the time t,,41, i.e.,

ez, y) =@ (z,y) — u(x,y, tar1), where w1 is the solution of the following auxiliary problem

(i)uo(l"y) :qO(xvy)v (CC,y) E@,

(I+ ALy a2 (2, y) = w(z,y, ta) + Atgi(@,y, tyr),  (2,y) €6,
(i)
W2 (z,y) = 5" P (2,y),  (2y) €{0,1} % [0,1], (3.14)

(T+ ALY a2, y) = a2 (0, y) + Atg(z, v, tna),  (3,9) €6,
(i4i)
Wt (z,y) =" (z,y), (z,y) €[0,1] x {0,1},

forn=0,...,.M — 1.

Lemma 3.4 (Local error). Under the alternative boundary data of s™'/% and st given in (3.13), the local

~n+1

error e at the time level t,,1 satisfies that

e [g < C(A)? (3.15)
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Proof. From (3.14), we easily deduce that
(I + AtL?;—l) ((I + AtLgi:l)Zn+l (‘TJ y) - AtJQ(CUa Y, t?’H—l)) = lL(.’L’, Y, tn) + Atﬂl (.T7 Y, tn—l—l)- (316)
We expand Taylor’s series expansion of the function u(x, y, t,,) in the temporal variable to obtain that

au(x7 Y, tn+1) + O(At)2

u(a:,y,tn) = u(x,y,tn+1) — At ot

and using equation (3.11), we write

(I + Aﬂ“?;rl) ((I + AthJrl) (I‘, Y, tn+1) - AtEQ(JUa Y, tn+1)> - u(m y) ) =+ Atﬂl (I’ Y, n+1) + O(At)
(3.17)
Subtracting equations (3.16) and (3.17), we get

(I + AP (T + ALy THe™ ™ (2, y) = O(AL)>.

Now, by using the alternative boundary data given in (3.13), the local error can be written as the solution of a

following problem:
(1+ALTEE 2, y) = O(AL?,  (z,y) €6,
(3.18)
e t2(0,y) =0, @ H2(1y) =0, ye[o1],

(I +Awgthe ™ (z,y) = 2 (2,y), (z,y) €6
(3.19)
et(z,0) =0, e*t(z,1)=0, =z¢€]0,1].

From (3.18) and (3.19), using the stability property of Lemma 3.3, we get the desired estimate of the local error.
[

Let us denote "1 (z, ) as the global error of the time semidiscrete scheme (3.11) at time #,,, 1 as usual
"(z,y) = ul@,ystern) — u"T(

Euler method converges uniformly with first-order accurate in time.

i.e.,e x,y). The following result shows that the fractional-steps implicit-

Theorem 3.1 (Global error). Under the alternative boundary data of s"+/? and s"t' given in (3.13), the

global error €™ satisfies that

sup He"HHE < CAt.
(n+1)At<T

Proof. We rewrite the global error as
enﬂ(x,y) _'éﬂ+1( ) +dn+1(x,y),

where the term d" ! (z,y) = @ (x,y) — «"T!(z,y) can be deduced from the following problems:

I+ AP Y2 (5, y) = €”(2,y), inG,
{ ( sy (z,y) = €"(x,y) (3.20)

dn+1/2(0,y) _ O7 dn+1/2(17 y) = 0, in [0, 1]7
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and

I+ ALY (2, y) = d"V?(z,y), inG,
{ ( SN (2, y) (z,y) G321

d"*(z,0) =0, d"t(x,1)=0, in]0,1].
Then, applying Lemma 3.3/ to the equations (3.20) and (3.21), we obtain that

1 n
(I + B1AY)(I + P2l " -

el < [l g +

Finally, using the above relation recursively and by invoking the consistency result in Lemma 3.4, we obtain
the desired estimate of the global error. n

Remark 3.1. In case of non-homogeneous boundary data s(x,y,t), we generally see that, Lg:gls(x, Yy tni1)

—p(z,y,tht1) # 0, for (z,y) € {0,1} x [0, 1]. This shows that, in the first half of (3.14), a term of size O(At)
appears as the difference between the classical choice (3.12) and the alternative choice (3.13) of the boundary
data s"t1/2 (z,y). As aresult, if the the natural choice of the boundary data is used, there is an order reduction
in the global error which finally becomes O(At)? = O(1).

3.4 The fully discrete problem

On the spatial domain G = [0, 1], we construct a rectangular mesh ¢V = Eiv X G]yv C G, having (N + 1)% mesh
point as depicted in Fig 3.1. Here, N > 4 is an even positive integer; and Eiv and Eiv denote the appropriate
piecewise-uniform Shishkin meshes, respectively in the x and y directions. The detail construction of @i\[ is
given below. We divide the spatial domain [0, 1] into two sub-intervals as [0, 1 — 1] and [1 — 11, 1], where the

transition parameter 1; is defined by

1
m = min{i)ﬂl,ogln]\[}a

and nq o is a positive constant. In the analysis, we consider non-uniform mesh and for that we assume that

M1 = M1,0¢ In N. Now, on each sub-interval we introduce equidistant mesh with N/2 mesh-intervals such that
=N
G, ={0 =T0,T1,-- -, TN/2=1—=M1,..., TN = 1}.

Analogously, we define @Z]JV such that

N
Gy :{0:y07y17"‘7y]\//2:1_n27"'7yN:1}7

where

1
Mo = min{i,ﬂz’oé‘lnN}.
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Figure 3.1: Shishkin mesh in the spatial direction

Further, the mesh widths in the spatial directions are denoted by

heyy =wi —xi1, 1<i<N, hy =yj—yj-1, 1<j<N,

Mgy = hay + gy, 1<i<N—1, hy =hy +hy,,, 1<j<N-1

_ 2(1 —
Leth,, = Hy = 20 1 << N/2and hy, = Hy = (N”Z’) 1<j < N/2. Alsolet hy, = hy =

2 N/2+1<i<Nandhy, =hy =32, N/2+1<j<N.
34.1 Proposed fully discrete scheme
For a given function W}, = VU (x;,y;,tn), defined on the mesh pVAt — gV x APt we define \If;‘_ 1 =

3
L T A 13 T
7, i—1, 7, i,7—1 1,2, 1,4—1,
) ogn = B BT Also, we define Wi1a = MY B A

5 Y . 2 2 ’
n vgvivj + /Ugﬂ'v]_l T T n n ] ]
vy i1y = g and b17i—1/2,j’ b2,i,j—1/2’ Iric1)2j Foij—1/2 A€ defined similarly. Let us

denote GY = @iv N (0,1) and G = @iv N (0,1). In order to constitute the fully discrete scheme for the IBVP
(3.1)-(3.2), we consider spatial discretization of (3.11) in each half by a new hybrid finite difference scheme.
The scheme is composed of a modified central difference scheme whenever ¢ > |lv;||[N~!,i = 1,2; and a
combination of the midpoint upwind scheme in the outer region and the modified central difference scheme

in the layer region whenever e < ||v;||N 1,4 = 1,2. On the mesh D™2 the fully discrete scheme takes the
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following form:

(id)

\

fori,j =0,1,..., N,

U Ayt o

1,e,mcd

- UZ:L] + Atﬂl(xi7yj7tn+1)7
for1 <i< N/2, y; € G) and when € > [[oy [N,

n+1/2 n+1 n+1/2
Uiy T AL Ui

:Ui”

1 .
_57]

for1 <i< N/2, y; € Gév and when & < ||v||[N 71,

Ut At

1,e,med

Umffl/Q —un

i,j + Atﬂl(xlv Yi, tn+1)7

for N/2 <i <N —1, y; € G},

1/2 . —N
T = 12 (g y), fori=0,N,y; € G (3.22)

U;jjl + AL

2,e,mecd

1/2
U’ZLJ+1 = U:’j / + Atg?(xlu yj7tn+1)7

for 1 < j < N/2, x; € GY and when & > |jvg||[ N1,

n+1 n+1 n+l _ +1/2 n+1
Um’—% T ALy LUy = Uij—% + Atﬂz,i,jfl/zv

)

for1 < j < N/2, x; € GYY and when e < |Jva||[ N1,

U:jl + AthJrl

2,e,med

1/2
Uidtkl - U:j / + AtﬂZ(xiaijtn+l)a

for N/J2<j< N -1, 2; € GY,

. N
\ UiT,lj_l =" (2y,y;), forj=0,N, 2 €GC,,

n+1/2 n+1 . n+1 n+1 n+1 n+1 .
where s 11/ , S are defined in (3.13) and Ll,N,mcd’ Ll,N,mup’ LQ,N,mcd’ L2’N’mup are given by

n+1 n+1/2 9rrn+1/2 w7rn+1/2 n+1/2
1,N,mchi,j = _Eéin,j +U1(l’i,yj,tn+1)D$Ui7j +b1(x,;,yj,tn+1)Ui7j ,
n+1 n+1/2 _ _copm+1/2 n+1 —rn+1/2 n+1 n+1/2

LLN,mupUi,j - angi,j + Uu—%,ij Ui,j + bl,i—%,j i—-15"
n+1 +1 _ 2rn+1 . ) xrrn+1 ) . +1

L2,N,mchi,j = —aéyUm + vg(m“y],th)Din’j + bg(xz,y],th)Ui’j ,
n+1 n+l _ _ _s27rn+1l n+1 —7rm+1 n+1 n+1
2 NmupUig = ~€0 Uiy vy Dy U 46,55 Uy
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v1(Zi, Y5, 1t hy, vo(Ti, Yj,t hy. )
Let p,, = (5— 12 Y5 brts) o, and p,; = (5— 2(i y]2 +1) yj). Then, after rearranging the terms

2
in (3.22), we obtain the following form of the difference scheme:
U, = aol@i,y;), for (x1,y;) € G

(  NAtrmn+1/2 _  _ ron+1/2 c yrn+1/2 +rm+1/2  oat )
Lls Ui,j = Mg, i—1,5 +lusz1] +u Uz+1] Fl (xi7y])

for1 <i< N -1, y; €Gl,

n+1/2 +1/2( . oy, ) = ea
U ="t (@i yy), fori=0,N,y; €6, (3.23)

N,At 1 1 1 1
L2€ Uttt = UnJr 1+ IuijnJr +Ulnjt’_1 = F2 (xlay])v

(2%}

for1<j<N-1, z; €GY,

Ug}jfl = s""Y(x;,y;), forj=0,N,z; € Eiv,
forn=0,..., M —1,

where the right hand side terms F{*(z;,y;), F5® (2, y;) in (3.23) are respectively given by

%(Uin—l,j + At ﬂﬁj—ll,]) %(Un + Atﬂ?jgl)
for1 <i < N/2, and whene < [joy||[N71, y; € GZ]JV,
Fi¥(zi,y;) = (3.24)
Uy, + Atgffjl, for1 <i< N/2, and whene > |Jo1|[N~!,  y; € G,
U+ Atgitl, forN/2<i<N-—1, y; €6,
and
UL + At gl ) + 35U+ g,
for 1 < j < N/2, and when ¢ < |jvo||[N™Y, z; € GY,
(3.25)

Fo* (21, 95) =
UnH/2 + At ;‘j]l, for1 < j < N/2, and when ¢ > |jvo||[ N7,  z; € G,

UMY p Atgetl, forN/2<j<N -1, a;ecl.
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Here, the coefficients p, , u, ujk for 2z, = x/yk, k =i or jandl = 1,2 are given by

( _ —
:uzk = At Mmcd,zk7 :ugk = At ancd,zk + 17 Mzk = At :ujr_zcd,zk’

for1 <k < N/2, and when ¢ > ||jv;||[ N1,
By = At Frmup,z, + %7 'U’gk = At anulhzk + %7 NZ@ = At /’[”r—;up7zk7
(3.26)
for1 <k < N/2, and whene < |Jv;| N1,

- - _ _ +
Hoy = At'umcd,zk’ /.Lg = At quncd,zk + 17 Mz, = At /'med,zk’

for N/2 <k <N —1,

where

( n+1 bn+1 n+1

~ 2 Uity Uni-ly = 20, Vi,
Moy e - ) med,z, 3 - ’
P hzk hzk hzk 2 hzk hzk hzk
n+1 n+1 n+1
S / L 2 AR
MC _ 2e + Li—35.] + Li—5.J and ancd w = " sz + }17"1] + b?ib-l—}7
mup,z, ’ d b,
PEk hy, hyin h, 2 2121 2,
n 2e v 2py
Homup,z,, = —= ) Foned,z, = E h :
hzkhzk+1 2k Y241

We show that the difference operators Lf{ éAt, Lé\f éAt defined in (3.23) satisfy the following discrete maximum

principle. Let GV = ¢V ncand oy =c" \ GV,
Lemma 3.5 (Discrete maximum principle). Suppose that the following conditions hold for N > N :

N 1
IS d N>(b 7), k=12, 3.27
oy > Meollorll and wp N > ([l + < (3.27)
where Ny is a positive integer. If any mesh function Z; ; = Z(x;,vy;) defined on c satisfies that Z; ; < 0 on
96N and Lév’EAtZi,j <0, k=1,2in GV, then it implies that Z; ; < 0 for all i, j.

Proof. At first, we prove the discrete maximum principle for the operator LiVéAt. Let us fix the index j and

we denote Z; ; = Z;. Without loss of generality, we assume that the mesh function Z; satisfies the following
system:

LYVA7, = w;, forl <i< N-—1,

(3.28)

Zp = wo, ZN = WN,
where w; < 0, for(0 <17 < N. By adopting the approach given in [Chapter 2, Lemma 2.7], one can show that
the matrix 4 € RNFTIXN+1 a50ciated with the coefficient of Z; is an M-matrix. Since 4 is also irreducible,
471 > 0. We thus obtain the desired result for the operator le\i’gm. Similarly, one can prove the maximum
principle for the operator Lé\f;m. |
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34.2 Error analysis

In the beginning, we study the asymptotic behavior of the analytical solution of the semidiscrete problem

N,At

2, G2 and

(3.14) and its derivatives. This will be used later to derive the bounds of the truncation errors ‘.T
‘J’gﬁfﬂ. From Lemma 3.3, it is clear that |[z"t1/2|| < C and |[a"*Y|| < C, since u(x,y,tn), 41,42, s" /2
and s"*! are e-uniformly bounded. At first, we deduce a priori bounds for %"*'/2(x,y) and its derivatives
in the z-direction and also for 2" "!(z,y) and its derivatives in the y-direction. For the proof of Lemma 3.6,
apart from the requirement of e-uniform boundedness and smoothness criteria on the given data, we also need
certain compatibility conditions at (0, ¢,,) and (1, ¢, ) as mentioned in (3.38). Note that, we also take care of the

presence of the non-homogeneous boundary data s”*1/2, s"*1 in the following derivations.

Lemma 3.6. The solutions " +/%(x,y) and "' (x, y) of the time semidiscrete scheme (3.14) and their deriva-
tives satisfy that

S n+1/2
‘ D ! ‘ <C(1+e7exp(-m(1-x)/e)), j=0,1,234, (3.29)
and o +1
J TN
‘TM‘ <C’ 14¢e~ Jexp( mo(1 — )/g)) j=0,1,2,3,4, (3.30)

forall (z,y) € G.

Proof. We split up the proof into two parts. In the first part, we derive the result (3.29) for "1/ 2(z,y) and in
the second part, the result (3.30) is established for 2" *1(z, y).
Part-1: Consider the auxiliary BVP

(I + Ath+1)C($, y) = _LTIL:;_Iu(x’ Y, tn) +ﬂ1(x7 Y, tn+1) = _7‘[1(.%, y)a (331)
where 12
_ u” ($>y) B u(x>y7tn)
C(l"y) - At 9
with boundary conditions:
" T2(0,y) — u(0,y,tn)
C(O’y) - At )
(I + Ath+1) (0,9, tny1) — Atg(0,y, tnr1) — s(0,y,tn) (3.32)
fry At b
n ds(0,y,t,
=L5718(0,y, tnr1) — 22(0, 45 tnr1) + ds(0,9, tn) o ) + O(At),

ds(1,y,tp)

C(lay) :Lg;15(17y7tn+1) _52(17y3tn+1)+ dt

+O(AY). (3.33)
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Therefore, (3.31)-(3.33) reduces to the following form:

(T+ ALY (2,y) = 24 (2, y),
C(Ov y) = L;L,l_ls(ov Y, tn—i—l) _52(07 Y, tn+1> + w + O(At)7 (334)
C(]'u y) = ngls(]‘v Y, tn-i—l) _492(17 Y, tn-l—l) + w + O(At)
We see boundary conditions of problem (3.34) are (&, At)-uniformly bounded. Let ]L?,ngu(x, y,tn)| < C, then
|# (x,y)| < C. Hence, applying Lemma 3.3, we obtain that |((z,y)| < C. We have
L2 (e, y) = ~ U y) + (@ t), (20) €,
wt2(0,y) = (T4 AL )s(0,y, tni1) — Atga(0, 4, tny1), (3.35)

En+1/2(17 y) = (I + AtLgH_l)s(l? Y, tn-‘rl) - Atﬂ?(oa Y, tn-‘rl)'
Using the argument of Kellogg and Tsan technique [61], one can obtain that

~n+1/2
W‘ < C[l + e Lexp(—m (1 — I)/S)], (z,y) €G. (3.36)

Let (1(x,y) = L?’ngé(az, y), which satisfies that

(I + AtL?’ng)Cl ($7 y) = _(L?,Jsrl)2u(m7 Y, tn) + L;L:;-rlﬂl ($, Y, tn+1) = .7'[2(1', y)7

¢(0, 1 n

G 0.9) = -0 4 L1000, tn) 15 u0,0.12)] (3.37)
¢(1, 1 n

Gi(l,y) =— (Aty) + [51(1,y,tn+1) - Ll,ilu(l,y,tn)]

Let \(L’f;l)%(w, y,tn)| < C, then |#(z,y)| < C. Now, from the compatibility conditions (3.3), one can
obtain that

d O) 7tn n
M - _Lg S(Ov Y, tn) +£<07 Y, t")’
dt
(3.38)
dS(l,y,tn) n
T = _Lé‘ S(la y7 tn) +H(1> ya tn)
By using the equations (3.37) and (3.38), we get
(I+ AL G, y) = (2, y),
0g(0,y,ty) 10s(0,y,ty,)
0 _ I\ grm) ont+l1ZP\U I )
01(0,y) P L. ot +C, (3.39)
991,y tn) 0s(1,y,tn)
1 CASSE ARV 2 St Sl ALY
Z»1( 7y) ot 2,e ot + CQ’

where C and C5 are independent of ¢ and At. We see that #Hs(x,y) = —(L?;l)Zu(:n, Yy tn) L gy (2, y, b))

€
is bounded (e-uniformly) and boundary conditions are (&, At)-uniformly bounded. Hence, applying Lemma
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3.3/, we obtain that |(; (x, y)| < C. Afterwards, one can deduce that

’85;;@)‘ < 0[1 telexp(cm(l—2)/e)|, (x,y) €, (3.40)

by invoking Kellogg and Tsan technique [61] to the following BVP:

L?;—lC(CEa y) = Cl(xv y)a

ds(0,y,t
00, y) = L3'8(0,9, tn1) — 20,y tar1) + (df) +0(Ab), (3.41)
ds(1,y,t
(L) = L5 (10, toin) — (L. ) + 2L (g
. ount1/2
Now, differentiate (3.35) with respect to x, we consider that ((z,y) = e 3 satisfies the following problem
T

LIt (2, y) = (2, y),

C(Ovy) = 017 Z(lvy) = 025_17

(3.42)

~9l(z,y) n Og1 (2, y, tns1)  O01(2,y, tagr) B2 Oy (2, y, tni1) —nt1/2

Oz Oz Oz Ox Oz (w,y) and

where #H3(z,y) =
we obtain that

|#5(,y)| < C[l + e Lexp(—m (1 — m)/s)], (x,y) €G.

Again, using the argument of Kellogg and Tsan technique [61] for (3.42), we get

‘OC(:B,y)‘ _ ‘3211”*1/2(1:,3/

5 - ) ‘ <C [1 +e72 exp(—m (1 — x)/g)] . (z,y) € G.

To establish result for j = 3, we follow the similar procedure. Firstly, we consider the function (o(x,y) =
(L’f’gl)QC(m, y) as the solution of the following BVP:

(I + AtL?;l)CQ("Ev y) = _(L?,il)su(wv Y, tn) + (L?:srl)2ﬂl(x7 Y, thrl) = M(ZE, y)a

1

C2(0.9) = &7 [~ L C0.9) + (LT 0109 b)) —LEE'LTE (0,9, 10) ) . (3.43)
1

C2(17 y) = E |: - L?:é_lC(]-a y) + (L?;lﬂl(L Y, tn-i—l) - L?;lL?,l_lu(lﬂ Y, tn)>i| .

We simplify the boundary conditions of the problem (3.43) by using the compatibility conditions (3.38), to get

(I + AtL?::_l)C2(x7y) = }Ll(.l‘, y):

1 ,.10% ntls ne108
G(0.9) = (L1515 ) Oytusn) + (LT 2 ) (0. t) + O(AD), (3.44)

1 ,.,0% ntl. i1 0s
Go(l,y) = <§L1,Jgrlw)(1ay,tn+1) + (L1;1L1,J£1§>(1,y,75n+1) + O(At).

We see that Hy(x,y) = —(L?’ng)g’u(x, Y, tn) + (L?;l)%ql (x,y,tn+1) is bounded (e-uniformly) and boundary
conditions are (&, At)-uniformly bounded. Hence, applying Lemma 3.3 , we obtain that |C2(x, y)| < C. Now,
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similar arguments can be applied for the following BVP:

L?;1C1(1‘, y) = C2($7 y)7
M _ L?’L-‘rlw

Gy) =", be 5 O (3.45)
dg(1,y,t, nt10s(1,y,ty,
G(ly) = g(at) - Lg;l(a:ty) + Co,
to prove that
2
‘L‘ < C[l—i—e exp(—mi (1 —x)/e)|, (x,y)€G. (3.46)

82'1171—&-1/2 (:E, y)

92 satisfies the fol-
T

Now, we differentiate (3.42) with respect to x, we consider that G (r,y) =

lowing problem:
L?—g_lCl(I‘) y) = }[5('%" y)v

Zl(ovy) = Cl, Z1(17y) = 025_27

(3.47)

where |75 (z,y)| < C[l + e 2 exp(—my (1 — a:)/e)}, (z,y) € G. From the argument of Kellogg and Tsan
technique [61] for (3.47), we get

’5C1xy ‘_‘33 n+1/2

— (z,v) )<C[1+5 exp(-mi(1—2)/e)|, (z,y) €G.

Similar way one can obtain the bound for j = 4.
We now derive the bound of z"t1/2(z, %) by differentiating the auxiliary BVP (3.14) at the first half with

respect to y, and we get

3u”+1/2(x y) au(q"ﬂy)tn) +A aﬂl(x Y, TH-l) o 8U1(I7y7tn+1) 8’ﬁn+1/2($7y)

(1+ ALy

Jy oy oy oy ox
8[?1(37 Y, n+1)~n+1/2( y)
8y 7 )
T n+1
Ou +8/y2(01y) — (I + AtLg+1)as(ng;jn+l) + Atan(Ong;t”H’l) 85(07gytn+1)_’_

0b2(0,y,tn 072(0,y,tn
A2 g/y,t “)s(O,y,th) At%yﬂ)’ y € [0,1],

~n+1/2
Ju (Ly) — (I + AtLgL+1)8S(17g;j7z+l) + Atan(lyyvtn+1) 85(1vy7tn+1)+

oy Jy oy
\ At g (1, y, t,0) — Ap22ERE) -y € [0, 1],

(3.48)

. . DTG/ 2 (g ) .

The following bounds are proven by using the bounds of === for j =0, 1,2, 3,4,

a] n+1/2 33 y _

5 ) < C[l + eV exp(—my(1 —y)/e)|, (z,y) €G, forj=0,1,2,3,4. (3.49)
Yy

Part-II: Here, we prove the result (3.30) for 2" (z, y). We suppose that, based on prior technical criterion,

L5t a2 @, y)lg < €, L% 2z, y)le < €, L) a2 (2, ) e < C.
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Define the following auxiliary boundary value problems:

(I+ ALY A, y) = —Ly a2 (2, y) + go(w, 9, togr) = A (2,9),
Az, 0) = —Ly T s(2,0,tn11) + g2(2, 0, tn 1), (3.50)
Az, 1) = —ngls(az, Ltns1) + go2(z, 1 tpt1),

n+1($ y) n+1/2($ y)

. We see that boundary conditions are (¢, At)-uniformly bounded

where A(zx,y) = Az
and |71 (x,y)| < C. Hence, applying Lemma 3.3 , we obtain that |A(x, y)| < C. We have

Lgi‘_lzzn+1(x7 y) = _A(x7 y) +52(x7 Y, tn+1)7
3.51)
W (z,0) = s(2,0,tpy1), w7 (z,1) =s(x, 1, tne1).
Using the argument of Kellogg and Tsan technique [61], one can obtain that
a n+1 B
‘”7”‘ < 0[1 +eexp(—ma(l — y)/e)|  (2,y) €. (3.52)
We introduce the function A;(z,y) = ngl/l(x, y), which is a solution of the following BVP:
(I + AtL3+1)A1(xa y) - —(LS?I)QE”H/Q(Q:, y) + Ln+1£2(x Y, n+1) 72(377 3/)7
Ay (x,0) = —LEHLE s (2, 0,80 11) + Lo go (2,0, 1 41), (3.53)
Ai(z,1) = —LE L s (2, 1, o) + L5 (2, 1, tg).
We see that F2(z,y) = —(ngl)Q’ﬁ”Hﬂ(x, y) + L”Hgg(a; Y, tn+1) is bounded (e-uniformly) and boundary

conditions are (e, At)-uniformly bounded. Hence, applying Lemma 3.3/, we obtain that |A;(x,y)| < C.

Afterwards, one can deduce that

’3/1(56, y)

o | <cfi+e ep(-m(1 - y)/e)], (wy)€q, (3.54)

by invoking Kellogg and Tsan technique [61] to the following BVP:

Ly Az, y) = Ai(x, ),
Az,0) = —Ly T s(2,0,tn11) + g2(2, 0, tny1), (3.55)

Az, 1) = —ngls(az, Ltns1) + go(, 1 tpt1).
For second order derivative bound of 71 (z,y), we differentiate (3.51) with respect y, to get

nglz(% y) = 9:3('%'7 y)7

A(2,0) = C1,  A(z,1) = Coe !,

(3.56)
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where

3/1(95,?/) + 852(%%%4—1) 87}2(‘/1: y7tn+1)8 n+1( ay) N 81?2(55,,% tn-i-l)"lszrl T

~n+1
and A(z,y) = (?ua;m,y) We obtain that |F3(z,y)| < C’[l + e texp(—me(1 — ) /e)|, (x,9) € G.

Applying the methodology of Kellogg and Tsan to (3.56), we deduce that

‘6/13@ Y ‘_‘62 n+;$ Y) ‘<C[1+€ exp(—mo(1 —y)/e)|, (z,y) €G. (3.57)

We introduce the function Az (x,y) = (Lg’il)QA(:c, y) which is solution of the following BVP:

(I + ALyt A (2, y) = —(Ly )P a 2 (2, ) + (LT 2m(2, 4, tarr) = Fale,y),
Ag(z,0) = —(LEEN)3s(, 0, tn i1 + (L5 20(2, 0, tn 1), (3.58)
(1) =~ Ps(, 1t + ()l L s,

We observe that #4(z,y) = —(LyT1)3a 1/ 2(2,y) + (L5T")%0(2,y, trs1) is bounded (c-uniformly) and

boundary conditions are (e, At)-uniformly bounded. Hence, applying Lemma 3.3/, we obtain that | A2 (z, y)| <

C. Now, similar arguments can be applied for the following BVP:

Lyt A (z,y) = Aa(z,y),
Ay (z,0) = L3 LI s (2, 0,80 11) + Lo go (2,0, t41), (3.59)

Ay(z,1) = —LET' LS s (2, L b)) + L (2, 1, ),

to prove that
02 A( _
‘ﬂ‘ <Cli+eep(-m(l-y)/e)], (zy) et (3.60)
To establish result for j = 3, we follow the similar procedure. Firstly, we differentiate (3.56) with respect to y

and rewrite in the form -
Lg,j:_l/ll (.%', y) = 9:5('%'7 y)7

_ _ (3.61)
Al(CC,O) = (1, Al(CC,l) 2028_2,

A _ 0%t (zy) -2 = .
where A;(z,y) = 5z and |F5(x,y)| < C|14+ e “exp(—mao(l —x)/e)|, (z,y) € G. Applying the
same methodology of Kellogg and Tsan to (3.61) we deduce that

8/1 83% n+1
‘ 1z,y) ]_( (z,9) ‘<[1+5 exp(—ma(1 — )/5)} (3.62)
Iy’
Similarly, way one can prove the bound for j = 4. n

Lemma 3.7. The exact solutions w"*/%(x,y) and W"*'(x,y) of the time semidiscrete scheme (3.14) can be
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decomposed as
a2 () = 2 (@) + vigt A (2, y),

~n+1

Wz, y) =" @, y) + v (2, y),

where y € (0,1) the components of w*+1/2(x, y) satisfy

6j~n+1/2 1—
‘I(;ij M))aj2071>273747
X e

n+1

- € du™*
= — ]_ t’I’L 1_ 9 =

7" (,y) = exp(—vi(l,y, tar1) (1 — @) /€), 11 vi1(1,y,tns1) dx

‘ < C<1 4 eIt exp(—

(1,9),

and for x € (0, 1) the components of u" ' (z,y) satisfy

! : m(1 — y)

_ < —j+1 e\ ) _

‘ 57 ‘_C(He exp( - ))g 0,1,2,3,4,

- € d’ﬁn—l—l

q Jrl(wvy) = exp(—vg(a:, 17tn+1)(1 - y)/é‘), Y2 = (1’, 1)7

UQ(J"a 17tn+1) dy

Proof. The proof was carried out by using Lemma 3.6 and the approach described in ([24], Appendix A). W

Next, we state several important lemmas which will be used in the next section.

Lemma 3.8. Consider the following mesh functions ©; j,(\;) withl = 1,2

N
Al \ ~1
od) = [] (1+ ! ’“) , for0<k<N -1, O.x(\) =1,
. g
j=k+1
N Aol \ —1
O2(h2) = [] (1 n %) . for0<k<N—1, Oyn(h) =1,
j=k+1

where \; is a positive constant. Then, we have the following inequalities:

(i) If \y < my/2, then

exp (—m (1 —ap)/e) < O1(\1), for0<k<N-1, (3.63)
exp (—ma(1 —y)/e) < Oa(X2), for0<k<N-—1, .
(i1) Oy nja(N) < CN-NMo, (3.64)
for some constant C.
Proof. Use the arguments given in [84, Lemma 5] for the proof of (i) and (ii). u
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Lemma 3.9. If \; <m;/2, | = 1,2, then under the hypothesis (3.27) of Lemma 3.5, it follows that

/

N,A
L. ‘Our(N) >

CAt
?627k()\l), for1 < k < N/2, and when & > |jv| N1,

At
%91,/&()\1), for1 <k < N/2, and when e < HleN*l,
!

A
%@l,ko\l)’ for N/2 <k <N —1.

Proof. The argument given in [Chapter 2, Lemma 12] can be used to prove this lemma.

3.4.2.1 Error due to spatial discretization

In order to estimate the spatial error related to the fully discrete scheme (3.22), we consider the spatial dis-

cretization of the auxiliary problem (3.14) using the new finite difference scheme as described in Section 3.4.1.

Hence, we obtain the following discrete problem:

U@(?] = qO(xiv y])7

LU

N,Atr7
5 Un

(pNApntl/2

U™ H1/2(q,y) = s"41/2(z,y),  (2,y) € {0,1} x G,

+1 _ , — 7+l c
Loc Uij " = by, Uii=y + 1y

0<14,j <N,
— rn+1/2 n+1/2 ~n+1/2 =
MwiUin—l,j/ +H§¢Ui7?j / +H;ﬂ|—iU£|-17]/ = FlAt(xi’yj)’

forl1 <i,j <N —1,

(3.65)

[+l +7mtl _Fntle,.
JUST + g Ul = Fo7 (w0, 95),

forl1 <i4,5 <N -1,

U (z,y) = s"(x,y), (2,9) € Gy x {0,1},
forn=0,...,M —1,

where the coefficients y,, u§, 1.}, Hhy My u;jj are described in (3.26); and the terms F{ (2, y;), F5* (24, ;)

are respectively given by

I:‘JlAt(l'ia y]) =

%(u(liifb Yj, tn) + At gﬁj—lld) + %(u(xiv Yj, tn) + Atﬂﬁijl)a

for1 <i < N/2, and whene < ||v1||[N}, vy, € Gév,

w(i, yj, tn) + At g3, for1 <i < N/2, and whene > ||lu1|[N7Y, g, € Gév,

Li,5>

u(xiaijtn)+Atﬂn+l for N/2<i< N -1, yje(;é\f’

14,5

(3.66)
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and

~n+1/2 1 rrn+1/2 1

YOS+ At gt ) + 35U+ Anggth),
for1 < j < N/2, andwhen ¢ < ||vo|| N~ = € GY,

Fo (s, y5) = (3.67)

ﬁ:flm +Atg§f;fjl, for1 < j < N/2, and when ¢ > |jvo||[ N7, =; € GY,

U 4 Atgyil, forN/2<j<N-1, zecl.

At first, we derive the estimate for the local error ‘(Zn J+ Y2 _ g1/ 2(wi, yj) ‘ Here, for the discrete problem

(3.65), the local truncation error at the first half is defined as

N,At

N,Atrrn+1/2 ~n+1/2
@i, unt1/2 U7 =t

= L17s ij ($i7yj)]7

_ ~nt1/2 ~nt1/2 ~ntl/2 [~ -
(g U2 e OF2 4t O —(u"“/Q(wi,yj)+AtL’f,ilu"“/2(xi,yj)),
for1 <i < N/2, and when e > |jvy|| N1,
_ Snt1/2 ~n+1/2 ~nt1/2 L[~ ~
pg UP2 o OP P2 4 O 2 — 5(wﬂ/?(g;i,%) + ALY (a, yj))
1/ ~
= ~5 (u”H/Z(%‘—h y;) + AL 2 (g yj)>7
for1 <i < N/2, whene < |lv1||[N7L,

i 1/2 ad 1/2 =7 1/2 ~ ~
pg U2 e U2 4 oY —(u”“/Q(rvi,yj)+AtL’f,i1u”“/2(xi,yj)),

for N/2<i< N —1,
At _LTNI,mcdﬂ”H/ @i, yy) — @I (i, yj)} :
for1 <i < N/2, and whene > |jv1||[N~1,

= { AL T A ) — )] (3.68)
for 1 <i < N/2, and whene < [jv1||[N~1,

AL a2 @i y) = LT ) @i yy)], for N/2<i SN - 1.
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By using Lemma 3.7 and the arguments given in [Chapter 2, Lemma 2.10], we can deduce from (3.68) that

([ CAt [Hf + e Lexp(—m (1 — :cz)/s)}, for 1 <i < N/2, and when & > |jv1||[ N1,
CAt [(5 + Hy)Hy + Hy Y exp(—my (1 — le)/e)] :
for1 <i < N/2, and when e < |jvy|| N1,

CAt [(5 + Hy)Hy + e exp(—m (1 — $i)/5)] ;

|.«J~N,At | S
fori = N/2, and when & > |jv1||[N 71,

xi"in-&-l/Q

CAt [(5 + Hy)Hy + e L exp(—m (1 — :Ui+1)/€):| ,
fori = N/2, and when & < [jv1||[N 71,

CAt [h% + h2e 3 exp(—my (1 — xi)/e)}, for N/2 <i< N —1.

We now pursue the error analysis at the first half by considering two parts. We assume that A; < m; /2 and let
=N

Yj €Gy .

Part-I: When & > ||v|| N1, for sufficiently large C, we consider the following discrete function:

Py i(M) = C{le(l + xi) + Hip1,; +01i(\1)|, for0<i<N,

where
T

, for0<i<N/2,
pri=< 1—-m
1, for N/2 <i < N.

Then, using the inequality (3.63) and Lemma 3.9, we get

Ly @y () > [TV forl1<i<N —1.

xi’ﬂn+l/2 ’

ﬁn+1/2 . ?Zn+1/2

Thus, by applying Lemma 3.5 to ®1,;(A1) =+ ( Iy (zi,y5)) . forz; € @iv, and using the inequality

(3.63), we get
T7 2 = 2 g, )| < C|HE + 01 n0(0)]
(3.69)
< C[N—2 + N"\”‘U’], for 0 < i < N/2.

When € < |lv1||N ™1, for sufficiently large C, we consider the following discrete function:

C[(e—l—Hl)Hl(l—i—xi) +@1,i+1()\1)}, for0 <i < N/2,

Uyi() =
1i(A1) Athi

9

c[(a + Hl)H1<1 —i—a:i) + (1 + )@M(Al)}, for N/2 < i < N.
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Since the assumption (3.27) yields mjh1 /e < 2, using the inequality (3.63) and Lemma 3.9, we have

L{\,féAt\Ill z( ) > |‘I]\1Ant+1/2 ’ for 1 < 1 < N —1.

Thus, by applying Lemma 3.5/to ¥y ;(\) + ((7»”-“/2 — a2 (g, y;)), forz; € @iv, and utilizing (3.64),

7’7.7

mihy /e < 2, we have

A1hy

’Un+1/2 ~n+1/2(xi’yj)‘ < C[(g + Hy)Hy, + (1 + )91,1\7/2()\1)]7

(3.70)
< C[(s FNHN 4 N—Amw}, for 0 < i < N/2.
Part-II: For sufficiently large C, we consider the following discrete function:

Tl,i()\l) = C|:(N_2 + N_Aml’o)(l + a:z) + h%€_2@17i()\1)1|, for N/2 <t <N.

Then, it implies that

Tinj2(A1) > !UJ@QW W2(zne,y;)|, Yin(A) > ’UHH/Q w2z, y)],

L) 2 [T050 el for N/24+1<i <N -1,

and applying Lemma 3.5 to T ;(A\1) £ (ﬁf;rl/Z _ Zn+1/2(gji7yj)>, for z; € [1 —ny, 1] x éiv, we obtain
that

O] = a2 ()| < C(n{ON—2 In? N + N—MLO), for N/2+1<i<N. 3.71)

Therefore, by combining (3.69),(3.70) and (3.71), we obtain the following estimate at (n + %)th time level.

Lemma 3.10. Let y; € E;JV . If \1 < my/2, the local error associated with the discrete problem (3.65) at
(n + 1/2)" time level satisfies the following estimate:

~n41/2  nt1/2 C((N_l +x1) N+ N_/\ml*o), forz; € 0,1 —m]NG,
‘Ui,j — 3t / (l‘i,yj)’ < ) B (3.72)
C(ﬂioN‘Q In" N + N‘A““*’), forazie (1-m1,1]NG

xX
where

e, whene < |vy||N71,

Xl,e = 1
0, whene > |jv1|| N7,

Next, we proceeds to estimate the local error ‘[an L _gnt+l (24, yj)| . Here, for the discrete problem (3.65), the
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local truncation error at the second half is defined as

N,At
yj,untt

:%(

From (3.72)

= LY ANOP — 0 (2, )

1~
At(L’{g u”“(iﬂi,yj—yz) - L2,N,mup

~n+1/2 ~ 1~
Uinj /2 un+1/2(xi7 yj) + At (Lg,j:_ un+1(xi7 yj) - L2,N,mcdu

2. i,

it ~”+1(xi7yj)>,

~ni1/2  ~ -
O = 2 (g, ) + A (LSS i, 1) — LB e

17]

for1 < j < N/2, whene > |lvg]|[N7L,
= 1/2 ~ i 1/2 ~
18 = 2 ) 4 BT =T )
n+1 znﬂ(xi,yj)), for 1< j < N/2, whene < |[va]|[ N,

i ~”+1(xi,yj)),for N/2 < j<N.
(3.73)

,

and (3.73), we get the following bounds of the local truncation error for the (n + 1) time level

For 1 < j < N/2and when & > |lva||[ N1,

N.AL
Yj 7~

[ CUN 31 )N 14 NNy - CA [ + e exp(—ma(1 - 5)/e)
for1 <i < N/2,

un+1

<
C(2oN~2In® N + N-Mmo) 4 CAt [Hg + e Vexp(—ma(1 — y;) /a)} ,
for N/2 <i < N,

for j = N/2 and when € > |Jvg||[ N1,

N,At
yj 7‘ljn+1

forl1 <j

C((N7' 4 x1)N~t + N~ Moy 4 CAt {(e + Hy)Hs + e~ exp(—ma(1 — yj+1)/e)] :
for1 <i < N/2,

<
C(niON*2 In? N + N~Mm0) + CAt [(5 + Hy)Hy + e exp(—ma(1 — yj+1)/5)] ,
for N/2 < i < N,

< N/2and when ¢ < |lva|| N 71,

N,At
Yy, untl

C((N~! 4 x1 )N~ + N=Mm0) 4+ OAt [(e + Hy)Hy + Hyexp(—ma(1 — yj41) /a)} ,
forl <i < N/2,

C(nfeN"?In* N + N~Mmo) + CAt [(e + Hy)Ha + Hy exp(—ma(1 — yj+1)/s>} :
for N/2 < i < N,
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for j = N/2 and when ¢ < |Jv||[ N1,

‘ N,At
Yj 7Zn-‘,—l —=

C((NT'+x1,e) N7H 4+ N~Amo) 4 CAt {(5 + Hz)Ha + & exp(—ma(1 — yj+1)/5)} :
for1 <i < N/2,

Cn2 N 2102 N 4 N-Nm0) 4 CAL (¢ + Hp) Hp + &~ exp(—ma(1 = 341)/2)]

for N/2 <i < N,

\

and finally, for N/2 < j < N,

N.A
|(‘Tyj "1‘1'7f+1| S
[ C((N7! + x1.0)N~1 + N—Mmwo) 4 OAt [h% + h2e=3 exp(—ma(1 — ;) /5)] ,
for1 <i < N/2,
CmigN~— In? N 4+ N~ Moy + CAt {h% + h3e™3 exp(—ma(1 — yj)/s)] ,

for N/2 < i < N.

N
-

In the following, we consider two parts: x; € [0,1 — 13| N @iv and z; € (1 —n1,1]NG
Part-I: Here, we consider two subparts.

(a) When & > ||vo|| N L, for sufficiently large C, we consider the following discrete function
®i(N2) = C[((]\F1 +x1.) N N Ao (1 + Z/j) + Hipaj+ O25(Aa)|, for0 <j <N,
where
—— for0<j<N/2,

2y =9q 1-m
1, for N/2 < j < N.

Then, from Lemma 3.9, and the inequality (3.63), we get

Ly Dy 5(Aa) > [TV forl<j<N-—1.

Yj 7’iln+l 9

Thus, by applying Lemma 3.5 to @3 ;()\2) & (fjl"fl — u" (w4, y5)), for y; € Eiv, and using the inequality
(3.63), we get

\ﬁ;}jl — 0"z, y5)| < C’[(N’l +X1)NH4 N2 4 N~Amo o y=Aanzo | for ) < 5 < N/2.
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When ¢ < ||vz|| N1, for sufficiently large C, we consider the following discrete function

Cl(V T+ 1IN 4 NMma)(1 4 g5)+

() (e + H9)Ho (1 + yj> + @2,]'4,—1()\2)]7 for0 < j < N/2,
Wai(A2) =
] Cl(N=1 4 31 N1+ NMm0)(1 43+

(e + Ha)Hy (1+55) + (14 222)025009)], for N2 <j<N.

Then, from Lemma 3.5, and the inequality (3.63), we get

LA, () > \iréjﬁjﬂ . forl<j<N-—1.

Thus, by applying Lemma 3.5/to W5 ;(7y) £ ((Z"fl =" (24, y5)), fory; € Eév, and using (3.64), mphs /e < 2,

we get

WZ?FI — @ (@i, y5)| < C{(N_l +x1)N" 4 eHy + HZ + N~Mmo 4 9271\7/2()\2)],

< C((N’l +x1e) N1+ (e+ NHNTL 4 N~Amo N*AQ“ZO), for 0 < j < N/2.
(b) For sufficiently large C', we consider the following discrete function
Ty,i(A2) = C[((N_1 X1 )N N N_Am’“)(l + yj) + h§5_2@2,j()\2)}, N/2 <j<N,
and by applying Lemma 3.5 to Yo () & ([7[‘;“1 — " (24,y;5)), over [1 — g, 1] ﬂ@f/v we have

U7 = 2 (@i, y5)| < Ta(N),

< Cl((N 4 X )N+ M3 N2 In? N 4 N7HI0  NTAR0) N2+ 1< < N,
Part-II: As like the previous part, one can suitably choose @5 ;(\2), for 0 < j < N, and when & > [Jva||[ N1,
Wy i(Na), for 0 < j < N, and when e < |Jva||[ N1, To ;(A2), for N/2 < j < N, and arguing similar way as

in the previous case, one can obtain the desired result. Therefore, from the above derivations, we deduce the

following estimate at (n + 1)* time level.

Lemma 3.11. If \; < m;/2, | = 1,2, the local error associated with the discrete problem (3.65) at (n + 1)1
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time level satisfies the following estimate:
C((N‘1 F X1 )N (N7 xg ) N7 N0 o N—*Q“M),
=N =N
for (xi,yj) S ([0, 1 —1’]1] NG, ) X ([O, 1 —T]g] N Gy ),
C((N XL )NT M3 N TP In? N N 4 N ‘*2“270),

for (@iyys) € (10,1 =mi] &Y ) x (1=, 1] NGY),

’va:};rl _ filn+1(xi’yj)| <
C((N Tl X2 )N TN TP In? N N7 4 N ‘*2“270),
=N =N
for (ziyi) € (L =m1, 1108 ) x (0,1 -n2l NGy),
C((TI%,O +130) N2 In® N + N~ Ao 4 N_/\mz’o)a
=N =N
fOi" (:Elay]) € ((1 — M, 1] mGa: ) X ((1 — T2, ]-] ﬂGy )7
where
e, whene < |v|| Nt e, whene < ||vg|[ N1
Xle = and  Xx2.e =
0, whene > |vi| N1, 0, whene > |vg|| N7,

Corollary 3.1. Lemma 3.11 implies that for fixed ;o > 2/\;, | = 1,2, and for some constant C

CIN' 4+ x1) NP+ CO(NTH 4 x20 )N,
Ui = (i )| < for (i ;) € ([0,1 =] x [0,1=na]) N&", (3.74)

CN72Im%N, otherwise.

3.4.2.2 Uniform convergence of the fully discrete scheme
We define E" L (z;,y;) = [U”Jrl —u(z4,Yj, tny1)],  for (z;,y;) € G, as the global error related to the fully
discrete scheme (3.22) at the time level ¢,,41. Now, to show the e-uniform convergence of the fully discrete

scheme (3.22), we rewrite the global error in the following form:
E" N @y, y;) = & (@i, y;) + B () + (U7 = U5, (3.75)

Here, " (2, y5) = [0" (24, y;) — u(zi, yj, tns1)] and E”H(xi,yj) = [(7;?;1 —u" (2, y;)], respectively,
denote the local error related to the time semidiscrete scheme and the spatial discretization of the auxiliary
problem (3.14) at the time level ¢,, 1. The term [Uf;rl — [7{?;1] can be written as the solution of the following
systems:

N,At: N,At

Ly} £ L25 R"H(xi,yj) = Ug}j — u(xi,yj,tn) + O(At)Q, (xi,yj) S GN,

Rn+1(xi7 Z/]) = 07 (xiv y]) € 8GN7
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where R" ! (z;, yj) = [UZ";r1 - (71”;“1], and by employing the discrete maximum principle in Lemma 3.5, we
obtain that
(), = Heveem)
Afterwards, from (3.75) and (3.76), we obtain that
(), | < [t}

1’7.j

‘ + C(At)?. (3.76)

0] 1,J

4z}

|+ [{E @} |+ oo,

i,J i,J (2]

for (z;,y;) € GV

3.77)

Now, by invoking the estimate obtained in Lemma 3.4 and the estimate (3.74) in (3.77), with the assumption
that N~° < CAt, 0 < & < 1, we obtain the following estimate of the global error.

Theorem 3.2 (Global error). Assume that the conditions given in (3.27) hold for N > Ny. Then, if \j <
m/2, N0 > 2/, 1 = 1,2, the global error associated with the fully discrete scheme (3.22) at time level t,, 1,

satisfies the following estimate:

C(N_2+6 + Xl,sAN_H_5 + X2,€N_1+6 + At),

(07} et 24 o (01-nl 01 -0

5J ,

C (N_QJF‘S In? N + At) ., for otherwise,

where N and At are such that N7 < CAt with0 < § < 1.

Remark 3.2. The error estimate (3.78) implies that the global error takes the form

O(N2) + O(AL),  for (zi,y;) € ([0,1 =] x [0,1=ma]) N&",
UM — (@, g5, tng) = (3.79)
O(N~=2t91n? N) + O(At), for otherwise,

not only for e < ||v;||N~! but also for ¢ > ||v;|| N~1, I = 1,2. Note that the temporal accuracy in (3.79) holds

under the alternative boundary data given in (3.13).

3.5 Error analysis for temporal Richardson extrapolation

In this section, we analyze the Richardson extrapolation in the time variable in order to improve the order of
uniform convergence in the temporal direction established in Theorem 3.1 so that we can produce higher-order
accurate numerical solution at low computational cost. On the domain [0, 7], we construct a fine mesh, denoted
by A2 = {5"}721]\:40’ by bisecting each mesh interval of A2, So, t,41 — t, = T/2M = At/2 is the step-
size. Let UNA (25, y5, tny1) and UNAY2 (2, y;, t,11) be the respective solutions of the fully discrete problem

92



(3.22) on the mesh G x A2t and G x A2, Then, from (3.79), on G x A2t we have

<2UN’At/2($i, Yj,s tn+1) - UN’At<1'Z', Yj, tn+1)) - u(a:i, Yj, tn+1) = 0(At> + O(N72+6),
for (z;,y;) € ([O, 1—m]x[0,1— m]) ng",

<2UN’N/2(1‘¢, Yjr tng1) — UNA (25,5, tn+1)) — (i, Yj, tag1) = o(At) + O(N~2H1In? N),

for otherwise.

(3.80)

Remark 3.3. We set Ueji%ﬁt(xi, Yj tng1) = (2UN’At/2(:1:Z», Yjrtnt1) — UN’At(mi, Yj, tn+1)) as the extrapola-
tion formula so that the time accuracy can be improved from O(At) to O(At*), k > 1. To determine the exact
value of k, we analyze the global error related to temporal extrapolation of the solution to the time semidis-
crete problem 3.11. However, it is clear from (3.80) that the spatial accuracy remains unchanged due to the
Richardson extrapolation only in time variable.

At/ 2(z,y, fnﬂ) be the respective solutions of the time-semidiscrete prob-

Now, let u2(2,y,t,+1) and u
lem (3.11) on the mesh G x A2 and G x A2/2, such that uAt(a:i,yj,th) ~ UNAY(zy,y;,tn11) and
wB2(2g g tnsr) = UNAY2 (2 g5, t11),  (20,y;) € &". Utilizing the global error in Theorem 3.1, one
can show that when At — 0, the following relation holds for the global error of the time semidiscrete scheme
(3.11):

uAt(‘T7 Y, tn-‘rl) = lL(IIZ‘, Y, tn-‘rl) + At\II(IL’, Y, tn-‘rl) + R($, Y, tn-‘rl)a (381)

where W is a certain smooth function defined on G x A“! and independent of At ; R is the remainder term
defined on G x A, We begin by assuming that the expansion (3.81) is valid. We substitute *(x, y, ¢, 1) in
(3.11) and obtain that

u(z,y,0) + At¥(z,y,0) + R(z,y,0) = qo(z,y), (x,y) €G,

(I + AtL?Zl) |:(I + AtLg;—rl) (u(x, Y, tn+l) + At\l’(ﬂf, Y, tn+1) + R(LE7 Y, tn+1)) - AtﬂQ (.’E, Y, thrl) -
u(z,y,tn) + AtY(z,y,t,) + R(x,y,tn) + Atgi(z,y, tnt1), (x,y) €G,

u(xvyatn+1) + At\l}(gjvy7tn+l) + R'(:U7y7tn+l) - s(xvyatn+1)7 (xuy) S 8G X AAt)
n=0,1,..., M — 1.

(3.82)
By following the approach in [104, 60] to the problem (3.82), we get the function W(x, y, t) is the solution of
the following IBVP:

0 10%u(x,y,t
(a + Lg)\I/<1'7 yvt) = 2(81,:2?” + Ll,eﬂ?(xayvt) - L176L276u(x7y7t)7 (.Z',y,t) € D7

U(z,y,0) =0, (x,y)€G, (3.83)

U(z,y,t) =0, indG x (0,T].

162 t
Since LO%ulw,y,t)

5 o2 +L1 (2, y,t)—L1 Lo cu(x, y, t) is e-uniformly bounded, one can derive that | U (x, y, t)||5 <

93



C'. To establish the bounds of the derivatives up to second order in time in Lemma 3.12, we require ¥(x, y,t) €
C4+(D).

Lemma 3.12. The function ¥V (x,y,t) solution of (3.83) satisfies the bounds

ok (z,y,t)
— 22 <0, k=0,1,2.
s <0 k=01
Proof. The proof of this lemma is obtained by using the argument given in [20]. |

Lemma 3.13. The remainder term R(x,y,t) given in (3.81), satisfies the bound
R(2,y,tn)| < C(AL)?, 0 <n < M. (3.84)
Proof. From the equation (3.82), we get

(T+ AP (T4 As ) u(x, y, togr) + A(T+ ALFE) (T + ALE ) W(, y, b))+
(T+ AP (T4 AL )R(2, Y, tg1) =
u(:v, Y, tn) + At\p(l’, Y, tn) + R(l’, Y, tn) + Atﬂl (':Ev Y, tn+1)-

Further simplification yields that

w(z, Y, tny1) + At (2,9, thy1) + AL u(a, g, the 1) + (AL (2, y, 1)+
(T+ AW (T4 AT R(2, g, tngr) = u(@, y, tn) + ALY(2,y, ) + R(2, Y, 1)+
Atg(a,y, tar1) + (ALY go (@, y, i) — (ALY H L u(e, y, tng)—
(AP O (2, y, b ).

(3.85)

Using the equation (3.83) and the Taylor-series expansion of the functions » and ¥ with respect to time variable
t in (3.85), the remainder term in (3.81) is the solution of the following IBVP:

R(IL‘,y,O) 207 (x,y) 65,
(T+ AL (T4 AL ER(2, y, tng1) = R(z,y, 1) + O(A)?,  (2,y) €G, (3.86)
R(x’ y) tn-i—l) - 07 (-/L‘gy;tn—‘,-]_) G 8G X AAt

Finally, using the above relation recursively and by invoking the stability in Lemma 3.3, we obtain the desired

bound of the remainder term.

At/ 2z, y,t~n+1) be the respective solutions of the time-semidiscrete

Theorem 3.3. Let u™(x,y,t,41) and u
problem (3.11) on the mesh G x A2 and G x A2Y2; and let u(x,y,tns1) be the exact solution of the IBVP

(3.1)-(3.2) on the mesh G x AL, Then the error due to the temporal extrapolation defined by

ueAxttp(xv yatn—i-l) = (2uAt/2(xay7tn+1) - uAt(xv yatn—i-l))a (x7yatn+1) €Gx /\Atv
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satisfies that
‘ueAmffp(xv Y, thrl) - u(x, Y, thrl)‘ < C(At)2v (x> Y, tn+1) € G X /\At'

Proof. From (3.81) and (3.84), we have
w2,y ) = 1@, Yy tngr) — AT(2,y, tgr) + O(AD2, (2, Y, tns1) €G ' x AP,
Similarly, we have
(2, Y, tngt) = ™22, y, Tngt) — (AL/2)U (2, y, Tns) + O(AL)?, (2,1, Ins1) € G x ADH2,

Now, using the above two expressions, we obtain the desired result. |

3.6 Numerical experiments

We provide numerical results obtained with the algorithm given here to solve effectively several problems
of type (3.1)-(3.2) in this section. We used the same decomposition for the reaction term in all of the test
examples: by (z,y,t) = ba(z,y,t) = b(z,y,t)/2. In this case, the right-hand side is decomposed in the form
g, y,t) = g1(,y,t) + go(2, y, 1), where go(z,y,t) = g(2,0,1) + y(g(z, 1, 1) — g(2,0,1)), g(z,y,t) =
g(z,y,t) — g(x,y,t). For all the test examples, we choose 19 = 4.2 to define the transition parameters of
meshes @iv and @Z]/V respectively, and implement the Thomas algorithm to solve the tridiagonal linear systems

involved in our methods. The numerical results are also compared with the implicit upwind method [22].

3.6.1 Test examples
Example 3.1. Consider the following parabolic IBVP:

Ju Ou Ou .
i eAu+ (1+z(1 - av))a—m +(1+y(1 - y))a—y = g(z,y,t), inG x (0,1],
u(z,y,0) = qo(,y), inG, (3.87)

u(z,y,t) = s(z,y,t), indG x (0,77,

where g, qo, s are obtained from the exact solution which is given by

ula.y.t) = exp(=1)][ (1 ‘ffpe();((: /?)/ D cos(2) (4 _1ei(pei<;((:/y€))/€) oo ™)) — ).

In Fig 3.2, we draw surface plot of numerical solution for Example 3.1 and it shows that the solution
generates boundary layers closer to the outflow boundaries z = 1 and y = 1. Global errors are displayed to
demonstrate the uniform convergence of the method. For each ¢, we calculate the maximum point-wise errors

e At corresponding to the proposed numerical method before and after extrapolation, respectively by

N,At
max max max |[U "2z, vy, t,) — ulx;, y;, t
O§i§N0§j§N0§n§M| (i, Yjr tn) (@i, yjo tn)]

and

A
max max maXx }Ue]i’tpt(l'j,yj,tn)_u(xhyjatn)}a

0<i<N 0<j<N 0<n<M

95



-0.05
-0.1
-0.15
-0.2
-0.25
-0.3
-0.35
_ 2—6
(a) for e =
o
0 o : == -0.05
-0.05 - =
. S - - 0.1
-0.1 4 . == = : :
-0.15 | sEEeece ERaBSEa==s==- s
5 02 T
-0.25 - 0.2
-0.3
0.25
-0.35 |
03
-0.35

(b) for e = 214

Figure 3.2: Graphs of numerical solution for Example 3.1 N =64, M =32 att = 1.
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N,At
and the corresponding orders of convergence are calculated by rév At — log, (M) . Here, U N’At(l'ia Yj> tn)
e:

and Ug;ﬁt(:ci, yj,tn), respectively denote the numerical solutions of the proposed method (3.22) obtained at

(xi,yj,tn) € p™VA, Further, for each N and At, we calculate the e-uniform maximum point-wise error and
the corresponding e-uniform order of convergence, respectively by

N,At N,At N,At et
e = mélx 65 and r = ].OgQ <62]V,At/2> .

We also compute the local errors in time to illustrate the numerical behavior of the method. The local errors at

the mesh points are computed by

N,At
€loc = Imax max max

H}N,At
0<i<M 0<j<M 0<n<M

(mia yjatn) - u($i7yj7tn)’7

where UN ’At(xi, Yi t,) is solution of the discrete problem (3.65)-(3.67) and the corresponding local order of

convergence computed by
1 N,At ; N,At/2
N,At _ Og(eloc €loc )

loc In2
Note that the corresponding orders of consistency are given by rlj\of(’:m - 1.
Example 3.2. Consider the following parabolic IBVP:
0 0 0 .
8—: —eAu+ 8—; + (9731 + (1 +t2y)u = g(z,y,t), inGx (0,1],
u(z,y,0) =0, inG, (3.88)

wlz,y,t)= (et =1)(1+2)y, (z,y,t)€ G x(0,1],

where g(z,y,t) = [1 + rt?zy][®(2)®(y) — (1 + 2)y] + rma[®(z) + ®(y)] — r(1 + = + y) and &(z) =

my + maz + exp(—(1 — 2)/e), m; = —exp(—1/¢), mo=—-1—myandr =1—e".

In Fig 3.3, we draw surface plot of numerical solution for Example 3.2 and it shows that the solution
generates boundary layers closer to the outflow boundaries z = 1 and y = 1. As we are not acquainted with
the exact solution of Example 3.2, we calculate the maximum point-wise errors ééV’At corresponding to the

proposed numerical method before and after extrapolation, respectively by

max max max ‘UN’At(xi,yj,tn)—ﬁzN’At/Q(xi,yj,tn)L

0<i<N 0<j<N 0<n<M
and
N, At ZS2N,AL/2
max max max |(U_ . " (xi,y;,tn) —U. . Ti, Y, t
USiSNOSJSNOSHSM‘ extp ( i Y5> n) extp ( Y5, n)‘;
~N,At
and the corresponding orders of convergence are calculated by ?év Al log, m . Here,
e:
T2NAY2 (g s 4,) and U202 (2, 5.t ively d h ical solution and th lated
(i yj,tn) and Ul “ (@4, Y5, tn), Tespectively denote the numerical solution and the extrapolate
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Figure 3.3: Graphs of numerical solution for Example 3.2 N =64, M =32 att = 1.
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numerical solution obtained at (;,y;,t,) € DXVAY2 = G2N x AA/2 where At/2 = T/2M, and G*V is a
piecewise-uniform Shishkin mesh with 2N mesh-intervals in both the z- and y-directions and having the same

transition parametern;, [ = 1, 2, as that of 6" such that the (ith, jth) point of &" becomes (2ith, 2 jth) point of

G2N fori,j =0,1,...N. Finally, for each N and At, we compute the quantities é-2 and 7V-A1

N, At N,At

analogously
toe and r

Furthermore, we compute the local errors for the second example in the same way that we did for the
first example. Because we do not know the exact solution, to approximate uN ’At(:ci, Yj,tn) We use one step
of the fully discrete scheme given in (3.22) and we replace the numerical solution U2 (z;, Yj,tn—1) by the
numerical solution obtained on the finest mesh, which is a sufficiently good approximation to u(x;, y;, tn—1).

Finally, the local errors are computed by

~N,At rrN,At
e, 7" = max max max |U"""(x;, vy, t,) — u xi Y, t
loc OSiSMOSjSMOSnSM| ( is Yj> n) 2048,1024( is Yj» n)ls

where UV A (g4, Yj,tn) is solution of the discrete problem (3.65)-(3.67) and the corresponding local order of
convergence computed by

1 ~N,At ;~N,At/2
~N,At _ Og(eloc €loc )

loc lo g 2
Note that the corresponding orders of consistency are given by ?ZJZ;M - 1.
3.6.2 Numerical results and observations
We choose all the values of € from S, = {20, 272 ..., 2_20}, for computation of e-uniform errors. For different

values of ¢, N and At, the computed e-uniform errors and order of convergence are displayed in Tables 3.1 and
3.2 for both the choices of boundary conditions (3.12) and (3.13), without using the temporal Richardson
extrapolation, respectively for Examples 3.1 and [3.2. This shows the monotonically decreasing behavior of the
e-uniform errors with increasing NV, and it represents the e-uniform convergence of the proposed method (3.22)
for both the choice of boundary conditions. For the sake of clarity, the computed e-uniform errors in Tables
3.1 and 3.2| are depicted in Figs 3.6 and 3.7, respectively for Examples 3.1 and 3.2. Further, Tables 3.1/and 3.2
show that the e-uniform maximum point-wise errors of the proposed method (3.22) with alternative boundary
conditions (3.13) are smaller than the e-uniform maximum point-wise errors of proposed method (3.22) with
natural boundary conditions (3.12) and moreover, we notice that proposed method (3.22) gives better result
in comparison with classical upwind scheme [22]. To complement this observation, surface plots of the error
corresponding to the Examples 3.1 and 3.2/computed at ¢ = 1 are also depicted in Figs 3.4 and 3.5 for N = 256
and At = 1%0 with natural and alternative boundary conditions, respectively. In the Tables 3.3/ and 3.4, we
present the numerical local errors and local order of convergence corresponding to the two choices of the
boundary data. To reduce the influence of the local spatial error, we take sufficiently large the discretization
parameter N = 2048. It is observed that when the alternative boundary data is chosen, the local errors are

N,A
t 1

significantly reduced; and the numerical order of consistency (i.e., (1}, (AN’N —1)

) for Example 3.1 and (7,

for Example 3.2) is one, whereas for the classical evaluation the numerical order of consistency is near to zero.
This observation reveals that the option (3.13) for evaluation of the boundary data is evidently better than the
conventional one as claimed in Remark 3.1 For clear illustration of the influence of the alternative the boundary

data (3.13) over the classical the boundary data (3.12), the computed maximum point-wise local errors in Tables
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Figure 3.5: Graphs of error U2 — 2V At/ 2| corresponding to Example 3.2 for ¢ = 27° using (a) natural
b.c (b) alternative b.c and for ¢ = 2714 using (c) natural b.c (d) alternative b.c att =1
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3.3/and 3.4|are depicted in Figs 3.8 and 3.9, respectively for Examples 3.1/and 3.2.

Next, in order to visualize the effect of the temporal Richardson extrapolation, we choose a suitably large [V
to reduce the influence of the spatial error. In Tables 3.7/ and 3.8, we display the numerical results for Example
3.1, after the temporal extrapolation of the proposed method (3.22). This shows that the improvement in the
temporal order of convergence after employing the Richardson extrapolation in the time variable, as claimed
in Theorem [3.3. Tables [3.7| and 3.8 show that the temporal errors of proposed method (3.22) after temporal
extrapolation with alternative boundary conditions (3.13) are smaller than the temporal errors of proposed
scheme (3.22) with natural boundary conditions (3.12). The above numerical experiment indicates that by using
the temporal Richardson extrapolation, one can check the spatial accuracy by choosing At = 1/N. Following
this, in Tables 3.9 and 3.10, we compare the region-wise spatial accuracy of the proposed method given in
(3.22) with the classical implicit upwind scheme, for Examples 3.1/and 3.2, respectively . These computational
results match very well with the spatial error established in Theorem 3.2; and also clearly reflects the robustness
of the proposed method (3.22) in comparison with the implicit upwind method in terms of order of accuracy,

irrespective of the smaller and the larger values of ¢.

3.7 Conclusion

In this chapter, we provide parameter-uniform convergence analysis for higher-order numerical approximation
of a class of two-dimensional singularly perturbed parabolic convection-diffusion problems of the form (3.1)-
(3.2) with non-homogeneous boundary data by proposing a new FSFMM followed the temporal Richardson
extrapolation. The e-uniform error estimate of the newly proposed method is carried out by invoking a two-
stage discretization technique, which discretizes first in time and later in space.

(i) At first, we prove that the order reduction in time associated with the classical evaluation of the time-
dependent boundary conditions can be eliminated by choosing appropriate evaluation of the boundary data.

(if) Next, we prove that the corresponding fully discrete scheme is e-uniformly convergent in the discrete
supremum norm; and show that the spatial accuracy is at least two in the outer region and is almost two in the
boundary layer region, regardless of the larger and smaller values of ¢.

(iii) Further, we derive the e-uniform error estimate associated with temporal Richardson extrapolation for
improving the temporal order of convergence.

As a result, the resulting numerical solution is proved to be second-order uniformly convergent in both
the spatial and temporal variables. Finally, we perform several numerical experiments to confirm that those
theoretical outcomes. Further, we demonstrate that the newly developed FSFMM is robust in comparison with
the implicit upwind method [22].

This is the first attempt in the literature to achieve cost-effective high-order parameter-uniform numerical
solution for two-dimensional singularly perturbed linear parabolic convection-diffusion problems with non-
homogeneous boundary data. This approach plays vital role to pursue convergence analysis for higher-order
numerical approximation of two-dimensional singularly perturbed nonlinear problem as discussed in Chapter
Sl
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Table 3.1: Comparison of e-uniform errors and order of convergence for Example 3.1 computed using At =
1.6 /N without temporal extrapolation

€ES; Number of mesh intervals N/ time step size At

1 1 1 1 1
64 /25 128/ 256/1% 512/5% 1024/

upwind scheme with alternative boundary conditions [22]

eNAt 1.1142e-01 7.1687e-02 4.3516e-02 2.5390e-02 1.4404e-02

At 0.63617 0.72018 0.77729 0.81779

proposed method (3.22) with natural boundary conditions (3.12)

eloAt 3.7271e-02 1.8094e-02 1.0503e-02 5.5237e-03 2.9347e-03

plVoAt 1.0425 0.78475 0.92704 0.91240

proposed method (3.22) with alternative boundary conditions (3.13)

eN:At 3.7016e-02 1.4197e-02 5.3925e-03 2.1507e-03 9.0979¢-04

rNAt 1.3825 1.3966 1.3261 1.2412

1 upwind scheme
10 ¢ ] (alternative b.c)

_e_ proposed scheme

) (natural b.c)
= proposed scheme
LIJ- 10_2 A (alternative b.c)
>
©
=

107

102 N 103

Figure 3.6: Loglog plot for comparison of the e-uniform errors e/*2* for Example 3.1
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Table 3.2: Comparison of e-uniform errors and order of convergence for Example 3.2 computed using At =
1.6 /N without temporal extrapolation

€ES; Number of mesh intervals N/ time step size At

1 1 1 1 1
64 /25 128/ 256/1% 512/5% 1024/

upwind scheme with alternative boundary conditions [22]

elAt 5.8496¢-02 3.9579¢-02 2.5215e-02 1.5255e-02 8.8471e-03

PIAt 0.56363 0.65042 0.72501 0.78601

proposed method (3.22) with natural boundary conditions (3.12)

elv.at 3.3637e-02 2.2012e-02 1.2872e-02 7.0903e-03 3.8038e-03

PVt 0.61179 0.77404 0.86031 0.89842

proposed method (3.22) with alternative boundary conditions (3.13)

elAat 2.4898e-02 1.2804¢e-02 6.4916e-03 3.2684e-03 1.6399¢-03

FIAt 0.95946 0.97990 0.98999 0.99500

10t

upwind scheme
(alternative b.c)

_e_ proposed scheme

) (natural b.c)
S
S
1] 2l | proposed scheme
10 A (alternative b.c)
X
@©
=
10'3 L

102 N 10°

Figure 3.7: Loglog plot for comparison of the e-uniform errors ¢V>2* for Example 3.2.
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Table 3.3: Maximum point-wise local errors ef\of’cAt and order of convergence rl]ZéAt for Example 3.1 with

natural boundary conditions (3.12))

Number of mesh intervals N = 2048

M=16 M=32 M=64 M=128

273 4.1048e-02 2.3271e-02 1.2582e-02 6.6195e-03
0.81880 0.88714 0.92659

276 5.0417e-02 2.7105e-02 1.4029e-02 7.1115e-03
0.89534 0.95016 0.98019

214 5.3945e-02 2.8395e-02 1.4217e-02 6.7896¢-03
0.92585 0.99802 0.10662

220 5.3981e-02 2.8411e-02 1.4221e-02 6.7863e-03
0.92602 0.99839 1.0674

Table 3.4: Maximum point-wise local errors e;\of’cAt and order of convergence rl]ZéAt for Example 3.1 with

alternative boundary conditions (3.13)

Number of mesh intervals N = 2048

M=16 M=32 M=64 M=128

273 2.7823e-03 9.3463e-04 2.8070e-04 7.8404e-05
1.5738 1.7354 1.8400

26 4.8208e-03 1.5150e-03 4.4089¢-04 1.2514e-04
1.6699 1.7809 1.8168

214 5.7823e-03 1.6911e-03 4.5544e-04 1.2987e-04
1.7737 1.8926 1.8102

220 5.7966e-03 1.6947e-03 4.5600e-04 1.2990e-04
1.7742 1.8939 1.8117
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Figure 3.8: Loglog plot for comparison of the local temporal errors without extrapolation using the proposed
scheme (3.22) for Example 3.1
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Table 3.5: Maximum point-wise local errors é\l]\of’cm and order of convergence ?‘}]Zém for Example 3.2 with

natural boundary conditions(3.12)

Number of mesh intervals N = 512

M=16 M=32 M=64 M=128

273 4.1048e-02 2.3271e-02 1.2582e-02 6.6195e-03
0.89873 0.95555 0.98838

276 5.0262e-02 2.6959¢-02 1.3901e-02 7.0068e-03
0.92587 0.99806 1.0663

214 5.3944e-02 2.8394¢e-02 1.4216e-02 6.7888e-03
0.92601 0.99839 1.0674

220 5.3981e-02 2.8411e-02 1.4221e-02 6.7863e-03
0.81880 0.88714 0.92659

Table 3.6: Maximum point-wise local errors é\l]\of’cm and order of convergence ?‘}]Zém for Example 3.2 with

alternative boundary conditions (3.13)

Number of mesh intervals N = 512

M=16 M=32 M=64 M=128

273 2.7796e-03 9.3539¢e-04 2.8154e-04 7.8802e-05
1.5713 1.7322 1.8370

26 4.6890e-03 1.4747e-03 4.2654e-04 1.1848e-04
1.6689 1.7897 1.8481

214 5.6131e-03 1.6448e-03 4.4289¢-04 1.1524e-04
1.7709 1.8929 1.9423

220 5.6273e-03 1.6485e-03 4.4375e-04 1.1532e-04
1.7713 1.8933 1.9441
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Figure 3.9: Loglog plot for comparison of the local temporal errors without extrapolation using the proposed
scheme (3.22) for Example 3.2
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Table 3.7: Comparison of temporal accuracy with natural and alternative boundary conditions after temporal
Richardson extrapolation for Example 3.1

€ Number of mesh intervals N = 4096

M=8 M=16 M=32 M=64

with natural boundary conditions (3.12)

276 3.7679e-03 1.4993e-03 8.0354e-04  4.6111e-04
1.3295 0.89988 0.80125

220 4.0595e-03 1.3386e-03 5.6366e-04 2.2708e-04
1.6006 1.2478 1.3116

with alternative boundary conditions (3.13)

26 1.4013e-03 4.1762e-04 1.1922e-04 3.2995e-05
1.7465 1.8086 1.8533

220 1.8114e-03 5.6383e-04 1.6833e-04  4.7957e-05
1.6838 1.7440 1.8115

Table 3.8: Comparison of temporal accuracy with natural and alternative boundary conditions after temporal
Richardson extrapolation for Example 3.2

€ Number of mesh intervals N = 2048

M=8 M=16 M=32 M=64

with natural boundary conditions (3.12)

26 1.9871e-02 6.7257e-03 2.9966¢-03 1.6246e-03
1.5629 0.11664 0.88323

220 1.9935e-02  6.5946¢-03 3.1439¢-03 1.5293e-03
1.5960 1.0688 1.0397

with alternative boundary conditions (3.13)

26 3.8994¢e-03 1.0196e-03 2.6615e-04 6.8500e-05
1.9352 1.9378 1.9581

220 4.4127e-03 1.1497e-03 3.0420e-04 7.9030e-05
1.9403 1.9182 1.9445
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Table 3.9: Comparison (region wise) of maximum point-wise errors and order of convergence for Example
1

3.1, with alternative boundary data and using temporal Richardson extrapolation with At = +

N -

Ouyer Right bouqdary layer Top boundary layer Cornel'r layer
region region region region
[0,1 —m]% (1—-m1,1]x [0,1 —mq]x% (1—my,1]x
0,1 —m2] 0,1 -] (1 —m2,1] (1 —m2,1]
N proposed scheme
e=2"4
128 | 2.2443e-06 4.5694e-05 4.8835e-05 1.9999¢-04
1.9875 1.9997 2.0000 1.9997
256 | 5.6596e-07 1.1426e-05 1.2209e-05 5.0010e-05
1.9936 2.0004 1.9990 2.0004
e=276
128 | 7.2420e-06 5.8724e-04 5.9304e-04 1.5524e-03
24714 1.8242 1.8265 1.6194
256 | 1.3058e-06 1.6583e-04 1.6721e-04 5.0528e-04
2.4543 1.8715 1.8726 1.6644
e=2"1
128 | 2.0939e-05 1.1412e-03 1.1414e-03 1.6144e-03
1.8757 1.6272 1.6272 1.6140
256 | 5.7058e-06 3.6943e-04 3.6948e-04 5.2741e-04
1.8650 1.6571 1.6570 1.6622
N implicit upwind scheme [22]
=271
128 | 3.8131e-04 1.3172e-03 1.3151e-03 7.3201e-03
1.0078 0.95803 0.95706 0.95556
256 | 1.8963e-04 6.7802e-04 6.7741e-04 3.7746e-03
1.0041 0.97850 0.97788 0.97729
e=26
128 | 1.0196e-03 8.4117e-03 8.4084e-03 2.3877e-02
1.3462 0.91080 0.91057 0.71482
256 | 4.0103e-04 4.4741e-03 4.4731e-03 1.4548e-02
1.3703 0.98075 0.98059 0.77735
c— 014
128 | 2.9420e-03 1.7299e-02 1.7300e-02 2.5364e-02
1.0425 0.71644 0.71650 0.71766
256 | 1.4283e-03 1.0528e-02 1.0528e-02 1.5423e-02
1.0236 0.76587 0.76588 0.77642
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Table 3.10: Comparison (region wise) of maximum point-wise errors and order of convergence for Example

3.2, with alternative boundary data and using temporal Richardson extrapolation with At = %

Ouyer Right bouqdary layer Top boundary layer Corney layer
region region region region
[0,1 —m1]% (1 —=m1,1]x [0,1 —m]% (1 —mq,1]x
[0,1—m2] 0,1 —n2] (1—m2,1] (1—m2,1]
N proposed scheme
128 | 7.6843e-06 7.7947e-05 7.4252e-05 1.9508e-04
1.9832 2.0024 2.0033 2.0018
256 | 3.1.9436e-06 1.9455e-05 1.8520e-05 4.8711e-05
1.9915 2.0007 2.0004 2.0012
128 | 1.3183e-05 9.3152e-04 9.2664e-04 1.8468e-03
2.0691 1.7295 1.7289 1.6178
256 | 3.1417e-06 2.8091e-04 2.7955e-04 6.0177e-04
2.0859 1.7714 1.7710 1.6617
128 | 2.2066e-05 1.4778e-03 1.4778e-03 2.0878e-03
1.9745 1.6302 1.6302 1.6170
256 | 5.6146e-06 4.7740e-04 4.7739e-04 6.8067e-04
1.9821 1.6578 1.6578 1.6632
N implicit upwind scheme [22]
128 | 3.0207e-05 2.4924e-03 2.4964e-03 6.1400e-03
1.2841 0.94564 0.94690 0.94401
256 | 1.2404e-05 1.2940e-03 1.2950e-03 3.1915e-03
1.1670 0.97309 0.97366 0.97067
128 | 1.2733e-05 9.6326e-03 9.6372e-03 1.9279e-02
2.0469 0.79539 0.79570 0.70014
256 | 3.0816e-06 5.5502e-03 5.5516e-03 1.1866e-02
2.0727 0.87188 0.87207 0.76242
128 | 1.9245e-05 1.5331e-02 1.5332e-02 2.1915e-02
1.9542 0.69155 0.69161 0.70649
256 | 4.9665e-06 9.4926e-03 9.4928e-03 1.3430e-02
1.9705 0.76550 0.76552 0.76347
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Chapter 4

Convergence Analysis of Higher-Order Parameter Uni-
form Numerical Methods for Singularly Perturbed 1D
Semilinear Parabolic PDEs with Smooth Data

This chapter deals with a class of singularly perturbed semilinear parabolic convection-diffusion initial-boundary-
value problems exhibiting a boundary layer. This type of model problem often appears in modeling various
physical phenomena, particularly in mathematical biology, and thus requires effective numerical techniques
for analyzing computationally. For this purpose, we approximate the model problem by developing two new
efficient numerical methods followed by the extrapolation technique. The first one is the fully-implicit fitted
mesh method which utilizes the implicit-Euler method for the temporal discretization, and the other one is
the implicit-explicit IMEX) fitted mesh method which utilizes the IMEX-Euler method for the temporal dis-
cretization. The spatial discretization for both numerical methods is based on a new finite difference scheme. To
accomplish this, the spatial domain is discretized by an appropriate layer-adapted mesh and the time domain by
an equidistant mesh. At first, we analyze stability and study the asymptotic behavior of the analytical solution
of the nonlinear governing problem. Then, we perform stability analysis and establish the parameter-uniform
convergence of both the newly proposed methods in the discrete supremum norm. Thereafter, we analyze
the Richardson extrapolation solely for the time variable to improve the order of uniform convergence in the
temporal direction; and, consequently, achieve globally (with respect to both space and time) second-order ac-
curate numerical solutions. Hereby, we indeed provide a complete convergence analysis towards higher-order
numerical approximations for the considered nonlinear problem on a nonuniform grid. The theoretical out-
comes are finally supported by the extensive numerical experiments, which also include a comparison of the
proposed numerical methods along with the fully-implicit upwind method in terms of the order of accuracy and

the computational cost.
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4.1 Introduction

We consider the following class of semilinear singularly perturbed parabolic initial-boundary-value problems
(IBVPs) on the domain ® = Q x (0,7] = (0,1) x (0,77:

9y(x,1)
ot
y(a:,O) :qo(ﬁ), reQl= [07 1]7 4.1)

TEy(xa t) =

+ Ly cy(x,t) + b(x,t,y(x,t)) = g(z,t), (x,t) €D,

y<07t) = Sl(t)ﬂ y(17t) = ST(t>7 te (O,TL
where
&y(,t) a(x)ay(x,t)
0z2 ox ’

¢ is a small parameter such that 0 < ¢ < 1. We assume that the convection coefficient a(x) is sufficiently

Lyey(z,t) = —¢

smooth on 2, and satisfies the condition
a(z) >m >0, onQ. 4.2)

Further, it is assumed that the nonlinear term b(:c, t, y) is sufficiently smooth on ©® x R, and satisfies the
condition

b(z,t _
E)(xa,,y) >B >0, (xty)eDxR (4.3)
y

Moreover, the data s;, s,, 9o, and the source term g(z, t) are supposed to be sufficiently smooth and satisfy the

following compatibility conditions at the corner points (0, 0) and (1, 0):

q0(0) = s1(0), qo(1) = s,(0), (4.4)
dsclh(fO) — 0.0)+ d2;1;§0) B (O>dq$0) b(0,0,0(0) )
dS(;EO) — 4(1,0) + d2;1;§1) B (1>qu($) D p(1,0,90(1)), *2
and
d2§é§0) _ 85(8(;, 0) ab(o, Oa,tqo(O)) — (Loe+ W) (5~ Lecao — (1, 00) ) (0,0), »
d2csl;2(0) _ ag%lt,m ~ ab(l,%tqo(l)) ~ (L W) (5 Lo~ b t30)) (1.0 .

The above assumptions guarantee that the nonlinear IBVP (4.1)-(4.3) has a unique solution y(x,t) € €*+7(D),
which follows from [Chapter 7, §4] of the book [41] by Friedman. Here, the solution , y(x,t) generally pos-
sesses a boundary layer of width O(e) at x = 1 (see [12]). The layout of the rest of this chapter is given as
follows. In Section 4.2, a comparison principle as well as some a-priori bounds of the analytical solution and

its derivatives are stated and proven. Apart from this, the bounds of the decomposition of the solution (into
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the smooth and the layer components) and their derivatives are also derived. In Section 4.3, we construct an
appropriate piecewise-uniform Shishkin mesh adapted to the boundary layer. Then, the fully-implicit FMM and
the IMEX-FMM are formulated respectively, in (4.29) and (4.30). We establish e-uniform convergence of the
proposed IMEX-FMM in Section 4.4; and that of the proposed fully-implicit FMM in Section 4.5, Further, we
discuss convergence analysis related to the temporal Richardson extrapolation to the nonlinear discrete prob-
lem (4.71), in Section 4.6. Finally, numerical experiments are carried out in Section 4.7, to demonstrate the

accuracy and the efficiency of the proposed FMMs. The conclusions of this chapter is provided in Section 4.8.

4.2 Properties of the analytical solution

Lemma 4.1 (Comparison Principle). Let the functions v,w € C°(D) N €%(D) be such that v < w on ID and
T.v < T.w in D, then it implies that v < w on D.

Proof: Here, we use method of contradiction. Firstly, we suppose that there exists (z*,#*) € D such that
v(x*,t*) > w(x*, t*). Since, v — w € C°(D), without loss of generality, we assume that v — w takes positive
maximum at (z*,¢*). Now, in conformity with the hypothesis of the comparison principle, v — w < 0 on
09 = (x*,t*) ¢ 09. Therefore, under the above assumption, we have

(Tov — Tow) (2%, %)

= v = u(;i(x . +) 4 Loe(v — w)(a*, t%) + b(a*, t*, v(a*, t*)) — b(a*, t*, w(z*, ),

. [/01 b(z*, t*, w4+ &(v —w))

5 dg] (v — w)(a*, ). 4.7)

Thus, from (4.7) and the assumption (4.3), we have T.v(z*,t*) > T.w(z*,t*) and this contradicts that
Tev(x,t) < Tew(z,t) forall (z,t) € ©. Hence, the proof is over. |
The following result follows from Lemma 4.1.

Corollary 4.1. Let the function ® € C°(D) N €%(D). For any given functions v,w € C%(D), the differential

operator ﬁ‘&(uw) given by

~ 0P Lob(z, t,w+ &(v — w))
Ts,(v,w)q) = a + Lx,aq) + [/0 6y df] P,

satisfies the maximum principle, i.e., if ® < 0 on 09 and r]Ta,(U,w)(I) < 0in®, then it implies that ® < 0 on D.

The following lemma provides e-uniform stability and uniqueness of the analytical solution of the nonlinear
IBVP (4.1)-(4.3).

Lemma 4.2 (Stability). Let the functions v,w € €%(D) N €%(D). Then, we have

1
v = wli < llv—wloo + gl[Tev — Tewlls. (4.8)

114



Proof. Consider the functions

1
(2, 1) = ~lv ~ wllop ~ 5| Tev ~ Tewllg + (v - w)(z 1), (@.8) €.

Note that ®*(z,¢) < 0, (x,t) € 9D, and

_ Lob(z,t,w+&(v —w 1 o~
HTE,(v,w) (U - U))H < |:/0 ( ay ( ))dg} (BHTaU - TewH) = TE,(v,w)q)i(x7t) <0.

Then, Corollary 4.1 implies that ®*(x,¢) < 0 for all (z,t) € ®, from which the desired result follows
immediately. L
Next, for the purpose of deriving the bounds on the derivatives of y(x,t), we extend the approach given in

[23] to the considered model problem.
Theorem 4.1. The solution y(x,t) of the nonlinear IBVP (4.1)-(4.3) and its derivatives satisfy that

)8j+ky(x,t)

Ep ‘ < C’(l + e exp (—m(1— x)/e)), (r,t) €D, (4.9)

V j, k € NU {0}, satisfying 0 < j + 2k < 4.

Proof: The above bounds are obtained by considering following cases.

Case 1: Let j = 0 and k = 0. Choose v = y and w = 0. Then, Lemma 4.2 implies that

ly(z,t)| < C,  (x,t) €D. (4.10)

Remark 4.1. The a-priori bound (independent of ¢) obtained in (4.10) and the sufficient smoothness assumption
on the nonlinear term b yields the following e-uniform boundedness property:

<C, (z,t)eD, 4.11)

8j+k+mb(x7 t, _1/)
‘ 8x98tk8ym ‘y:y(x,t)

v j, k,m € NU{0}, satisfying 0 < j + 2k + 2m < /¢; and this property is being frequently used as pointed out

below.
Case 2: Let j = 0 and k£ = 1,2. Differentiating (4.1) with respect to ¢, we consider that w(z,t) = ay((;;,t)
satisfies the following problem:

ow ob(z, 1,

— +Llyew+ Mw = F(z,t), (z,t)eD,

ot Jy

w(z,0) = g4(z,0) — Ly cqo(x) — b(x, 0, qg(x)), x€Q, 4.12)

dsi(t) ds,(t)
w(0,t) = Z02, w1t = SR e (0,11,

dg(z,t) ob(z,t,y)
ot ot

ob (z,t,y)

on g; and the term —5,—* being bounded (¢-uniformly) follows from the property (4.11). Here, the compati-

where F (z,t) = is bounded (s-uniformly) on © because of the smoothness assumption
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bility conditions in (4.5) ensure that w € C°(D). Afterwards, introducing the differential operator ’f‘e’(y,y) given
~ ow ab(ZE, t, y) .
by T, () pyw = 5 + L ew Tw, one can obtain from Corollary 4.1 that
0 t _
et = |22 <o @pem.
. 9%y &.u(x, t)
Next, we obtain the bound on 3 t2 Differentiating (4.12) with respect to ¢, we consider that w; (z,t) = 5
satisfies the following problem:
Ow ob (l‘, t, y)
7+LxSW1+7W1:f}—2(IE,t>, (CC,t) 697
ot Jy
dg(x,0 0b(x, 0, 0b(x,t, —
ar(o0) = B0 g0 - 20D, gy Plrbald) o @y
ot ’ Jdy ot
d%s(t) d%s,.(t)
w1(0,t) = IR wi(1,t) = 2 L€ (0,7,

0% _0%b(x.t.y)  0b(x.t.y) Dy 32”(“@)(% 2

where Fo(x,t) = —) . The property (4.11) guarantees

o2 o2 otdy ot 0y ot
0%b(z,t,y) 9% 82b
that the terms E?tz y) , a(tgg;’y) , gz;t’y ) are bounded (e-uniformly). Then, the smoothness assump-

0 _
tion on g4 and the bound on a—"; implies that #5(z,t) is bounded (¢-uniformly) on ©. Here, the compatibility

condition in (4.6) ensure that w; € €° (5) Thereafter, similarly one can get

|wr (2, t)

82
|—’ 8t2 ’<c (z,t) €D.
Case 3. Let j = 1 and k = 0, 1. We rearrange the terms in (4.1) to consider the following form:
L ob(,t,Ey)
Lyey+ (/ 7( By df)y = F(z,t), (z,t) €D,
0

y(oa 1) = Sl(t)v y(lat) = ST(t)a te (OaTL

(4.14)

0
where F3(x,t) = g(x,t) — a—'j — b(x,t,0). It is obvious that b(z, ¢,0) is bounded (e-uniformly). Then, the
0
smoothness assumption on g together with the bound on el implies that #3(z, t) is bounded (e-uniformly) on

_ ot
®. Now, fixing ¢t € [0, 7] and using the argument of Kellogg and Tsan [61] on the line segment {(x,t), = €

[0, 1]} for (4.14), we have

‘8yxt ‘<C(1+E exp(—m(l—m)/g)) (z,t) €D.
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Again, rearranging the terms in (4.12), we consider the following form:

ob(x,t,
Mw:f]ﬁ(l‘,t), (x7t> E@,
Ay (4.15)

w(0,1) = =1, w(l,t):dsét(t), t e (0,T),

Lyew+

8 a 8b x? t’ . by .
where Fy(x,t) = 8—? — 8—(: — (Oty) From the previous argument we know that ab(gtt y) is bounded

(e-uniformly) on ®©. Then, the smoothness assumption on 4 together with the bound on & 5; implies that F4(x, 1)

is bounded (¢-uniformly) on ©. Afterwards, applying the methodology of Kellogg and Tsan [61] for (4.15), we

have o4
0 t _
‘ wg;, )‘_‘ 6t8 ’<C(1+6 exp(—m(l—x)/s)) (x,t) € D.
Case 4. Let j = 2 and k = 0. Differentiating (4.1) with respect to x and rearranging the terms, we consider
that i (z, t) = % éx ) satisfies the following problem:
Ob(x,t
Lo+ 2@ e ), (@) e,

4.16)
Fl(07t) = 017 Fl(lvt) = 025717 te (OvT]a

Og(x,t w1 0 0b(z,t,
gg;’ ) _ % - Z—za—z - (xafny) Using similar arguments for g and b(z,t,y) as
Jw; Ow

mentioned previously; and applying the bounds on — and —— = —, we have

ax ot ox’

where 75(x,t) =

sz, 8)] < 0(1 +edexp(—m(1— x)/s)), (z,t) € D.

Thereafter, applying the similar technique in [61] for (4.16), we have

dwr (z,t %y( _
‘ w1a(;11, )‘_‘ 8:62 ’<C(1+6 exp(—m(l—m)/s)) (x,t) €D.
Finally, by adopting the approach mentioned above, one can obtain the required bounds on the spatial derivatives
of y(x,t) for j = 3,4. |
4.2.1 Decomposition of the analytical solution

Consider the decomposition of the solution y = p + ¢ into the smooth component p and the layer component 4.

Here, the smooth component p is decomposed in the following form
p:p0+€p1+82p2+83p3, in®, 4.17)

where the functions py, p1, p2 and ps, receptively, satisfy the following problems:

0
—+a(x)a—f+b(x,t,po) —g, in®, .

PO(x7O) - q0<w)7 LS ﬁ? p[)(O,t) = P(Ovt)v te (OaT]a
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op1 opp 1 B 82p0 .
T a(ff)% L [b(x,t, 0 +ep1) — b(x, L, p0)] = 5.2 19

p(2,00=0, z€Q, p(0,t)=0, te(0,T],

82

0 0 1
8722 + a($)£ + 672 [b($at7P0 +ep+ 52}’2) - b($7t7po + 5}’1)] = nglv in®,
m(r,0)=0, z€Q, m(0,t)=0, te(0,T],
and 5 o2
P3 1 2 _ 9P .
E +]Lx,<5p3 + 573 [b(%taf’) - b(matam +teprte P2)} - Wv in®,

p(r,0)=0, z€Q, p3(0,t)=0, p3(1,t) =0, te (0,7

Thus, the smooth component p satisfies that

Tap: g in 3,
P($>O) = qO(:E)’ T E ﬁa
p(0,t) =si(t), p(1,t) = po(1,t) + epr(1,8) +2m(1,t), te (0,T).

Theorem 4.2. The smooth component p and its derivatives satisfy that

‘ O p(x, 1)

map | <C(1+7). @n e,

YV j, k € NU{0}, satisfying 0 < j + 2k < 4.

(4.19)

(4.20)

4.21)

4.22)

(4.23)

Proof: We obtain the strong bounds on the smooth component p and its derivatives, by deriving the correspond-

ing bounds separately for the functions p;, 7 = 0,1, 2, 3.

The function pg is the solution of the IVP (4.18), which is independent of . Henceforth, assuming suffi-

cient smoothness on the data associated with the IVP (4.18) and imposing necessary compatibility conditions at

(0,0), which can be obtained by extending the result of Bobisud [4] for the existence of higher order derivatives

of pp, one can obtain that

‘ & py (2, )

e (gc, (z,8) €D, for 0 < j + 2k < 4.

Again, the IVPs (4.19) and (4.20), respectively, can be rewritten in the following forms:

8}’1 apl /1 ab(xatvpo + §5P1) o 82}70 .
8t +a($) 826 + 0 ay dgpl - 8.%'2’ m 97

n(r,0)=0, z€Q, p(0,t)=0, te(0,T],

and

Op2 Op2 1 ab(x, t,po+ep1 + §€2p2) Ppm .
_— d —
() D +/0 3y Ep 2 0 D,

0
m(r,0)=0, z€Q, m(0,t)=0, te(0,T].
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Henceforth, applying the above arguments for the functions p;, ¢ = 1, 2, one can get

‘8j+"’pi(a:,t)

et ’ <C, (2,8)€D, for0 < j+2k < 4. (4.25)

Furthermore, the IBVP (4.21) can be rewritten in the following form:

Op3 Lob(z,t,po+epr + e2po + £ p3)
87 + LI,EPS
t 0 Jy

Pp .
d£p3 = w, n @,
p(x,0) =0, 7€Q, p3(0,t)=0, p3(1,¢t)=0, te(0,T),

which is similar to the IBVP (4.1), and henceforth, applying the result (4.9) analogously to the function p3, one

can have

oItk Jt A _

’aﬁ?ﬁ)‘ < 0(1 +eTexp(—m(1— x)/a)), (z,8) €D, for 0 < j + 2k < 4. (4.26)
Finally, the desired result (4.23) is obtained by invoking the bounds (4.24)-(4.26) to the decomposition (4.17).
[ |

We now define the layer component g as the solution of the following nonlinear IBVP:
0q .
5 +Lgeq+ b(x, t,p+q) — b(m,t,p) =0, in®,
g(2,0)=0, ze, 4.27)

‘](07t>:O> ‘](17t):y(1at)_}7(17t)7 te (OvT]'
Theorem 4.3. The layer component q and its derivatives satisfy that

aj+kQ(m7t) —7 o)
’W‘ SC(E exp(—m(l—x)/s)), (fll',t) 6@, (428)
YV j, k € NU{0}, satisfying 0 < j + 2k < 4.

Proof: The IBVP (4.27) can be rewritten in the following form:

dq Lob(z,t,p+€(y—p) .1 .
875+}Lgc,aq+[/0 95 df}q—()? in®,

g(2,0)=0, z€q,

7(0,t) =0, q(1,t) =y(1,t) —p(1,t), te(0,T].

Here, we introduce a differential operator 'ﬁ‘g,(% ») such that

_ g Lob(x,t,p+&(y — p))
Ts,(y,p)q = a + Lx,a + [/0 ay dé-] qg.
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Now, we choose the functions
dE(x,t) = —Cexp (—m(l—x)/e) £ q(z, 1), (z,t) €D,

for sufficiently large C. Note that ®*(z,t) <0, (z,t) € 9D, and

Lob(z,t, g+ &(y — p))
dy

2 a(r)m

T —m
T (4 @™ (2, 1) < ~Cexp (—m(1 — 2)/e) [? L +/o

|,
<0, (x,t)eD.

Since the Corollary 4.1 shows that T ) satisfies the maximum principle, we have

&(y.p

dE(x,t) <0 = |q(z,1)| <Cexp(-m(l—2)/e), (z,1)€D.

The bounds on the derivatives of g are derived from the argument presented in [99], and thus the proof is

complete. |

4.3 Formulation of the discrete problems

—N,AL

— —N —N . ) ) ) s
On the domain ®, we construct a mesh =0 x A? where Q is the piecewise-uniform Shishkin

mesh on the spatial domain Q and A** is the equidistant mesh on the temporal domain [0, 7]. The detailed

description is given in [Chapter 2, Section 2.3.1].
U+ w7,

no_
P =————a,

Now, for a given mesh function W7 = W (xj,ty) defined on 5N’At, we denote ‘I’], 1 5 i
2

a; +aj—1 _ ﬂ]n +cq;L—l
2 9 2
4.3.1 The fully-implicit FMM

Here, we discretize the nonlinear IBVP (4.1)-(4.3) by utilizing the implicit-Euler method with respect to the

N[

temporal variable. The implicit-Euler method treats both the linear and the nonlinear parts of the governing
differential equation implicitly. Further, we propose a new hybrid finite difference scheme for the spatial dis-
cretization. The new hybrid scheme combines the midpoint upwind scheme in the outer region (0,1 — 1] and
a modified central difference scheme in the boundary layer region (1 — 1, 1), whenever ¢ < |/a||N~}; and

selects the modified central difference scheme whenever ¢ > ||la||N 1. Then, the fully discrete scheme takes
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the following form on DA

Y) = qo(z;), 0<j<N,
DY+ LY + b, b, YY) = g,
for 1 < j < N/2, and when ¢ > ||a||[N 71,

mup

DY LY, ¥ by 0t V) =g
T E (4.29)
for 1 < j < N/2, and when ¢ < ||a|| N1,

DY A LN VI b (wg, by, YY) = g0,
for N/2<j< N -1,
Yot = si(tng1), Yo' =s,(tyq1), forn=0,...,M —1.

\

Here, LY Y”'H 552Y"+1 +a;

up DY, and Ly Y] = —ea2V T 4 DRY

1
-3 'med

4.3.2 The implicit-explicit FMM

Here, we discretize the nonlinear IBVP (4.1)-(4.3) by utilizing the IMEX-Euler method with respect to the
temporal variable. The IMEX method treats the linear part of the governing differential equation implicitly
and the nonlinear part explicitly. Further, we consider the framework of the new hybrid scheme for the spatial

discretization. Then, the fully discrete scheme takes the following form on D A,

Y ALY YT Atb (), 6, YY) = Y]+ At

med

for 1 < j < N/2, and when & > |ja||N 71,

Y”“ + ALY Y 4 Ath(2_s,t0, Y1) = L+ Atgn+1
I (4.30)
forl1 <j< N/27 and when e < [la[|N 71,
ijn—i-l_i_AﬂLN Y"H—l—Atb(xj,tn,Yj”) Yn+Atgn+1,

med

for N/2<j< N -1,

Yot = si(tng1), Yo' =s,(tyq1), forn=0,...,M —1.

Remark 4.2. One can see that the fully-implicit FMM (4.29) results in a nonlinear-system (4.71), which requires
to solve at each time step by employing an iterative method. To avoid this computational cost, we introduce
the IMEX-FMM (4.30), which results in a linearized sytem (4.31); and thus produces cost effective numerical
solution (see comparison of computational time in Table 4.11). Further, one can observe that the linearization
in case of the IMEX scheme does not cause reduction in the order of uniform convergence (with respect to both
space and time) achieved in case of the nonlinear scheme. To illustrate this, a detailed convergence analysis is

presented for both the FMMs in the subsequent sections (Section 4.4 and Section 4.5).
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4.4 Convergence analysis for the IMEX-FMM

For the convergence analysis, the fully discrete scheme (4.30) is written in the following form:

V) =qo(z;), 0<j<N,

]LN AtYnJrl = I/ Yn+1 + VcYn+1 + VJrY'ﬁ:El — FnJrl

4.31)
forl1<j <N -1,

Yot = si(tng1), Y =s,(tgq1), forn=0,...,M —1,

where the right hand side vector IE‘?H is given by

1 1
+1 +1
SO+ At g + (V) + Mgt — At (a1t V),

2

for1 < j < N/2, and when ¢ < ||a||[N 1,
F (4.32)

Y+ At gt — Atb(zj,tn, Y}'), for 1 < j < N/2, and when e > [|a|| N !,

Y+ Atgi ™t — Atb(z,t,, Y]"), for N/2 < j < N —1.

Here, the coefficients v, v7, ;“ are given by
= Atl/mcd]’ vi= Atymcd] +1, VJ = Atumcd],
for1 < j < N/2, and when e > ||a||N71,
1
_Atymupj+2’ Vi = At + 5. v At’/mum’ (4.33)
for1 < j < N/2, and when e < |ja||N71,
_Atymcd]’ vy —Atymcdj—i—l V] Atymcd]’
for N/2<j< N -1,
where
_ 2e a1 . 2e a;_1 2e
= — , VU + 2 oyt =——" and
mup,j hjh; hj mup,j = Jop ihi h; mup, j hihj1
_ a4l L _aihy (434)
2(e a 2(e . 2(e
Vpedj = ————2t =L Yoy = — 2t L, = —— 2
medd hjhj hj 7 hjhj-i-l hj et hjhj_H

Next, we follow the two-stage discretization method in (4.30)-(4.32). The error analysis via two-stage dis-
cretization method involves error estimate due to the time semidiscretization and afterwards, that due to the

spatial discretization.
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44.1 Error estimate for the time semidiscretization

Let 4™ (z) denotes the semidiscrete approximation to the exact solution y(z,t) of (4.1) at the time level ¢,, =
n At. Then, the semidiscrete scheme, generated by temporal discretization of the nonlinear IBVP (4.1) using
the IMEX-Euler method, takes the following form:

¥'(2) = q(x), zeQ,
(I + AtLye)y™ ™ (2) + Atb(z, tn, y"(2)) = y"(z) + Atg(z, tyi1), z €Q, (4.35)

yn+1(0) = Sl(tn-f-l)v yn+1(1) = Sr(tn—f—l)-

One can prove in the classical way that the operator (I + At]Lx,a) satisfies the maximum principle as stated in

the following lemma.

Lemma 4.3 (Maximum principle). Let the function 1 € C%(Q) N C2(Y). If 1 satisfies 1)(0) < 0, ¥(1) < 0
and (I + At]Lm’g)z/J(m) < 0forall x € §, then it implies that 1)(x) < 0 for all x € Q.

Lemma 4.4. Let the function V € C°(Q) N C%(Q). Then we have
V<Vl + (2 + AtLe ) Vg
Proof: Consider the following functions
$5(@) = —[Vlon = [+ AtLo V]| £ V(). e,
Note that 1% (0) < 0, ¥*(1) < 0, and
(I + AL, ) (z) < —(I + Aty || (T + AtL, V|| + (I + AtL, )V(z) <0, € Q.

Then, the desired result is obtained by applying Lemma 4.3. |
Lemma 4.3 guarantees that the scheme (4.35) has a unique solution 3" (z) at each time step t,. Further,

using Lemma 4.3 below it is shown that the solution 3" (z) becomes e-uniformly bounded.

Lemma 4.5. The solution y"(x) of the semidiscrete problem (4.35) at the time level t,, satisfies that

(@) <C, ze (4.36)

Proof: Due to the continuity of qo(z) on €. It is clear that

' (x)| <C, 2€Q,
and hence, |b(337 t, yo(a:))] < C, x € Q. Then, applying Lemma 4.4, we obtain from (4.35) that

Iyt (x)| < C, z€Q,
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and hence, |b(z,t,y*(2))| < C, = € Q. Thereafter, arguing previously, we obtain that

P (z) <C, zef. (4.37)

Thus, one can proceed in the same way to obtain the desired result. |
Now, let us define €" ! (z) = y(x,t,41) — 7" ! (x), as the local error associated with the time semidiscrete

scheme (4.35) at the time level ¢,,, 1, where 3! (z) is defined as the solution of the following auxiliary BVP:

(I + AtLyo)3" ™ (2) + Atb(z, tn, y(z,tn)) = y(2, tn) + Alg(z, tns1), z € Q,

7 0) = si(tnga), 77H(1) = sr(tng).

(4.38)

Lemma 4.6 (Local error). The local error €1 () satisfies the following estimate at the time level t, y1:
[ < c(at)®. (4.39)

Proof: Using Taylor’s theorem on y(z, ) with respect to the temporal variable, we get

(At)? 9%y(z, s)

2 ot

y(@,tn) = (I + Aty ) y(x, tnr1) + Ath(2, tny1, y(2,tng1)) — Atg(w,tngr) +
where ¢, < s < t,+1. Again, from (4.38), we have
y(z,tn) = (I + Aty )7 (2) + Ath(z, 0, y(z,t0)) — Atg(z, tpir).
Therefore,
(I+ AtL,. )" (z) + At {b(m, tnt1, ¥(@, tg) — b(2, tn, y(z, tn))} = O(At)?, (4.40)

where we apply the bound on g—ig from Theorem 4.1. Further, one can deduce that

b(fE, tn+1,y($, tn—i—l)) - b($7 tnv y(gjv tn))

ob(z, s, y(z,s)) n ob(z, s, y(z,s)) y(x, s)
ot dy ot

:At[ ], tn <8 <tnti,

= O(At), (4.41)

where the bound on % from Theorem 4.1 and the property (4.11) are utilized. Now, combining (4.40) and
(4.41), we obtain that

(I+ AtL,.)e" M (z) =O0(At)?, z€Q,
"t 0) =0 ="t (1).

Henceforth, applying Lemma 4.4 on ¢"*!, we get the desire result estimate. |

Next, we define e" ! (z) = y(z,tn11) — ¥ (z), as the global error associated with the time semidiscrete
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scheme (4.35) at the time level £,,4 1.

Theorem 4.4 (Global error). The global error e" 1 (x) satisfies the following estimate the time level t,, 1

sup He"'HH < CAt. (4.42)
(n+1)At<T
Proof: The global error can be written as
" (z) =" (z) + d" T (z), (4.43)

where the term d"*!(z) satisfies that

(I 4+ AtL,.)d" ! (z) + At {b(ﬂs,tn,y(m,tn)) — b(z, tn,yn(x))} =e"(x), z€qQ,

(4.44)
d”+1(0) =0 = dn'H(l).
Further, one can deduce that
Lob(z, t,, y" tn) — y"
b(@, t, y(@,tn)) — b(w, tn, 4" (z)) = [/0 (1.5 +3_f/(y( )= 5") df} e"(x). (4.45)

Now, since the solutions " and y(t,,) are bounded e-uniformly, the smoothness assumption of b(z, ¢, y) implies

that there exists a constant 9% (> 0)(independent of ¢) such that

ab(aj,t,y)

o 4

. (@) eD, |yl <oy,

where Cy = max{||y”||, lly(tn)||, for n = 0,1,...M}. Then, combining (4.43), (4.44), (4.45); and
applying Lemma 4.4 on d"*!(z), we have

e < [le ™ + (14 oAty e

Finally, the desired estimate follows from the above recurrence relation and by utilizing Lemma 4.6| and the
inequality (1 + MAL)"™ < exp(nAtNMy) < exp(TNy). H

4.4.1.1 Properties of the semidiscrete solution

The following lemma shows that although the problem (4.38) seems to be a double parameter (¢, At) singularly
perturbed problem at first sight, nevertheless the spatial derivatives of the solution ! () indeed maintain the
same asymptotic behavior as that of the solution y(z, t) of the model problem with respect to the parameter &
only. To establish the following result we adopt the approach of [23]. For the proof, apart from the requirement
of e-uniform boundedness of the reaction term ‘b ’and smoothness criterion on the given data, we also need

certain compatibility conditions at (0, ¢,,) and (1, ¢,,) as mentioned in (4.50) and (4.53).

Lemma 4.7. The solution " (x) of the auxiliary BVP (4.38) and its derivatives satisfy that

’dj?"“(w)

— (gc(1+e*jexp(—m(1—x)/s)), e, for0<j<d (4.46)
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Proof: The above bounds are obtained by considering following cases.
Case 1. Let j = 0. From the property (4.11), we have |b(x,t,,y(z,t,))| < C, x € Q. Then, using the

continuity of 4 on Q and Lemma 4.4 in the scheme(4.38), we have

\§”+1(x)| <C, z€qQ.

Case 2. Let j = 1. We consider the function {(z) = W as the solution of the following BVP:

(I + AtLy . )C(x) = #i(z), =€,

_dsi(ty) _dsp(ty)
o dt o dt

(4.47)

¢(0) + C1At, (1) + C2AL,

where 7 (2) = —Lycy(z,tn) + g(x,tns1) — b(2, tn, y(x, t,)) is bounded (c-uniformly) on Q; and hence,
using Lemma 4.4/ for (4.47), we obtain that |{(z)| < C. We now rewrite (4.47) to get the following BVP:

]L%J"H(x) =H(x), x€Q,

7)) =si(t), T = s (1),

(4.48)

where #(z) = —((z) + g(@, tni1) — b(z, tn, y(,t,)) is bounded (e-uniformly) on €2; and hence, using the
argument of Kellogg and Tsan [61] for (4.48), we have the required bound (4.46) for j = 1.
Case 3. Let j = 2. We consider the function (;(x) = L, .((z) as the solution of the following BVP:

(I + AtL, )G (2) = Ha(x), =€,

C (O)ZL[—dsl(t") + C1AL + g(0, tng1) — Lo cy(0,t5) — b(0, 85, (0, ¢ ))} 4.49

1 At dt 1 J\Y, ln+1 z,eY\Y, ln y by Y\Y, U ) ( . )
1 ds,(ty

Cl(l) = E |: - Sd(t ) + CQAt+ﬂ(1atn+l) _Lr,ay(latn) - b(lvtmy(ljn))}a

where 75(z) = —L2 _y(,tn) + Locg (2, tni1) — Lacb(, tn, y(x, t,)) is bounded (e-uniformly) on € due to
the smoothness assumption on g, the property (4.11) and Theorem 4.1. Further, from % € C°(Q), we obtain

the following compatibility conditions:

dsl(tn)
dt :ﬂ(o7tn) _LI,Ey(()?tn) - b(ovtnay(o’tn))a
4.50
ds, () (4.50)
dt :ﬂ(l7tn) _]Lx,ay(lytn) _b(lvtnvy(17t7’b))7
which yields that
dg(0,t, dg(1,t,
G (0) = ”(dt) +C1, and (1) = ‘“dt) +C.

Therefore, the boundary conditions are (¢, At)- uniformly bounded. Thus, applying Lemma 4.4 for (4.49), we
obtain that |1 ()] < C, x € €. Afterwards, one can deduce that

‘dfi(;)‘§C<1+€—1exp(_m(l—x)/5)), x € Q,

126



by invoking Lemma 4.4 to the following BVP:

LyeC(r) = Gi(x), z€Q,

o dsl(tn)
o dt

_dsp(ty)
o dt

¢(0) + C1At, (1) + CyAt.

—_ n+1
Now, differentiating (4.48) with respect to x, we consider that {(z) = dydx satisfies the following problem:

Lxﬁz(x) = H(x), x€Q,
Z(O) = 01, Z(l) = 02671,

(4.51)

di(x)  dg(x,tni1) da(x) dg™ ' (z) 0b(z,tn, y(a,tn))  Ob(z,ta, y(x,ts)) Dy(x, tn)
) = . N )
where 74, (z) dx + dx dx dx Ox * Oy Ox
d
Then, the bound on d—i , the smoothness assumption on g, the property (4.11) and Theorem 4.1 imply that

|Hy ()] < C(l +e lexp (—m(1 —33)/5)), x € Q.

Hence, using the argument of Kellogg and Tsan [61] for (4.51), we have the required bound (4.46) for j = 2.
Case 4. Let j = 3,4. Here, we derive the result (4.46) for j = 3, likewise Case 3 and the similar procedure
can be followed for j = 4. Firstly, we consider the function (o(z) = Li’eé(x) as the solution of the following
BVP:

(I + AtL, . )Ca(x) = Hy(x), =€,

Co(z) = %Lz,s [ﬂ(af,thrl) _£($7tn)]+ (4.52)
=z [c(w) + Laey(a,tn) — g(2,tnr1) + (2, tn, y(2, 1)) + Aty 33(;;“)}, forz = 0,1,

where following the similar arguments as in Case 3, one can show that 75 (z) = —LL3 _y(z, t,,)+1L2 _g(x, tns1)—
L2 .b(x,tn, y(2,t,)) is bounded (e-uniformly) on €. Further, the boundary conditions are (¢, At)- uniformly

bounded, since (2(0) and (2(1) can be rewritten in the following form:

2(0) = (L) (0, 5) ~ (Lo (0,5), and Co(1) = (Lueg)(1,5) — 5 (Laene)(1,5),

where t,, < s < t,+1, which follows from the compatibility conditions

C(O) + At(Lx,syt)(oa tn) + Lx,sy(O, tn) - 5(07 tn+1) + b((), tn, H(Oa tn)) #(Lx,sytt)(oy 5)7
(4.53)

C(l) + At(Lx,syt)(la tn) + Lx,ey(la tn) - 5(17 tn—i—l) + b((), tn, y(L tn)) #(Lx,sytt)(ly 3)7

obtained from (4.49). Therefore, applying Lemma 4.4 for (4.52), we obtain that |(o(z)] < C, x € €. Now,
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similar arguments can be applied for the following BVP:

Lx,s&l(l‘) — CQ(:E)a T e Qa

dsy(t dsy(t
Ci(0) = s1(fn) + C1At, (1) = Sr(tn) + CyAt,
dt dt
to prove that
d? _
‘ - :E)‘ < C<1+5_2exp(—m(1 —x)/e)), T €Q.
Now, differentiating (4.51) with respect to x, we consider that {; (z) = Lg:; ! satisfies the following problem:

Lx,le(x) = %(x)a r e,

_ _ 4.54)
1(0) =C1,  G(1) = Coe™?
where 2w) gl tar) da(x) PFH () Palz) dt)
di(x)  dig(mstaaa da(z) d*y" ()  d®a(x) dy”
() = dxz? + dx? 2 dx dx? dz? dzx

[826 N 0%b dy < ?b 0% 8y) Oy @@

dr?  OxdyOx dydx | 8y? 0x) Bz Oyox2)

Since, |#Hs(z)| < C(l +e2exp (—m(l— x)/e)), x € (), using the same argument as in Case 3, one can
derive the required bound (4.46) for j = 3. [ |

Further, we need decomposition of the exact solution 3 *!(x) of the BVP (4.38) in order to establish bound

of the truncation error in the subsequent section.

Lemma 4.8. The solution "' (x) can be decomposed in the form

7 ) =P @) v (@),

where

~n _ a(1)(1 - z) _ e dy"ti(1)
q +1($) = eXp<_f)a Y= ET’

d] n+1
and ‘

‘ < C(l—f—e jﬂexp(—m(l—x)/s)) reQ, for0<j<A4
Proof. Let 7" "1 (z) = 3" (z) — v¢4""!(z). Then, we have

Ly " (2) = Ri(2), =€, (4.55)

where R, (z) = #(z) + v(a(1) — a(z)) dqvn:lrl( *): and differentiating (4.55) with respect to z, it yields that

dfv”“(x)

L:p - 5 Q, 4.
T Ro(x), =z € (4.56)
where Ro(z) = Hy(z) — d‘zl(xx) dan;r;(x) — ydig) fn+1( ) +v(a(l) — a(x))dzqzr(w) Now, one can show that
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R (x) bounded (e-uniformly) on €2 and
|Re(x)] < C(l +elexp (—m(l — :1;)/5)), x €.

Also, it holds that

C[VnJrl(O) d"’n+1(1)
n+1 < C ~n+1 <C ’ 14 ‘ <C 14 —0.
Frol<e Frolse [FSce T2
Therefore, using the argument of [61] for (4.55) and (4.56), it follows that
d] n+1 .
‘ ’<C’<1+5 ﬂ+1exp(—m(1—a;)/a)) req, j=12. (4.57)

Finally, by adopting the approach as mentioned above, one can obtain the required bounds on the spatial deriva-
tives of "1 (z) for j = 3,4. H

4.4.2 Error estimate for the spatial discretization
Here, we analyze the following discrete problem, which is obtained by discretizing (4.38) with respect to the
spatial variable using the proposed hybrid scheme:
N,Atyn+1 +1 +1 +yn+l +1
LY/ =, Y" +1/CY" + v YJV_LH —IF'”
for1<j<N-1, (4.58)
370n+1 }7}(}1+1

= Sl(tn—i—l)a = Sr(tn+l)7

where the coefficients v, v, v$ are described in (4.31)-(4.33) and ﬁ;‘“ is given by

J 7777
sy tn) + At g ) + 5 (y(aj, tn) + Atgy ™) = Ath(x;_ 1, tn,y(2; 1, tn)),
for1 < j < N/2, and when ¢ < ||a|| N1,
INF;LH = ylzjtn) + Atgl T — Ath(z), b0, g2, 1)), (4.59)

for1 < j < N/2, and when e > ||a|| N1,

y(@j,tn) + At gl — Ath(j, tn, y(xj, tn)), for N/2 <j < N —1.

The following lemma shows that the difference operator ]Lév At satisfies the discrete maximum principle.

Lemma 4.9 (Discrete Maximum Principle). Assume that the following conditions hold for N > Njy:

N/InN > T]OHCLH, (4.60)
and mN > Ait 4.61)

For fixed n, suppose that the mesh function 11);”1 = ! (x;) defined on o satisfies that 1|)6‘+1 <0, II)R,H <
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0, and Lév’mtbg‘ﬂ <0, forl <j < N — 1. Then, we have 1])?"'1 <0, for all j.

Proof. See [Chapter 2, Lemma 7 2.7] for the proof.

Next, we derive the local truncation error gN.At Lév At [gﬂ“ - 17].”“] for the scheme (4.58)-(4.59). Let

goynti J

1 < j < N/2. Then, we have for ¢ > |la| N1,

N, At _ ~ -
“Tj,gnJrl = Vj y;lj_ll + V]C'y;‘H_l + V;yfjll — At g($j, tn+1) - b(xﬁ tn, y(-Tj, tn))} - y(l'j, tn)?

and for e < ||a||[N 71,

N,At_ —~n+1 +1 +-nt1 9(xj,tni1) + g(wj1,tnr1)
Tignnn = Vi yioy H Vi vy - At[ 5 ]

b(xj, tn, y(2), tn)) + b(le,tn,y(le,tn))] _ (@i tn) + 9@ 1 tn) O(A2).

_At[ 2 2

Next, for N/2 < j < N —1,
N, At _
TN = v - A [g(xj,tnﬂ) — (2}, t, y(xj,tn))} — y(zj tn).

Then, the truncation error can be written in the following form

At‘J’;VJnH, for1 < j < N/2, and when e > ||a||N~1,
‘J';Eﬁfl = At‘.]'%nﬂ + O(Ath?), for1 < j < N/2, and when ¢ < ||a||N!,
Atf%m, for N/2 < j <N —1,
where
L%Cdﬁﬂ — Ly ey (z;), forl<j< N/2, and whene > |la]| N7},
‘J’%,LH = L%upy;’.“rl - (LLJ”Jrl)j_%, for1 < j < N/2, and whene < |ja||[N 7!,

Lty ™ = (Laeg™™)(2;), for N/2<j<N-—1.

(4.62)

(4.63)

(4.64)

We now provide a brief outline of the proof for the error estimate stated in Theorem 4.5. At first, using the

decomposition of '_17”“ in Lemma 4.8, we decompose ‘J’é\%nﬂ, as

N N N

(4.65)

where ‘J'j\%nﬂ and ‘J'j]\%mrl denote the truncation errors corresponding to 71 (x) and "' (z), respectively.

Then, utilizing (4.65), (4.65) and Lemma 4.8, we obtain the bounds of gV.At (see [Chapter 2, Lemma 2.10]).

Jygntt
Further, we require the following important result for the error analysis.
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Lemma 4.10. Consider the mesh function

N
Ohi !
I1 (1+—’“> . for0<j<N-—1,
k=j+1 c
1, forj=N,

8;(0) =

where 0 is a positive constant such that 0 < m/2. Then, under the hypothesis (4.60)-(4.60) of Lemma 4.9, we
have C OAs

?Sj(H), for1 < j < N/2, and when e > |a||[N},

CAt
© -] H
CAt

€

Proof: From (4.31)-(4.34), we obtain that

8;(0), for1<j<N/2, andwhene < |ja|| N,

8;(8), forN/2<j<N—1.

AtLY

med

8;(6) + 8;(6),
for 1 < j < N/2, and when ¢ > [ja| N~}

1
LYA8;(0) =S AtLN Sj(9)+§(1+

mup

€

S-(0 4.66
o )30 (4.66)
for1 < j < N/2, and when e < [|a|N "1,

AtLY 8;(0) +8;(0), for N/2 < j < N —1.

med

The rest of the proof follows from [Chapter 2, Lemma 2.12]. |
Afterwards, by making use of Lemma 4.9 together with the bounds of U'Jj.vzllf fl and Lemma 4.10, one can

derive the following result.

Theorem 4.5 (Spatial error). Let § < m/2 and g > 2/60. Then, under the conditions (4.60) and (4.61), the

following error estimate holds related to the discrete problem (4.58):

B CN~72, for1<j<N/2,
7 () Y < (4.67)
CN—2In®N, forN/2<j<N —1.

4.4.3 Convergence result for the IMEX-FMM

Theorem 4.6 (Global error). Let y(x,t) be the exact solution of the problem (4.1)-(4.3), and anH be the
discrete solution of the fully discrete scheme (4.30), at time level t, 1. If 0 < § andng > %, under the
assumptions (4.60) and (4.61), the following error estimate holds:

C(N—2+5 n At)7 for1<j < NJ2,
H{y(xj7tn+1)}j - {an—i-l}jH < (4.68)
C(N*”é 2N + At), for Nj2 < j <N -1,

where N and At are such that N~% < CAt with0 < § < 1.
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Proof. The global error can be written as
E" N (ag) = & (@) + BV (ay) + R (4.69)
where e t1(z;) = [y(xj, tns1) — 3" ()], B (2y) = [ () — )7J7‘+1], and the term R}‘“ satisfies that

LRI = — At [b(xj,tn,y(xj,tn)) - b(xj,tn,Yj”)} +ylwjta) =Y, 1<j<N-1

n+l _ pn+l __
Ry™ =Ry =0.
Next, applying discrete maximum principle for the operator LY ’At, one can deduce that

[y | < (0 omad)|[{ytes t)}, = (7], fro<i <, (4.70)

where 917 is a constant(>0)(independent of €) such that

ab(:r,t,y)

4

L @ ed, i <ay,

and C] = max { Y™, [ly(tn)]|, formn = 0,1,.. M} Thereafter, using (4.69) and (4.70) together with
Lemma 4.6, Theorem 4.5, and the assumption N =8 < C'At with 0 < & < 1, we obtain that

CAL(At+ N7 4 (14 9At) H{E”(xj)}j ,for1 < j < N/2,

H{Enﬂ(xj)}jH <

CAt(At N2 2 N) + (1 + zmlm) H{Eﬂ(xj)} , for N/2 < j < N.

J
Hence, we establish the estimate in (4.68) by using (1 + D A)" < exp(9IT). H

Remark 4.3. In this section, we carry out the error analysis by invoking the two-stage discretization technique
keeping in mind the extension of the proposed method for solving multi-dimensional nonlinear parabolic PDEs.
One can further note that the theoretical restriction N =% < C'At with 0 < & < 1 in Theorem 4.6 is no longer
appear in the numerical results of the proposed IMEX method; and can be eliminated by estimating the error

separately for the smooth component and the layer component as like the error analysis in the next section.
4.5 Convergence analysis for the fully-implicit FMM
For the convergence analysis, we rewrite the fully discrete scheme (4.31) in the following form:
TEAYP = GIH for1 <j< N -1, @71

Yot = si(tny1), Yo' =sp(tyy1), forn=0,1,...,M —1,
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where the nonliner discrete operator TV Al given by

D Yn+1 +]L Yn+1+b($], n+1’Y +1)

med

for 1 < j < N/2, and when ¢ > ||a||[ N,
mup

TéV7At1/}n+1 =< Dy Y’“rl + 1LY Y”Jrl + b( ; 1>tn+17anj_ll)’
2

for 1 < j < N/2, and when ¢ < ||a||[ N1,

D Yn+1+L Yn+1+b(mj’tn+1’y +1) fOI‘N/2<j§N_1>

med

and the right-hand side vector G™*1 is given by

J’,LH for 1 < j < N/2, and when e < |ja|N ",
G;."H = g}‘“, for 1 < j < N/2, and when e > |ja|N~*,
gt for Nj2<j<N—1.
n+1

For the sake of convenience, we set g:'™") ,, = 4(7j_1/2,tns1) and a;_1/9 = a(x;_1/2), in the rest of the

chapter.

Lemma 4.11 (Discrete Comparison Principle). Assume that the following cinditions hold for N > Ny:
N/InN > ngllal], 4.72)

and uN = ([ %]+ &). (4.73)

Suppose that two mesh functions V and W defined on EN’M satisfies that V.< W on 09~ At and TY Aty <
NAtW in ®NAt Then, we have V< W on D" At

Proof: Letw] < 0, forall j and n. Then, inconformity with the hypothesis of the discrete comparison principle,

we assume that V) — W = o for 0 < j < N and consider the following system:
TEA Y A — L for1 < j < N -1,
4.74)

Vet Wttt = wptt, vttt o wt = ot forn =0,1,..., M — 1.
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Now, let U J” = V]” — I/V]TZ for all n. Then, we have

N,Aty n+1
VA

10D (w1 tngr, W+ E(VI - W) )de
n+l N g+l 3 3 3 n+1
UM +LY,, U + [/O » Jur,
for1 < j < N/2and when ¢ < ||a||[N 71,
LOb(j, tner, W+ (VI — W) )dg
_ 1 1 7y In+1, 1
Dt U]’(H— +]L7]—Xchn+ |:/O J ay J J ]Un—i-
forN/2 < j < N.
For simplifying the proof, we set U™ = (Ugl, ur,..., U]\‘f) and W™ = (w{},w?, ce

D; Un+1+]LN dUn+1+ [/

N,Atyyn+1 _
— TNAtTH =

1 8b(:ﬁj,tn+1, W]ﬂ—i—l + f(vjn-i—l .

0

Jy

W]T“Fl))dg]

for1 < j < N/2 and when € > |a||[N 71,

Here, by employing equation (4.75), we can rewrite equation (4.74) in the following form:

Here, the matrix A is given by A; ; = 1, for j = 0, N, and

-~ ~ 1 ~
Ajj=1 = Ve Big = Vmedj + 7q0 Mg+l =
for1 < j < N/2 and when ¢ > ||a|N !,
1 1
_ - _ _ o+
Ajj=1 = Vmupj t 5ap Aid = Vmupj t 5a7 = Vinup,j
for1 < j < N/2and when ¢ < [|a|N 71,
~ e 1
Aj’j—l = Vined 5> Aj’j = mcdj E’ Aj:j+1 forN/2 <Jj <N,
where ab ¢ Wn+1 Vn+1 Wn+1 d
o B 1 1 (:L‘j_%a n+1, i1 +£( j-1 %)) 3
Vmup,j = Ymup.j + 5 [/0 dy
+1 +1 +1
— _ 1 1 8b($j_%,tn+1,w;.l% +£(V;’1 Wn %))df
Vmup,j = Ymup,j T 5{ 0 dy
= _ ot
v :;wp,j = Vmaup,j>
and
V'n_lcd,j = V;Lcd,j’
+1 +1 +1
~c _ e 4 1 8b(x]7 tn+1a W]n + g(an - an ))d&'
Vmcd,j Vmcd,j 0 3y ’
~+ +
Vmcd,] Vmcd,j '

AU —BU" = "

, forn=0,1,..

LM — 1.

U(H—l
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One can show that, under the conditions (4.72) and (4.73), the matrix A is an M-matrix (see the proof in Lemma
2.7 of Chapter 2) and it is straightforward that the matrix B > 0. Therefore, the proof follows from [99, Lemma
3.12]. [ |

Remark 4.4. From the discrete comparison principle, one can obtain the existence and uniqueness of the solu-
tion to the discrete problem (4.71)(see the Hadamard’s Theorem 5.3.10 in [91]).

Corollary 4.2. Let U be any mesh function deﬁned on EN’N. Then, for any given mesh functions V and W
defined on 5N , the difference operator i ( w) given by

med 0 Oy

for1l < j < N/2 and when ¢ > |la| N1,

Dywnt LN wnt [fl 00t Wi+ (V) W'ﬁl))ds] g,

9b(, _y tnpr, W e (VI W) ) dg
n+1 N n+1 1 I=3 Jj— j— j— n+1
miat = | PP [ e
for1l < j < N/2and when ¢ < |la| N1,

fol ob (mj it ,an+1+§y(vjn+17w;+1) ) d£:| \II?+17

forNJ2 < j < N,

D;\I,?+1 +]LN \Ijn+1 |:

med

satisfies the discrete maximum principle, i.e., if U < 0, on 0Dt and ’JI‘N(‘A/tW)\I/ < 0, in DNAL then it

implies that ¥ < 0, on CDN A

Lemma 4.12 (Stability). Let V and W be two mesh function defined on EN’M. Then, under the conditions
(4.72) and (4.73), we have

1
[V = Wlgvae <[V = W(gpnae + EHT?“ — TVAW || sxar (4.76)

Proof. Consider the mesh functions

1 —N,At
TE (2, tn) = — ||V — W|gon.ar — BHﬂrgwfv —TNAW| £ (V= W) (), tn), (vj,tn) €D .

Note that U+ (xj,tn) <0, 0n ODNAL and TN(‘A,';V)\Pi(xj, tnt1) < 0,in DN:At Then, Corollary 4.2 implies

that U*(z;,t,) <0, forall (x;,t,) € D At Hence, the proof is over. |
Before we proceed for the error analysis, we provide the following imporatnt result which is used in the

subsequent section.

Lemma 4.13. Consider the mesh function

11 (1+%) , for0<j<N-—1,
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where 0 is a positive constant such that 0 < m/2. Then, under the hypothesis (4.72)-(4.73) of Lemma 4.11, we

have o
—8;(0), for1<j < N/2, andwhene > |la| N~
€
~ C
TP 8i(0) > =8;(0), for1 < j < N/2, andwhene < [la| N7, @.77)
C
—8;(0), for Nj2<j <N —1.
\ &
4.5.1 Decomposition of the discrete solution and error estimates

We decompose the numerical solution Y"**! into the smooth component and the layer component Q" 1!
p § p y p i

such that Yj"+1 = PJ”'H + Q;-"H. Here, Pj”Jrl satisfies the following discrete problem:

n+1
Pj

P} = p(x,0), 0< j <N,

TNAtprtl — gl 1 <j< N -1, (4.78)

Lemma 4.14. Let the assumptions (4.72) and (4.73) of Lemma 4.11 hold. Then, the error related to the smooth

component satisfies the following estimate:
PP p(a;, tnﬂ)‘ <C(N24At), forl<j<N-1 (4.79)
Proof. For 1 < j < N/2 and when ¢ < ||a||N~!, we have

D, Pn—i_l1 +L%uppn+l + b( i 17tn+1apﬁ+l) - b(x];%atn+1ap(xj7%7tn+l))

_1
2
ap(xj_%vtn+1>

= T —+ vagp(l‘j_%, tn+1).

Utilizing the derivative bound of p from Theorem 4.2 and the following relation

Tj,tnt1) + p(Tj—1,tn+1
b(xj_1/2: tnt1, p(Tj_1/2,tns1)) = b($j—1/2,tn+1, P2, tny1) 2P( ! s )) +O(h§)7

the above equation can be rewritten in the following form:

_ z;,t + plrj-1,t
D, (Pn+1_P( jitny1) + p(@ia RH))‘FL%W(PnH p(xj,tn+1))

i=3 2
1 8()((13- 1,tn41 P*’nl—’—l(f))
+] / I ag] (Pri - P&y tns1) + p(Tj-1, tnt)
0 9y =2 2
» | (4.80)
9 B O°p(x._1,thi1
= (& - D, )P(x]‘_l tnt1) — E( j8;2 o 5 plaj, n+1)>
Op(z;_1,tny1)
+alx;_s < ]ng — D p(x;, n+1>> +O(h3),
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where P 7”“(5) ;1+11/2 + S(P"Jr1 "+11/2) On the other hand, for 1 < j < N/2 and when & > ||a||N 1,

andforN/2 <j<N-1, wehave

_ 1 8[)(1:]7 tn-‘rlv Pik7n+1 (5)) n
[Dt + L%cd +/0 8_1/ : d{] (Pj IR p(xjatn-l-l))

(4.81)
- <§t - Dt—)p(:rj,tnﬂ) - 6(88;2 - 5§>P($jatn+1) +aj (a% - D:)P(%tnﬂ)a

where P;""H (&) = plxj, tht1) + S(PJ’»1+1 — p(zj,tn41)). Now, for any mesh function ¥ we introduce a
. N,At _.
discrete operator I .~ given by

N,At m N, At
LY =TVe w.

Afterwards, we derive bounds of the truncation errors from (4.80) and (4.81) by using the derivative bounds of
p(z,t) given in Theorem 4.2. For 1 < j < N/2, to the case € > ||a|| N1, we obtain that

Tj4+1 84 Tj+1 83
LYA(PI gl tas)) gcehj/J ﬂ’ds—l—(?hj/ ’ = é’]d +AtHat2
w1 198 w1 198 (4.82)
< C[N72+ At
and for j = N/2, , to the case € > ||a|| N1,
N,At 1 nir Pp Hr p
ILYANPI — p(ag, b)) gcs/ Plds + Ch; / Plas +AtH
2 as o pre
i j—1 (4.83)
<Cle+NHN+ A
Next, for 1 < j < N/2, to the case € < ||a|]|N !, we deduce that
Tj41 63 Tj41 83 62
LY (PP — plaj, tasr))] < Ce/ “Blas 4+ cn; / ~ds +At” PH +On3,
v . 10s v . 10s ot? J
j-1 i1 (4.84)
< C[N72+ At
Finally, for N/2 < j < N,
Tj41 84 Tj4+1 83 82
ILYAHPIH — plag, tag)| < cehj/ p‘derChj/ J’dHAtHJ
€ v . 10s? v . 1083 ot?
j1 i1 (4.85)

< C[N7? + At].
Consider the discrete functions in the domain 0 < j < N, for the case € > ||la||N 1,

UH (2, t041) = —C(N 72 + At)z; — CN2p; + (P]Ml — p(xj,tns1)),
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where

;“_jn, for 0 < j < N/2,

1, for N/2 < j < N,

$j =

and apply Corollary 4.2 for the operator LNPAf together with the truncation error bounds in (4.82), (4.83)) and

(4.85) to obtain that
P — p(z,tng)| SC(NT2+AL), forl<j<N-—1.

In the same way, we choose the discrete functions in the domain 0 < j < N, for the case ¢ < ||la|| N},
\Il:t(xjvtn+1) = 7C(N_2 + At)‘rj + (PjnJrl - p(xjvtn+1))7

and apply Corollary 4.2 for the operator Lé\f}ﬁt together with the truncation error bounds in (4.84) and (4.85),
to obtain that
PP — p(xj,tpg1)| SC(N2+AL), forl<j<N-—1.

Hence, the proof is over. |
In the next lemma, we deduce the error estimate corresponding to the layer component Q?H which is the

solution of the following discrete problem:

(

Q)=0,0<j<N,

QTL+1 + LmCdQT‘LJrl + b(xjvtn-‘rlu Y‘;‘n+1) - b(xja tn-i—l) ]Djn+1) = 07
for1 < j < N/2, and when ¢ > |ja||N !,

Dy Q”+1 +L0,Q T +b(x i1, tnt1, Y +1) —b(x,_1 1 b1, P ) =0,
2 (4.86)
for1 < j < N/2, and when ¢ < |ja||N "},

Qn+1 + medQn—i_l + b($j,tn+1, an+1) - b(xja tn+17 ]3‘7‘“—’_1) = 07
for N/2 < j< N -1,

n+1 = q(0,tn11), QnN+1 = q(1,tns1)-

\

Lemma 4.15. Let the assumptions (4.72) and (4.73) of Lemma 4.11 hold. Then, if 0 < m/2 andng > 2/0, the

error related to the layer component satisfies the following estimate:

CN=2, for1<j<N/2
Qpt = glaj tup)| < ) (487)
C(N?In*N + At), forN/2<j<N-1.

Proof. Here, for any mesh function ¥, we introduce a discrete operator Lév(’ﬁt defined by

N,At m N, At
LY e = T3, 0,
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where Q;’nﬂ(f ) = P;‘H + & (an+1 - P;‘H). Then, we rewrite the discrete problem (4.86) in the following

form:
Q=0,0<j <N,

LY@t =0, forl<j<N-1,
8+1 = g(O,tn+1)7 Q?\[—i_l = Q(Ltn—f—l)-

By (4.27) and Theorem 4.3, we have Qi = 0 and |Q%™| = |¢(1,tn41)] < C. We choose the discrete
functions for 0 < 5 < N,
UH (2, tng1) = —C8;(0) £ Q7

for sufficiently large C. By Corollary 4.2 for the operator Lg@%t and invoking Lemma 4.13, we obtain that
QI < C8;(0). (4.88)
Now, for § < m/2, combining (4.88) and Theorem 4.3, we get
QU — glaj taen)] < 1QU | + Ig(2s, tas)] < C85(6). (4.89)
Again, for g > %, it follows from [109, Lemma 3.1] that
8;(0) < CN~*1=3/N) " for N/2 < j < N, (4.90)
and henec, in particular for 1 < 57 < N/2, (4.89) and (4.90) together imply that
Q7 — qlxj tusa)] < ONT2. 4.91)

Next, we estimate |Q;”r1 — q(z;,tn41)| on the fine part of the mesh by using consistency and barrier function
argument on the interval [1—m, 1], since we have ]QR;;; —q(xn/2,tny1)| < CN 2 and Qv —g(zn, tni1)| =
0. From (4.27) and (4.86), we derive that for N/2 < j < N,

Dy QU + L@ 4 bl tugn, YY) = b2, o, g2, toga))

0gq(x;,thi1
= Q(Jatm) + Lo cq(@, tngr) 4+ 0(2, tugr, PP = b(2, tngr, p(m, tnn)).-

From the above equation, we have

Lob(z;, tyeq, YO
[Dt_ F Lonea / (2t 2 (6) df} (Q?H — q(xj,tns1))
0 Oy
4 - Lab(x, tygr, PP HH(E)
= (a —D; )‘](wﬁthrl) + (]Lz,s - L%cd) q(mj,th) + |:/0 ( J +ay J )df (4.92)

_/1 Ob(z,tny1, Y TH(9)
0

5 de| (P — pla i),
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where Yj*’n+1(§) = y(xj,tny1) + §(Yj”+1 — y(2;,tn11)). Now, for any mesh function ¥, we introduce a
. NAt .
discrete operator IL_5-." given by
N, At m N, At
Ly ¥ =T (Y, y)\II’
where Yj*’nJrl (&) = y(zj, th1)+E (anH —y(2j, tnt1)). Now, using derivative bound of g(x, ¢) from Theorem
4.3, and Lemma 4.14, we obtain from (4.92) that for N/2 < j < N,

ot Tjt1
ILI2H@QET = gl tar))| < Cshj/ q‘ds+(]h/

Tj—1 Tj—1

Tj4+1 agq
ot |4

+AtH8t2 H +C(N7?+ At)

< ON?In®>Ne lexp(-m(l —x;)/e) + C(N 2+ At). (4.93)
We choose the discrete functions for N/2 < j < N,
U (2j,tng1) = —C (N2 + At)z; — C(N 2 In® N)8;(0) + (Q) — qlaj, tni1)).

C
Lemma 4.13 implies that ]LN Ats j(0) > —8;(0), for N/2 < j < N, and hence, use of (4.93) for § < m/2
€
yields that
LYW (2, b)) <0,
Now, apply Corollary 4.2 for the operator LY N Y* " to get U (j,tht1) <0, forall N/2 < j < N. Hence, the
proof is over. u

4.5.2 Convergence result for the fully-implicit FMM

We decompose the error in the numerical solution can also be decomposed as

N,At

Y =y, tag1) = PP = plaj,tasn) + Q7 = q(@), tnga), (wj,tng) €D (4.94)

Hence, the required e-uniform error estimate given in the following Theorem.

Theorem 4.7 (Global error). Let y be the solution of the nonlinear problem (4.1)-(4.3) and an+1 be the solution
of the discrete problem (4.71). Then, the following e-uniform error estimate holds:

C(N2+At), for0<j<N/2,

Y = {y(z),tn) } || <
H{] }J {y(; +1)}JH (;'(]\7—211r12]\7—1—At)7 for N/2 < j <N,

Proof. This immediately follows from Lemmas 4.14 and 4.15 . |

4.6 The temporal Richardson extrapolation

In this section, we analyze the Richardson extrapolation in the time variable in order to improve the order of
uniform convergence in the temporal direction established in Theorem 4.7 so that we can produce higher-order
accurate numerical solution at low computational cost.

On the domain [0, 7], we construct a fine mesh, denoted by AAY2 = {%Vn}ifo, by bisecting each mesh
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interval of A2%. So, t,41 — t, = T/2M = At/2 is the step-size. Let Y V2 (x5, ¢, 1) and Y VA2 1, 11)
be the respective solutions of the fully discrete problem (4.29) on the mesh OV x A% and Q" x AAY/2. Then,

from Theorem 4.7, we have

(27320, 1) = YV b11) ) = (@ tga) = o(A8) + O(N~2),

for 0<7j<N/2, thi1 € AP,
(4.95)
(2 VA2, t40) = YV @) 111) ) = g5, tns1) = o(AL) + O(N"2In? N),

for N/2<j <N, ty,1 €A,

Remark 4.5. We set Yfe];/t’ﬁt(wj, tni1) = (2YN’N/2(;U]-, tnt1) — YN’At(xj, tn+1)> as the temporal Richardson

extrapolation formula so that the time accuracy can be improved from O(At) to O(At?).

Likewise (4.94), we now consider the decomposition of (2YN At/2 _yN ’At) so that

N,At N,At N,At
Yextp (ZE]‘, tn+1) - y($j, tn+1) = Pextp (.Tj, t”H—l) - P(xﬁ tn+1) + Qextp (.Tj, tTH-l) - Q(‘rj? tn+1) . (4.96)

-~ -~

4.6.1 Error for the smooth part after extrapolation
We show that when At — 0 and N — oo, the following error relation holds:

—N
PN?At(x]ﬁ thrl) - P(xj’ tn+1) = Atd)p(xj’ tn+1) + :RP(:Ejv tn+1)7 (xj> thrl) €l x AAta (497)

where ¢, is a certain smooth function defined on QN x AAt and is independent of At, NV; Rp(xj, tnt1) 1S
the remainder term defined on 2" x A%t We begin by assuming that the expansion in (4.97) is valid. By
following the approach in [60], we define ¢, is the smooth component of the function ¢, which is the solution
of the following IBVP:

O (x, 1) 9 10%p(,t)
T+]Lg;’gd)(w7t)+@b($,t,?($,t>)¢ = iw, mn @,
¢(2,0) =0, onQ, (4.98)

&(0,t) = p(1,t) =0, ¢te(0,7].

82
Since, Theorem 4.2 implies that H a—tg H§ < C, one can derive that ||¢||z < C. To establish the bounds of the

derivatives up to fourth-order in space and second order in time in Lemma 4.16, we require ¢ € €*+7(D). This
2

1
is guaranteed by the assumption that g = f—tg must satisfies the compatibility conditions mentioned in (4.5),
(4.6), at the corner points (0,0) and (1,0).

Lemma 4.16. The derivatives of the solution $(z,t) of the IBVP (4.98) satisfy the bounds

’8j+kq>(x, t) ‘

RISET: _<Ce, Vi keNU{0}, andfor0 < j+ 2k < 4.

D
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— % and letting $(Z, 1) = d(z,t)
with similar definitions of @, g—g and p; the IBVP (4.98) is transformed to the following form:

~ 1
Proof: By changing the independent variable x to the new variable x =

%P acp d~

e ~ 8(1) 582? ~
Tz 8§ +88yb(x,t,p(:c,t)) b —

“or 2o M
$(Z,t) =0, ondD,

where © = (0, 1) % (0,T] and 0D = 5\’}5 The rest of the proof follows from [Chapter 2, Lemma 2.17]. W

Lemma 4.17. The functions &, and its derivatives, satisfy that

aj+k¢p(x>t) ‘

e 550(1“3*3'), ¥ j, k€ NU {0}, and for 0 < j + 2k < 4.

Proof. The proof was obtained by using Lemma 4.16|and the approach described in [75, Theorem 4]. |

Now, we substitute PV ’At(xj, tn+1) in (4.78) and applying the Taylor-series expansion of the functions p
and ¢, invoking Theorem 4.2, Lemma 4.17, and finally, after utilizing the Taylor-expansion for the function b,
it provides for ¢ > ||a|| N~ that

p<xj’0) + Atd)l’(x]v )+:R (xjv 0) = p($j,0), 0<j<N,
pe(@js tns1) = €pua (4, tuyr) + a(@g) pe (@), tnn) + (24, tagrs p(24, tngr)) +

At |:d)p,t(xj7 tn+1) - 5¢p,xx(xja 7fn+l) + a(CUj)d)p,x(xja tn+l)+

ob ',tn ) '7tn
($J +185($J +1)) d)p(xjvtn+1) 2ptt($]7 n+1):| + D fR ({L'J, n+1) +med92 (I'j, n+1)+
8b(mJ,tn+1, +1) 2 . .
a—yﬂ%p(x], tnt1) + O(N72) + O(At)? = g(zj,tnt1), forl <j < N/2, and N/2 < j < N,

P, tnt1) — €pea(@j, tng1) + a() po(xj, tnir) + b(fvja tnt1, p(T5, tm—l))‘i‘

At |:d)p,t(xj7 tn+1) - 5¢p,xx(xja tn+1) + a(CUj)d)p,x(xja tn+1)+

bl xj,tn 7P(w'7tn )
(= (st oy g2 tms) — Ly, tui1)] + Dy Ry(ws, 1) + LRyl tus1)+

bzttt .
( J g; £ )) Rp(xj,tn+1) + O((€ + N_l)N_l) + O(At)Q :g(xj,tn+1), fOI‘j = ]\[/27

p(oa tn+1) + At(bp(ov tn—i—l) -+ :RP(Oa tn+1) = p(07 tTL+1)7 tn—i-l € AAtv

p(Ltns1) + Aty (1 tni1) + Rp(Ltng1) = p(1,tn41),  tagr € AS

142



Next, we consider the case ¢ < ||a|| N !, and obtain that

(

P(‘/EJ"O) + Atd)p(xjao) + Rp(xj’o) = P('IJ'?O)a 0<j <N,

(@12, tni1) = Epaa (Tj—1/2: 1) + (@, 1)pe(j_1/2,tnr1) + b(2j- 172, i1, p(2j- 12, tn 1))

+At[¢p,t(xj_1/2>tn+1)—€¢p,m($j—1/g,tn+1)+a( 1) pa(Ti1/2, tnr1)+

1
2

(2 1/9,tnt1,p(2—1/2,tn+1)
(512 N )d)p(xj—l/Zatn-l-l)_;Ptt(xj—l/27tn+l>:|

8b($ i—1/2 tn+1 Oanrl )
— Ry(m,tn+1)+Rp(zj—1,tn+1) N I 0T, 3 Ry(@tn 1)+ Rp(@j1,tn41)
+Dt 2 + ]L‘mupjzp(wj’ t”H—l) + oy 2 3

+O(At)2+O(N72) = g(z._1,tys1), forl<j< N/2,

l\.’)

L
Pt(xja tni1) — El’zx(wjv thy1) + (%‘)Pﬂc(xj? thy1) + b(%’y tn+1,P($j; tn—H))

+At [q)p,t(xj» tn+1) - 5¢p,x:p(xja tn+1) + a(xj)q)p,x(l'ja tn+1)+

bz tnt1,p(xj,tn+1)
( J +1a§ jstn+1 )(I)P(:Uj,tn+1) - %Ptt(xj,tn+1)] + D R (xj,tn+1) + mede (:Ej, tn+1)
b(zj,tng1,0" .
UL g; )ﬂzp(xj,tnﬂ) + O(At)2 + O(N72) = g(xj,tnt1), for N/2 < j < N,

P(Ov tn-‘rl) + At¢p(07 tn—i—l) + :RP(O, tn—i—l) - P(Ov tn-l—l)v tn—i—l € AAtv

p(l,tn+1) + Atd)p(l?thrl) + :Rp(la tn+1) = P(l,tn+1), lnt1 € AR

\

From the above expressions, we obtain the remainder term R, (x;, t,,11) is the solution of the following discrete

problem:

8()(1‘]', tn+1, Oz;ljl)
dy Rp(xj7tn+1) =

O((At)%) + O(N—2), forl < j < N/2, and when e > ||a|]|[ N1,

D iR (.’E],tn+1) +medtiR (l'j,tn_t,_l) +

ab(l‘])thrl’ +1)

Dy Ry(xj,tni1) + LYV SR (24, o) + P Rp(j,tns1) =
O((AH)Y) +O0((e + N"HNY),  forj = N/2, and when e > ||a||[N 71,
n+1

R (z;,t LRy (iq,t ﬁb(l‘j_;,tn+1,a7,_l)

Dt_ p( 7 n+1) p( 7j—1 n+1) fou%tfR (~Tj7tn+1)+ 2 pJ—3
2 Iy
R,(x;,t + Ry(xj_1,t
o fn) 5 (Tt bnr1) = O(At)> + O(N™2), for1 <j < N/2, andwhene < |la||[ N},
ab(l‘])thrl’ +1)

Dy Ry(xj,tni1) + LYVSR (24, o) + 99 Rp(j,tns1) =

O((At)?) + O(N~2?), forN/2<j<N —1,

Rp(24,0) =0, for 0 < j < N,

Rp(0,tn11) = 0, Rp(1,tnp1) = —Atd,(1,1), for t,y1 € AL
(4.99)
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where ag}rl belong to some finite interval [—C, C] due to stability bound of the functions PV2*, p and ¢ p- 1O

prove the uniform convergence of the temporal Richardson extrapolation method, we need to derive bound of
. =N

the remainder term R,(z,t) on Q@ x A2,

Lemma 4.18. The remainder term JQP, given in (4.99), satisfies that
|Rp(zj,tn1)| < C(N2+ (At)?), for0<j<N.
Proof Now, for any mesh function ¥, we introduce a discrete operator L?’[ &ft defined by

LVAty — TNAL

&, Qp &,(opp)

Now, the equation (4.99) implies that

N=2+ At?), for0<j < N/2, and whene > |a|| N1,
e+ N"HN-1 4+ A#?), for j=N/2, whene > [a| N},

C

o(
LNAtzR ($ja n+1)’ < (
(N72+ At?), for0<j<N/2, andwhene < |a| N,
(

C(N—2+At?), forN/2<j<N.

Then, by using the discrete maximum principle (Corollary 4.2) for the operator ]Lév aAt to the suitable barrier

functions, we get the desired result. |
Therefore, from (4.97) and Lemma 4.18, we obtain that

PYE (g tni) = p(wj,tasr) = Atby(z), tatr) + O(AE) + O(N7?),
for 0 < j < N, tnq1 € AN
Similarly, we have
PNAU2 (0 Ft) = plg, Fuer) + A4/20, (w5, Fusr) + O(AL) + O(N2),
for 0 < j < N, tn41 € A2,

Finally, we obtain that

| PR (@5, tns) — plaj,tas1)| < C(N72+ (At)?), for0<j < N. (4.100)
4.6.2 Error for the layer part after extrapolation

From the Lemma 4.15, for the region 0 < j < N/2, t,,11 € A2t we have ’(Q;V’At —q(zj, tn+1))’ < CN~—2.

Similarly ‘ (Q;V’AUQ — q(xj, th))} < O'N~2. Hence, we obtain that

QN (@), tns1) — q(zj,tas1)| SONT2 0<j < N/2. (4.101)
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To analyze the effect of extrapolation in time variable on (1 —1,1) x A“¢, we show that when At — 0 and

N — oo the following error relation hold:

QN AN (@, tnr1) — 4(2), tns1) = Atd (75, tns1) + Ry(25, tngr),

for N/2<j<N, tyo1 €A™,

(4.102)

where ¢, is a certain smooth function defined on QN x A2t and is independent of At, N and qu(xj, tnt1) is
remainder term defined on 2" x A2t We begin by assuming that the expansion (4.102) is valid. We define ¢,
is the solution of the following IBVP:

0d, O*b,

0%, od, 8b($,t,y) 10%g Bb(xty)
ot " 0a?

TG Y oy YT Ty

(ﬂftp)

— by,

in (1 —-mn, ) (Oa T]a (4.103)
$g(2,0) =0, in[l—mn,1],

d)q(]-—nat)zoa cbq(]-at) :Ov te (OvT]

Since, Theorem 4.3 implies that < C, Lemma 4.17 gives ||¢,|| < C and the equation (4.11) implies

|5z
that HE)bH < C, one can derive that [|$,|| < C.

Lemma 4.19. The functions &, and its derivatives, satisfy that

‘ 8j+kq)q<m7 t)

: < —J — — in (1 —
ot | C(7 e (—m(l=2)/e)), in[1=n1] x (0.7
Vi, k € NU{0}, and for 0 < j + 2k < 4.

Proof. The proof is obtained by the approach described in [86, Theorem 4.8]. |
Now, we substitute Q*V ’At(:rj, tn+1) into (4.86) and we applying the Taylor-series expansion of the func-
tions ¢ and ¢, invoking Theorem 4.3, Lemma 4.19, and finally, after utilizing the Taylor-expansion for the

function b, it gives
Q(l'jao) + At(l)q(I'j,O) + Rq(l'jao) = Q("L‘j’O)a N/2 < ] < N»
g (25: tnt1) + Loeq(z), tas) + 0(2, tnst, (2, trs)) — b(25, tngr, (25, tntr)) +

O(At)? + O(N72) + O(N~21In? Ne L exp(—n(1 — z;)/e)) + At [¢q7t(xj, tnt1)+

Ob(xj, tny1, y(2), tni1)) 10%q(xj, tni1)
5y bylzj,tnrt) — 555+

6[)(1’37 tn+17 p(xj’ t”"‘l))

]Lx,sq)q(xja tnt1) +

Ob(zj, tpg1, (x5, tns1))
dy

dy
oblx;,tnt1, ntl .
Dy R (x]) thi1) + mcdm (:Uju thy1) + %Rq(fjatnﬂ-l) =0, N/2<j<N,

(4.104)

d)p(xjathrl) - d)p(xj’thrl)}Jr

‘1(1 - natTLJrl) + Atd)q(l _nathrl) + IRq(l _nathrl) = 9(1 - nvthrl)a lnt1 € AAta

4(17tn+1) + At(bq(l, tn+1) + Rq(l, thrl) = 9(15 tn+1)a tn+1 € AAt-
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The equations (4.27) and (4.103) together implies that the remainder term R,(z;,%,41) is the solution of the
following discrete problem:

1
ob (.Tj JInd1 ,Oé?j

Dy Ry(wj, tns1) + Ly g Ry (), tng1) + a—y)qu(me tny1) =

O(N=2 4 Ar2) + O(N—2In> Ne~Lexp(—m(1 — a)/2)), in [L—n,1] x (0, ], (4.105)

R, (25,00 =0, in[l—n,1],

:Rq(l _natn+1) = 07 :Rq(lvthrl) = 07 lnt1 € [OvT]a

where a’;}rl € [-C, C], for some constant C.

Lemma 4.20. The remainder term qu, given in (4.105), satisfies that
|Rg, 5 (2, tny1)| < C(N"2In* N + (At)?), for N/2 <j < N.

Proof. Now, for any mesh function ¥, we introduce a discrete operator Lé\f gﬁt defined by

N,Aty, _ N,At
]La Qq \Il - 57(a47aq)

From the equation (4.105), we get

‘L?f&?tﬂ{q(:ﬂj, tn+1)‘ < O(N_2 + Atz) + O(N_2 In? Ne~! exp(—m(1 — z;)/¢)),
for N/2 < j < N.

Then, by using the discrete maximum principle (Corollary 4.2) for the operator ]L?f gﬁt to the suitable barrier

functions, we get the desired result for N/2 < j < N. |

From the equation (4.102) and Lemma 4.20, we obtain that
QN’At(IL‘j, tn+1) = q($]’, tn+1) + Atd)q(l‘j, tn+1) + O(N_2 1112 N) + O(At2),
for N/2<j <N, t,y € AP
Similarly, we have
QYA (), tnsr) = qlaj, tusr) + At/24 (25, Tar1) + O(N 2 In® N) + O(AF),
for N/2<j <N, thy1 € ABY2.
Finally, we obtain that

QYA @), ti1) = g(@j, tuy1)| < C(N"2In2 N + Af2),

(4.106)
for N/2< j<N, ty,o1 €A™,
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4.6.3 Convergence result after extrapolation
Now, the equations (4.96), (4.100), (4.101) and (4.106) yields the following e-uniform error bounds after using

the temporal Richardson extrapolation .

YN At

cxtp De the so-

Theorem 4.8 (Global error ). Let y be the solution of the nonlinear problem (4.1)-(4.3) and
lution of the discretized problem (4.71) after using the temporal Richardson extrapolation. Then, the following

e-uniform error estimate holds:

C(N724 (At)?), for 0 < j < N/2, toq1 € AR,

‘YN J AL
C(N72In® N + (At)?), for N/2 < j < N, tp41 € AL

extp J,‘], n+1) y(xjvtn-ﬁ-l)} <

4.7 Numerical experiments

In this section, we present the numerical results before and after applying the extrapolation technique for two
test problems of the form (4.1)-(4.3), utilizing the proposed FMMs in (4.29) and (4.30). For all the test ex-
amples, we choose 19 = 2.2 and implement the Thomas algorithm to solve the tridiagonal linear systems
involved in our methods. The numerical results are also compared with the fully-implicit upwind FMM, which

is mentioned below as well.

4.7.1 The fully-implicit upwind FMM
In this section, we approximate the problem (4.1)-(4.3) by a fully implicit numerical method that combines an
implicit Euler method to discretize in the temporal direction and a classical upwind scheme to discretize in the

spatial direction. Then, the fully-implicit method takes the following form on EN’N

V) =qo(z;), 0<j<N,
DY LY 4 b(3g, tagn, YY) = g7t for 1 <j < N —1, (4.107)

Y0n+1 = s1(tn+1),

YJG+1 = sr(tn+1)7 forn = 0, .. .,M — 1,

where
LN Yn+1 862yn+1 + CL]_Dx_anJrl.

The existence and stability of the solution Yj”+1

of the nonlinear discrete problem (4.107) can be obtained in
the same way as in Section 4.5. Furthermore, following the error analysis given in Section 4.5, one can prove
e-uniform error estimate for the FMM (4.107).

Theorem 4.9 (Global Error). Let y be the solution of the problem (4.1)-(4.3) and Yj”+1 be the solution of the

discretized problem (4.107). Then, the following c-uniform error estimate holds:

C(N~t+ At), for 0<j<N/2,

Yy Lyt <
|51}, = (s tasn) C(N"'InN + At), for N/2<j<N.
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4.7.2 Test Examples
Example 4.1. Consider the following parabolic nonlinear IBVP:

dy %y 2 2 _
E _5@—’_(1—’_‘7}_1‘ )%+(1+xt)yeXP(y )—g(:c,t), (I‘,t) € (071) X (07 1]7

y(z,0) = qo(z), = €][0,1],

Jy

y(O,t) =0, y(l,t):(), le (07 1]7

where the exact solution y(z, t) is given by

y(a,t) = exp(~t)((1 - exp(~(1 — 2)/))/(1 — exp(~1/&)) — cos(r/2a)).

and accordingly, we choose the initial data qo(z) and source function g(z,t). In Fig 4.1, we draw surface plot
and contour plot of numerical solution for Example 4.1 and it shows that the solution generates boundary layer
closer to x = 1. Here, for each ¢, we calculate the maximum point-wise errors ey At corresponding to the

proposed numerical methods before and after extrapolation, respectively by

max max ‘YN’At(xj,tn) —y(zj,tn)|,

0<j<N 0<n<M

and
N,At
max max |Y, > (xi ty) —y(x;,t
OSjSNOSnSM‘ extp ( R n) .‘/( R n) )
N,At
and the corresponding orders of convergence are calculated by frév A — log, m .Here, YNV:A (g jrtn)
e’

. . . . —N,At
and Yejggﬁ t(xj, tn), respectively denote the numerical solution obtained at (xj,tp41) € © . Further, for
each N and At, we calculate the e-uniform maximum point-wise error and the corresponding e-uniform order

of convergence, respectively by

N,At N,At N,At et
e = mEaX 65 and r = ].OgQ <62]V,At/2> .

Example 4.2. Consider the following parabolic nonlinear IBVP:

Jy 323’ 9,2, 9y . _ 2
5 Soa2 + (2 -2t )% + exp(—t) exp(2y) — ysin(y) = 2 4+ 10t“ exp(—t)z(1 — ),

(x,t) € (0,1) x (0,1],

y(x’o):07 $€[0’1]7

y(0,t) =1 —exp(—t), y(l,t)=t, te(0,1],

In Fig 4.2, we draw surface plot and contour plot of numerical solution for Example 4.2|and it shows that the
numerical solution generates boundary layer closer to z = 1. As we are not acquainted with the exact solution

of Example 4.2, we calculate the maximum point-wise errors oAl At corresponding to the proposed numerical
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Figure 4.1: Plots of Example 4.1 fore = 2729, N = 128.
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Figure 4.2: Plots of Example 4.2 fore = 2720, N = 128.
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method before and after extrapolation, respectively by

max max }YN’At(xj,tn) - }A’ZN’At/Q(a:j,tn) ,

0<j<N 0<n<M
and
N,At S2N,At/2
max max |Y. .- (x; t,)—Y > xi,t
OSJSNOSVLSM} extp ( 7 n) extp ( Rl n) ’

~N,At
and the corresponding orders of convergence are calculated by ?év At — log, (M) . Here, Y2V:A/2 (zj,tn)
e: ’

SON,AL/2
and Y, At/

oty (Tj,tn), respectively denote the numerical solution and the extrapolated numerical solution ob-
tained at (x;,t,) € DANAL/2 — (2N 5 NAL/2 \where At/2 =T/2M and OV is a piecewise-uniform Shishkin
mesh with 2N mesh-intervals and having the same transition parameter 1| as that of Q" such that the J th point
of @ becomes 2 jth point of 02N ,forj =0,1,...N. Finally, for each N and At, we compute the quantities

e:At and 7VA% analogously to VA and V4, To compute the numerical solution of the FMM:s in (4.29)
and (4.107) for Examples 4.1 and 4.2, a nonlinear system needs to be solved at each time step. For that, we use

the Newton’s method with the following stopping criterion

N,At, N,At, -5
Jmax max Yoo (@, tng1) = Yy, 2 (25, tngr)| < 1077, (4.108)
where YkN’At(xj, t,) is the approximation of Y N4!(z;, ¢,,) given by the k*" iteration of the Newton’s method.

Here, we have chosen Y(]N’At(acj, tn) = 0 as an initial guess for all the values of ¢.

4.7.3 Numerical results and observations
We choose all the values of ¢ from § = {2,272, ... 2729}, for computation of e-uniform errors. For different
values of €, N and At, the computed e-uniform errors and order of convergence are displayed in Tables 4.1/and
4.2, without using the temporal Richardson extrapolation, respectively for Examples 4.1 and 4.2. This shows the
monotonically decreasing behavior of the e-uniform errors with increasing /N, and it definitely represents the
e-uniform convergence of the FMMs given in (4.29), (4.30) and (4.107). For the sake of clarity, the computed
e-uniform errors in Tables 4.1 and 4.2 are depicted in Figs 4.3 and 4.4, respectively for Examples 4.1/ and 4.2.
At the same time, these computational results clearly illustrate the influence of the temporal error over the
global error. The computed order of convergence shown in Tables 4.1 and 4.2, does not truely reflect the spatial
order of convergence of the proposed FMMs in (4.29) and (4.30), because of the dominance of the temporal
error over the spatial error according to Theorems 4.4 and 4.7.

Next, in order to visualize the effect of the temporal Richardson extrapolation, we choose a suitably large
N to reduce the influence of the spatial error. In Tables 4.3 and 4.4, we display the numerical results for Exam-
ple 4.1, before and after the temporal extrapolation of the proposed FMMs in (4.29) and (4.30), respectively.
Similar computational results are also displayed in Tables 4.5 and 4.6/ for Example 4.2, For the sake of clarity,
the computed maximum point-wise errors in Tables 4.3-4.6 are depicted in Figs 4.5 and 4.6, respectively for
Examples 4.1 and 4.2. This shows that the improvement in the temporal order of convergence after employing
the Richardson extrapolation in the time variable, as claimed in Theorem 4.8.

The above numerical experiment indicates that by using the temporal Richardson extrapolation, one can
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check the spatial accuracy by choosing At = 1/N. Following this, in Tables 4.7 and 4.8, we compare the
region-wise spatial accuracy of the FMMs given in (4.29), (4.30) and (4.107), for Example 4.1. Similar compu-
tational results are also displayed in Tables 4.9 and 4.10 for Example 4.2. For the sake of clarity, the computed
maximum point-wise errors for ¢ = 276 2720 in Tables 4.7- 4.10 are graphically presented in Figs 4.7 and
4.8, respectively for Examples 4.1/ and 4.2. These computational results match very well with the spatial error
established in Theorems 4.5 , 4.7/ and 4.9; and also clearly reflects the robustness of the fully-implicit FMM
(4.29) and the IMEX FMM (4.30) in comparison with the upwind FMM (4.107) in terms of order of accuracy,
irrespective of the smaller and the larger values of ¢.

Finally, to demonstrate computational efficiency, we compare the computational time of the proposed
FMMs in (4.29) and (4.30) using the Thomas algorithm in Table 4.11 for Examples 4.1 and 4.2, From these
results, we see that the IMEX-FMM (4.30) takes comparatively less computation time than the fully-implicit
FMM (4.29), irrespective of the parameter €.

4.8 Conclusion

In this chapter, we provide a complete convergence analysis for higher-order numerical approximation of a
class of singularly perturbed nonlinear parabolic IBVPs of the form (4.1)-(4.3), by proposing two new FMMs
followed the temporal Richardson extrapolation. Apart from studying the asymptotic properties of the analytical
solution of the governing nonlinear problem, the entire convergence analysis is splitted into three major parts.

(i) In the first part, e-uniform error estimate of the newly proposed IMEX-FMM (4.30) is carried out by
invoking two-stage discretization technique, which discretizes first in time and later in space. This technique
is useful for extending the proposed IMEX method for multi-dimensional nonlinear parabolic problems. We
prove that the corresponding fully discrete scheme is e-uniformly convergent in the discrete supremum norm;
and show that the spatial accuracy is at least two in the outer region and is almost two in the boundary layer
region, regardless of the larger and smaller values of €.

(i1) In the second part, we carry out e-uniform error estimate of the newly proposed fully-implicit FMM
(4.29) by analyzing the error separately for the smooth component and the layer component, which finally
contribute to the global error associated with the fully discrete scheme. We prove that the associated fully
discrete scheme is e-uniformly convergent in the discrete supremum norm; and also achieves the similar order
of accuracy as that of the present IMEX-FMM.

(iii) In the third part, we focus on the e-uniform error estimate related to the temporal Richardson extrapo-
lation for enhancing the temporal order of convergence.

The error estimates in (i) and (ii), justify that although the IMEX method leads to a linearized system at
each time step, but it does not cause reduction in the order of convergence with respect to both space and
time, corresponding to the present fully-implicit method that indeed leads to a nonlinear-system at each time
step. Finally, the error estimate in (iii) shows that the resulting numerical solution is second-order uniformly
convergent with respect to both the spatial and the temporal variables. Finally, we perform the several numerical
experiments to confirm that those theoretical outcomes match very well with the numerical results. Further, we
demonstrate that the newly developed FMMs are robust in comparison with the upwind FMM (4.107) with
regard to the order of accuracy; and the proposed IMEX-FMM is a cost-effective numerical scheme than the

proposed fully-implicit FMM.
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In a nutshell, the work of this chapter can be considered as a stepping stone to develop and analyze the
robust numerical methods for one-dimensional singularly perturbed nonlinear parabolic convection-diffusion
problems; and moreover for two-dimensional problems as well. The further investigation of the proposed

algorithms for two-dimensional nonlinear parabolic problem is carried out in Chapter |5 as a continuation of the
present work.
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Table 4.1: Comparison of c-uniform maximum point-wise errors for Example 4.1 .

€€ 8, Number of mesh intervals N/ time step size At ( At = 0.8/N)

1 1 1 1 1
64 /& 128/ 75 256/ 5% 512/gk; 1024/ 55

160

IMEX-FMM (4.30)
el At 9.9649¢e-04 4.7367e-04 2.3146e-04 1.1453e-04 5.6993e-05
At 1.0730 1.0331 1.0150 1.0069

fully-implicit FMM (4.29)
eN:At 1.2458e-03 5.0386e-04 1.9860e-04 8.4765e-05 3.7479e-05
At 1.3060 1.3431 1.2283 1.1774

upwind FMM (4.107)
elV:At 1.3954¢e-02 8.7427e-03 5.2698e-03 3.0723e-03 1.7505e-03
rVAL 0.67450 0.73032 0.77843 0.81158

Table 4.2: Comparison of e-uniform maximum point-wise errors for Example 4.2..

€ €8, Number of mesh intervals N/ time step size At ( At = 0.8/N)

1 1 1 1 1
64/ 128/ 75 256/5% 512/gks 1024/ 55

IMEX-FMM (4.30)
eNVAL | 73370e-04  3.9862e-04  1.6843¢-04  8.6622e-05  4.0807¢-05
piv.AL 0.88017 1.2429 0.95935 1.0859

fully-implicit FMM (4.29)
el.Aat 3.9859¢e-04 2.0286e-04  7.3029e-05 3.6852e-05 1.6888e-05
FIAt 0.97440 1.4740 0.98673 1.1257

upwind FMM (4.107)
eN.At 3.4854e-03 1.7738e-03 8.9403e-04 4.4872e-04 2.2477e-04
VAL 0.97453 0.98842 0.99452 0.99735
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Figure 4.3: Loglog plot for comparison of the e-uniform errors for Example 4.1.
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Figure 4.4: Loglog plot for comparison of the e-uniform errors for Example 4.1.
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Table 4.3: Comparison of the temporal accuracy for Example 4.1 computed using the IMEX-FMM (4.30)

Number of space intervals N = 8192

€ At =1 At = ;- At = 5 At = & At = 132
without temporal extrapolation
28 8.8104e-03 4.3045e-03 2.1270e-03 1.0571e-03 5.2694e-04
1.0334 1.0170 1.0087 1.0044
with temporal extrapolation
2.0146e-04 5.0561e-05 1.2731e-05 3.2515e-06 9.1795e-07
1.9944 1.9897 1.9692 1.8246
without temporal extrapolation
220 9.5233e-03 4.6517e-03 2.2982e-03 1.1421e-03 5.6930e-04
1.0337 1.0173 1.0088 1.0044
with temporal extrapolation
2.1986e-04 5.5347e-05 1.3936e-05 3.5177e-06 9.5905e-07

1.9900 1.9897 1.9861 1.8750

Table 4.4: Comparison of the temporal accuracy for Example |4.1 computed using the fully-implicit FMM

(4.29)

Number of space intervals N = 8192

£ At =& At = ;- At = 5 At = & At = 132
without temporal extrapolation
278 5.5218e-03 2.7254e-03 1.3500e-03 6.7128e-04 3.3465¢-04
1.0187 1.0135 1.0080 1.0043
with temporal extrapolation
7.6162e-05 2.5687e-05 7.5004e-06 2.0003e-06 5.0636e-07
1.5680 1.7760 1.9067 1.9820
without temporal extrapolation
220 5.7745e-03 2.8511e-03 1.4124e-03 7.0223e-04 3.5004e-04
1.0182 1.0134 1.0081 1.0044
with temporal extrapolation
7.8881e-05 2.6711e-05 7.9001e-06 2.1374e-06 5.5066e-07

1.5622 1.7575 1.8860 1.9566
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Figure 4.5: Loglog plot for comparison of the temporal order of convergence for Example 4.1
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Table 4.5: Comparison of the temporal accuracy for Example 4.2 computed using the IMEX-FMM (4.30)

Number of space intervals N = 8192

_ 1 _ 1 _ 1 _ 1 _ 1

without temporal extrapolation
278 5.7624e-03 3.0397e-03 1.5591e-03 7.8930e-04 3.9708e-04
0.92275 0.96321 0.98205 0.99114
with temporal extrapolation
3.1742e-04  7.8648e-05 1.9562e-05 4.8727e-06 1.2108e-06
2.0129 2.0074 2.0053 2.0088
without temporal extrapolation
220 5.8165e-03 3.0682¢-03 1.5737e-03 7.9670e-04  4.0081e-04
0.92279 0.96322 0.98204 0.99112
with temporal extrapolation
3.2026e-04  7.9374e-05 1.9754e-05 4.9303e-06 1.2347e-06
2.0125 2.0065 2.0024 1.9976

Table 4.6: Comparison of the temporal accuracy for Example 4.2 using the fully-implicit FMM (4.29)

Number of space intervals N = 8192
At = {5 At = 35 At = g At = 75
without temporal extrapolation
278 2.3672e-03 1.2260e-03 6.3430e-04  3.2141e-04 1.6169¢-04
0.94915 0.95078 0.98076 0.99118
with temporal extrapolation
2.1813e-04  4.3563e-05 8.6606e-06  2.0023e-06  4.8800e-07
2.3240 2.3296 2.1138 2.0367
without temporal extrapolation
2720 2.3801e-03 1.2541e-03 6.5187e-04  3.3090e-04 1.6660e-04
0.92440 0.94398 0.97820 0.98995
with temporal extrapolation
2.4413e-04  4.9651e-05 9.9248e-06  2.3130e-06  5.6376e-07
2.2978 2.3227 2.1013 2.0366

_ 1
g At—g
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Figure 4.6: Loglog plot for comparison of the temporal order of convergence for Example 4.2
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Table 4.7: Comparison of the spatial accuracy in the outer region, i.e., [0,1 — 1] for Example 4.1

maximum errors in [0, 1 — 1]
N | IMEX-FMM (4.30) | fully-implicit FMM (4.29) \ upwind FMM (4.107) |
e=2"4 B
128 3.5572¢-06 3.3779¢-06 1.4327¢-03
1.9993 1.9996 0.99511
256 8.8973e-07 8.4474e-07 7.1876e-04
1.9998 1.9999 0.99767
512 2.2246e-07 2.1119e-07 3.5996e-04
2.0000 2.0000 0.99886
1024 5.5616¢-08 5.2798e-08 1.8012e-04
[ =2
128 1.7688e-05 1.6955e-05 3.0035e-03
2.2251 2.2286 1.0326
256 3.7833e-06 3.6175e-06 1.4682e-03
2.1625 2.1630 1.0389
512 8.4509e-07 8.0776e-07 7.1454e-04
2.1527 2.1527 1.0444
1024 1.9005e-07 1.8166e-07 3.4645e-04
[ =2t
128 1.7633e-05 1.9047e-05 3.6522e-03
2.1323 2.1207 0.99515
256 4.0220e-06 4.3794e-06 1.8323e-03
2.0829 2.0758 0.99791
512 9.4936¢-07 1.0388e-06 9.1746e-04
2.0112 2.0103 0.99902
1024 2.3550e-07 2.5785e-07 4.5904e-04
[ =2
128 1.7490e-05 1.8907e-05 3.6547e-03
2.1528 2.1394 0.99502
256 3.9331e-06 4.2915e-06 1.8337e-03
2.1286 2.1173 0.99778
512 8.9940e-07 9.8911e-07 9.1825e-04
2.1076 2.0976 0.99890
1024 2.0869e-07 2.3111e-07 4.5948e-04
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Table 4.8: Comparison of the spatial accuracy in the layer region, i.e., (0, 1] for Example 4.1

maximum errors in (1, 1]
N | IMEX-FMM (4.30) \ fully-implicit FMM (4.29) \ upwind FMM (4.107) |
e=2"4
128 1.7779e-04 1.7733e-04 6.3143e-03
2.0020 2.0020 0.96077
256 4.4388e-05 4.4270e-05 3.2442e-03
2.0002 2.0002 0.97982
512 1.1095e-05 1.1066e-05 1.6449¢-03
2.0001 2.0001 0.98976
1024 2.7737e-06 2.7664e-06 8.2833e-04
e=27¢
128 3.2023e-04 3.1947e-04 8.6126e-03
1.6345 1.6337 0.72370
256 1.0314e-04 1.0296e-04 5.2153e-03
1.6686 1.6682 0.77548
512 3.2443e-05 3.2394e-05 3.0467e-03
1.7015 1.7010 0.81049
1024 9.9753e-06 9.9635e-06 1.7372e-03
c_o-l4
128 3.0337e-04 3.0248e-04 8.7022e-03
1.6019 1.6008 0.72936
256 9.9943e-05 9.9723e-05 5.2489e-03
1.6515 1.6508 0.77765
512 3.1814e-05 3.1758e-05 3.0618e-03
1.6906 1.6901 0.81107
1024 9.8559¢-06 9.8418e-06 1.7451e-03
o — 920
128 3.0348e-04 3.0258e-04 8.7033e-03
1.6016 1.6005 0.72939
256 1.0000e-04 9.9782e-05 5.2494e-03
1.6508 1.6502 0.77766
512 3.1846e-05 3.1791e-05 3.0621e-03
1.6895 1.6891 0.81107
1024 9.8731e-06 9.8591e-06 1.7453e-03
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Figure 4.7: Loglog plot for comparison of the spatial order of convergence for Example 4.1
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Table 4.9: Comparison of the spatial accuracy in the outer region, i.e., [0,1 — 1] for Example 4.2

maximum errors in [0, 1 — 1]
N | IMEX-FMM (4.30) | fully-implicit FMM (4.29) \ upwind FMM (4.107) |
e=2"* B
128 7.9584¢-06 8.8874e-06 2.6618e-04
1.9997 1.9999 0.99695
256 1.9900e-067 2.2220e-06 1.3337e-04
1.9999 1.9999 0.99850
512 4.9755e-07 5.5553e-07 6.6756e-05
1.9999 2.0000 0.99926
1024 1.2439¢-07 1.3889¢e-07 3.3395e-05
[ =2
128 9.4962¢-05 9.3866e-05 1.0854e-03
3.9220 3.8477 1.0876
256 6.2648e-06 6.5198e-06 5.1072e-04
2.0889 2.0856 1.1049
512 1.4726e-06 1.5361e-06 2.3745e-04
2.0919 2.0882 1.1166
1024 3.4544e-07 3.6124e-07 1.0950e-04
[ =2t
128 2.0950e-05 1.9587e-05 1.7701e-03
1.9894 1.9881 0.98880
256 5.2761e-06 4.9373e-06 8.9195e-04
1.9784 1.9767 0.99488
512 1.3389¢-06 1.2544e-06 4.4756e-04
1.9573 1.9542 0.99768
1024 3.4479e-07 3.2372e-07 2.2414e-04
[ =2
128 2.0821e-05 1.9458e-05 1.7738e-03
2.0001 1.9997 0.98842
256 5.2050e-06 4.8656e-06 8.9403e-04
1.9997 1.9997 0.99452
512 1.3015e-06 1.2167e-06 4.4872e-04
1.9993 1.9992 0.99735
1024 3.2552e-07 3.0433e-07 2.2477e-04
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Table 4.10: Comparison of the spatial accuracy in the layer region, i.e., (0, 1] for Example 4.2

maximum errors in (1, 1]
N | IMEX-FMM (4.30) | fully-implicit FMM (4.29) | upwind FMM (4.107) |
=274
128 4.5383e-05 4.5749¢-05 6.3875¢-04
2.0037 2.0040 0.91539
256 1.1317e-05 1.1405¢-05 3.3867¢-04
2.0009 2.0010 0.95708
512 2.8276e-06 2.8493¢-06 1.7445¢-04
2.0002 2.0003 0.97782
1024 7.0680e-07 7.1219e-07 8.8575¢-05
L e=2"’
128 9.2843-05 9.3066e-05 1.0792¢-03
2.1975 2.1973 0.99260
256 2.0241e-05 2.0293e-05 5.4235¢-04
1.6277 1.6286 0.70089
512 6.5500e-06 6.5629¢-06 3.3365¢-04
1.6738 1.6744 0.76230
1024 2.0529¢-06 2.0561e-06 1.9671e-04
L e=2™
128 5.6115¢-05 5.6004e-05 1.7698¢-03
1.5996 1.5990 0.98861
256 1.8517e-05 1.8487¢-05 8.9191e-04
1.6469 1.6465 0.99484
512 5.9128¢-06 5.9051e-06 4.4755¢-04
1.6838 1.6835 0.99767
1024 1.8404e-06 1.8384¢-06 2.2414e-04
L e=27"
128 5.5953e-05 5.5838¢-05 1.7735¢-03
1.6005 1.6000 0.98824
256 1.8451e-05 1.8420e-05 8.9401e-04
1.6488 1.6484 0.99450
512 5.8841e-06 5.8761e-06 4.4871e-04
1.6871 1.6868 0.99734
1024 1.8273e-06 1.8253-06 2.2477e-04
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Table 4.11: Comparison of computational time (in seconds), taking At = %

N 64 128 256 512 1024
for Example 4.1
e=2"1
IMEX-FMM (4.30) 0.031944 0.134318 0.561493 1.668808 5.190696
fully-implicit FMM (4.29) 0.130007 0.636498 2.492893 9.787806 33.590889
£ = 2720
IMEX-FMM (4.30) 0.033153 0.136713 2.718047 1.636886 5.151719
fully-implicit FMM (4.29) 0.142311 0.647636 3.165477 14.589820 41.411865
for Example 4.2
e=2"1
IMEX-FMM (4.30) 0.159617 0.672547 2.138652 8.102781 23.756256
fully-implicit FMM (4.29) 1.061960 4.167360 13.470426 41.194917 174.114664
€= 2—20
IMEX-FMM (4.30) 0.158384 0.668101 2.063758 8.793906 24.746797
fully-implicit FMM (4.29) 1.221180 5.930538 18.249831 54.942602 186.518022
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Chapter 5

Higher-order Efficient Numerical Methods for Singu-
larly Perturbed 2D Semilinear Parabolic PDEs with Non-
homogeneous Boundary Data: <-Uniform Convergence
and Order Reduction Analysis

This chapter aims to provide a complete convergence analysis toward cost-effective higher-order numerical
approximations for a class of two-dimensional singularly perturbed semilinear parabolic convection-diffusion
problems with non-homogeneous boundary data. For this purpose, we developed two novel computational
methods followed by the extrapolation technique to approximate the model problem. The first one is the
implicit-explicit (IMEX) fractional-step method, which utilizes the fractional IMEX-Euler method for temporal
discretization. The other is the fully-implicit fractional-step method, which uses the fractional-step implicit-
Euler method for temporal discretization. The spatial discretization for both numerical methods is based on a
new finite difference scheme. An appropriate non-uniform rectangular mesh is used to discretize the spatial do-
main, and an equidistant mesh is used to discretize the time domain. We begin our analysis by investigating the
stability and asymptotic behavior of the analytical solution to the nonlinear governing problem. The error anal-
ysis is performed in two steps, first in time and then in space, for both the newly proposed methods. In addition
to this, we proposed an appropriate choice of the boundary data to avoid the order reduction phenomena caused
by the classical evaluation of the time-dependent boundary conditions. After that, we apply the Richardson
extrapolation solely to the time variable to increase the order of uniform convergence in the temporal direction.
As a result, we obtain second-order accurate numerical solutions globally (in both space and time). Finally,
we carry out extensive numerical experiments to validate the theoretical findings. Moreover, the numerical
results of the proposed methods are compared with the fractional-step implicit upwind finite difference scheme

to examine the robustness of the newly developed methods.
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5.1 Introduction

Here, we consider the following class of singularly perturbed 2D semilinear parabolic convection-diffusion
IBVPs posed on the domain D = G x (0,7 = (0,1)? x (0,T]; G = [0, 1]%

t
Tau(m,y,t) = alt(:g’t:y’) + Le”(x7y’t) + b(x7y7t7 u(x;%t)) :ﬂ(x7y7t)7 inD7
w(z,y,0) = qo(x,y), inG, (5.1)

u(z,y,t) = s(x,y,t), indG x (0,77,

where o
Leu=—eAu+0(x,y,t) - Vu,

U(xvyat) = (Ul(xa y,t),U2($, y,t)),

and ¢ is a small parameter such that ¢ € (0,1]. The convection coefficient ¥(x,y,t) is considered to be

sufficiently smooth on D with
vi(x,y,t) >m >0, wax,y,t) >me >0, onD. (5.2)

In addition, it is assumed that the nonlinear term b(x, Y, t, u) is sufficiently smooth on D x R and satisfies the

condition
ob(x,y,t,u)

Ou
The solution of the IBVP (5.1)-(5.3) has exponential layers when € < 1 at the outflow boundaries z = 1 and
y = 1 (see [5]). We set L. = ILq ¢ + L ., where the differential operators Ly o, Lo . are defined by

>pf >0, (x,y,t,u)eDxR. (5.3)

0%u Ju
]lesu = _gw + 'Ul(x, y7t)87$7
0%u Ju
]LQ,Eu - _gain + 1)2(1', y7t)@a

with g = g1 + go. We further assume that the initial and boundary data of the problem are sufficiently smooth
functions and also assume that necessary compatibility conditions hold among them in order to u(z,y,t) €
@4+7(D), which has continuous derivatives up to fourth-order in space and second-order in time. The existence
of the solution u(z,y,t) of the nonlinear IBVP (5.1)-(5.3) follows from [Chapter 7, §4] of the book [41] by

Friedman.
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The compatibility conditions are given below:

s(m,y,O) :qo(xvy)v on 8G7

83(93;;,0) = —Le(0)qo(z,y) — b(x,9,0,q0(z,y)) + g(2,9,0), on G
o000 gl 0) + LEOao(o.g) + 2500 n w0 alay)
86(%%% W@ 9) 4,0+ 86@”’%’ 009 14,0, a0, 1)) + >4
" "
LI (0., on o,
Os(x,y,t)

= —Lcs(z,y,t) — b(z,y,t,s(z,y,t)) + g(z, y,t),
(z,y) € {0,1} x {0,1} x (0, 7.

ot

\

The rest of this chapter is organized as follows. Section 5.2 presents comparison principle as well as some
a-priori bounds of the analytical solution and its derivatives. The implicit-explicit fractional-step FMM is
formulated and analyzed in Section 5.3, The fully implicit fractional-step FMM is formulated and analyzed in
Section 5.4, In Section 5.5, we discuss convergence analysis for the temporal Richardson extrapolation to the
nonlinear discrete problem (5.102). Finally, numerical experiments are performed in Section 5.6 to demonstrate

the accuracy and efficiency of the proposed FMMs. The conclusion of this chapter is provided in 5.7.

5.2 Properties of the analytical solution

Lemma 5.1 (Comparison Principle). Let the functions v,w € C°(D) N €%(D) be such that v < w, on D and
T.v < T.w,in D, then it implies that v < w, on D.

Proof. Here, we use method of contradiction. Firstly, we suppose that there exists (z*,y*,¢*) € D such
that v(z*, y*, t*) > w(z*,y*,t*). Since, v — w € CY(D), without loss of generality, we assume that v — w
takes positive maximum at (z*, y*, t*). Now, in conformity with the hypothesis of the comparison principle,
v—w < 0ondD = (a*,y*,t*) ¢ OD. Therefore, under the above assumption and applying mean value

theorem, we have

(Tgv — Tgw) (2™, y*, t%)

_ * * t*
= w)gf LR e s +b(a*, 5 vty )

—b(x*, Yot w(xt, Y, ),

- {/1 b(a*,y*, t*, w(a*, y*, ) + (v — w) (@, y*, 1))
Lo

dy df} (v —w)(@",y", t). (5.5)

Thus, from (5.5) and the assumption (5.3), we have T.v(z*, y*,t*) > T.w(z*,y*,t*) and this contradicts that

Tov(z,y,t) < Tew(x,y,t) forall (x,y,t) € D. Hence, the proof is over. |

The following result follows from Lemma 5.1.
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Corollary 5.1. Let the function ® € €°(D)NC%(D). For any given functions v,w € C°(D), the linear differential
operator 'F]I‘g,(uw) defined by

~ o Lob(z,y, t,w(z,,y,t) + (v —w)(z,y,t
T,y ® = 02 4 L, 0+ / (2,9t wlz,,y,t) +&( )(z,y ))d§>c1>,
T 87’5 ’ 0 8U
satisfies the maximum principle, i.e., if ® < 0, on 9D and ﬁfs,(v’w)q) <0, inD, then it implies that ® < 0, on D.
Corollary 5.1/is used to deduce the following e-uniform stability result.

Lemma 5.2 (Stability). Let the functions v, w € €°(D) N €%(D), then it satisfies
1
lv —wl|y < Hv—wHaD—i—BHTgv—TEwHD. (5.6)
Proof. Consider the functions
. 1 _
O+ (z,y,t) = —||Jv — wllop — EH']I‘EU — T.w|g+ (v —w)(z,y,t), (z,y,t) €D.

Note that ®*(z,y,t) <0, (x,y,t) € D, and

~ Lob(z,y, t,w+ E(v— 1 ~
Ty (0 = ) [ < | /O @y =N sl w”d&}(ﬁmrsv—?rswu):TE,W@iéo.

Then, Corollary 5.1 implies that ®*(z,y,t) < 0, for all (z,y,t) € D, from which the desired result follows
immediately. n

By selecting v = u and w = 0, Lemma 5.2/ implies that
|u(@,y,1)] < Co,  (2,y,t) €D. (5.7)

Remark 5.1. Note that using the a-priori bound (5.7) (independent of ) and the smootheness assumption on

the nonlinear term b ’one can obtain the following e-uniform boundedness property:

8j+k+mb(x, y, t, u)
Qw1 QyI2 Otk Qum

<C, (=y,t)€D, (5.8)

u=u(x,y7t)
V j,k,m € NU {0}, satisfying j = j1 + j2, 0 < j + 2k 4+ 2m < N; and we use this property later in this
chapter.

Next, we derive the bounds on the derivatives of u(x,y,t) with respect to space variables z,y and time
variable ¢ by extending the approach given in [24]. The solution «(z, y, t) of the nonlinear IBVP (5.1)-(5.3) can
be decomposed as

u(z,y,t) = s(z,y,t) + z(z,y,t), (x,t,t) €D,

where s(z,y,t) is the smooth component and z is the singular component. Again, the component z(x, y, t)
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which can be decomposed in the form
s(z,y,t) = z(z,y,t) + 2(z,y,t) + 2u(z,y,t), (2,t,t) €D,

where z;, zo are the exponential layers near the sides x = 1 and y = 1 of G, respectively and z;; is the corner
layer near the point (1, 1). The smooth component s(z, y, t) is the restriction of s*(z, y, t) to D, where s*(x, y, t)

is the solution of the following nonlinear problem:

8 *
8—1 + LIs* + b (z,y,t,5%) = g°(z,y,t), inD* =G"x (0,77,
s*(z,9,0) = qj(z,y), inG", (59)

s (z,y,t) = s*(z,y,t), indG* x (0,T],

where L = —eA + 9" (x,y,1) - V, G* is a smooth extension of G, and v, b*, g%, qf, s* are smooth extension

of ¥, b, g4, qo, s to their respective domains. Hence, the singular component z satisfies that

)
£+Lez+b(:v,y,t, u) —b(z,y,t,s) =0, inD,
Z(.’E,y,O) =0, in a, (5.10)

o,y t) = ulz,y,t) — s(z,9,1), 06 x (0,T].

By applying mean value theorem, the nonlinear IBVPs (5.9) and (5.10) can be reduced to the following respec-

tive linear problems:

85* * * 18()*(x,y,t,§s*) * . x * . *
E%—Lgs —i—(/o Tdf)s =g%(x,y,t) —b (x,y,t,O), in D*,

s*(z,9,0) = qj(z,y), inG, 6.1

s (x,y,t) = s*(z,y,t), ndG* x (0,77,

and
Oz ' ob(xy.t, s+ &(u— ) .
8t+L€z+</0 5 df)z—O, inD,
z(z,y,0) =0,  inG, (5.12)

z(x,y,t) = w(x,y,t) — s(x,y,t), indG x (0,T].

Now, following the approach given in [24], one can show that the components of u(x, y, t) satisfies the following

bounds: ok ( )
T s(x,y,t
- -~ -~ .1 < .
OxI1Qyi2otk | — c -13)
01k (z,y,1) ; m (1 —x)
L LR P —J [ S .
Duh g0tk | = Ce ™' exp < 5 ), (5.14)
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Pt m(w,y,t) ~ my (1 — y)
L LR I —J2 e SV .
D Oy otk | = Ce 72 exp < 5 ), (5.15)
k21 (2, y,1) i m (1 — ) my(1 —y)
WW‘ SC& mln{exp<—€>,exp<—€)}, (516)

where V j1, j2, k € NU{0}, j = j1 + j2, 0 < j+ 2k <4 and (z,y,t) €D.

Lemma 5.3. The derivatives of the solution u(z,y,t) of the nonlinear IBVP (5.1)-(5.3) satisfy the following

pounds ‘8ku(x,y,t> ‘ <C (5.17)
otk - ’
O u(z,y,t) i mi (1 —x)
’T‘ < Ce jlexp(—f) (5.18)
aqu(x7y7t) —7 m2(1 - y)
lw‘ SCE Qexp(—f), (519)

where j = j1 + j2, 0 < j+ 2k <4 and (z,y,t) €D.

5.3 The discrete problem-I

The purpose of this section is to introduce and analyze the implicit-explicit fractional-step FMM for discretiza-
tion of the nonlinear IBVP (5.1)-(5.3). At first, we estimate the error for the time semidiscretization and later,
for the fully discrete problem. We write b(z,y,t, 1) = by(z,y,t,u) + ba(z,y,t,u), where by and by also

satisfy similar smoothness assumption as like the reaction term b.

5.3.1 Time semidiscretization: fractional-steps implicit-explicit scheme
Here, we consider the fractional-step IMEX-Euler method to discretize the nonlinear IBVP (5.1)-(5.3) with
respect to the temporal variable. The fractional-step IMEX-method can be written as two half scheme and in

each half, the method treats the linear part of the governing differential equation implicitly and the nonlinear
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part explicitly. Let " (z,y) ~ u(z,y, t,). Then, the semidiscrete problem takes the following form:
(7) (initial condition)
(z,y) = @o(z,y), (,y) €,
(i) (first half)

(T+ ALY a2 (2, y) + Atby (2, y, tn, (3, y)) = u"(2,y) + Atgi (@, y, tnta),

(z,y) €6,
() = 2 a,y), () € (0,13 X [0,1], 520
(#i1) (second half)
(I+ AtLg’ng)u”H(:ﬂ, y) + Atby (x, Yy b, u™(z, y)) = u”+1/2(x, y) + Atgo(x, y, tne1),
(z,y) €6,
W a,y) =" (2y),  (2,y) €10,1] x {0,1},
forn =0,..., M — 1, where the operators ]L{L;rl and L’;:gl are defined by
L’f;l = —saa; + v (x,y,tnﬂ)aam,
Lg:gl = —85222 + vy, y,tnﬂ)gy.
The classical choice of boundary conditions is given by
s"M2(2,y) = s(z,y,tar1),  (2,9) € {0,1} x [0, 1],
(5.21)

s"M(z,y) = s(@,y,tat1),  (z,) €10,1] x {0,1}.

In most cases, this option causes a sharp increase in the global error which finally become O(1). To avoid this

order reduction, we propose an alternative choice of boundary data which is given by

s" T2 (2,y) = (T + AL )s(2, y, tng1) + Atby (2, y, tn, u™(2,y)) — Atga(2,y, tnga),
(z,y) € {0,1} x [0,1], (5.22)

s (2,y) = s(2,y,tnt1),  (2,9) €[0,1] x {0,1}.
One can show that the operators (I + AtLi‘gl) and (I + AtLg‘;l) satisfy the following maximum principle.

Lemma 5.4 (Maximum principle). Let the function 1) € C%(G) N C(G) be such that y(z,y) < 0, on OG and
(I+ AtLZ;l)@Z)(:p,y) <0, k=1,2, forall (z,y) € G. Then, it implies that {(xz,y) < 0, forall (x,y) € G.

Proof. See [Chapter |3, Lemma 3.2] for the proof. |
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Lemma 5.5 (Stability). Let the function V € C°(G) N C%(G). Then, we have

VIl < [1Vllae + 1T+ ALYV

Qe
where k =1, 2.

Proof. Consider the following functions
UE(z,y) = —||V]os — | (T + ALET) Vg £ V(a,y), (2.y) €6,
where k = 1,2. It is obvious that U+ (z, y) < on 9G and
(I + ALY UH (2, y) < —||(T+ ALEEY Vg £ (T+ AL TV <0,

by applying Lemma 5.4, we obtain the desired result. |
Lemma 5.5 guarantees that the scheme (5.20) has a unique solution «™(x, y) at each time level ¢,,. Further,

using Lemma 5.5 below it is shown that the solution 4" (x, y) becomes e-uniformly bounded.

Lemma 5.6. The solution u"(x,y) of the semidiscte problem (5.20) at the time level t,, satisfies that
|u"(z,y)| < Co, inG. (5.23)

Proof. It is clear that
]uo(z,y)\ < (Cp, inG,

due to the continuity of qo(x) on G, and hence, implies that |b(x, y, t, u(z,y))| < Co, in G. Then, applying
Lemma 5.5, we obtain from (5.20) that

’ul(w7y)‘ SCO? in@,
and hence, implies that |b(xz, y, ¢, u' (z,y))| < Co, in G. Thereafter, arguing previously, we obtain that
u*(z,y)| < Co, inG. (5.24)

Thus, one can proceed in the same way to obtain the desired result. |
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5.3.1.1 Error analysis
Let us denote "' as the local truncation error of scheme (5.20) at the time level tnt1 i.e.,é"”“(x,y) =

w"(z,y) — u(x,y, tni1), where 7"+ is the solution of the following auxiliary problem:

(i) u’(z,y) = qo(z.y), (z,9) €G,
(I+ AtL?;rl)Z”H/?(a:, y) + Athy (:z:, Yy b, u(x, vy, tn)) =u(x,y,tn) + Atgi(x,y, tht1),

(i4) (z,y) €G,
W2 (g, y) = 5" 2(2,y),  (x,y) € {0,1} x [0,1], (5.25)
(I+ At]Lg;l)fﬁ”“(:U, y) + Atba (2, y, tn, u(z,y, 1)) = W2 (2, y) + Atga(z, y, tog),

(ii3) (z,y) €G,
Wt (z,y) =" (z,y),  (2,y) €[0,1] x {0,1},

forn=0,...,M — 1.

Lemma 5.7 (Local error). Under the alternative boundary data s"t1/2 gnd s" 1 gre given in (5.22), the local

error at the time level t, 1 satisfies that
[ g < C(An).

Proof. From (5.25), we easily deduce that
(I+ALpt ((I + AL a2, y) + Athy (2, y, ta, (2, Y, 1))
_Ath(xa Y, thrl)) + Atby ('Ia Yy tn, u(ZL‘, Y, tn)) = ll(ZL‘, Y, tn) + Atﬂl (x? Y, tn+1)'

Further, we obtain that

(I+ AtL’f;l)(I + At]Lg;l)'ﬁ"Jrl(x, y) + Atb(z, y, tn, u(z,y, tn)) (5.26)
= (@, tn) + Atg(2,y, tni1) + O(AD)?.

We expand Taylor’s series expansion of the function u(x, y, t,,) with respect to time to have

811(.%7 Y, tn+1)

2
o + O(At)?, (5.27)

u(:r, Y, tn) = u(x, Y, tn—l—l) — At
and by using equation (5.1), we can write

(T+ ALYEY (T + AILE ) u(@, y, tngr) + Ath(2,y, tog1, w(2,y, try1)) (5.28)
= u(@,y, tn) + Alg(z,y, tns1) + O(AL)
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Subtracting equation (5.26) and (5.28), we get

(L AL+ AT @, y) + AL[b(,y, bugr, w2, . tng1)) — (2, y, b, u(z,y, 1))

= O(At)?,
where we apply the bound ‘g 7 from Lemma 5.3. Further, one can deduce that
b(:B, Ys Iy, u(:):, Y, tn—i-l)) - b($> Y ln, u($7 Y, tn)) (5.29)
ob(z,y,s,u(z,y,s)) Ob(x,y,s, u(z,y,s)) du(z,y,s)
_ At|: Y Y Y ) Y Y ) 9y ) ) Y i| , tn tn ,
ot - Ju ot S8t
= O(At), (5.30)

where the bound on 8“ from Lemma 5.3 and the property (5.8) are utilized. Now, by using alternative boundary

data given in (5.22), the local error can be written as the solution of a following problem

(I 4 AtL?jl)gﬂ"‘l/Q(m?y) = O(At)2, ($7y) €G
) (5.31)
'é«nJrl/Z(O’y) — O’ €’1+1/2<1,y) = 0, (TS [Oa 1}7

(I+ AtLEE e (@,y) = &2 (2,y),  (2,y) €6
(5.32)
etl(z,0)=0, e*l(x,1)=0, z€]0,1].

From (5.31) and (5.32), and using the stability property of Lemma 5.5, we get desired bound of the local error.
n

Let us introduce the global error of the time semidiscrete scheme (5.20) at the time level ¢,, 11 i.e., entl (x,y) =
w(x,y, tne1) — u" T (z, y). The following result shows that the fractional-step implicit-explicit Euler method

converges uniformly with first-order accurate in time.

Theorem 5.1 (Global error). Under the alternative boundary data of s" Y2 gnd s" are given in (5.22), the

n—l-l(

global error e x,y) satisfies that

sup He"HHE < CAt.
(n+1)At<T

Proof. We rewrite the global error as
" (w,y) =" (a,y) +d" (x,y), (5.33)
where the term d" 1 (z,y) = @1 (z,y) — «""!(x,y) can be deduced from the following problems:

(I + ALFEY 2 (@, y) + At by (2, y, to, w(@, Y, t0)) — b (2, Y, t, w™ (2, y))]
=¢"(z,y), inG, (5.34)
d"12(0,y) =0, d™2(1,y) =0, in0,1],
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and
(I+ At]Lg‘;l)d"H(:v, y) + At|ba(z, y, tn, u(z, y,tn)) — bo(z,y, t, v (z, y))}

= d"/%(z,y), ing, (5.35)
d" Y (z,0) =0, d""(z,1)=0, in]0,1].

Since, the solution 4" (x, y) and u(x, y, t,,) are bounded e-uniformly, the smoothness assumption of by (x, y, ¢, u)

implies that there exist a constant K (> 0) (independent of €) such that

by, (ZE, Y, t, u)

——

. @yt eD, | < Co, k=12,

where Cj = max {Hu"], ||u(ty)|l, forn=0,1,... M} Therefore, one can deduce that for k = 1, 2,

‘bk(fﬂ?y,tm u(%%%)) - bk(xayatnu u”(%?/))‘ S ﬁ0|€n($7y)|a (:1:7:‘/) €G (536)

Now, we apply Lemma 5.5 to the equations (5.34) and (5.35), and utilizing (5.33) and (5.36), we get
le™ | < [l + (1 + 280 At) €.

Finally, the desired result follows from the above recurrence relation and by utilizing Lemma 5.7 and the
inequality (1 4+ 280At)" < exp(2nAtfy) < exp(2THKy). n

5.3.2 The fully discrete scheme

On the domain D, we construct a mesh D" = G x A, where G is the rectangular piecewise-uniform
Shishkin mesh on the spatial domain G and A®? is the equidistant mesh on the temporal domain [0,T]. The
detailed description is given in [Chapter 3, Section 3.4]. For a given function V3, = U(xi,yj,tn), defined

—=N,At —N wr o4y LA S
on the mesh D= = G x A2, we define v, = — el g = —L %=L Let us denote

.
_57.7 27‘7_5
Gl = @iv N (0,1) and GéV = @;V N (0,1). In order to constitute the fully discrete scheme for the nonlinear

problem (5.1)-(5.3), we consider the framework of the new hybrid finite difference scheme given in Chapter 3
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for the spatial discretization of (5.20) on the mesh piV:At

. ~N
(1) U,-?j = qo(xi,yj), for (z;,y;) €G,

U;?W + Atl?ilmch"“/Q + Aty (@5, 95, tn, Uy) =

U + Atﬂl (xw y]7 tn-i—l)
for 1 <i < N/2, y; € G and when e > [juy [N,

1
1. £,mup 1,5

U,nﬂ/2 AL o2 L A, (@igoypstn ULy ) = ULy 4 Atgr

(i) for1 <i< N/2, y; € Gf/v and when € < [jv1||[ N1,

USTY? b At UV 4 Aty (24, g0t UR) =

1,e,mcd

Un +Atﬂ1(x27y]7 TL+1)
forN/2<2§N—1, yjeGéV

Un+1/2 n+1/2(

. =N
i.j xiayj)a ZZO,N? ijGya

U;L;rl + AtLg;rinchnJrl + Ath (xu Yj, tn7 Un )

1/2
= Un+ / + Atgg(l‘l,y],thrl),
for1 < j < N/2, x; € GYY and when & > |lva||[ N1,
+1 +1 +1 _ n+1/2 +1
U:j_% + ALyt US4 Atbg(mi,yj_%,tn,U" ) =U"" T+ At

L)~ 35 1, 77]_7
(731) for1 < j < N/2, x; € GIY and when ¢ < HU2||N L

1/2
U;L;rl + AtLg;LinchnJrl + Ath(l‘znyathn ) = Un+ / + AtﬂZ(muy]athrl)
for N/2<j<N—1, z; € GY

; =N
U:;Fl - s?’b+1(5(;i7yj)7 j=0,N, z;€ G, .

n+1/2 n+1 . n+1 n+1 n+1 n+1 .
where s ,S are defined in (5.22) and Ly Nomed LY Nomup® L, Nomed L2 N.mup 4T€ given by

n+1 Un+1/2

1,N,med - _852Un+1/2+ n+1(x“y]7 tnt1) Dy Un+1/2’
Ui % = = GUL 0 ) DU,

Ly Mmealy™ = —eJUL 4+ o5+ (2, g i) DYUL,

Ly Ul = 65§Uf‘f1+v’;j,j DU
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’Ul hl’z UQ hyj . . .
Letpg,, = (e— ) and py, = | e— T) . After rearranging the term in (5.37), the fully discrete scheme

is written as follows:

=N
Uy = qo(®i,y5),  for (wi,y;) € G,

N,At +1 2 — +1/2 +1/2 +1/2
Ll,s Uznj / Uznlj/ MgUn /+ +UZT-L‘,-1]/ _FAt(xivyj)7

forl<i<N-—1, y; €G),

2 = &V

1?] / n+1/2($iayj)7 ? OvNa Yj € Gy ) (539)
LA U U =
Ly ! thngH iy UL + g, UD g UT, = F5 (),

forl<j<N-1, z;€G)

. =N
U;L;rl =s"(z;,y;), j=0,N, =z €G,
forn=0,...,M —1,

where the right hand side vector F2(z;, y;), F2 (24, y;) in (5.39) are given by

s(U 1+ At gi(zim1, yj, tos1)) + 35U + At gi (22,95, tagr)) —

Atbl(xi_l,yj,tn,Ui" 1 j), for1 <i < N/2, and whene < [jv1 [N}, y; € G?]JV,
2 PR

FlAt(.’L'i, y]) = U;?j + Atﬂl (xia ij tn-‘rl) - Atbl (xia y]7 tn7 U,ZL]),

for1 <i < N/2, and whene > [|v1 [N}, gy, € Gév,

Atbl(x27y]7tn>U'le)> fOI'N/2<ZSN—1, yJEGéV’

Un + Atﬂl (xu yjatn+1)
(5.40)

and
1/2
(LU 4 At (i, yj-1, tasn)) + SUT? + At (i, g7, tosn)) —
x; € G:JBV,

Atbg(xl,y] 1 tn,U 1), for1<j<N/2 andwhene < [jva|[ N71,
2

FQAt(CCi, yj) = Un+1/2 + Atﬂ2 (xla Yj, n+1) Atby (-Tia Yijs ns UZ}]'),

for1 < j < N/2, and when ¢ > ||va||[N~L,  2; € GY,

\ U"Jrl/2 + At go (i, Y, tay1) — Atba (24,95, t0, Uf), for N/2<j<N—1, z;€ Gy
(5.41)
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Here, the coefficients p, , u, ujk for 2z, = x/yk, k =i or jandl = 1,2 are given by

(

- _ — _ _ +
'uzk = At Mmcd,zk7 ,ng = At Mgncd,zk + 1’ Mzk = At lumcd,zk’

for1 <k < N/2, and when ¢ > ||jv;||[ N1,

By = At Frmup,z, + %7 Mgk = At anulhzk + %’ N;: = At /’[”r—;up7zk7 (5.42)

for1 <k < N/2, and whene < |Jv;| N1,

- _ — _ _ +
Hoy = At'umcd,zk’ /.Lg = At Iugncd,zk + 17 Mz, = At /'med,zk’

for N/2 <k <N —1,

where

n+1 n+1
_ 2¢e Ul,if%,j ,U'_ _ 292’]C U1 “lig
1% = —= - med,z, — 3 - ’
mup,zg th th th ) k th th hzk
vn+1 20 n+1
c ’ 2 e
= =+ lumcd,z + )
:U'mup,zk th th_H th ) k hzk h2k+1 hzk
) = 728 Iu+ — 2"#
mup,zr mcd,zk -
th h2k+1 hzk hzk+1
N At N At
It is shown that the difference operators Ly =™, IL; ™ defined in (5.39) satisfies the following discrete maximum

principle.

Lemma 5.8 (Discrete maximum principle). Suppose that the following conditions hold for N > N :

1
> — = .
LN > Nko0l|vk|| and mpN > A7 k=12, (5.43)

where Ny is a positive integer. If any mesh function Z; ; = Z(x;,y;) defined on o satisfies that Z; j < 0, on
06N and LiVéAth <0, k=1,2 for (z;,y;) € GN, then it implies that Zi; <0, foralli,j.

Proof. See [Chapter 3, Lemma 3.5] for the proof. [ |

5.3.2.1 Error analysis
In the beginning, we study the asymptotic behavior of the analytical solution of the semidiscrete problem (5.25)
and its derivatives. This will be used later to derive the bounds of the truncation errors ‘.TN At ni1/2 and ‘.TN A,f -
From Lemma 5.5, it is clear that ||z"t1/2|| < C and ||[a"*!|| < C, since u(z, ¥, t,), by, bQ, 1,425 S ”*1/2 and
n+1 are e-uniformly bounded. At first, we deduce a priori bounds for %"*1/2 (z,y) and its derivatives in the x-
direction and also for %" *!(z, y) and its derivatives in the y-direction. For the proof of Lemma 5.9, apart from
the requirement of e-uniform boundedness and smoothness criterion on the given data, we also need certain
compatibility conditions at (0,¢,) and (1,¢,) as mentioned in (5.53). Note that the corresponding derivation

take care of the presence of the non-homogeneous boundary data snt1/2 gntl

Lemma 5.9. The solutions " +/?(x,y) and "' (x, y) of the time semidiscrete scheme (5.25) and their deriva-
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tives satisfy that

j o n+1/2 '
Mal‘](x’y)‘ SC(l—i—a’iexp(—ml(l_x)/g)), j:O71’2’3’4’

(5.44)
and fintl
VPl A
uayj(x,y)’ < C(l + e exp(—ma(1 — y)/s)), j=0,1,2,3,4, (5.45)

forall (z,y) € G.

Proof. We split up the proof into two parts. In the first part, we derive the result (5.44) for ant/? (x,y) and the
second part, the result (5.45) is established for 2" (z, ).

Part-I: Consider the auxiliary BVP:

(I + Atl’i—;l)C($7 y) = _Li—;lu(*xv Y, tn) - bl (l‘, Y, tn7 u(m, Y, t’n)) +ﬂl (1"7 Y, tn-i-l) = 5‘[1(LU, y)v

(5.46)
where ‘12
u" z,y) —u(z,y,t
with boundary conditions:
w20, y) — u(0,y, tn)
0 = d 127 5.47
o (I + AtLg,l_l)S(Oy Y, tn-‘rl) =+ Atb2 (Z’, Y, tn, S(Oa Y, tn)) - AtﬂQ(Ou Y, tn—i—l) - S(Ov Y, tn)
N At ’
0s(0,y,t
= LSEIS(Q Y, tn+1) + b2 (07 Y, tn, 3(07 Y, tn)) _52(01 Y, tn+1) + M

A
S 1 o(an),

os(1,y,t,
C(Ly) = Lg:srls(]-ayathrl) + bQ(]-a yvtn, S(layatn)) 752(1’y7tn+1) + (8?) + O(At) (548)

Therefore, the boundary value problem (5.46)-(5.48) reduces to the following form:

(I+ ALY (2, y) = (2, y),

0s(0,y,t,
C(Oa y) = Lgir—ls(O?yatn-‘rl) + b? (07 yatna S(O7y7tn)) _52(07 y7tn+1) + (8?;) + O(At)7 (549)
Os(1,y,t,
C(]-ay) :Lg:gls(17yvtn+1)+b2(1ayatnas(07yvtn)) _52(1ay7tn+1)+ ( i )

—————= + O(At).

5 T Oy

We see boundary conditions of problem (5.49) are (e, At)-uniformly bounded. Let |Lf‘£1 u(x,y,tn)| < C, then

|# (x,y)| < C. Hence, applying Lemma 5.5, we obtain that |((z,y)| < C. Next, we have the BVP:
L?7-£1’ﬁn+1/2(x,y) = —{(z,y) — b (x,y,tn, u(aﬁ,y,tn)) +a4(z,y, thi1),

’in-‘,—l/?((), y) = (I + Atﬂ"g+1)s(0’ Y, thrl) + b2 (07 Y, tn> S(Oa Y, tn)) - Atﬂ?(oa Y, thrl)a

(5.50)
w2 (1 y) = (T+ ALY s(L,y, togr) + ba (L, . (0,4, t0)) — Atgo(1, s tg)-

181



Using the argument of Kellogg and Tsan technique [61], one can obtain that

‘ aﬂnJrl/Q (x, y)

o ‘ < C’[l +etexp(—m (1 —2)/e)|, (x,y) €. (5.51)

Let (1 (z,y) = L’ifC(a:, y), which satisfies that

(I+ AP G (2, y) =
—(]L?;lyu(x, Y, tn) - L?zlbl (Q?, Y;tn, u(x7 Y, tn)) + L?,}Llﬂl (‘7:7 Y, tn+1) = 7‘[2(1‘, y)?

] o (5.52)
C1(07 Z/) = Kt |: - C(()? y) +ﬂl(07 Y, tn+1) — b (07 Y ln, 8(07 Y, tn)) - ]L'l?g S(Oa Y, tn):|a

1 n+1
Cl(lvy) = Kt |: - C(lay) +ﬂl(17y7tn+1) —b (Ly’tna S(lvy7tn)) - Ll,s S(l,y,tn)} :

Let ](L’ffgl)%(x,y,tn)] < C, then | (z,y)| < C, by invoking smoothness property (5.8). Now, from the

compatibility conditions (5.4), one can obtain that

0s(0,y,ty n
S( Y ) = —Lgs(O,y,tn) - b(xayatna u(())yvtn)) +ﬂ(07y,tn)a
ot
(5.53)
Os(1,y,ty) n
— 5 = “Les(Lytn) = by, tn, w(0,9,80)) + g (1, Y, 1)
Now, by using the boundary conditions of the problem (5.49), the equation (5.52) and (5.53)), we get
(I + ALY G (2, ) = Ha(x,y),
94(0,y,tn) 9s(0,y,tn)
— I8 . Ln+1 y Iy tn
C1(0,y) 5t 9¢ 5t + (Y, (5.54)
9g(L,y,t,) 9s(1,y,tn)
1 — ) _ Ln+1 RS )
G(L,y) TR 2e 5 + (s

We see that }[Q(LU, y) = _(Li—l‘_l)Qu(x7 Y, tn) - qu,—;lbl (:U? Y, tna u(l" Y, tn)) + L?,ilﬂl (xa Y, thrl) is bounded
(e-uniformly) by invoking smoothness property (5.8) and boundary conditions are (¢, At)-uniformly bounded.
Hence, applying Lemma 5.5 , we obtain that |(;(x, y)| < C. Afterwards, one can deduce that

0C(z,y)

‘&U‘ <C [1 +etexp(—m (1 —2)/e)|, (z,y) €, (5.55)

by invoking Kellogg and Tsan technique [61] to the following BVP:

L?;lam, y) = Cl (‘T’ y)7

n ds(0,y,t,
C(O)y) = ]L2;1$(07y7tn+1) _52(07%7571—&-1) + (d'zt/) + O(At)’ (556)
ds(1,y,t,
O(Ly) =L s(L,y tns1) — 2 (1L, Y, tng) + (df) + O(At).
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Now, differentiate (5.50) with respect to &, we consider that {(z,y) = 8?:921/2 satisfies the following problem

Ly (. y) = 76(2,y), (2,y) €G

_ _ (5.57)
C(0,y) =C1, C(1,y) = Cae™,

where #3(x,y) =

_aC($>y) + aﬂl(x7yatn+1) _ avl(xayvtn—i-l) aﬂn+1/2 B (861(%97%,”(%9,%)) +

ox ox ox ox ox

(9b s by )
1 (93 y,t 5 w@,y,t )) gu) and we obtain that
u X

|#3(, )| < C[l + e L exp(—m (1 — x)/s)}, (z,y) €G.

Again, using the argument of Kellogg and Tsan technique [61] for (5.57), we get

87 ’ 82~n+1/2 ’ B =

Similar way, we obtained the bound (5.44) for j = 3, 4. We now derive the bound of a2 (z,y) with respect
to y by differentiating the auxiliary BVP (5.25) at the first half with respect to ¥, and we get

( ~n+1/2 o tn . ~n+1/2
(I_‘_Aﬂulﬂ»l)au (.le,y) — 3”(%%%) + At ﬂl($7y7 +1) - 81}1(90ay,t +1) Ju (x,y)_
i oy oy oy oy Ox
(861 (2,9, tn, u(z,y,tn)) Lo (2, Y, tn, u(2,y,tn)) 8u>
oy Ou oy
aun—i-l/Q(O y) (I +Ath+l)as(07ya thrl) +Atav2(oayatn+l) as(o>gatn+l)+
Y Y Y
A (an) y7 ny S (0 y7 )) + bQ(Ovyatnas(O7y7tn)) 35(0;97%)) _ AtagQ(anatn-f—l)
oy Ou oy oy ’
811”*1/2(1 y) Os(l y t 1) 8@2(1 Yy t 1) 8s(1 Yy t 1)
) — (1 At]Ln+1 y Yy bn+ At s Yy bn+ y Yy bn+
oy (T+ 2 ) oy * dy oy +
b ]" 7tn7 ]'7 ’tn b ]'7 ’tn’ 17 7tn ) »Yn ]‘ YN
At( 2(1, 9, tn,s(L,y ))Jr 2(L, . tn, (1,9, t0)) 9s(1,y,t ))_Atam( Yrtnt1)
8y Oou 8y ay
‘ (5.58)
The following bounds are proven by using the bounds of %ﬁ(%y) forj=0,1,2,3,4:
Hign+1/2 , _
Tyj(x,y) <C [1 + e/ exp(—mo(l — )/5)} (xz,y) € G, forj =0,1,2,3,4. (5.59)

Part-II: Here, we prove bounds (5.45) for antl (x,y). We suppose that, based on prior technical criterion,

L5 E a2 (2, y)lle < © ILEEH% 2 (2, y)llg < C, (L5 "2 (2, y)llg < C.

183



Define the following auxiliary BVP:

(T4 ALY Az, y) + ba (2, y, tn, w(w, y, t0)) = Ly H a2 (2,y) + go (2,9, tag1) = Fi(2,9),
A(z,0) = —Lg7—£15($,07tn+1) — by (a:,O,tn, s(a:,(),tn)) + g2(x,0,tp41),

Az, 1) = —]Lg’:?ls(a:, 1,tny1) — bo (x, 1,tn, s(x, 1, tn)) + gpo(z, 1, thy1).
(5.60)

~n+1 _on+1/2
where Az, y) = (z,y) —u"" (2, y)

. We see that boundary conditions are (¢, At)-uniformly bounded

At
and |71 (z,y)| < C. Hence, applying Lemma 5.5, we obtain that |A(z,y)| < C. we have

Lg‘;lﬂnﬂ(x,y) = —A(z,y) — be (aj,y,tn, u(x,y,tn)) +p(z,y, thi1),

(5.61)
W (2,0) = s(2,0,t01), wT(x,1) = s(x, 1, th41).
Using the argument of Kellogg and Tsan technique [61], one can obtain that
8~n+1 .
’ua;x,y)‘ <C [1 + e texp(—my(1 —y)/e)| (x,9) €G. (5.62)
We introduce the function A;(x,y) = Lg;l/l(x, y), which is a solution of
(I+ ALY Ar(x,y) = —(Ly T2 a2 (2, y)—
Lg:;_lb2 (xa Y, tn) u(l‘7 Y, tn)) + ]L;;l(,q? (‘Tu Y, tn-i-l) = TQ(]"7 y)7 (5 63)

Ay (z,0) = —LE LS (2,0, tnq1) — L3 0o (2,0, 0, 5(2,0,80)) + L5 go(, 0, tnp1),

\ Ai(z,1) = —LSEILSEIS(:C, 1tne1) — }nglbg (m, 1,tn, s(z, 1,tn)) —|—]L3+1‘qg(x, 1,tns1).

,€

We see that Fo(z,y) = —(LQ?)QE”“/Q(:U, Y) —nglbg (z,y, tn, u(z, y, 1)) + L2 go(, y, tns1) is bounded

\E€
(e-uniformly) and boundary conditions are (¢, At)-uniformly bounded. Hence, applying Lemma 5.5, we obtain

that |A;(z,y)| < C. Afterwards, one can deduce that

‘ 0A(z,y)

z ‘sc[ualexp(—mg(l—y)/s), (2,y) € G, (5.64)

by invoking Kellogg and Tsan technique [61] to the following BVPs:

Lyt Az, y) = Mi(z,y),
A(z,0) = —I[‘,g:gls(:v,o,tnﬂ) — by (x, 0,t,, s(x,O,tn)) + g2(2,0,tp41), (5.65)

Az, 1) = —Lg;rls(:z:, 1,tnt1) — bo (:L’, 1,tn,s(x,1, tn)) + go(z, 1, tpy1).
For second order derivative bound of 71! (z,y), we differentiate (5.61) with respect y, to get

]Lg,—glz(xvy) = T3(£7y)7
Z(:L’, 0) = 01, Z(ZE, 1) = 028_1,

(5.66)
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where
0/1(.1‘, y) 852(x7 Y, tn+1) 81}2(.1’, Y, tn—l-l) out! (.%, y)
y y N oy oy B
(062 (:n,y,tn, u(:v,y,tn)) N Oby (:n,y,tn, u(:v,y,tn)) @)
oy Ou oy/’

F3(z,y) = —

A 8ﬂn+1(x7y) . -1 ~
and A(z,y) = ——=——>. We obtain that |%3(z,y)| < C[1 + e exp(-ma(1 — y)/e)], (z,y) € G.

Applying the methodology of Kellogg and Tsan to (5.66), we deduce that

oA 92+l -
‘ ((9:; v) ‘ _ ‘ i 3y§x’ y)‘ <C [1 +e 2 exp(—ma(1 — y)/s)], (z,y) €C. (5.67)
Similar way, we obtained the bound (5.45) for j = 3, 4. m

Lemma 5.10. The exact solutions w"'/?(x,y) and W' (x,y) of time semidiscrete scheme (5.25) can be

decomposed as
W2 (2, y) = PP (@ y) g T A (@),

Wz, y) =" @, y) + veg" (2, y),

where y € (0,1) the components of W"/?(z,y satisfy

N ou
n+1 — _ 1 1— = €
q (x,y) eXp( Ul( 7y7tn+1)( x)/&‘), vi Ul(l,y,tn—H) Ox

) i=01,2,3.4,

aj’ﬁn+1/2
oxJ

mi (1 —x)

< C(l 4+ eIt exp(—
€

and for x € (0, 1) the components of u" ' (z,y) satisfy

7 @, y) = exp(—va(z, 1, tpy1) (1 — y) /), Yo = e gntl
) y Ly bn+ ’ 02(x717tn+1) ay

)),j=0,1,2,3,4.

(z, 1),

aj’}"’n—i-l

oyl

mz(1 —y)
€

< C'<1 4+ e exp ( —
Proof. Let 7"t1/2(z, ) = w"*Y/2(z,y) — y1g"+/?(x, y). Then, we have
LiH5 2 (2,y) = ®i(2,y), inG, (5.68)

where Kl(xvy) = _C($7y) —b (%y»tn, u(xay7tn)) +Z]1(x7yatn+1) + Y1 (vl(lvyvtn+1) -

Iy
v1(2, Y, tny1)) W; and differentiating (5.68) with respect to z, it yields that

op" 2 (@, y)

Ln+1
Le ox

= 7{2(113, y)v in G7 (569)

0v1 (2, y, tns1) 9"/ (x, O (z, y, tni1) O 2(x,
where Ro(z, 1) = #(x, y) — fu1(a:aym +1) 0¢q (z y)—Y1 v (2, Y, tht1) O (z y)+

L ox ox ox
7" @) how th bounded e-uniforml
—5;2 - Now one can show that R1(z,y) bounded e-uniformly on

Y1 (Ul(l’ Y, t’n+1) - Ul(xa Y, tn-‘rl))
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G and

|Ra (2, y)| < 0(1 teLexp(—m (1 — x)/g)), inG.

Also, it holds that for y € [0, 1]

8~n+1/2(0 y) a~n+1/2(1 y)
n+1/2 <C. [2( <C ’ 14 ) ’<C 14 Y _ .
TR0,y <O [PMTE(Ly) <O, 5 SO T
Therefore, using the argument of [61] for (5.68) and (5.69), it follows that
Hipnt+1/2 , 1—
gi, < 0(1 et exp ( - M)) j=1,2. (5.70)
) €

Finally, by adopting the approach as mentioned above, one can obtain the required bound on the spatial deriva-
tive of 7"+1/2(z,y) for j = 3,4. We have derived derivative bound of component %"+ (z, ) by using the
above approach described at (n + 1/2)" level. |
In order to estimate the spatial error related to the fully discrete scheme (5.37), we consider the spatial dis-
cretization of the auxiliary problem (5.25) using the new finite difference scheme as described in Section 5.3.2.

Hence, we obtain the following discrete problem:

~ N
( Ui?j = qo(wi, y5), for (z;,y;) €G,

NAtFn+1/2 _  _mndl/2 | o mndl/2 | 4 mntl/2 | mag
]14175 U’L,] = Mﬁ?'LUl—l,j + Nf»LUZ,] + ’LLsz’l-‘rl,] = ]Fl (.T“ y]),

forl<i<N-1, y; €6,

~n41/2 : eV
UZ]- / = s""1/2(x;,y;), i=0,N, Yj € Gy,

(5.71)

NAt:n+1 _  — 7+l c 741 +71m+l At .
Lo U5 = py, U=y + g, Uiy + iy Uiy = B (@i, y5),

forl1 <i,5 <N —1,

~ . =N
UMt =" (@i,y), j=0,N, z€G,,
forn=0,....M —1

where the coefficients pi, p. , pisf ., Iy, My u;jj are described in (5.42) and ﬁlm(a:i, Yji)s ﬁ‘fﬂm, y;) are re-
spectively given by

p

(i1, 95, tn) + Atgr (o1, Y5, tn1)) + 5(w(@i, yj, ta) + At g1 (i, yj, tagr))—
Atby (xi_%,yj,tn, u(xi_%,yj,tn)), for 1 <i < N/2, and when ¢ < ||v1||[N~1,

FlAt(:L‘i; yj) — u($i, ij tn) + Atﬂl(l’“ y]7 tn-i—l) - Atbl (:Ciy yj7 tna u($i, ij tn))7
for1 <i < N/2, and when & > ||v1||[N 1,

u(xia Yj, tn) + Atﬂl(xia Yj, tn-‘rl) - Atbl (xi, Yj, tn, u(wia Yj, tn)),
for N/2 <i< N —1,

(5.72)
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and
7
%(Un+1/2 + At 272(:617 Yi—1, t’VH—l)) + 3 (Un+1/2 + AtﬂZ(xu Yj, n—l—l))

Atbg(xi,yj_%,tn, u(:vi,yj_%)),for 1 <j < N/2, and when ¢ < |Jvg||[ N1,
~ 1/2
FQAt(Q[;“y]) = Un+ / + Atﬂ?(xlvy]7 7L+1) AtbQ(xi7yj7tna u(x’uijtn))7 (573)
for 1 < j < N/2, and when ¢ > ||va||[ N1,
Un+1/2 + At£2 (wla Yj, thrl) AtbQ (l’i, Yj, tn, u(xia Yjs tn))a
for N/2<j<N -1

The local truncation error at the first half for the numerical scheme (5.71)-(5.73) is defined as

(J-N,At _ LN,At[Un+1/2 ~"+1/2($i,yj)},

Z; ,En+1/2 2¥)

_ 1/2 1/2 1/2
:EZU'LTHiJ/ /"Lgleanr / + +U7,T-L:ij/ At [Ql(xiaijtn—&-l) - bl (xhyjutnu u(xiuijtn))]

—u(zi,yj,tn), forl <i< N/2, andwhene > ||vi||[N~1,
_ ont1/2 +1/2 +1/2 91(Ti, Y5, tng1) + g1(Ti-1, Y5, tny1)
Zl‘zUanj/ M;Uznj / + +UZ&-1J/ At{ S 9 : o }_F
- At[bl (xiaijtna u(‘rhyﬁtn)) + b1 (wi_l’yj7tn’ u(l‘i_l,yj:t”))] - u(xi’yj’t”) ha u(l‘iil’ijtn)
2 2

+O(Ath2)), forl<i<N/2, whene < [lvy|[ N7,

_ 1/2 1/2 1/2
:EZU'LTHiJ/ ;ZU’:L;’ / + +UT-L:1‘7/ At [gl(xiuyj7tn+l) - bl (xhyjutnu u(xiuijtn))]

—u(z,yj,tn), forN/2<i< N -1,

At L?—]’_\flmcdun—i_l/z(l’i: y]) - (L?;‘_Iﬂn—"_l/z)(xiv y]>:| 5
for1 <i < N/2, andwhene > [lo1|[N~!, y; €G),

At: ?’J]R[l’mup n+1/2(;pZ yj) — (L’le’ﬁn—i-lm)ii%’j} +O(Athii), (5.74)

for1 <i< N/2, andwhene < [lo1||[N"!, y; €GY,

AR oV ) = (LT V) (0s1)|, for Nf2<i < N1, gy ec).

Further, we state the following important results for the error analysis.

Lemma 5.11. Consider the following mesh functions ©y (\;) with | = 1,2

N
Ahg, 1
@1k(A1): H <1+¥) , fOFOSkSN—l, @17]\[()\1):1,

’ €
j=k+1
N Aghy, \ 1
Oa0) = ] (1+ T) . for0<k<N-—1, Oyn(h)=1,
j=k+1
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where \; is a positive constant, such that \; < m;/2, | = 1,2. Then, under the hypothesis (5.43) of Lemma 5.8,
it follows that forl = 1,2,

CAt

?92’]6(/\1), for1 <k < N/2, and when € > ||u||[N !,
A
LZJYE’At@l,k()\Z) > %Ql,k()‘l)a for1 <k < N/2, and when e < ||v;||[N"!,
l
At
C?el,k()\l)v fOl‘ N/2 <kE<N-1.

Proof. The arguments given in [Chapter 2, Lemma 2.12] can be used to prove this lemma. |
At first, we derive the bounds of Tg’gj 1/ (see Chapter 3) by using Lemma 5.10 in (5.74). Then, following
the approach given in [Chapter 3, Lemma 3.10] and invoking Lemma 5.11 and the discrete maximum principle

in Lemma 5.8, we deduce the following result.

Lemma 5.12. Let y; € @év If M\ < m1/2, the local error associated with the discrete problem (5.71)-(5.73) at
(n + 1/2)™" time level satisfies the following estimate:

‘ ~n+1/2 +1/2 ‘ C((N_l + XLE)N_I + N—A1ﬂ1,0>7 forz; € [0, 1-— ]’]1] N Gi\[’
Up; " —u" (@ y5)| < (5.75)
1,j C(T]%’ON—Q n2 N + ]\]—>\1111,0>7 for z; € (1 _—— 1] mai\f’

where
g, whene < ||U1HN_17

Xl,e = 1
0, whene > |v1|| N7 .

Now, we proceed to estimate the local truncation error U l”;r bt (g, yj)’ obtained in the y-direction.

Here, for the numerical scheme (5.71)-(5.73), the bound of the local truncation error 3’5%5 = Lév ;:At [(NJZ”JJF 1
J yU I 2

ut(zy, y])} can be obtain by invoking Lemmas 5.10, 5.11 and 5.12. Further, following that arguments given
in [Chapter 3, Lemma 3.11] and finally we get the following result by invoking Lemma 5.11 and the discrete

maximum principle in Lemma 5.8.

Theorem 5.2. Let ;o > 2/N, 1 = 1,2, If \j < my/2, the local error associated with the discrete problem
(5.71)-(5.73) at (n 4 1)*" time level satisfies the following estimate:

CIN +x1) NP+ CO(N"L 4+ xa )N

U7 =@ (@, )| < for (z:,;) € ([0,1 —m] % [0,1 —nﬂ) ne", (5.76)

CN~2In®> N, otherwise,
where

g, whene < ||v|| N~} e, whene < ||va||[N71,

Xle = and X2, =
0, whene > |lvy||[N71, 0, whene > |lva]|[ N7L.
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5.3.2.2 Uniform convergence of the proposed IMEX fractional step-method
We define E"(x;,y;) = [U”+1 w(xi, yj, tng1)], for (z;,y;) € G, as the global error related to the fully
discrete scheme (5.37) at the time level ¢,,4+1. Now, to show the e-uniform convergence of the fully discrete

scheme (5.37), we rewrite the global error in the following form:
E" (@i, y) = & @i, yy) + B @) + [0 = U7 (5.77)

Here, "t (2, y;) = [0" (24, y;) —u(zi, yj, tns1)] and E”“(xi,yj) = [[Z"fl u" L (z;,y;)], respectively,
denote the local error related to the time semidiscrete scheme and the spatial discretization of the auxiliary
problem (5.25) at the time level ¢,, 1. The term [UZ";r t_ ﬁﬁjﬂ] can be written as the solution of the following
systems:
N,A N A
]Ll € t tRn+1($i7 y]) = —At |:b(l'z, Yj, tn, U’Z:LJ) - b(xh Yj, tn7 u(.%'i, Yj, tn))j| +

Ufy = w(ws yj, ta) + O(AL?, - (wi,y5) € GV,

RnJrl({Biayj) = 07 aGNa

where R"(z;,y;) = [UZ";r 1 fflnf 1], and by employing the discrete maximum principle in Lemma 5.8, we

obtain that
H{Rnﬂ(m’y] } <1+R1At>H{ (i, yj }”

where K] is a constant(>0)(independent of €) such that

) + C(At)% (5.78)

Ob(:v,y,t, u)

R = sup{‘ M

i en el
and C1 = max { U™, ||u(tn)], form=0,1,.. M} Afterwards, from (5.77) and (5.78), we get

[{womy | < [{7 @),
1/’.7 7/7.]

(8},

Now, using the estimates derived in Lemma 5.7, and Theorem 5.2 in (5.79), with the assumption that NV -8 <
CAt, 0 < 6 < 1, and by using (1 + K1 At)" < exp(£R17T), we obtain the following estimate of the global error.

{E @i}

Z?j

\+
(5.79)

j LOAL?, (xs,y;) €V

Theorem 5.3 (Global error). Assume that the conditions given in (5.43) hold for N > Ny. Then, if \j <
m/2, o > 2/, 1 = 1,2, the global error associated with the fully discrete scheme (5.37) at time level t,, 1,
satisfies the following estimate:

C(N_Q—HS + Xl,eN_H_a + XQ,EN_H_(S + At),

< { poryp e (101 -m)x 0.1 -m) 6", (550

H{Uznfl} - {u(xiayjytn—i-l)} .
Z7] Z’J
C (N “2H0 102 N + At), for otherwise,
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where N and At are such that N7 < CAt with0 < § < 1.

Remark 5.2. Note that the temporal accuracy in the result (5.80) holds under the alternative boundary data given
in 5.22. In order to confirm that both the proposed IMEX-FSFMM (a linearized scheme) and the proposed
fully-implicit FSFMM (a nonlinear scheme) achieve the same order of accuracy as obtained in Theorem 5.3,
we provide a detailed convergence analysis for the fractional fully-implicit method in the next section.

5.4 The discrete problem-II

This section introduces and analyses the fully-implicit fractional-step FMM for discretizing the nonlinear IBVP
(5.1)-(5.3). First, we estimate the error for the time semidiscretization problem, and then we estimate the error

for the fully discrete problem.

54.1 Time semidiscretization: fractional fully-implicit scheme

The fractional-step implicit-Euler method is used here to discretize the nonlinear IBVP (5.1)-(5.3) with respect
to the temporal variable. The fractional-step implicit-Euler method can be written as two-half scheme, and in
the first half, the method treats the linear part of the governing differential equation implicitly, and in the second
half, the method treats both the linear and the nonlinear parts of the governing differential equation implicitly.

Let u"(x,y) ~ u(x,y, t,). Then, the semidiscrete problem takes the following form:
(¢) (initial condition)
(z,y) = ao(z,y), (r,y) €C,
() (first half)
Tﬁgu"“(a:,y) =u"(z,y) + Aty (2,9, tns1), (z,9) €G,

(5.81)
w2 (g ) = s"HY2( ), (2,y) € {0,1} x [0,1],

(#i7) (second half)
TﬁéunJrl(mv y) = un+1/2 (1.7 y) + AtﬂQ (1’, Y, tn-l—l)v (%, y) SHEN
Wz,y) =" (z,y),  (z,y) € {0,1} x [0,1],

where
TR lay = (T4 ALY u+2(a,y),

T%ﬁunﬂ(az, y) =(I+ AtLg’ng)u”H(x, y) + Atb(z, y, tns1, w" T (2, y)).
The natural choice of the boundary data is given by
"2 (2,y) = 82,y tnr), (2,y) € {0,1} x [0,1],

Sn—H(xvy) = s(2, Y, tnt1), (z,y) € [0,1] x {0,1}.

(5.82)
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To avoid the order reduction in time due to (5.82), we propose an alternative choice of boundary conditions

which is given by

s"H/2(z,y) = (I + At]]"g,_gl)s(‘r7yvtn+l) =+ Atb(x,y,th, S(ﬂ?vyvth))—
Atgg(x, Y, tn+1), (.T, y) S {0, 1} X [0, 1], (5.83)
st (z,y) = s(@,y, tat1),  (z,9) € 0,1] x {0,1}.
One can show that the operator ’]I'lAé satisfy the following maximum principle.

Lemma 5.13 (Maximum principle). Let the function ® € C°(G) N C2(G) be such that ®(x,y) < 0 on 0G and
Tﬁé@(:ﬁ, y) <0, in G. Then, it implies that ®(x,y) < 0 for all (x,y) € G.

Lemma 5.14 (Stability). Let the functions v"+/2 w™t1/2 € @9(G) N C2(G). Then, we have

||,Un+1/2 _ wn—i—1/2”a < ||Un+1/2 _ wn+1/2”8G + ”TIAéUn—&—l/Q _ TlAéwn_H/QHE' (584)

Proof. Consider the functions
QEM2 (3, y) = o2 — w2 g — || TRL 2 TR T 2 ek (0" — ™ ) (2, ), (z,y) €6

Since, Tﬁgvnﬂ/z - Tféwnﬂ/z = Tﬁ;(vnﬂ/z — w"*t1/2), by applying Lemma 5.13, we obtain the desired
result. |

Lemma 5.14 ensure that the scheme (5.81) produces a unique solution at the first half.

Lemma 5.15 (Comparison principle). Let the functions v, w"™t € €%(G)NC2(G) be such that v (x, y)
w1 (z,y) on OG and T%ﬁv”“(@ y) < T%ﬁw”“(az, y) in G, then it implies that v (x,y) < w"(z,y) in
G.

IN

Proof: Here, we use method of contradiction. Let us fix z € [0,1]. Firstly, we suppose that there exists
(z,y*) € G such that v (z, y*) > w™ ! (z,y*). Since, v — w" ! € CO(G), without loss of generality, we
assume that v 1 — w™ ! takes positive maximum at (z,y*). Now, in conformity with the hypothesis of the
comparison principle, v" ! — w1 < 0 on 9G = (x,y*) ¢ OG. Therefore, under the above assumption and

applying mean value theorem, we have
(TQA’}_;U”—H _ T%éwn—i-l) (x’ y*)
= (T+ AL (0" — w™ ) (@, y*) + At (2, y* tnar, 0" (2, yY)

—Atb(ac,y*,tn+1,w"+1(:v,y*)), (5.85)

. [ /1 b2, y*, tng1, (W 4+ (0" —w™ ) (2, 5))
~LJo

- de| (@t = w ) (@, ).

Thus, from (5.85) and the assumption (5.3), we have T§§U”+l(:ﬂ, y*) > 'H‘%éw”“(w, y*) and this contradicts
that T%ﬁv”“(m, y) < Tgy‘glw”“(az, y) for all (z,y) € G. Hence, the proof is over. n
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Corollary 5.2. Let the function ®"*1 € C°(G) N C%(G). For any given functions v w" ™! € CO(G), the
linear differential operator ﬁ‘QAi (w,0) defined by

TA; . )(I,n+1 (5.86)

1 8[)(.%' Y, tna1 wn Tl +§(Un+1 _ wn+1))
n+1 n+1 s Y )
(1 +AdLgHH e 4 At(/o -

dg) ot

satisfies the maximum principle, i.e., if<1>"+1 (z,y) < 0o0ndGand 'Fﬁ‘%z,(%w)@”ﬂ (z,y) < 0inG, then it implies
that ®" 1 <0, for all (x,y) € G.

Corollary 5.2|is used to deduce the following e-uniform stability result.

Lemma 5.16 (Stability). Let the functions v" 1 w1 € €°(G) N C%(G). Then, we have

an+1 - wn+1H§ < an+1 _ wn+1H8 ”TAt n+1 TQA,EQU”+1”6' (5.87)

1
RETNT
Proof. Consider the functions

1

(p:t,n-l-l
( 1+ Atp

_||vn+1 o wn+1”8G _

z,y) = Tt — Totwle (" —w™)(2,y), (z,y) €C.

Note that @71 (z,y) <0, (z,y) € G, and

TS (o (0" =™ | < (5.88)

1 (%(az y t 41 wn+1 + é(vn—&-l . wn+1)) 1
I+ At P T d TAL 1 _ At ntl
[ + /0 ou 5} (1 T2 20|

= VE‘Q’E’(U’W)@:‘:’”-H(I, t) <0.

Then, Corollary 5.2 implies that ®+7+1(z,4) < 0 for all (z,y) € G, from which the desired result follows
immediately. L

Lemma 5.16 ensure that the scheme (5.81) produces a unique solution at the second half.

Lemma 5.17. The solution u™(x,y) of the semidiscrete problem (5.81) at the time level t,, satisfies that

|u"(z,y)| < Co, inG. (5.89)
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5.4.1.1 Error analysis

~n+1

Let us denote €"*! the local truncation error of scheme (5.81) at the time t,,11, i.e., e" ! (z,y) = @ (z,y) —

u(x, 1, tni1), where "1 (z, y) is the solution of the following auxiliary problem:

(Z) Eo(xvy) :qO(fan)a in G,

TR 2(2,y) = u(, y, tn) + Atgi (2., ty1), G,

(i)
w2z, y) = s"H2(2,y), in {0,1} x [0,1], (5.90)
Tolam T (z,y) = w2 (2,y) + Atgo(x,y, tny1), inG,

(ii4)
E”+1(x,y) = s”+1(:v, y), in{0,1} x [0,1].

Lemma 5.18 (Local error). Under the alternative boundary data s"t1/2 gpd sntl given in (5.83), the local

~n+1

error e at the time level t,, 1 satisfies that

[z < C (At
Proof. From (5.90), we easily deduce that
Tfé (TQA;E”H(:B, y) — Atg(x,y, tn+1)> = u(z,y,tn) + Atg1(,y,tnt1), inG.
Further, we obtain that
TR (2, y) = w(@,y,tn) + Atg(z,y, tas1) + O(AL)?,  inG. (5.91)
We expand Taylor’s series expansion of the function u(x, y, t,,) in the time variable to get

u(xa Y, tn) = u('ra Y, tn-i-l) - Atau(l"g;tnm + O(At)Qa

and by using equation (5.1), one can write

(I + Ath+1)(I + Ath+1) (.’II, Y, tn-‘rl) + Atb(l’, Y, tn+1a u(.’L’, Y, tn—i—l)) =

21 n+1y ntl 2 (5.92)
(At) Ll,e LQ,E u(:r, Y, tn+1) + u(xa y7tn) + Atﬂ(x7 Y, tn+1) + O(At) :

Subtracting equation (5.91) and (5.92), we obtain that

(T + AP (T + ALY (2, y) + At[b(2,y, tayr, @ (2, y)) — b(2, s g1, w(2, Y, tnsr)) |

+ (AwQH"rf;—l [b($7 Y, tn-‘rlv ﬂn—i_l (.’E, y)) + g?($7 Y, tn-‘rl) + Lg;—lzn-ﬁ-l (.’IJ, y)] = O(At)z
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Further, we have
(I + Ath+l)(I + Ath+l) (fL‘, y) + At [b(LU, Y, tn+1)zn+1 (LIZ, y)) - b(l‘, Y, tn+17 u(:l:’ Y, tn-‘rl))]

+ (At)z]l"?jg_l [b(‘r y7 n+l, ¥ n+1($7 Z/)) - b(xa Y, t?’b+17 u(x, Y, tn+1))] = O(At)z

(5.93)
Again, one can deduce that
b(x’ Y, tn+1azn+1) - b(.’E, Yslnt1, u(thrl))
L Ob(@,y, tasr, u(tngr) + €@ — u(tnyr)))
= e nro n u d¢|entt . 5.94
/ i~ et (5.99

The equations (5.93) and (5.94) together imply that

(I + ALTE) (T + AL e (2, y) + AL(T + ALY
|:/1 ab(l'ayvtn+1v ($ yvtn+1) +£( n+1(x7y) - u(x7y7tn+1)))
0

dg] ez, y) (5.95)

ou
= O(At)*.
Now, by using the alternative boundary conditions (5.83), and the equation (5.95), the local error € "1 can be
written as the solution of the following problems:
']I‘lA,éE”H/Z(:L',y) = O(At)?, ing,
(5.96)
eH2(0,y) =0, e H2(1,y) =0, in[0,1],
and
TAt sn+l on+1/2 .
2,¢,(unt u(t, e ( y) ( 7y)7 m G7
&,( (tn+1)) (5.97)

etli(z,0) =0, e"tl(z,1)=0, in]0,1].

We use Lemma 5.14 to the equation (5.96) to obtain ||€"+1/2(z, y)||z = O(At)2. Further, by applying Lemma
5.16 to the equation (5.97), we get desired bound of the local error. [ |

Let us introduce the global error of the scheme (5.81) at time ¢,, 41 as usual, i.e., e"(z,y) = u" ! (z,y) —
u(z,y,tnt+1). The following result shows that the fractional-step implicit-Euler method converges uniformly

with first-order accurate in time.

Theorem 5.4 (Global error). Under the alternative boundary data of s"*/2 and s"t1 given in (5.83), the

n—i—l(

global error e x,y) satisfies that

sup He”HHa < CAt.
(n+1)At<T
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Proof. We rewrite the global error as
" (z,y) = (w,y) +d" (x,y), (5.98)
where the term d" ! (z,y) = v (2,y) — w"T!(z,y) can be deduced from the following problems:

TP 2 (2, y) = e"(2,y), inG

(5.99)
d"T2(0,y) =0, d"T3(1,y) =0, in]0,1],
and _
T2A7£7(un+17;n+1)dn+l($vy) = dn+1/2($’y)a in G, (5.100)
4" (2,0) =0, d"(z,1)=0, in[0,1], '
which utilizes the the following expression:
b(.iU, Yy tntt, un—H(xa y)) - b($7 Y5 tntt, fﬁn+1(l‘> y)) = (5.101)
/1 ab(wayvtn+laﬂn+l(qj7y) +f(u"+1(x,y) _szrl(w,y)))dg dn+1($ )
; 5, ' Y)-

Firstly, we apply Lemma 5.14 to the equation 5.99 and Lemma 5.16 to the equation 5.100; and utilizing (5.98),

we get
le™ Iz < 117 g + lle”le-

Finally, the desired estimate follows from the above recurrence relation and utilizing Lemma 5.18. |

54.2 The fully discrete scheme
We consider the framework of the new hybrid FMM for the spatial discretization of the time semidiscrete

problem (5.90). Then, the fully discrete scheme takes the following form on b4
(i) Uz‘?j = qo(xi,yj), fori,j=0,1,...,N,

N,Atyn+1/2 .
TV AU = 6P (aiyyy), 1<i<N-1, yecl,

(i) ) 2”' o

UZ”;F /2 _ s"/2(z;,y;), i=0,N, y;e a, (5.102)
i) T MUY = G4, yy), 1<j<N-1, z;€GY,
111

N

T

Ugffl =s""Y(x;,y;), 7=0,N, z,€G

195



. N,At N,At .
where the discrete operators Ty 2~ and T, ;™ are given by

+1 n+1/2
(I + Aﬂuf,N,mcd) Ui,j ’

for1 <i< N/2, y; € GY and whene > ||y [N,

N,Atym+1/2 n+1/2 n+1 n+1/2
Ty Ui,j - Ui71/2,j + AﬂL‘l,wapUi,j ’

forl1 <i< N/2, y; € Gf/v and when & < [jv1||[N 71,

(T+ AL ) UNT2, for Nj2<i< N -1, y;ea),

and
.
(I + AtLg,Jr]\/'l,mcd)Ui,jl + Atb(SUi, Y tnt1, Ugjl),

for1 < j < N/2, x; € GY and when € > ||va||[ N1,
+1 +1 +1 , +1
pvargme _ ) Uiimie F AL N Ui+ Ath(wi, yj 172, tn+1, Ul o)
27 '7‘ -
c for1 < j < N/2, x; € GY and when € < ||vg||[ N1,

(1+ AtLgf]\[{mcd)Uijl + Ath(w4, Y5, tnt 1, U;}jl),

for N/2<j<N-—1, z; € GY,

and the right-side vectors G{(z;, y;) and G5 (2, y;) are given by
UL + Atgi (i, Yjs tnt1),
for1 <i< N/2, y; € G) and whene > ||lvy [N,
At
G (@) = Ulyj, + Atﬂﬁ—léa’

forl <i< N/2, y; € Gf/v and when e < [jv1||[N 71,

UZ}]"}_Atgl(xiaijtn-ﬁ-l)? forN/2 <1 S N — 17 y] € G?],/V7

and o
( n
Uiv;_ + Ath (xia Yj, tn+1)7

for1 < j < N/2, x; € GY and when € > ||vg||[ N1,

A +1/2
G5 t(:vi, yj) = Uz‘iljfl//2 + Atg;;].li%a

for1 < j < N/2, x; € G and when e < |Jva||[ N1,

UMY 4 Atga(ai,yjotus), forN/2<j <N -1, 2; €6,

n+1/2 n+1 ) n+1 n+1 n+1 n+1
and stV (z,y),s" " (z,y) are defined in (5.83), the operators Ll,N,mcd’]Ll,N,mup’L2,N,mcd’L2,N,mup are

given in (5.38).

Lemma 5.19 (Discrete comparison principle). Suppose that there exists a positive integer Ny such that the
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following conditions hold for N > Njy:

N 1
— N> — 1
N > T11,0HU1 I SN (5.103)
and N 9 .
- > s ) )
oy > Woflef mN > (HauH + At) (5-104)

If two arbitrary mesh function V and W defined on plVA! satisfies that V. < W on 9DV A and T]kV’SAtV <
—N,At ’

TivéAtW in DVAL where k = 1,2, then it implies that V < W onD
Proof. The linear discrete operator ’]I‘ivft satisfies the discrete comparison principle, and the proof is obtained
by [Chapter 3, Lemma 3.5].

Now, we prove the discrete comparison principle for the nonlinear discrete operator ’]I‘év éAt. In conformity with
the hypothesis of the discrete comparison principle, without loss of generality we consider V; ; = V; for any

fixed ¢; and consider the following system

TSV — T Wy =w;, 1<j<N-1, (5.105)
Vo—Wo=wo, VN—WnN=uwn, '
where w; <0, for 0 < j < N. Now, let Z; = V; — W, and we have
N,At N,At
TZ,E VJ - T?,s Wj =
Lob(zi, yj,t W; +&(V; = W)))
1 i) Jjr bntly VVy J J
Zj+ ALY aZi + At [ /0 o d{] Zj,
1 <j < N/2and when ¢ > |Jva||[ N1,
il 1 ab(xiayj7%7tn+lvvvj,% —&-5(‘/‘77% — m,%)) (5106)
Zj_% + At]l‘?,N,muij + At /0 EP d¢ ZJ_%,
1 <j < N/2and when ¢ < |Jvg||[ N71,
L ob(zi,y5, tns1, W5 + E(V; — W
Zj+AtL;L7JJ“\,1’mCde+At[/O (645 o 8; & J))dg]zj N/2<j<N.
By using the equation (5.106), we can rewrite the equation (5.105) in the following form:
AZ = w. (5.107)

Here, the matrix A is given by A; ; = 1, for j = 0, N, and
AT AT At
Ajj1 = Aty s Ajg = Dligegy + 1 Ajjrr = All g
1 <j < N/2and when & > |[vg||[ N71,

Ajjt = Ml + 30 Ajj = Dty + 3 Ajjrr = Al
1 <j < N/2and when ¢ < |Jvo]|[ N1,

Aj,j—l = Atumcd,yj7 Aj’j = Atufncd,yj + 1’ Aj7j+1 = Atlumcd,yj7 N/2 <J< N7
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where

Pmedy; = Pmed,y;

N 1 ab(l'i,yj7tn+lij+£(‘/j_Wj))
:ufr:ncd,yj = 'ufnCdvyj + |:/0v ou d£:| ’

~+ .
lu’mcd,y]- - lumcd,yj’

and
( I 10D (@i, Y 1stner, W1 + €V, = W 1)) B
Hrmup,y; = Hrmup,y; 21Jo Ou )
~c . N it Bb(wuyj—%,tnﬂ,wj_% -l-f(Vj_% - Wj_%)) "
Fomaup,y; = Mmup,y; 2|/, 5 7
/’med,yj - 'u’mup,yf

One can show that, under the conditions (5.103) and (5.104), the matrix A is an M-matrix (see the proof in
[Chapter 3, Lemma 3.5 ]). [ |

Remark 5.3. From the discrete comparison principle, one can obtain the existence and uniqueness of the solu-
tion to the discrete problem (5.102)(see the Hadamard’s Theorem 5.3.10 in [91]).

Corollary 5.3. Let U be any mesh function defined on p™VA, Then, for any given mesh functions V. and W

defined on ﬁN’At, the difference operators ﬁ‘fl\fﬁﬁ/ w) defined by

T Wig = ToM W5, for1 <ij < N -1, (5.108)

and

mIN, At R
Ty vy Vi =

(I + AtLS,’fvl,ch W5+ At[/ol 8b<xi’yj’t"+1’ W;;+ (Vs - Wi’j)) dg} v

for1 <j < N/2,1<i< N,and whene > |va||[N71,

. LOb(ms,yj-1/2:tne1, Wij—1/2 +E(Vij—172 — Wij—1/2)
(I + AtLQj\,lﬁmcd) Uiy + At{/o ( - )

for1 <j < N/2,1<i< N,andwhene < ||va|| N1,

1,5

n+1
d§:| \Iji,;’il/w

(14 ALER, ) W + At[/ol (i, i b1, W;;Jr £(Vig = Wis))

forN/2<j<N-1,1<i<N,

df} Ui j,

(5.109)

satisfies the discrete maximum principle, i.e., if UV < 0 on D™ and ’Tfjf(; W)\I’Lj <0, fork =1,2 in

DAL then it implies that W; ; < 0 on pVA,

Lemma 5.20 (Stability). If two arbitrary mesh functions V and W defined on cV. Then, under the assumptions
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(5.103) and (5.104), we have

IV = Wllsnae < |V — WHaDNAt—i—HTJIVEAtV Ty W [lsvae,

(5.110)
and ||V — WHBN,At <||V - W”aﬁw,m + — g Atﬁ H’]féVEAtV ) AtWH,N o
Proof. First, we consider the mesh functions for k = 1,
N,A N,A . =N,At
U (2, y) = — |V = Wllgpvae — [T1 2V = T W lonae = (V = W) (24,95),  inD

Note that W3 (z;, yj) < 0 on ODVAt, and TN A(t )\I/i(ml, y;) < 0, in DVA!. Then, Corollary 5.3 implies that

\I/ic(xl, yj) <0onD A . Now, we consider the mesh function for k = 2,

1

V() = IV = Wil — 7575

T2V — T W ovae £ (V = W) (24,y;), inD2
Here also, \1'2 (xi,y5) < 0 on ODV:A and T2 (VW)\Iféc(xi, yj) < 0,in DMAt. Then, Corollary 5.3 implies
that U5 (;, ;) < 0 on p™"2". Hence, the proof is over. n

5.4.2.1 Error analysis

At first, we investigate the asymptotic behavior of the analytical solution of the semidiscrete problem (5.90)
and its derivatives. This will be used later to derive the truncation error bounds. It is clear from Lemma 5.14
and 5.16 that ||z"+t1/2|| < C and |[z"t!| < C, because u(z,y,tn), 41,42, 8" /% and s"*! are e-uniformly
bounded. We begin by deducing a-priori bounds for z"*1/2 (z,y) and its derivatives in the z-direction, as well as
u"*1(z,y) and its derivatives in the y-direction. For the proof of Lemma 5.21, apart from the requirement of -
uniform boundedness and smoothness criterion on the given data, we also need certain compatibility conditions
at (0,t,) and (1, t,) as mentioned in (5.120). It should be noted that the corresponding derivation consider the

take care of non-homogeneous boundary data snt1/2 gntl,

Lemma 5.21. The solutions w"+/?(z,y) and w"+'(x,y) of the time semidiscrete scheme (5.90) and their

derivatives satisfy that

J n+1/2
W‘<C(l+€ Jexp( ml(l—x)/s)), 7=0,1,2,3,4, (5.111)
and _—
Yerid) '
W‘ < C(l + e 7 exp(—ma(1 — y)/g))7 j=0,1,2,3,4, (5.112)

forall (z,y) €G

Proof. We split up the proof into two parts. In the first part, we derive the result (5.111) for z*t1/2(z, ) and
in the second part, the result (5.112) is established for %" *!(x, ).
Part-I: Consider the auxiliary BVP:

(T+ AT (e, y) = L w(z, y, tn) + 41 (2, Y, tagr) = # (3, y), (5.113)
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where

W2 (g y) — w(z,y,t
Lzy) = ( y)At (z,y n)7
with boundary conditions:
a"t12(0,y) — u(0,y, tn)

0 = : -2 114
B (1+ At}Lgv‘gl)u(O, Y tng1) — Ath(0,y, tng1, (0,4, tns1)) — Atga(0,y, tnrr) — u(0,y, tn)
B At ’
. (I + Atngl)S(Oa Y, thrl) - Atb(oa Y, tn+1a S(O, Y, tn+1)) - Atg?(oa Y, tn+1) - S(O? Y, tn)
= At )

85(0, Y, thrl)

= Lgl—rls(ov Y, tn—‘rl) + b(07 Y, tn+17 S(Oa Y, tn-i—l)) - 52(07 Y, tn—‘rl) + 375

+O(A),

85(17 Y, tn+1)

C(17 y) = ]ngg_ls(lv Y, tn—i—l) +b(17 Y, tn+17 S(l, Y, t'fl-‘rl)) _52(17 Y, tn+1) + 8t

+O(At). (5.115)
Therefore, the BVP (5.113)-(5.115) reduces to the following form:

(I+ ALY (2, y) = 9(x, y),

C(Oa y) = ]L‘TQL::IS<O7 Y, tn-‘rl) + b(O, Ystnti, S(Ov Y, tn—i—l)) - 52<07 Y, tn+1)+

9s(0, 4.1,
W +O(AD), (5.116)

C(la y) = ngls(layvtn+1) + b(la Ys o+, S(lv Y, tn+1)) _52(17y7tn+1)+

8s(1, Y, tn-f—l)
ot

+ O(Ab).

We see that boundary conditions of the problem (5.116) are (¢, At)-uniformly bounded. Let \]L?;l u(z,y,tn)| <
C, then |# (z,y)| < C. Hence, applying Lemma 5.14 , we obtain that |((x,y)| < C. Next, we write the BVP:

Ly a2 (2, y) = —U(x,y) + 41, Y, tga),
W20, y) = (T+ AL 80,4, tng1) + (0,5, tns1, (0,4, tnr1)) — At (0,5, tns1),  (5.117)
w21, y) = (T+ ALY s(L,y, tng1) + 0(1, Y, tns1,8(0, 9, 1)) — Atga(L, y, tg).

Using the argument of Kellogg and Tsan technique [61], one can obtain that

‘ gz, y)

5 ‘ < C’[l +elexp(—m (1 —2)/e)|, (z,y) €G. (5.118)
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Let (i (x,y) = I[Ji'glC(x, y), which satisfies that
(L4 AL (2, 9) = — (L0 2u(, i, ba) + L g1 (5,5, bng) = 9(2,9), in G,
6(0,9) = 55|~ €0.9) + 20,3, i) ~ L0, 1), (5.119)
G(Ly) = 52 [~ U0 9) + a0y teer) ~ L (L, gt

Let ](LT;l)Qu(x,y,tn)] < C, then | (z,y)| < C. Now, from the compatibility conditions (5.4), one can
obtain that

tn
8s(Oéy,) = —L2s(0,y,tn) — b(z,y, tn, u(z,y,tn)) + 4(0,y, tn),
Os(1 Z tn) (5.120)
# = —L2s(1,y,tn) — b(2, y, tn, u(z,y, 1)) + g(1,y, tn).

Now, by using the boundary conditions of the problem (5.116), fromthe equations (5.119) and (5.120), we get

(14 ALY (2, y) = (2, y),

0s(0,y,t
C1(0,y) = LZ,?W +C1, (5.121)
Os(1,y,t
Gi(l,y) = Lgilw 1+ Oy,
ot
We see that #Hs(z,y) = —(Lfgl)Qu(x, Y, tn) + ]L’f:gl g1(2,y,tnt1) is bounded (e-uniformly) and boundary

conditions are (e, At)-uniformly bounded. Hence, applying Lemma 5.14 , we obtain that |(;(x,y)| < C.
Afterwards, one can deduce that

‘ac(axa;y)’ S C|:1+€_1 exp(—ml(l—x)/g) s ([I;,y) 667 (5122)

by invoking Kellogg and Tsan technique [61] to the following BVP:

( L?:‘_lc(x?y) = Cl(xvy)v
C(Oa y) = LSEIS(Q Y, tn+1) =+ b(oa Ystn+i, S(Ov Y, tn—l—l)) - !]2(07 Y, tn+1)+

0 07 atn
S(gt“) +O(Ab), (5.123)

C(]-a y) = ngls(layvtn+1) + b(l, y7tn+1> S(]-a Y, thrl)) _52(17y7tn+1)+

8s(1, Y, tn-f—l)
ot

+ O(AD).

8;n+1/2

Now, differentiate (5.117) with respect to x, we consider that {(x,y) = satisfies the following problem

Lyt C(z,y) = #(x,y),

(0,y) =Cy, C(1,y) = Cae™ L,

(5.124)

201



_3C(x, y) + aﬂl(x7y7tn+1) o 81}1(‘%7 y7tn+1) 8ﬂn+1/2

where 75 (z,y) = O or ox Ox

and we obtain that

|#3(, )| < C[l + e exp(—m (1 — $)/s)}, (z,y) €G.

Again, using the argument of Kellogg and Tsan technique [61] for (5.124), we get

aC 82~n+1/2 _

C(z, y) . (,y) <C|1+e2exp(-—m(1—2)/e)|, (x,y) €@
ox Ox?

Similar way, we obtained the bound (5.111) for j = 3, 4.

We now derive the bound of %"+/2(z,y) with respect to y by differentiating the auxiliary BVP (5.90) at

the first half with respect to y, and we get

(1 + awr) 27 wy)
£

dy
8u(x7 ?J,tn) + Ataﬂl(xu y7tn+1) _ 8U1($7y7tn+1) 8ﬂn+1/2(1‘7y)
dy dy oy Ox ’
Ou 5 (Ovy) _ (I + AtLg-}-l)aS(ana thrl) + AtaUQ(Ovayv +1) 88(0?51; +1)+
Y Y
»Ystn+1,8(UVY,ln b(0,y,tn+1,5(0,y,tn s , n
At<b(0yt +1a;0yt +1)) + (Oyt +1850yt +1)) 0 (Qg;jnﬂ)) _ Ataﬁ(og”; +1)’
8ﬁn+1/2(17y) as(lvyatn-l-l) +Atav2(1>yatn+1) 8S(Ly>tn+1)+
oy oy oy oy
b(1,y,the1,8(1,y,t, b(1,y,tne1,s(l,y,t, Y, tn 05 (1,y,t,
At( (1,9 tat1,8(L, 9, tatr)) i (Ly tas1,8(1,y. tat1)) Os(1, 9, +1)> ALyt
oy Ou oy y

= (I + ALEH

(5.125)
AR G )

The following bounds are proven by using the bounds of 37

forj =0,1,2,3,4,
aj’ﬁn+1/2

g7 V)

<C [1 + eV exp(—me(l —y)/e)|, (x,y) €G, forj=0,1,2,3,4. (5.126)

Part-II: Here, we prove bounds (5.112) for antl (z,y). We suppose that, based on prior technical criterion,
L5 P (@ y)g < € L)@ P (@ y)lg < € |52 a2 (z,y)lg < C.

‘We have

1ob s Ys bt 1, wn ’ ~
(I +At[[‘,§fg1)ﬂ”“(a:,y) —i—At[/O ($ Yy +1afll (l’ y)) df} u”“(a:,y) —
fiin+1/2 (.’E, y) + At [32(55: Y, tn-i—l) - b(ﬂj, Y, tn+17 0)} ) (5127)

1" (2,0) = s(2,0,t,41), w"T(x,1) =s(x, 1, tng1).
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Further, we define the operator

Tn n ! b x)?/atn 7§’ﬁn+1(x’y)
= Lot 4 [/0 ( +gu )dg},

and define the following auxiliary BVP:

(I + At]i’g::l)/l(xa y) = _Hf:gi‘—lszrl/Z(x? y) +52(x1 Y, tn—l—l) - b(.ﬁlf, Y, tn—i—l, O) =%h (l’, y)?
A(z,0) = _]L,g;ls(:c, 0, tnt1) — b(2,0,tn41,8(2,0,tni1)) + g2(2,0, tni1), (5.128)

Az, 1) = —Lg;rls(:n, 1,tny1) — b(m, 1,tny1,s(z, 1, tn+1)) + gpo(z, 1, thy1),

W (z,y) — 72 (2, )

where A(z,y) = . We see that boundary conditions are (e, At)-uniformly bounded

At
and |71 (z,y)| < C. Hence, applying Lemma 5.16, we obtain that |A(z,y)| < C. Next, we have

ﬂg;l’ﬁn+l(x7y) - —A(.Z',y) - b(xay7tn70) +ﬂ?(x7y7tn+1)7

(5.129)
wWH(2,0) = s(2,0,t,01), @"T(x,1) =s(x, 1, tns1).
Using the argument of Kellogg and Tsan technique [61], one can obtain that
a~n+1 B
‘”a(fcy)‘ <C [1 +e texp(—my(1 —y)/e)| inG. (5.130)
Y
We introduce the function A;(z,y) = Iigzl/l(x, y), which is a solution of
(I+ ALY Ay (,y) =
_(E3;1>2;n+1/2(x7 y) - ng,i_lb(xv Y, tn—l—lv 0) + ]1:121;152(377 Y, tn—l-l) = ,‘72(%’, y)a (5 131)

A1(2,0) = LI Ly s (2,0, t051) — L T'0(2, 0, 8041, 0) + L5 22,0, tg),

,€

Ar(z,1) = —LEP Ly s (2, 1, ths1) — L0 (2, 1, tn1, 0) + Lo e (@, 1, tg).

We see that F(z,y) = —(Eg:l)zﬂn+1/2(x, y) — Egzlb(:c, Ystni1,0) + Eg7+1ﬂ2($,y,tn+1) is bounded (e-

£

uniformly) and boundary conditions are (&, At)-uniformly bounded. Hence, applying Lemma 5.16 , we obtain
that |A;(z,y)| < C. Afterwards, one can deduce that

‘8/1(({;;3/)‘ S C|:1+€_1 eXp(—IIlg(l —y)/z’f) s (x7y) ea) (5132)

by invoking Kellogg and Tsan technique [61] to the following BVP:

ng,l_lA(x>y) = /11(:13,y),
A(J;:O) = _Lg7—gls($707tn+1) - b(x707tn+17 S(.’L’,O,tn+1)) +ﬂ2(x707tn+1)7 (5133)

Az, 1) = —]Lg;ls(x, Ltny1) — b(m, 1, tpy1,s(x, 1, tn+1)) + go(z, 1, tpt1).
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For second order derivative bound of "1 (x

x,y), we differentiate (5.90) with respect y,

ng:_lz<x7 y) =73 (1’, y):

- - (5.134)
A(z,0) = Cy, Az, 1) = Coe!,
where _
_ 6/1(:17, y) 052(x7y>tn+1) an(xv yathrl) aun+1($7y)
F3(x,y) = — - -
dy dy dy dy
(8b(x,y,tn+1,ﬂn+l(x,y)) + ab(l‘ y7tn+1> +1( )) afﬁn—‘rl(x’y))
oy Ou Oy ’
o ~n+1
and A(z,y) = W. We obtain that |%3(z,y)] < C[1 + e lexp(—m(1 — y)/e)], (x,y) € G.

Applying the same methodology of Kellogg and Tsan to (5.134) we deduce that

OA(x, 92+ (x, )
‘ (85; y)‘ _ ‘ u 6y§x y)‘ < C{l + e 2 exp(—ma(1 — y)/s)], (z,y) €G. (5.135)
Similar way, we obtained the bound (5.112) for j = 3, 4. m

We need stronger bound on the derivatives of z"t1/2(z, ) and @"t!(z,y) for the semidiscrete problem
(5.90) to establish the e-uniform error estimate at (n + 1/2)*" and (n + 1)** time levels. These are obtained by

decomposing the solution z"t1/2(z, y) into smooth and layer components, as given below:
W2 (a,y) =T @ y) + 2P (@y), G, (5.136)

where 3"+1/2(z, 1) can be decomposed in the form:

S22y = 5 P @) + T P @y + 25T P @y + 25 P (2,y), G
Here, g +1/2 ?{L +1/2 ~g 172 and ?g +1/2 are defined to be solutions of suitable partial differential equations

so that the smooth component 3+1/2 and the layer component z"+1/2 respectively satisfy the following linear
IBVPs:
:;O(xay) :q0($79)7 in G,

Tﬁé}’n-ﬁ-l/? (‘T7 y) = S(fL‘, Y, tn) + Atﬂl (:Ea Y, tn+1)a in G7

(5.137)
SH2(0,y) = @ H2(0,y), in [0,1],
;n+1/2(1 y) = ~n+l/2(1 y) + 3 n+1/2(1’y) 2~n+1/2(1 y), in0,1],
and
Z2(z,y) =0, inG,
TR 2 (2, y) = 2(,y,t0), inG, (5.138)

FER0,y) =0, FHR(Ly) =@ y) =T (1Y), in[0,1].
The following Lemma can be proved by using Lemma 5.21

Lemma 5.22. The solution 3"/2 and Z"t1/2 of the respective problems (5.137) and (5.138), and their deriva-
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tives satisfy the bounds
i n+1/2 _
’m—w} < C(l +63_j>,

oxJ
(5.139)
jyn+1/2 ) _
‘az '(:B,y)‘gc<€,]exp(_m1(1 x))),

oxJ €

forj=0,1,2,3,4.
aj’;n-i—l/Q aj'an+1/2
Note that the similar bounds for y and 50 can be obtained as given in (5.139), which will be
Y Y

used to prove Lemma 5.23.

In the same way, we decompose the solution ™! (z, /) into smooth and layer components, as given below:

W ,y) =5 (2,y) + 27 (@), (2,y) €6, (5.140)
where 3”1 (z, /) can be written in the form:

~n+1 ~n+l

x,y) =73 (l‘,y) + 5] 2n+1 3on+1

S (z,y) + e (z,y) + 7557 (2,y), inG.

Here, 55t 571, 50! and 5571 are solutions of some partial differential equations so that the smooth com-

~n+1

ponent 5”1 (z, ) and the layer component z"*!(x, ) satisfy the following nonlinear IBVPs:

T§§§n+1(mv y) = }’n+1/2 (:B, y) =+ AtﬂQ (.’L’, Y, tn—i—l)v in G,
37 (2,0) = @t (2,0), in[0,1], (5.141)

S, 1) =5 (@, 1) + e (2, 1) + 25 (2,1), in [0,1],
and

(I+ AtLg’jl)Z"“(a:, y) + At [b(:v, Y, b1, 6" T) = b(z, y, tn+1,?”“)} =Zz"t12(z,y), inG,

Z"H(z,0) =0, Z""(z,1) =2 (z,1) -5 (2, 1), in]0,1].
(5.142)

Lemma 5.23. The solution 5"t! and z"t1 of problems (5.141) and (5.142), and their derivatives satisfy the

bounds

X zj (5.143)

forj=0,1,2,3,4.

Proof. The proof can be obtained by using Lemma 5.21, and the approach described in [Chapter 4, Section
4.2.1]. |

Here, we analyze the following discrete problem, which is obtained by discretizing the semidiscrete problem

205



(5.90) with respect to the spatial variable using the new finite difference scheme:

TN = G, yy), 1<i,j <N -1,

~41/2 . =N
gy :s"+1/2(xi,yj), i=0,N, y;€G,,

1,J

& i

TYATH = Gé%(xi,yj), 1<4,j<N-1,

: N,A N,A .
where the discrete operators T7 " and Ty " are given by

+1 ~n+1/2
(I + AﬂL?,N,mccl) U’i,j ’

TNAtgnH/2 _ ) gty 4 AL /2

le ,J i—1/2,j 1,N,mup™~ i,j )

2y

and
(I+ AtLng{mcd)Ug}jl + Atb(zi, yj, tns, U;}jl),

forl <j < N/2, x; €GY and whene > |jvg|| N1,

N, At7 i,j—1/2 2, N,mup
']F s Uznj+l — J /

27
: forl <j < N/2, x; €GY and whene < |lva||N 71,

(T4 ALY ) U + At (24, 5, o, U,

forN/2<j<N-1, xz;€Gl,

and right-side vectors G{*%(x;, y;) and GQA%(%, y;) are given by

u(xl, yj7 tn) + Atﬂl(xh ?/37 t?’H—l)a
forl <i < N/2, y; Gl and whene > [[vi|[N 1,

Gﬁi(aj“y]) — u(xwyj?tn) + u('ri—hyjatn) + Atgn+11 y
2 177’757]

forl1 <i < N/2, y;€ Gév,and whene < |lvg||[N~1,

w(xi, yj, tn) + Atgi(xi, yj, tng1), forN/2 <i < N —1,
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ﬁ,}?jlzsnﬂ(azi,yj), j=0,N, xieaiV,OSnSM—l,

forl1 <i< N/2, vy;e€ Gév,and whene > [lv||[N7L,

forl1 <i< N/2, vy;e€ Gév,and whene < ||v1||[N 71,

7

(5.144)

(I +Aﬂ[jl“]§[1mcd)ﬁ”ﬂ/2, forN/2<i<N-—-1, y;e€ Gév,

U o+ AILE U5 4 Atb(, v 2, ot U7 ),

N
y;j € Gy,



and o
Un+ / =+ AtﬂQ (xza yj ) thrl)

forl <j < N/2, x; €GY,and whene > [jvg||[ N1,
At ~n+1/2 +1

Cop(@inyi) = Uljiip+ Atay o,

forl <j < N/2, =x; €GY andwhene < |Jvo||[ N1,

UnJrl/2 + Atgp (i, yj, tntr), forl <j < N/2, x; € @iv

Here, we set

n+1 _ n+1 o
le 1 51( €T;_ %7yj,tn+l), U11_7 Ul( x,;_ %»ijthrl)a
and
n+1 _ . n+1 _ .
52 17377 _EZ(LU’Hyjf%atn-i-l)u vQ,i,j*% - v2(xzuyj7%>tn+1)a

As like the continuous solution, we consider decomposition of the numerical solution into the smooth compo-
. ~nt1/2 ~
nent and layer component, i.e., we decompose Ui" ;r /% and Uz”;“ Las

Un+1/2 _ Sn+1/2 n Zn+1/2

rm+1 _ gn+1 —7n+1 . =N
ij , UZ}A = Sn ZZH ,

nG

where the discrete functions S™1/2, Zn+1/2 gntl gnd Zn+! are respectively the solutions of the following

problems:
leaAtSZ‘ﬂ/z =G (i, yy), 1<4,j <N -1,
1/2 ni1/2 N
ng : - 5n+1/2(07yj7tn+1)’ Sx]—; / = 5n+1/2(17yjatn+1)7 Y; € Gy s
(5.145)
lev,éAtZ@"fm 2(xi, yj,tn), 1<i,j <N -1,
gntl/2 _ ~ Snil/2 ~ N
Zgj "= zn+1/2(0’yj7tn+1)’ Z;\Lf—; /2 = zn+1/2(17yjatn+1)u Y; € Gy ,
and
NAtSnj-l—l G?%(mzay]% 1 S Z;] S N — 1,
Sigt = @, 0,tug), SN = @i Litan), @i €6y
(5.146)

1/2
N AtUn—H N AtSn-l—l an—&— / 7

1 1 1 _ ~n+1 alN
ZZ?S_ =7zt (xi,O,th), ZZT\_, =zt ((L‘i,l,tn_;,_l), x; € Ga:

\

At first, we proceed to estimate the local error |U]" J+ V2 _gm1/2 (g, ).

Lemma 5.24. Let y; € @Z]}V . Then, the local error associated to the smooth component at (n+1/2)"" time level

satisfies the following estimate:
S22 (24, y)| S ONT2, fora; €T (5.147)

Proof. From problems (5.137) and (5.145), we derive bound of the local truncation error le\%fil /2 (x4, yj) =

']I‘f{ém [5’";'1/2 Y2 (g4, y;)] by using the derivative bound of 3"+1/2 and Lemma 5.22. For 1 < i < N/2
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and when & > ||v1|| N1, the local truncation error is given by

N, A
Tt (@i yy) = A[LFE = LA 52 ().

1,;n+1/2
N.AL Tt 64"‘s”n+1/2 Tiy1 63";:714-1/2
T17,;n+1/2 (.’Ei, y])‘ S At |:08th /Bil 8754 d§ + Chxz . ng df )

< CAtN™2.
Next, for i = N/2 and when ¢ > ||v1||N !, we deduce that
N,A
Tlgnjm (x4, yj)‘ < At []Uff - L;Lj\%mcd}?n'f‘l/Q(l'i,yj),
< CAt(e+N"H)NL

Now, for 1 <4 < N/2 and when ¢ < ||v1||N 1, the truncation error is given by

TVt (:ci,yj):At[(L?,il}”H/Q)- LN, ?LH/Q(“’%')]

1,5n+1/2 i—5,] 1,N,mup
Tit1 83’§n+1/2 Tit1 a3}’n+l/2
N,At
T (m,y-)‘gAt[Ce/ d§+0hi/ df],
1,s +1/2\71 9] o1 8&'3 T P 053
< CAtN~2.
Finally, for N/2 <i < N,
Tit1 a4‘§n+1/2 Ti41 83}”—{-1/2
T?Lﬁl/z(mi,yj)‘ < At Cehxi/ — A+ Chmi/ — |4,
IR} Ti_1 ag Ti_1 8§

< CAtN2,

Consider the following discrete functions in the domain 0 < i < N, for the case € > ||vy | N1

UE (24,y;) = —CN~22; — CN 2y, + (5<,;r1/2 —§n+1/2(90z‘7yj)),

)

(5.148)

(5.149)

(5.150)

(5.151)

where T
‘— for0<i<N/2
Pl = l=m
1, for N/2 <i <N,
and apply Corollary|5.3/for the operator ﬁ‘ﬁﬁ;w) together with the local truncation bounds in (5.148), (5.149)

and (5.151), we obtain that

|§Z;r1/2 _Enﬂ/z(ﬂfzayj)‘ <CN72 for0<i<N.

(5.152)

In the same way, we choose the following discrete functions in the domain 0 < ¢ < N, for the case ¢ <
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o || N~ N
Ut (2,y;) = —CN 2, + (ST“TW Y2 (4,y5)),

27-7

and apply Corollary 5.3| for the operator T (VW) together with the local truncation bounds in (5.150) and
(5.151), to obtain that
|S"+1/2 S22,y <CNT2 for0<i < N. (5.153)

Hence, the proof is over.

Lemma 5.25. Let \; is a positive constant such that \; < m;/2, | = 1,2. Then, under the hypothesis (5.103)
and (5.104)) of Lemma 5.19, it follows that for | = 1,2,

CAt

—@2 kN, for1 <k < N/2, and whene > ||u||[N~1,
: C’At -1
’]I‘ (VW)G)l k(A > —@l k(N1), for1 <k < NJ/2, and when e < |ly||[N™",
C’At
7@1}&)\[) fOFN/2 <k<N-1.
\
Proof. The approach described in [Chapter 2, Lemma 2.12] was used to prove this lemma. |
n+1/2

In the next lemma, we deduce the error estimate corresponding to the layer component Z;

Lemma 5.26. Let y; € éy Af X\ <mi/2andmny o > 2/, the local error associated to the layer component
at (n + 1/2)!" time level satisfies the following estimate:

N CN72, forxz; €[0,1-m]NG
‘Z:,]—I—I/Q . Zn+1/2(xi7yj)‘ < ) N (5154)
CN~2In%*N, forz;e(1-my,1]NG,.

Proof. From the equation (5.138) and Lemma 5.22, we have Z”Jrl/2 = 0 and ]Zn+1/2| ZnH1/2(1,y,)| < C.
We choose the discrete functions for 0 < ¢ < N,

W (z5,1;) = —CO1 (M) + 2172, (5.155)
for sufficiently large C'. By Corollary 5.3 for the operator ']I‘ - (V W) and invoking Lemma 5.25, we obtain that
|ZIF 2] < cori(n). (5.156)

Now, for A\; < mj/2, combining (5.156) and Lemma 5.22, we get
‘22;1/2 n+1/2 ‘ ‘Zn—i-l/?‘ 4 ‘Zn+1/2(xi’yj)‘ < C@M()\l)- (5.157)

Again, forn; g > /\2—1, it follows from [Chapter 3, Lemma 3.8] that

O1,n/2(M) < CN 2, (5.158)
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and hence, in particular for 1 < i < N/2, the equations (5.157) and (5.158) together imply that

|ZIH2 = 22 (g )| < ONT2, (5.159)
Next, we estimate ‘Znﬂ/ 2 gntl/ (x4, y])‘ on the fine part of the mesh by using consistency and barrier
function argument on the interval [1 — 1y, 1] x [0, 1]. Here, we have !Z}?Em Z”*l/z(xN/g, y;)| < CN—2

and ‘2231/2 - Zn+1/2($N7 y])| = 0. From (5.138) and (5.145), we obtain the local truncation error by using
the derivative bound of Z"*1/2 and the Lemma 5.22. For N/2 < i < N, we have

N,A n n n
T nil/z’(xwyj) At[Ll:srl ]Ll_]‘—Vlmcd]z +1/2(xi73/j)v
A Tit1 84’571—}—1/2 Tit1 a3~n+1/2
ivnil/g wz,yj)‘ < At [thxi/ e d§+Chxi/ o5 d¢|, (5.160)
Ti—1 Ti—1

< CAtN?1n% Ne7texp(—my (1 — ;) /e).

We choose the discrete functions for N/2 < i < N,

U (27, 5) = ~C(N"2In? N)Oyi(M) £ (Z7T2 2412 (ay,4)),

Lemma 5.25 implies that ']I‘N At O1,i(M) > %@M(/\l), for N/2 < i < N —1, and hence, use of (5.160)

&,(V\W)
for A\; < mj /2 yields that
T.At

+
Le v ¥ (@i y5) <0

Now, apply Corollary 5.3 for the operator ﬁ‘ivf&w) to get UF(x;, yj) <0, forall N/2 < i < N. Hence, the
proof is over. |

We decompose the error at (n 4 1/2)"" level in the following form:

U’jjﬂ/z ~n+1/2(xi’yj) — gzﬁ/z —?”H/Q(xi,yj) +ZZ;L1/2 —Z"H/z(mi,yj), 0<ij<N.

Hence, the required e-uniform error estimate at (n + 1/2)" level are given in the following Lemma.

Lemma 5.27. Let y; € E?JJV . If \1 < my/2, the local error associated with the discrete problem (5.144) at
(n 4 1/2)t" time level satisfies the following estimate:

CN=2%  forz; €[0,1-m]|NG,
}Un+1/2 ~n+1/2(l,i’yj)‘ < (5.161)
CN=21n%N, forz; € (1—m1,1]NGy

- -
Next, we proceed to estimate the local error ‘(71"]“ — " (2, y;)).

Lemma 5.28. Let x; € @iv. Then, the local error associated to the smooth component at (n + 1) time level

satisfies the following estimate:

|5 =5 @y, )| S ON72, fory; €6, (5.162)
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Proof. For 1 < j < N and when € > ||va||N !, from the problems (5.141) and (5.146), we obtain that

(I + AtLgtrLlcd N) Sn+1 + At [b(xla y]a n+1, S +1) - b(xla Yj, tn+1a}ﬂ+1(xia y])):|

_ Szjl/Q *2ﬂ+1/2(35i7y]) (I + Ath+l)~n+1(x“y])

The above equation can be rewritten in the following form:

§*,n+1

n n ~n 1 ob xi7y'atn IS (é—) aon ~n
(T4 AL ) (525 =3 i) +At[/0 (i,4) ;1, d )dg] (SpHt =3 (7))

Qn ~n s ~n 9 * \~n
= Si’;rl/2 _3 'H/Q(aci,yj) + At[ — £<a—y2 — 55)5 (i yp) + vg(xi,yj,tnﬂ)(a—y — Dy>s +1(mi,yj)],
(5.163)
where S* n+1(§) = §”+1(:I:,, yi) + §(§:‘j+1 — 3" (z;,y;)). Now, for any mesh function ¥ we introduce a

discrete operator ]L 2 glven by

]LNAt\I/ TNAt g
2,e,5% 2,¢,(5,9)

Afterwards, we derive bounds of the local truncation error T,? A (wi,y5) = ]L;V A;* [S’f;rl — 3" (4, y;)]
from (5.163) by using the derivative bounds of 3"*! given in Lemma 5.23. For 1 < j < N/2, to the case

e > ||vz2||N~1, we obtain that

ot i) < (57572 =74 @i, ) |+

A [ Yj+1 | oAzt Yi+1 | g3zn+l
t|Ceh / d¢ + Ch / df] 5164
Yj - 654 Yj . 553 ( )
< CN™?4+CAtN~?,
and for j = N/2, to the case ¢ > [Jva| N1,
A on+1/2 ~p
eyt (i wy)| < [(S7572 =52 (i) |+
Yi+1 | §3zntl Yi+1 | g3ntl
At[Cs/ o d£+0hyj/ o5 d&] (5.165)
Yj—1 Yj—1

<CON24CAt(e+ N"HNL
Now, for the region 1 < j < N/2, when ¢ < ||va|| N !, we deduce that

SZ;T% + Aﬂhgjnlup NSTL+1 + At [b(miay];%»thrl’ SZj_lé) — b(:CZ', yjfé,tnﬂjgmrl(xi,yjf%))]
(5.166)

:Snj—l/Z ;n+1/2(x Y1 )+~"+1(xz,yj )+At]14n,i_1}ﬂ+1(:ci7yj—%)'
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We rewrite the above equation as follows:

~n+1(,. ., . T+l ..
(Sn;r_l s (xz,y]1)2+ o (x“yj)> + AtLgJZzlupN(S"H — 3" (@, y5)) +

) o*xn+1

1005 tnet, 5575(0) 4 3 g, yyo1) 5 (0, y) (5.167)

At de| (5™,
0 811 2V 2

= Sn+1/2 fgﬂ+1/2(;pi7yj7%) + At[(w;l}ﬂﬂ)

’J_7 Z?j_%

Lgmup N}ﬂ+1($i’ y])} + O(hyj )27

1 Al o U YO
where S* "H(ﬁ) = (i, Y- 1)2+ HGIST) —1—5(5?;117 _ I (= yjl);_ ST (@) ) Afterwards,
2
from (5. 167) and by using the derivative bounds of 3" ! given in Lemma 5.23, we obtain that
N,A n 1/2 i
|T2 Sn-fl ($7,7y] ‘ < |( z;r 1//2 +1/2($17y] 1/2 )‘—i_
At [C / | g% d¢ + Ch / v 9% dg]
€ + 5.168
_ 353 Yi . 853 ( )
< CN?+CAtN2,
Finally, for N/2 < j < N,
an+1/2 L
|T2 Sl (-%z,y])‘ < |(Sz,j+ / - +1/2($i y])) ’—i—
Yj+1 | oAzt Yi+1 | g3zn+l
At [Cshy]. /y'_1 “oet d€ + Chy, / e d&] (5.169)
J

<CN?+CAtN"2.
Consider the following discrete functions in the domain 0 < j < N, for the case £ > |Jvg||[ N 1

\Ili(xz’y]) = _CN_zy] CN (102] (Sn+1 ;n+1(xi7yj))7

where .
1% , for0<j<N/2
1, for N/2<j <N,
N,At

and apply Corollary 5.3 for the operator ]L
and (5.169), to obtain that

G together with the local truncation bound in (5.164), (5.165)

\S”“ " @i, y;)] SONT2, for0<j <N. (5.170)
In the same way, we choose the following discrete functions in the domain 0 < 5 < N, for the case ¢ <

oo N1
\Ili(xhy]) = _CN yj (Sn+1 ~n+1($17y‘7))
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and apply Corollary 5.3 for the operator L;V;Ag* together with the local truncation bound in (5.168) and (5.169),
to obtain that ;
|S7 =5 (@, yy)] S CNT2, for0 < j < N. (5.171)

Hence, the proof is over. |

Lemma 5.29. Let x; € aiv. If N <m/2andn g > 2/N, | = 1,2, the local error associated to the layer

component at (n + 1) time level satisfies the following estimate:

CN72, fory; €[0,1 —12]NG
|Z = 2 (2, )| < ’ (5.172)

CN~2In®N, fory; € (1-mo,1NG,.

Proof. Here, for any mesh function ¥, we introduce a linear discrete operator IL Et defined by

VAL g _ FNAL

2,6,7* 2,6,(U,S)

where Z; 7% "H(é ) = gznjl + & (INIZ”J+ b §Z"J+1) Then, we rewrite the discrete problem (5.146) in the following

form:
LNAt i+l _ Zn+1/2

2’572* Z?] 2y ’

Zit =2 i p), 20N =2 (@i, uw).

for1 <i,j <N —1,

From the equation (5.142) and Lemma 5.23, we have Zgjl = 0 and |Z]7\‘,';1\ = |z"(1,y;)| < C. We choose
the discrete functions for 0 < 5 < N,

\I/i(xi,yj) = —C@g,j()\g) + ZZ;A, (5173)
for sufficiently large C. By Corollary 5.3 for the operator IL;V;AZZ and invoking Lemma|5.25, we obtain that

| Z7] < COy5(Na). (5.174)
Now, for A < mg/2, combining (5.174) and Lemma 5.23, we get
|Z7 =2 @, yy)| < |20 + |27 (0, m5)| < CO2,5(N0). (5.175)
Again, forng g > /\2—2, it follows from [Chapter 3, Lemma 3.8] and the equation (5.175) for 1 < j < N/2,
|Z7 =2 (2,y5)] < ONT2. (5.176)

Next, we estimate }Z?jl it

argument on the interval [0, 1] x [1 —12, 1]. Here, we have ‘Z";{,l2 — 2" (@i, yny2)| < CN~2and ‘2?;{,1/2 —

Znt1/2 (zi,y N)‘ = 0. From (5.142) and (5.146), we obtain local truncation error by using the derivative bound

Ti, Yj) ‘ on the fine part of the mesh by using consistency and barrier function
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of Z"T1, from the Lemma 5.23. For N/2 < j < N, we have

<I + At]Lnglecd N) Zn+1 + At |:b(l‘l7 Yj, tn+17 ﬁ:fl) - b(l‘za Yjs tn+1vzn+1($i7 y])):|

= Z1 ) 4 (T ALY EH (2 )+ G179

At [b(xza Yis tnt1, §Z]+1) - b(xza Yis tn—&—lv?n—’—l(xiv y])):| :

From the above equation, we have

fj*,n+1

N . n 1 81) xi,y',tn sy Ui (5) n ~n
(I+AtL2Tnlch)(Z - '+1(l‘z‘ayj)>+At{/0 it gi - )dﬁ} (20 =7 )

on ~n 82 ~n 9 n
= ZH g2 (g g At[ - s(W _ 52) 1z y5) +v2(xi,yj,tn+1)(8—y - Dy) +1 (gcl,yj)}Jr

At[/l 8b(mi,yj,tn+1,§z’f+1(§))dg_/1 (s, ys,turn, U (9))
0 Ou 0 Ju

ag] (S =54 (i),
(5.178)
where S;7FN(€) = 5 (s, y5) + €(S7 = 5 (@i, ) and TN = u”“(wi,yj) + Ut -

wH (y, Y )) Now, for any mesh function ¥, we introduce a discrete operator ]L2 E (7* given by

LA g =TVAL g,
2787U* 2757(U7u)

Now, using derivative bound of z"™!(z, y) from Lemma 5.23, and Lemma 5.28, we obtain from (5.178) that
for N/2 < j < N,

‘LN’Aj (Zn+1 n+1(33'uy] )‘ < ‘( n+1/2 NnH/Q(%&Z/j))‘""

2,e,U* N 0]
Yj+1 a4~n+1 Yj+1 83~n+1
At {Cghyj / dé + Chy, /
Yj— Yj—1

. 854 353
J
< ON2In? N + CAtN 2 1n? Ne ' exp(—mo(1 — y;)/e) + CAtN 2

dg] + CAt|(S;fj+1 ="z, yy))l,  (5.179)

We choose the discrete functions for N/2 < j < N,
U (2, y5) = —C(N2In* N)y; — C(N2In? N) Oy j(No) + (251 — 2 (24, y5)).

Lemma 5.25 implies that L;\;%*@Q,j()\g) > %eg,j(Ag), for N/2 < j < N — 1, and hence, use of (5.179)
for Ao < my/2 yields that
LN’Aj \Ili(xi,yj) <0.

2,e,U*
Now, apply Corollary 5.3 for the operator LN Ag to get UF(z;,y;) < 0, for all N/2 < j < N. Hence, the
proof is over. |

We decompose the error at (n + 1) level in the following form:

Ufﬂ — 7" (24,y;) = Sg;-“l — 5" (2, ;) + Z;};“l — 2" (@i,y;), 0<i,j<N.
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Hence, the required e-uniform error estimate at (n + 1)** level are given in the following Lemma.

Lemma 5.30. If \; < m;/2 andn; o > 2/N;, | = 1,2, the error associated with the discrete problem (5.144) at

(n + 1) time level satisfies the following estimate:

CN727 fOl" (xzay]) € ([07 1 —ﬂl] X [01 1 _T]Q]) maN>

CN~2In®>N, otherwise.

U7 — (5.180)

Zi, y])‘ —

5.4.2.2 Uniform convergence of the proposed fractional-step method
We define E"(z;,y;) = [U"Jrl —u(24,Yj, tny1)],  for (x;,y;) € GV, as the global error related to the fully
discrete scheme (5.102) at the time level ¢, 1. Now, to show the e-uniform convergence of the fully discrete

scheme (5.102), we rewrite the global error in the following form:
E™ (@i, yy) = @ (@i yy) + B () + (U5 - U2, (5.181)

Here, &+ (z;, ;) = [0 (4, y5) — u(@i,yj, tag1)] and B+ (2y,5) = [0 =0+ (w4, ;). respectively,
denote the local error related to the time semidiscretization of the IBVP (5.1)-(5.3) and the spatial discretization
of the auxiliary BVP (5.90) at time level ¢,, 1. We see that, the term [U, an U Z”;r 1] can be written as the solution

of the following systems:

1 8b(m1,yj,tn+17U ntl 4—5(U"Jrl UT,LJH)) dg}Rn—H(x, ;) =
Ou e

U?:’?] (xlv yjytn) + O(At) in GN7

Livsm NAtRn-‘rl(xi’yj)JrAt[/
0

R"‘H(mi,yj) = 0, 8GN,

where R" " (z;,y;) = [Ui’?r1 — (Zn;r 1], and by employing the discrete maximum principle in Lemma 5.20, we

obtain that
l’]

Afterwards, from (5.181) and (5.182), we obtain that

H{E"H(xi,yj)}m ’ = H{E”“(xi,yj)}i’j ‘ + H{Enﬂ(%,y] }

‘ + C(At)% (5.182)

‘+"{ (@i, 9 }ij

for (z;,y;) € GV
(5.183)

] L oA,

Now, by invoking the estimate obtained in Lemma 5.18|and the estimate 5.180/in (5.183), with the assumption
that N=° < CAt, 0 < & < 1, we obtain the following estimate of the global error.

Theorem 5.5 (Global error). Assume that the conditions given in (5.103) and (5.104) hold for N > Ny. Then,
if\ <m/2, o > 2/ N, 1= 1,2, the global error associated with the fully discrete scheme (5.102) at time
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level t, 41, satisfies the following estimate:

C(N72M + At),

<3 Jor i) € (101 =m]x 0,1 =7l ) NGV, (5.8

H{UZLJH}” B {u(:vi,yj,tnﬂ)}”

7

C’(N*QJF‘S In? N + At),  for otherwise,

where N and At are such that N=° < CAt with(0 < 6 < 1.

Remark 5.4. Note the temporal accuracy in Theorem 5.4 holds under the alternative boundary data given in
(5.83).

5.5 The temporal Richardson extrapolation

In this section, we analyze the Richardson extrapolation in the time variable in order to improve the order of
uniform convergence in the temporal direction established in Theorem 5.5 so that we can produce higher-order
accurate numerical solution at low computational cost. On the domain [0, 7], we construct a fine mesh, denoted
by A2 = {?n}ifo, by bisecting each mesh interval of A%, So, t,,41 —t,, = T/2M = At/2 is the step-size
AAt/2_To serve this purpose, we follow the approach given in [Chapter 3, Section 3.5].

At/ Q(x,y,%vnﬂ) be the respective solutions of the time-semidiscrete problem

Let u”t(z,y,tny1) and u
(5.81) on the mesh Gx A2 and Gx A2 such that u (25, yj, tn1) = UNA (24, 95, tog1) and w2 (24, y5, b)) ~
UNAY2 (g g tnr),  (zi,y5) € G". Utilizing global error Theorem 5.4, one can show that when At — 0,

the global error of time semidiscrete scheme (5.81) hold the relation
w3,y tng1) = w(@, Y, tgr) + ALY (2, Y, tog1) + R(2, Y, tota), (5.185)

where W is a certain smooth function defined on G x A®! and independent of At ; R is the remainder term
defined on G x A2, We begin by assuming that the expansion (5.185) is valid. We substitute um(az, Yy tnt1)
in (5.81) and obtain that

w(z,y,0) + At¥(z,y,0) +R(z,y,0) = qo(=,y), (v,y) €G,

(I + Aﬂ]‘jllzl) |:(I + Aﬂbg;l) (lL(ZL‘, Y, thrl) + At\I’(LE, Y, thrl) =+ R($, Y, tn+1))+

Atb(l‘a Y, thrl, u(:E, Y, thrl) + At‘l’(l‘, Y, thrl) + R(l‘, Y, thrl)) - Atﬂ? (‘T’ Y, tn+1):| = (5 186)
u(xa Y, tn) + At\I/(1'7 Y, tn) + R.(H?, Y, t’n) + Atﬂl(xa Y, tn-l-l)a (.’IJ, Y, tn-‘rl) €G X AAt?

u(%%tn—i-l) + At‘ll(xaya tn-i—l) + R(xaya tn-i—l) - S(l‘ay>tn+1)a (%y) € aG X AAt?
n=20,1,...,M —1.

By following the approach in [60] to the problem (5.186), we get the function W(x, y,t) is the solution of the
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following IBVP:

0 8b(:1:,y,t, u(:v,y,t)) 10%u(z,y,t)
L: + )\11 t) = ~ouryt
(5 * du (ot = 55
]Ll,E (ﬂQ(fE, Y, t) - b(.%', Y, t, u(fL‘, Y, t))) - L1,€L2,€u<xv Y, t)a (5187)
U(z,y,0)=0, (z,9)€C
\ U(z,y,t) =0, indG x (0,T].
19%u t
Since 25;;’22/’) +1Lq 5( x,y,t)— b(:z: y, t,u(z,y, ))) —L; Lacu(z,y,t) is e-uniformly bounded, one
can derive that ||¥(z,y,t)||5 < C. To establish the bounds of the derivatives up to second order in time in
Lemma 5.31, we require ¥(z,y,t) € C*7(D).

Lemma 5.31. The function ¥V (x,y,t) solution of (5.187) satisfies the bounds

OFW (2, y,t)
— =2 <0, k=0,1,2.
- B
Proof. The proof of this lemma is obtained by using the argument given in [20]. |

Lemma 5.32. The remainder term R(x,y,t) given in (5.185), satisfies the bound
’ (z,y,t )} <C(At)?, 0<n< M. (5.188)

Proof. Using the equation (5.187) and the Taylor-series expansion of the functions » and ¥ with respect to time
variable ¢ in (5.186)), the remainder term in (5.185) is the solution of the following IBVP:

R(z,y,0) =0, (x,y)€G

61)(% Y, tn+17T]At(33a y))
R(2,y, ta1)| =
o @y tar)] = (5 159

(1+ ALt [(I + ALY )R(2, Y, teg) + At

R(z,y,tn) + O(AL)®,  (z,y) €6
R(z,y,tnt1) =0, (z,y) €0G, n=0,...,M —1,

where n* belong to some finite interval [—C, C]. Finally, using the above relation recursively and by invoking

the stability in Lemmas 5.14/and 5.16, we obtain the desired bound of the remainder term. |

At/2(

Theorem 5.6. Let u™!(x,y,tn41) and u T, Y, tni1) be the respective solutions of the time-semidiscrete

problem (5.81) on the mesh G x At and G x AAY2: and let u(x,y,tnt1) be the exact solution of the IBVP
(5.1)-(5.3) on the mesh G x [0, T). Then the error due to the temporal extrapolation defined by

eA:cip(l' Y, n+1) (2uAt/2(x> Y, tn+1) - uAt(l'a Y, tn+1))a ($7 Y, tn+1) €G X /\At’

satisfies that
‘ e:ctp x yatn—i-l) - u(x y7tn+1)‘ < C(At)za (x7y7tn+1) € G x /\At'
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Proof. From the equation (5.185) and Lemma 5.32, we obtain that
w(@, Yy tpsr) = 63 (@, Y, tog1) — AU (2,9, 1) + O(AL)?, (2,9, t011) €G " x AR,
Similarly, we have
u(x,y,?n+1) = uAt/z(x, y,fn+1) — (At/2)\I/(x,y,t~n+1) + O(At)Q, (z, y,fn+1) e GV x AA2,

Now, using the above two expressions, we obtain the desired result.

5.6 Numerical experiments

In this section, we present the numerical results before and after applying the extrapolation technique for the test
problem of the form (5.1)-(5.3), utilizing the proposed FMMSs in (5.37) and (5.102). For all the test examples,
we choose 19 = 2.2 and implement the Thomas algorithm to solve the tridiagonal linear systems involved in our
methods. The numerical results are also compared with the fully-implicit upwind FMM, which is mentioned
below as well. In this case, we decompose the right-hand side in the form g(z,y,t) = g1(x, y,t) + g(z,y, t),
where g2 (2, y,t) = g(x,0,1) + y(g(z,1,t) — g(,0,1)), g(z,y,t) = g(2,y,t) — g2, y, 1),
5.6.1 The fully-implicit upwind FSFMM

Then, the fully discrete scheme takes the following form on b4

(i) U2 = qolws,y;), fori,j=0,1,...,N,

U;}flﬂ =+ AﬂLn+1 UTH/2 = Uz??j + Atgl(xi,yj,tnﬂ), fOI' 1 S 7 S N, yj (S Gév,

(i) 1LeupYi,j
UZ?;Fl/Z = s"+1/2(:z:i,yj), i=0,N, vyj;e€ @év,
(5.190)
U;Lfl + AtLQ;hprfl + Ath(zi, Yj tnt1, UZ-J-H) = U;f;rlm + Atg (x4, Yj tnst)s
(44i) forlgjgN—l,xierCV

1 . =N
Ugj = s”“(azi,yj), J= 07N7 T; € Gz )

where s"*1/2(z;, y;), s"*!(, y) are defined in (5.83) and L?}{up, ng\,l’up are given by

n+1 n+1/2 2rm+1/2 —rn+1/2
Ll,N,upUi,j = *SémUiJ + v (SUl', Y, tn+1)Dm Ui,j ,

n+1 n+1l 2rm+1 . . —rm+1
LynuUis = —e6Ul " + v2(i, Yj, tnt1) Dy Ui

The existence and stability of the solution Ul";r 1 of the nonlinear discrete problem (5.190) can be obtained in
the same way as in Section 5.3.2. Furthermore, following the error analysis given in Section 5.3.2, one can

prove e-uniform error estimate for the FMM (5.190).

Theorem 5.7 (Global error). Let u(x,y,t) be the exact solution of the IVBP (5.1)-(5.3) and U, l”j’ L be the discrete
solution of the fully discrete scheme (5.190), at time level t,,11. Then, if \; < %’, M0 > )\%, [l = 1,2, the error
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associated with the fully discrete scheme (5.190) at time level t,1 satisfies the following estimate:

C(NT' 4 At), for0<i,j<N/2,

o), (i), |
7 7 C(N~In N + At),  for otherwise,

where N and At are such that N=° < CAt with 0 < § < 1.

5.6.2 Test example
Example 5.1. Consider the following parabolic IBVP:

ou ou Ju u—4 .
E—EAu—i—(l—Fx(l—x))%—i-(l—i-y(l—y))a—y%- F =g(z,y,t), inD,
u(%@/,t) = q0($>y)7 in 67 (5191)

u(z,y,t) = s(x,y,t), indG x (0,7,

where g, qo, s are obtained from the exact solution which is given by

et =0 (ST (R ) )

In the same way as we computed the results in Chapter 3, we determine the maximum nodal error and the
related order of convergence for each ¢.
To compute the numerical solution of the FMMs in (5.102) and (5.190) for Example 5.1, a nonlinear system

needs to be solved at each time step. For that, we use the Newton’s iterative method as we define in Chapter 4.

5.6.3 Numerical results and observations

We choose all the values of ¢ from S, = {2° 272 ...,2720}, for computation of e-uniform errors. For
different values of ¢, N and At, the computed e-uniform errors and order of convergence are displayed in
Tables 5.1 and 5.2/ for both choices of boundary conditions (5.21), (5.22), (5.82) and (5.83) without using the
temporal Richardson extrapolation for Examples 5.1. This shows the monotonically decreasing behavior of
the e-uniform errors with increasing [V, and it represents the e-uniform convergence of the FSFMMs given in
(5.37) and (5.102). For the sake of clarity, the computed e-uniform errors in Tables 5.1/ and 5.2/ are depicted in
Figs 5.1 and 5.2, for Examples 5.1. At the same time, these computational results clearly illustrate the influence
of the temporal error over the global error. The computed order of convergence shown in Tables 5.1 and 5.2,
does not truly reflect the spatial order of convergence of the proposed FMMs in (5.37) and (5.102), because of
the dominance of the temporal error over the spatial error according to Theorems 5.3 and 5.5, Tables 5.1 and 5.2
show that the e-uniform maximum point-wise errors of proposed schemes (5.37) and (5.102) with alternative
boundary conditions (5.22) and (5.83) are smaller than the e-uniform maximum point-wise errors of proposed
schemes (5.37) and (5.102) with natural boundary conditions (5.21) and (5.82). To the best of our knowledge,
no such technique has been used in the any context of uniform convergence analysis of singularly perturbed of
this type.

In the Tables 5.3, 5.4, 5.5 and 5.6, we show these numerical local errors el]X’At and corresponding order

C
of convergence TZJZ’N for the two choices of the boundary data. To reduce the influence of the local spatial

C
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error, we take sufficiently large the discretization parameter N = 2048. It is worth noting that when the non-
natural alternative boundary conditions are chosen, the local errors are significantly reduced; also, the order of
consistency is one, whereas for classical evaluation it’s zero. The option (5.22) for IMEX-FSFMM (5.37) and
(5.83) for fully-implicit FSFMM (5.102) is evidently better than the conventional one.

Next, in order to visualize the effect of the temporal Richardson extrapolation, we choose a suitably large N
to reduce the influence of the spatial error. In Tables 5.8/ and 5.9, we display the numerical results for Example
5.1, after the temporal extrapolation of the proposed schemes (5.37) and (5.102). This shows that the improve-
ment in the temporal order of convergence after employing the Richardson extrapolation in the time variable,
as claimed in Theorem 5.6. Tables 5.8 and 5.9 show that the temporal errors of proposed schemes (5.37) and
(5.102) after temporal extrapolation with alternative boundary conditions (5.22) and (5.83) are smaller than the
temporal errors of proposed schems (5.37)and (5.102) with natural boundary conditions (5.21) and (5.82).

The above numerical experiment indicates that by using the temporal Richardson extrapolation, one can
check the spatial accuracy by choosing At = 1/N. Following this, in Tables 5.7 , we compare the region-wise
spatial accuracy of the FSFMMs given in (5.37), (5.102) and (5.190), for Example 5.1. These computational
results match very well with the spatial error established in Theorems 5.3/, 5.5 and 5.7; and also clearly reflects
the robustness of the fully-implicit FSFMM (5.102) and the IMEX-FSFMM (5.37) in comparison with the
upwind FSFMM (5.190) in terms of order of accuracy, irrespective of the smaller and the larger values of e.
This is the first comprehensive analysis of this type for two-dimensional semilinear parabolic convectional-

diffusion-reaction problems discretized using high-order fitted mesh methods.

5.7 Conclusion

In this chapter, we provide a complete convergence analysis for the higher-order numerical approximation of
a class of two-dimensional singularly perturbed nonlinear parabolic convection-diffusion problems (5.1)-(5.3)
with non-homogeneous boundary data by proposing two new FMMs followed the temporal Richardson extrap-
olation. Apart from studying the asymptotic properties of the analytical solution of the nonlinear governing
problem, the entire convergence analysis is split into three major parts.

() In the first part, e-uniform error estimate of the newly proposed fractional step IMEX-FMM (5.37) is
carried out by invoking two-stage discretization technique, which discretizes first in time and later in space.
We also proved that the order reduction in time associated with the classical evaluation of time-dependent
boundary conditions could be eliminated by choosing appropriate boundary data. Further, we prove that the
corresponding fully discrete scheme is e-uniformly convergent in the discrete supremum norm; and show that
the spatial accuracy is at least two in the outer region and is almost two in the boundary layer region, regardless
of the larger and smaller values of €.

(1) In the second part, we carry out e-uniform error estimate of the newly proposed fractional-step fully-
implicit FMM (5.102) by invoking the two-stage discretization technique. Here also, We proved that the order
reduction in time associated with the classical evaluation of time-dependent boundary conditions could be
eliminated by choosing appropriate boundary data. Finally, we prove that the associated fully discrete scheme
is e-uniformly convergent in the discrete supremum norm; and also achieves a similar order of accuracy as that
of the present fractional IMEX-FMM.

(tit) The third part focuses on the e-uniform error estimate associated with temporal Richardson extrapola-
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tion for improving the temporal order of convergence.

The error estimates in (¢) and (i7) demonstrate that, while the proposed fractional IMEX method produces
a linearized system at each time step, it does not cause a reduction in the order of convergence in both space
and time, corresponding to the present proposed fractional fully-implicit method, which produces a nonlinear
system at each time step. Finally, the error estimate in (i77) demonstrates that the resulting numerical solution
is second-order uniformly convergent in both the spatial and temporal variables. Finally, we perform several
numerical experiments to confirm that those theoretical outcomes. Further, we demonstrate that the newly
developed fractional FMMs are robust in comparison with the upwind fractional-step FMM (5.190).

This is the first detailed convergence analysis for two-dimensional singularly perturbed nonlinear parabolic
convection-diffusion problems with non-homogeneous boundary data. Our unique technical approach opens

the door for more difficult nonlinear model problems to be solved numerically.
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Table 5.1: Comparison of e-uniform errors and order of convergence for Example 5.1 using the IMEX-FSFMM
(5.37) computed with At = 1.6/ N without using Richardson extrapolation in time

€ eSS, Number of mesh intervals N/ time step size At
64 /45 128/45 256/ 512/555 1024/ 515
with natural boundary conditions (5.21)
elNoAt 1.8074e-02 1.0394e-02 5.4734e-03 2.93166-037 1.4884e-03
VoAt 0.79821 0.92521 0.90077 0.97791
with alternative boundary conditions (5.22)
el At 6.4681e-03 3.0900e-03 1.5096e-03 7.5303e-04 7 3.7816e-04
A 1.0657 1.0334 1.0034 0.99369
© Natural B.C
_ 102} * Alternative B.C
o
L]
8 .3 ,
s 10 1
1074 - ‘ ‘ T

2 3
10 N 10

Figure 5.1: Loglog plot for comparison of the e-uniform errors for Example 5.1.
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Table 5.2: Comparison of e-uniform errors and order of convergence for Example 5.1 using the fully-implicit
FSFMM (5.102) computed with At = 1.6/ N without using Richardson extrapolation in time

€ES: Number of mesh intervals N/ time step size At
64 /5 128/ 256/ 15 512/ 1024/
with natural boundary conditions (5.82)
elAt 3.1016e-02 1.8073e-02 1.0394e-02 5 .47336—037 2.9315e-03
plVoAt 0.77919 0.79814 0.92519 0.90076
with alternative boundary conditions (5.83)
eloAt 1.3511e-02 6.4469e-03 3.0773e-03 1.5026e-03 7 7.4932e-04
At 1.0675 1.0670 1.0341 1.0038
© Natural B.C
g * Alternative B.C
@)
£ 10 2t ]
&
=
103 |

Figure 5.2: Loglog plot for comparison of the e-uniform errors for Example 5.1.
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Table 5.3: Maximum point-wise local errors eg’CAt and order of convergence TZJZ&N for Example 5.1 using the
IMEX-FSFMM (5.37) for natural boundary conditions (5.21) and without using Richardson extrapolation in

time

Number of mesh intervals N = 2048

M=16 M=32 M=64 M=128

23 4.1048e-02 2.3271e-02 1.2582e-02 6.6195e-03
0.89873 0.95555 0.98838

26 5.0262¢-02 2.6959¢-02 1.3901e-02 7.0068e-03
0.92587 0.99806 1.0663

214 5.3944e-02 2.8394e-02 1.4216e-02 6.7888e-03
0.92601 0.99839 1.0674

220 5.3981e-02 2.8411e-02 1.4221e-02 6.7863e-03
0.81880 0.88714 0.92659

N,At

Table 5.4: Maximum point-wise local errors €, and order of convergence rgém for Example 5.1 using the
IMEX-FSFMM (5.37) for alternative boundary conditions (5.22) and without using Richardson extrapolation
in time

€ Number of mesh intervals N = 2048

M=16 M=32 M=64 M=128

273 2.7796e-03 9.3539¢-04 2.8154e-04  7.8802e-05
1.5713 1.7322 1.8370

26 4.6890e-03 1.4747e-03 4.2654e-04 1.1848e-04
1.6689 1.7897 1.8481

214 5.6131e-03 1.6448e-03 4.4289¢-04 1.1524e-04
1.7709 1.8929 1.9423

220 5.6273e-03 1.6485e-03 4.4375e-04 1.1532e-04
1.7713 1.8933 1.9441
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Table 5.5: Maximum point-wise local errors efZ’CAt and order of convergence rl]zém for Example 5.1 using the

fully-implicit FSFMM (5.102) for natural boundary conditions (5.82) and without using Richardson extrapola-
tion in time

€ Number of mesh intervals N = 2048
M=16 M=32 M=64 M=128

273 | 4.0964e-02  2.3245e-02  1.2575e-02  6.6175e-03
0.81743 0.88637 0.92618

276 | 50149e-02  2.6927e-02  1.3893e-02  7.0046e-03
0.89719 0.95471 0.98795

2714 | 53821e-02  2.8360e-02  1.4207e-02  6.7867e-03
0.92430 0.99722 1.0659

2720 | 53858¢-02  2.8377e-02  1.4213e-02  6.7842¢-03
0.92445 0.99754 1.0669

N

Table 5.6: Maximum point-wise local errors elZX’CAt and order of convergence 1, O';At for Example 5.1 using
the fully-implicit FSFMM (5.102) for alternative boundary conditions (5.83) and without using Richardson

extrapolation in time

€ Number of mesh intervals N = 2048

M=16 M=32 M=64 M=128

23 2.7307e-03 9.2104e-04 2.7747e-04 7.7675e-05
1.5679 1.7309 1.8368

26 4.6636e-03 1.4684e-03 4.2484e-04 1.1799e-04
1.6672 1.7893 1.8483

214 5.5968e-03 1.6423e-03 4.4254e-04 1.1518e-04
1.7689 1.8918 1.9419

220 5.6110e-03 1.6460e-03 4.4340e-04 1.1526e-04
1.7693 1.8923 1.9437
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Table 5.7:

Comparison (region-wise) of maximum point-wise errors and order of convergence for Example

5.1, with alternative boundary conditions (5.22) and (5.83)

with usin outer right boundary layer  top boundary layer  corner layer
tempora region region region region
Richardson 0,1 —m1]x (I —m1,1]x (0,1 —m]x (1 —mn1,1]x
extrapolation [0,1 —132] [0,1 —mn2] (1 —m2,1] (1—m2,1]
N e=2""
IMEX-FSFMM (5.37) 2.1639¢-06 4.5559¢-05 4.8590e-05 1.9927e-04
1.9877 1.9996 2.0000 1.9996
128 | fully-implicit FSFMM (5.102) | 2.1768e-06 4.5555e-05 4.8617e-05 1.9925e-04
1.9878 1.9996 2.0000 1.9996
upwind-FSFMM (5.190) 3.7900e-04 1.3175e-03 1.3155e-03 7.3076e-03
1.0077 0.95807 0.95713 0.95560
IMEX-FSFMM (5.37) 5.4560e-07 1.1393e-05 1.2147e-05 4.9830e-05
1.9937 2.0004 1.9989 2.0004
256 | fully-implicit FSFMM (5.102) | 5.4882e-07 1.1392e-05 1.2154e-05 4.9827e-05
1.9938 2.0004 1.9989 2.0004
upwind-FSFMM (5.190) 1.8850e-04 6.7818e-04 6.7758e-04 3.7680e-03
1.0040 0.97852 0.97792 0.97731
N e=276
IMEX-FSFMM (5.37) 2.2276e-05 2.4411e-04 2.4846e-04 4.3807e-04
2.3258 1.7252 1.7257 1.6338
128 | fully-implicit FSFMM (5.102) | 2.225%e-05 2.4410e-04 2.4845e-04 4.3804e-04
2.3259 1.7252 1.7257 1.6338
upwind-FSFMM (5.190) 1.8732¢-03 6.2279¢-03 6.2256e-03 1.2558e-02
1.1349 0.79954 0.79939 0.73913
IMEX-FSFMM (5.37) 4.4432¢-06 7.3834e-05 7.5120e-05 1.4116e-04
2.2517 1.7557 1.7579 1.6719
256 | fully-implicit FSFMM (5.102) | 4.4396e-06 7.3831e-05 7.5117e-05 1.4116e-04
22517 1.7556 1.7578 1.671
upwind-FSFMM (5.190) 8.5296e-04 3.5781e-03 3.5772e-03 7.5236e-03
1.1364 0.85619 0.85602 0.78626
N e=2""
IMEX-FSFMM (5.37) 3.9181e-05 2.8937e-04 2.8944e-04 4.2160e-04
2.1338 1.5798 1.5774 1.5914
128 | fully-implicit FSFMM (5.102) | 3.9258e-05 2.8934e-04 2.8939¢-04 4.2156e-04
2.1332 1.5798 1.5773 1.5914
upwind-FSFMM (5.190) 2.8500e-03 8.8276e-03 8.8282e-03 1.3352e-02
1.0254 0.72372 0.72378 0.74025
IMEX-FSFMM (5.37) 8.9276e-06 9.6800e-05 9.6989¢-05 1.3990e-04
2.0921 1.6384 1.6385 1.6476
256 | fully-implicit FSFMM (5.102) | 8.9489¢-06 9.6791e-05 9.6976e-05 1.3989e-04
2.0916 1.6384 1.6385 1.6476
upwind-FSFMM (5.190) 1.4002¢-03 5.3454e-03 5.3455e-03 7.9931e-03
1.0167 0.77768 0.77769 0.78829
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Table 5.8: Comparison of temporal accuracy for IMEX-FSFMM (5.37) with natural and alternative boundary
conditions after Richardson extrapolation for the time variable for Example 5.1

€ Number of mesh intervals N = 2048

M=8 M=16 M=32 M=64
with natural boundary conditions (5.21)

26 1.5480e-02 6.6605e-03 3.0018e-03 1.4596e-03

1.2167 1.1498 1.0403
2—20 1.8973e-02  8.7934e-03  4.0294e-03 1.7386¢-03
1.1094 1.1258 1.2126

with alternative boundary conditions (5.22)
26 2.5541e-03 7.6350e-04 2.1178e-04  5.8604e-05

1.7421 1.8501 1.8535
220 3.4663e-03 1.0264e-03 2.8563e-04 8.0274e-05
1.7558 1.8453 1.8312

Table 5.9: Comparison of temporal accuracy for fully-implicit FSFMM (5.102) with natural and alternative
boundary conditions after Richardson extrapolation for the time variable for Example 5.1

€ Number of mesh intervals N = 2048

M=8 M=16 M=32 M=64
with natural boundary conditions (5.82)

26 1.5621e-02 6.7079¢-03 3.0153e-03 1.4632e-03

1.2195 1.1536 1.0432
220 1.9101e-02 8.8347e-03 4.0413e-03 1.7414e-03
1.1124 1.1284 1.2145

with alternative boundary conditions (5.83)
276 2.5608e-03 7.6667e-04 2.1268e-04 5.8840e-05

1.7399 1.8499 1.8538
220 3.4790e-03 1.0300e-03 2.8696e-04 8.0428e-05
1.7560 1.8438 1.8351
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Chapter 6

Convergence Analysis of New Efficient Numerical Meth-
ods for Singularly Perturbed Linear Parabolic PDEs
with Nonsmooth Data

This chapter addresses efficient numerical methods for solving two different classes of singularly perturbed
parabolic PDEs with nonsmooth data. At first, we deal with a class of singularly perturbed parabolic convection-
diffusion IBVPs possessing strong interior layers. Aiming to get a better numerical approximation to the solu-
tions to this class of problems, we devise a new hybrid finite difference scheme on a layer-resolving piecewise-
uniform Shishkin mesh in the spatial direction, and the time derivative is discretized by the backward-Euler
method in the temporal direction. We discuss the stability of the proposed method and establish the parameter-
uniform error estimate in the discrete supremum norm. Numerical results are also displayed to support the
theoretical findings and compared with the existing hybrid scheme to show the improvement in terms of spatial
order of convergence. Furthermore, we carry out numerical experiments for the semi-linear parabolic IBVPs.
Next, we consider a class of singularly perturbed parabolic convection-diffusion IBVPs exhibiting both
boundary and weak interior layers. To solve this class of problems with better accuracy, we discretize the
time derivative by the backward-Euler method; and a new finite difference scheme is proposed for the spatial
discretization. To accomplish this purpose, we construct a modified layer-adapted mesh, a modification of the
standard Shishkin mesh adapted to both boundary and weak interior layers. Utilizing the modified layer-adapted
mesh, we overcome the difficulty in proving the inverse monotonicity of the finite difference operator on the
standard Shishkin mesh; and we establish the parameter-uniform error estimate in the discrete supremum norm.
Numerical results are presented to validate the theoretical findings and are compared with the implicit upwind

finite difference scheme. Furthermore, we extend numerical experiments to the semi-linear parabolic IBVPs.

6.1 Introduction

In the beginning, for describing the model problem, we introduce the following notations:

D=0 x(0,7)=(0,d) x (0, 7], D" =0a" x(0,7]=(d,1) x (0,7], 0<d<1,
D=0ax (0,7 =(0,1) x (0, 7], ©D=@ax]0,T]=10,1] x (0,7T].
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Here, we consider the following class of singularly perturbed parabolic IBVPs:

9 _ -
<Lx,€ _ a)y(m) = g(z,t), (z,t) €D UDT,

y(l‘,O) = q0($), T e 57 (61)

y(oat) = sl(t)v y(lvt) = Sr(t)> te (O,T],

where )
0 0
Lgey= sa—;; + a(:c)a—z —b(z, t)y,
together with the following interface conditions:
Iy
Wt =0, [FZ@n=0 te@11 62)

Here, ¢ is a small parameter such that e € (0, 1]; and we assume that the convection coefficient a(z), the reaction
term b(z,t), and the source term g(z,t) are sufficiently smooth on @~ U Q", D and ®~ U DT, respectively;

such that
lal(@) = C, g4, 1) < C,

_ 6.3)
b(xz,t) > B >0, on®D.
We consider two cases for the convection coefficient:
Casel: —mj <a(r) < —m <0, z<d, m>a(x)>m >0, z>d, (6.4)
Casell:a(z) >my >0, @ UQ". (6.5)

The boundary and the initial data, 7.e., i.e., s;, s, and qg are also assumed to be sufficiently smooth. Here,
[71(d,t) = g(d*+,t) — g(d—,t), where g(a*,t) = lim, ,q+04(x,t). In Case I, the solution of the IBVP
(6.1)-(6.3) generally possess strong interior layers of width O(e) in the vicinity of the point x = d (see [89]);
and in Case II, the solution of the IBVP (6.1)-(6.3) with (6.5) generally possess a boundary layer at the left
boundary = = 0 and a weak interior layer in the right side of the point x = d of width O(e) (see [33]). Firstly,
we analyze the model problem (6.1)-(6.3) along with (6.4) in Section |6.2-6.7; and afterwards, we consider
the model problem (6.1)-(6.3) along with (6.5) in Section 6.8-6.11. The conclusion of this chapter is given in
Section 6.12!

Efficient Numerical Method for Model problem-I

This type of model problem with the alternative sign pattern of the convection-coefficient can viewed as the
linearized version of the time-dependent viscous Burgers’ equation exhibiting shock layer (see [88]).

The content of this part is given here: In Section 6.2, we discuss properties of the analytical solution which
includes the stability of the analytical solution as well as the asymptotic behavior of the smooth and the layer
components. Section 6.3 introduces the suitable mesh for discretizing the domain © and provides description

of the newly proposed numerical method. Further, the stability of the proposed method is also discussed here.
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In Section 6.4, we present several technical lemmas to be used in the convergence analysis. Afterwards, we
decompose the discrete solution in Section 6.5 and establish the main convergence result in connection with the
e-uniform error estimate of the proposed method. Further, Section 6.6 introduces the Newton’s linearization
technique for solving the semi-linear singularly perturbed parabolic IBVPs having discontinuous convection
coefficient. Finally in Section 6.7, we display the numerical results for couple of test examples to confirm the
theoretical findings; and we also compare the computational time and the accuracy of the present method with
the existing hybrid scheme [83].

6.2 The analytical solution of model problem-I

In this section, we present the results associated with the stability bound of the analytical solution of the IBVP
(6.1)-(6.3) with (6.4) as well as the bounds of the derivatives of the smooth and the layer components. It will
be required for analyzing the numerical approximation of the IBVP (6.1)-(6.3) with (6.4). In addition to the
smoothness assumption imposed on a, b and g, we assume that the data associated with the boundary and the
initial conditions, i.e., qg, s; and s, are sufficiently smooth functions and satisfy the compatibility conditions

at the corner points (0, 0) and (1, 0), as listed below:

qO(O) = Sl(O), qO(l) = ST(O),

s 2
- d ZZEO) — 4(0,0) — 5al ;1250) B “(O)dqgio) T b(0.0)q0(0),
s 2
- =000~ e B 40,01
and
’s
’ dégo) - Lx,a (La:,sqo _ﬂ) (O, 0) — qo(()) 8b§£ 0) i aﬂ(a()t, 0),
25, | |
’ dtz(l) =L, (Lx,aqo —g)(l, 0) — qo(l)abgt 0) . 85(3175 0)'

We also assume the necessary compatibility conditions at the point (d,0). Then, under these hypothesis the
IBVP (6.1)-(6.3) with (6.4) possesses a unique solution y € €'+7(D) N e**7(D~ UDT) (see [65, Chapter 3]).

6.2.1  Stability

gt) in the

following Lemma. For clarity of the presentation, the outline of the proof of Lemma 6.1|is given below. Let

0D =9\9.

At first, we show that the maximum principle holds for the differential operator L. = (L%E —

Lemma 6.1. If a function ¢ € C°(D) N %(D~ U D) satisfies that ¢ < 0, on 9D, [%} (d,t) >0, for

_ ox
t>0;and Lo >0, in D" UDT,  thenp <0,0nD.

Proof: Let the function f defined on © be such that
d)(l', t) = exp(—m|x - d|/2€)f(x7 t)a

where m = min{m;, m,}. We assume that f attains its maximum value at (s, 7) in ® and f(s,7) > 0. From the
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hypothesis of the maximum principle, either (s,7) € D~ UD™ or (s,7) = (d, 7). Therefore, if (s,7) € D,
then we have

Leg(s,7)
— exp(—my(d — s)/2¢) (52;2 + (a(s) + ml)gi + (;‘; (% +a(s)) — b(s,7)>f - (;D (s,7)
<o,

and if (s,7) € D+, we have
Leg(s,7)
— exp(—ms(s — d)/2¢) (52;2 +(al) —m) S 4 (22(™2 afs)) —b(s, ) )~ ) (s 7)
<o,

0
which contradicts the hypothesis that £.¢(z,t) > 0, (z,t) € ®~ UDT. Next,if (s,7) = (d,7), [8—(75} (d,7) =
T

of
[3 }(d, 7) — ((m1 + m)/2¢)f(d, 7), and since, we assume that f has a maximum at (d,7), it implies that
x
0
[ a(b} (d,7) < 0, which also leads to a contradiction. Hence, the proof is complete.
x
u
Now, consequently using Lemma 6.1, one can deduce the following stability result.
Lemma 6.2. The following bound holds for the solution y(x,t) of the IBVP (6.1)—(6.3) with (6.4):
1
ly@ Dliz < llgloo + Jllsls
where y = min{m; /d,my/(1 —d)}.
Proof: See [89] for the proof. [ |

6.2.2 Decomposition of the analytical solution

The solution y is now decomposed into the smooth component » and the layer component z such that y = v+ z.
Here, the smooth component y satisfies that

Lov=g, inD UDT,
v(z,0) = qo(z), =€Q,
v(0,t) = si(t), o(1,t) =s,.(t),

v(d™,t) =Y1(t), wo(dh, t) =e(t), te(0,T],

(6.6)
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where for the suitable choices of the functions 1 (t), 12(t), one can refer to the proof of [83, Theorem 3.4].
Now, the interior layer component z is defined as follows :

Loz=0, in®TUD,

z2(2,0) =0, z€Q

(6.7)
z(0,t) =0, z(1,t) =0,

[2](d, 1) = —[0](d, 1), [%} (4,1) = — [%} (d,t), te(0,T].

Without loss of generality, suppose that y = 0 on 99 and afterwards, we follow the approach given in [83,

Theorem 3.4] to derive the bounds of the derivative of v and z in Theorem 6.1.

Theorem 6.1. V j, k € NU {0} satisfying 0 < j <3 and 0 < j + 2k < 4, the smooth component v given in
(6.6) satisfies the bounds

Hitky < el
Haxﬂat’“H@ u:o+ - H8x4H9 wot =5
and the layer component z given in (6.7) satisfies the bounds
. —J — — -
‘83+kz(x,t)‘ (e exp(-ms(@—2)/e)), (a,1) €D,
iotk | — .
o O (e exp(-m(z—a)/e)), (w,1) €D,
and
—4 _ _ —
‘84z(:n,t)‘< C(E exp(—my(d a:)/a)), (x,t) € D,
oxrt |~

C’(af4 exp(—my(x — d)/a)), (x,t) € DT,

6.3 The discrete solution of model problem-I

In this section, we introduce the suitable mesh to discretize the domain © and provide the description of
the proposed numerical method for discretizing the IBVP (6.1)-(6.3) with (6.4). Further, the stability of the
proposed method is discussed.

6.3.1 Discretization of the domain

o = =N,At
Let us choose N(> 8) as an even positive integer. Now, on the domain ®, we construct a mesh © =

v x ABt Here, A2t := {tn}i/[:07 denotes the equidistant mesh with uniform step-size At = T'/M and with
M mesh-intervals in the temporal direction; whereas Q" denotes the piecewise-uniform Shishkin mesh defined
on the spatial domain Q as depicted in Fig 6.1. @" is constructed by partitioning Q into four sub-intervals as

Q=[0,d —m]U[d—mn1,d U[d,d+n2] U[d+ 12, 1], where the transition parameters 11; and 13 are given by

d 1—-d
nlzmin{§,n051nN}, ngzmin{ ,noslnN},
where 119 = 2/6 and 0 is a positive constant to be chosen suitably later on.
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oz
=
el
oz

Figure 6.1: Shishkin mesh in spatial direction

Now, we place the equidistant mesh with N/4 mesh-intervals in each sub-interval such that V¥ = {z; }é-V:O,
where A
q— .
dd-m)j. for 0 < j < N/4,
N

N 4

(@-m)+(i-7)5 for N/4 < j < N/2,

Ti= N\ 4
d+(j_f)ﬂ, for N/2 < j < 3N/4,
2/ N

3N\ 4(1—-d -

Further, the mesh widths in the spatial direction are denoted by h; = x; — z;_1, 1 < j < N, with Ej =
hj+hjt1, 1 < j < N —1, and from the definition of x;’s, it follows that

4(d — ) . _ N
Hl:Tv forl <j <<,
4
hl:%v for%<j§%?
B =
! h —@ for ¥ < j <3N
TN 2 J=> 71>
4(1 —d —
=X - n2) g N o< N

6.3.2 Proposed numerical method
Let U} = W(z;,t,) be the mesh function defined on 2™ We define

V() tn) + Y(zjt1,tn) I R ES R

n n n n
no u b b i Tix1
i*s 2 LS 2 its - '

n
o Jix] 2

D=

In the following, we describe the proposed numerical method for discretizing the IBVP (6.1)—(6.3) with (6.4).
We use the backward-Euler method to approximate the time derivative; and for the spatial discretization, we
propose a new hybrid finite difference scheme which is comprised of a modified central difference scheme
whenever ¢ > 2||a|| N~!; and a combination of the midpoint upwind scheme in the outer regions (0,d — 7],
[d + M2, 1) and the modified central difference scheme in the interior layer regions (d — ny,d), (d,d + n2),
whenever ¢ < 2||a||N~!. Further, we use the second order one-sided difference approximation at the point
of discontinuity. Thus, we solve the IBVP (6.1)-(6.3) with (6.4) numerically using the fully discrete finite
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difference scheme, which takes the following form on §N’At:

Y = qo(z;), for0<j<N,
( Lﬁﬁt}/}nﬂ :gjn+17 forl1 <j< N/4dand3N/4<j <N —1,
and when € > 2||a||N !,

A .
Eﬁhpt’( )an+1 :y;w_-kll/y forl < j < N/4,
and when ¢ < 2||a||N 71,
A .
LTIX,upt,(Hyj”H 25;111/2, for SN/4<j <N —1, (6.8)
and when ¢ < 2||a||N 7!,

LN,AtYn—i-l — ﬂﬂ-ﬁ-l

med ©j i for N/4 < j < N/2,

and N/2 < j < 3N/4—1,

DIY ! — DBy =0, for j=N/2,

Y0n+1 = Sl(tn-i-l)a YJG+1 = ST(tn+1)7 n=01....M-1,

where
Lo OV = 02V L p DY — b0t Y - DY,
Loyt = a2y g Dp Y —prHy - Dyt (6.9)
Loty Y = SRV g p DIV =0 VI, - DY,

and

Fynt+l _ +1 +1 +1
DEYrH = [~ Y ahe HAYR LY — 3V 1/2hs,

(6.10)
Byn+l _ +1 +1 +1
D; YJn - [Yﬁ/z—z - 4Yﬁ/2—1 + SYNn/2 ]/th'
Next, the difference scheme in (6.8)) is rewritten into the following form:
on =qo(z;), for0<j <N,
LNAY L = g for1 < j < N -1, 6.11)

Y0n+1 - Sl(tn—l-l)v Yﬁ-i_l = ST<tn+1)7 n=01,....M—1,
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where the difference operator £y T given by

st ] Y0 AT

-1 j
forl1 <j< N/2and N/2<j <N —1,
LéV,Aty;n-l—l — (612)

—2y n+1 — 1y n+1 cyn+l +1yn+1 +.2yn+1
[”j Yily +vpTYi VYT Y Yj+2}v

for j = N/2,

and the term gj”“ is given by
( g;“H, for1 <j < N/4and 3N/4 < j < N — 1, and when ¢ > 2||a||N 1,

gj’,“fll/Q, for 1 < j < N/4, and when ¢ < 2||a||[N1,

Gt = ‘q;.ljll/g, for3N/4 < j < N —1, and when ¢ < 2||a||[N "}, (6.13)

gitt, for N/4 < j < N/2and N/2 < j < 3N/4,

[ 0, for j = N/2.
We denote that
p; =¢+ajhj/2, for1<j<N/2, and qj=¢—ajhj;1/2, forN/2<j< N -1

When ¢ > 2||a||N~!, the coefficients in (6.12), respectively, for 1 < j < N/2and N/2 < j < N — 1 are

given by
Ty Ny 7 hjhy
Nq _ _2pj + aj o anrl _ i ,uq _ _2qj a4 bn+1 . i’
J hjhji1 — hj J At’ and J hjhji1  hj g At
2p; 2q; a;
+ _ j + _ j J
Hj = — Hj Iy /]{»—i_h .
hjyih; J+112j I+
1 _ 1
T = ¢ — ___ + = AT =0 \N=_—"— =0
\ Ay =0, A A Al =0, [ A CNT AR N
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Next, when ¢ < 2||a|| N1, the coefficients in (6.12), respectively for 1 < j < N/4and N/4 < j < N/2 are
given by

+1
( = 26 Qi1 b;'L—l/Q 1 ( _ 2pj  aq
7 hyh, h; 2 2A By = by, By
¢ _ —2e a;_1/2 B b?jll/z _ 1 M; — ﬂ a _ b}H‘l _ L,
M= i by 2 2AL and hihger Ry At
py = o T hiah;
J thrlhj J+11% 1
1 1 AT =0, X=—, A =0
A= —— XN=_—"—"" X\Xt=0 J Ay Y ’
720t T 2887 Y ’
and for N/2 < j < 3N/4and 3N/4 < j < N — 1 are respectively given by
( Wi = 72(]] ' ,U’]_ = 255 )
7 by i ntl
§e = 29 % g 1 o =2 ajp Yp 1
J hjhj+1 hj+1 J At’ and H; hjhj_H hj+1 2 JANA
. +1
Mj = QqJA haj 7 = 2e ajt+1/2 b?+1/2 1
hjy1h; 1]+1 . J hji1h; }163‘-&-1 2 , 2At’
A =0, X=—, A =0, - _ _ +_
J VAN A [ A =0, A= sar N T AL

Finally, for j = N/2, the coefficient in (6.12) are given by

—2 L 2 —3(1 1) +1_ 2 42 I
hy

Y2 = gy VN2 =y N2 = o Uy T ) e T g YN = g,

6.3.3  Stability

Here, the stability of the fully discrete scheme (6.11)-(6.13) is discussed. We consider non-uniform mesh in the
analysis and assume that 111 = 12 = 1 = noeIn N. Then, h; = h, = h, say. It is obvious that the discrete
maximum principle does not hold for the difference operator defined in (6.12). We overcome this difficulty by

replacing Yﬁ/*21_2 and Y]GEJFQ in the equation corresponding to the point z /o = d given by (6.11), with the
following expressions

1 1
+1 +1 +1 + +1
YNn/z—z = [ﬂjr\Lf/Q—l - N5V/2—1YNTL/2—1 - MN/2—1Y]G/2 - EURIM—I}
+1 N/12_1 +1 +1 +1 1 (©.14)
n _ n C n — n n
Yyjate = ut [HN/2+1 — HNj2+1Y N2 T e YNjagr EUN/%J'

N/2+1
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Thus, we modify the system of equations in (6.11) to the following tri-diagonal form:

on =qo(xj), for 0<j <N,

Loy Y7 =G for1 < j <N, (6.15)

Yot =si(tpsr), Y§ =si(tapr), n=0,1,...,M 1.

Here, the difference operator LhNy’bAt and the term 6]7-‘“ are respectively given by

VI Y YT ATV A A,

Ligy Y7 = for j = N/2, (6.16)
N.A .
LAy for j # N/2,
and
h/2 h/2
PR (LT S S U S Sy N S
n = 8 P g Qj+1 + ajp1h™ (6.17)
G, for j # N/2,
where
( 2
by = 1, 2PNja1 — anja1h RS, %+ Zt]
N2 anl Pn/2-1 — anj2-1h 7
17 P _ q
M?V/2:7 . N/2-1 i N/2+1 ]7
2h L PN/2-1 — anj2—1h  dnjat1 + anjagih 618
) .
. 1 e 2qn/241 t anjo41h + b7]i,721+1h2 + Zt}
N2 2n L dn/2+1 + anja1h ’
h/2 h/2
Ayjs = / L A =0, A= / ‘
(Pnyj2—1 — anyja—1h)At (An/241 + anjar1h) At

Next, we prove that the difference operator Lth’;bAt given in (6.16) satifies the discrete maximum principle in the
following lemma.
—N,A —N,A
Let DVA =D nD ™ and 99NAL = DA\ DNAL Letm* = max{m;*, my*}.

Lemma 6.3. Suppose that the following conditions hold for N > Ny:

Mon* < N/InN and (6.19)

2 (1l + 5), (6.20)

. e . . —N,At .
where Ny is some positive integer. Then, if a mesh function\p defined on ® satisfies that \p < 0 on 9DNVA!
. —N,At
and LhNy’bAtll) > 0in VA thenp < 0on® .

Proof: In this proof, we use [[99], Lemma 3.12] and for clarity of the presentation, we discuss the proof in
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detailed below. Let w? < 0, for all j and n. Then, following the hypothesis of the discrete maximum principle,

we consider the mesh function 1 such that

P! =wf, for0<j<N, (6.21)
and satisfies the following system forn = 0,1,..., M,

_LhNy,bAtlp?H - w}?“, for1<j<N -1, 6.22)
II)BH_I _ wg,—i—l, _Ll)}’bv—i-l — w%—&-l. .

For simplifying the proof, we set " = (wg‘, . ,1])7\[) and w" = (wg, e ,w}"{,), forn = 0,1,... M, so that

(6.22) can be rewritten as
2Pt — g ="t pn=0,1,...,M —1, (6.23)

where the matrices 4 and B are respectively given by

4. =1, forj=0,N,
59 orJ . . (6.24)
Ajj-1=—ky, A== Agrr=—py, forl <j<N—1,
and
B =0, forj=0,N,
{ . 70r] j . . (6.25)
Bjji-1= )‘j ,  Bjj= )\j, Bjj+1 = >‘j , for1<j<N-—1.
Now, the following two cases are considered to show that 4 is an M-matrix.
Case 1. Let € > 2||a|| N 1. Then, we have
p; > (5 - \|a||hj/2) >0, forl<j<N/2
q; > (s - ||a|yhj+1/2) >0, for N/2<j<N -1
Hence, forl < j < N/2and N/2 < j < N — 1, it follows from (6.24) that
Ajj-1 <0, A; >0, A+ <0,
(6.26)

and |4 1] + [A5-1] < [454]-
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Now, let j = N/2. Under the assumption (6.20) and using h < 4N _1, we have

AN/2,N/2-1 = % [_2pN/2_1 . b%J/erith - E}’
PN/2-1 — anj2-1h
_ 1 {—2pN/2,1 + 3an/a—1h + (|[b]| + anh’
— 2h Pn/2-1 — anyj2-1h 7
3 _i[zpm_l + (3m N/4 — (||b]] + 27)) h?
=T ’

Pn/2—1 — anja—1h
and

2
1 [—QQN/2+1 —3an/241h + b%7§+1h2 + Zt}

AN/2,N/2+1 = o

)

dn/2+1 + anja41h

1 [_2CIN/2+1 — 3anyz41h + ([|b]] + Alt)hQ}
2h ’

IN

an/2+1 + anya1h
1 [2CIN/2+1 + (3meN/4 — (|[b]] 4+ #7)) h?

IA

" 2h

dn/2+1 + anjas1h

Also, it clear that ’qN/Q,N/Q—l < 0, /qN/Q,N/Q—f—l < 0 and

1 12Pnj2—1 —3anj2—1h  2qn/241 + 3an/a41h
AN/2,N/2 = *[ + } > 0,
2h L pnja—1 —anja-1h dn/2+1 + anja41h

and hence,

|An/2,n7241] + 1 ANn/2,8/2-1] < [Anj2,n)2]-

Case 2. Let € < 2||a|| N 1. Under the assumption (6.19), we obtain that
p; > <m* n aj)h/z >0, for N/4<j<N/2,
q > (m* - aj>h/2 >0, forN/2<j<3N/d

Likewise the previous case, (6.26) follows from (6.24) for N/4 < j < 3N/4. Next, we directly obtain from
(6.24) that 4; ;11 <0, 4;; >0, forl1 <j < N/4,and 4;;_1 <0, 4;; >0,for3N/4<j<N-—-1.
Now, under the assumption (6.20) and using the inequalities H; < 4N~!, H, < 4N~!, we obtain from
(6.24) for 1 < j < N/4 that
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and for 3N/4 < j < N — 1,

bn+1
2 I 3 Ve Ve
i+l = ~ = )
3+ hj—l—lhj hj+1 2 2At

i+ (5 (o )]

J+1hj

IN

< 0.

Further, it straightforward to obtain that |4; ;11| + [4;;-1| < |4;;], forl < j < N/4and 3N/4 < j <
N —1, Thus, in both the cases it is proved that 4 is an M-matrix and it is easy to see that 4 is also an irreducible.
Hence, 27! > 0.

Afterwards, in order to show that " < 0 for each n, we use induction on n. Firstly, it follows from (6.21)
and (6.22) that p° < 0. Now, we assume that " < 0, foreachn € {0,1,...,M}. Since, 2~ > 0 and from
(6.25) we have B > 0, by applying the induction hypothesis, it follows from (6.23) that Pt < 0, and this

complete the proof.
u

Now, consequently using Lemma 6.3, we establish the following stability result

Lemma 6.4. Under the conditions given in (6.19) and (6.20), the solution Y of (6.15)-(6.18) satisfies the
following bound

1 ~
¥ g < ¥ llpomac + = [Gllgmac,
where y = min {m; /d,mp/(1 —d)}.
Proof: We consider the mesh function

2 [Gllgnar, for0 < j < N/2,
:tv
by = =W lagvac £ Y = 4

y(1 -4

Then, it clearly shows that w;-t’" < 0 on 9DNA, Now, when ¢ > 2||a||[ N1, for 1 < j < N/2, we obtain that

||g|| —nae, forN/2<j<N.

N,At_ +£,n+1 N,Aty,+n+1 45 = Ly~
Lo b = LR = Gl + 6 (R 1G gman + Y fogva ) > 0,

and when ¢ < 2||a|| N}, we have

N,Aty,£n+1 G5
AL Vi = SHG g+ 87 (21l gva + [V lopoac),

for1 < j < N/4,
hyb W =

N,At~ -+ 1 1/2 1/2
T e [ AT o 2 SN g PR

forN/4 <j < N/2,
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Similarly, one can show that LhNy’bAtl])jc’"Jrl >0, for N/2 < j < N —1. Next, at the point x /2 =d, we have

N,At +n+1
Ly 1L1’N/z

h/2 NAt 441
= Lhyb b,

(Pn/2—1 — anyj2—1h) N/2-1

> (Df = DY)y, >0,

h/2
(An/241 + anjat1h)

N,At_ £,n+1 F By,[,E.n+1
Lhyb ll)N/nz+1 +(Dy =Dy )q)N/T; ’

Therefore, by applying Lemma 6.3, we obtain the required stability bound. |

6.4 Auxiliary results

ona" = {z;}¥, let us introduce two mesh functions

J
Ohy, .

. — - <7<
8;(0) kl:[l<1+ - ) for1 < j < N/2,
J oh

%;0)= [ (1+ —’“) for N/2<j <N —1.
k=j+1 c
We set 8g(f) = 1 and Ry (0) = 1, where 6 is a positive constant.

Lemma 6.5. The mesh functions 8;(0) and R;(8) satisfy the following bounds:

exp(~0(d — 2;)/2) <

forl1 <j < N/2,

exp(—0(z; —d)/e) < ﬁj( ) forN/2<j<N—1.
N,

Proof: See [83, Lemma 5.10] for the proof. [ |

Lemma 6.6. Let 0 = m/2. Then, for some constant C, 8;(0) and R;(0) satisfy the following bounds:

Sny2(0)
RO on=42IN =) Nj2 < j < 3N/
R/2(0)
Proof: See [83, Lemma 5.7] for the proof. [ |

Lemma 6.7. Let 0 = m/2. Then, there exist some constant C' such that

N,At C .
~Lyy 8;(0) > 5+9h8j(9)’ for N/JA < j < N/2,
N,At C .
L Ry(0) 2 e Ry(0), for N/2 < j < 3N/
Proof: 8,_1(0) = ( < )sv(e) for j < N/2 and Rj41(0) = (L):R-(e) for j > N/2. Th
T 81 = T ;(0), for j and R4 = T ;(0), for j . Then, a
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straightforward calculation yields that for N/4 < j < N/2,

~LpATS;(6) > f% (85(0) ~ 8,-1(0)) - an% (85(0) +8,-1(0)) + b118;(0),

6%h
> ij_l(Q)( — a5 — 0) - ajgsj—l(g)a

o | D

and for N/2 < j < 3N/4,

0 0 .
LRy (0) 2 3 (Ri1(0) = Ry(0)) + a5~ (Rya(6) + Ry (6) ) + b1 R;(0),
0 6%h
> —Rjm1 +1(0)(aj — 0) +a; 5 5 Rj11(0).

Now, using a; < —my < —26 and a; > myp > 26, respectively for N/4 < j < N/2and N/2 < j < 3N/4, we
obtain the desired result. n
Next, we introduce two mesh functions ¥; and W,, respectively on Q' [0, d] and o N[d, 1], such that

they are solutions of the following discrete problems:

e62V0,; — 0D, ; =0, forl<j<N/2,
(6.27)
Vio=0, ¥np=1,

and

e62W, ; +0DF ¥, ; =0, forN/2<j<N-1,
(6.28)
V.np=1 ¥.n=0,

Lemma 6.8. Let 0 = m/2. Then, the mesh functions V; and V.., respectively satisfy the following properties:

v, ; >0, and D V;; >0, forl<j<N/2,
J T J / (6.29)
and W N4 < CN—2, for some constant C.

and

U,; >0, and DFU,; <0, forN/2<j<N -1,
(6.30)
and VU, 3n/4 < CN~2, for some constant C.

Proof. Here, we provide the outline of the proof with suitable modifications of the approach introduced in [32].

The solution ¥; of the discrete problem (6.27) can be expressed in the following form:

Wy nyary,  for0 <j < N/4,
g = (6.31)
1+ (‘I’l,N/4 - l)sj, for N/4 < j < N/2,
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ol —1 OH, 1 pi N2

o0h .
Where 7"3 = m, o=1 —+ 77 Sj = m, P = 1 -+ ?, and \IIZ7N/4 SatlSﬁeS that
€620 njg — 0D, Uy vy = 0. (6.32)
From (6.31) and (6.32), we get
D+£N/4
U = a . (6.33)
PN D  Eys — (1/2)(p + 0) Di ryja)
and
foi 1 _
LNJA (N 1) for1 < j < N/4,
D,V ;= oi—N/2-1 (6.34)

Now, by using the inequality In(1 + &) > £(1 — £/2), for 0 < ¢ < 1, and setting ¢ = 8N ~!In N, we obtain
that

—N/4
0N/ = (1 n g) < CN~2. (6.35)
Hence, the desired results for ¥; follows from (6.33), (6.34) and (6.35); and the results for ¥,. can be obtained
analogously. |

6.5 Error analysis
In this section, we obtain the e-uniform error estimate via decomposition of the discrete solution.

6.5.1 Decompostion of the discrete solution

Here, the discrete solution Y is decomposed as

q/l”jfl-sz;“l, for0 < j < N/2,
= St - 63
%’jjrl+zgj1, for N/2 < j < N,

where the mesh functions 4] and ¥/ are considered as the smooth components for approximating » respectively
to the left and the right side of the point /o = d, and they satisfy the following discrete problems:
Y = v(x;,0), for0<j < N/2,

Lgy’bAterZﬂ — NJTLH, forl <j < N/2, (6.37)

{VlfLoJrl = U(Oatn+1)7 {VZTLJF/IQ = y(d_atn+1)7 n= 07 L... 7M - 1a
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and

V), = v(x;,0), for N/2<j<N,
L%ft%?;rl — 5}”17 for N/2<j <N -1, 638)

‘V:]'\';/B =o(d", thi1), 'V;?;l =v(1,thy1), n=0,1,...,M —1.

On the other hand, we consider the mesh functions Z; and Z, as the layer components for approximating z

respectively to the either side of the point z /5 = d, and they must satisfy the following discrete problems:
z);=0, for0<j<N/2, 2z ;=0, forN/2<j<N,
(1 N,A .
Ly 25t =0, forl<j<N/2
LN,At n+1 _ .
hyp Zry =0, for N/2<j<N -1, (6.39)

Zigt=0, zZ't =o,

F omtl Fon+l _ pBgm+l B on+1 _
D; "szv/z + D, zZN/Q = D, fl/lfLN/2 + D sz/z, n=0,1,....,.M — 1.
In the subsequent sections, we estimate the error (Yj’”rl —y(zj, tn+1)) in the outer regions (i.e., for 1 < j <
N/4and 3N/4 < j < N — 1) and in the interior layer regions (i.e., for N/4 < j < N/2and N/2 < j <

3N/4) separately in order to establish the main convergence result.

6.5.2 Error in the outer regions

At first, we deduce the error estimates corresponding to the smooth components in the following lemma.

Lemma 6.9. Under the conditions given in (6.19)-(6.20), the errors corresponding to the smooth components

satisfy the following estimates:

C(N—l(N—l +xe) + At)a:j, for1<j < N/4,
[V = vl te)| <
C’(N_2 —G—At)xj, for N/A < j < N/2,

and

C<N71(N71 + Xe) +At)(1 —xj), for3N/4<j<N -1,

|V = (@), )| <

C(N—2 + At)(l — ), for N/2<j<3N/4,
where

] e, when e<2|a|NT,
Xe 0, when &> 2|al|N7L.

Proof: In the proof the following two cases are considered.
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Case 1. Let ¢ > 2||a||[N~1. For 1 < j < N/2, the truncation error is defined as

T A
Lhb t('V - (xjvtn+1)) = (Le — Lo t) v(2,tny1),

_ (E(aa; = +aj<aax - D;) - (gt = D7) ) olws, tus):

Now, the truncation error satisfies the following bound

AtHatQ } for j = N/4,

[gh Ham?’ jHH@aﬁ

‘Li]zvybAt ({Vln;rl (xj’ tn+1)> ‘ <
[shz

I+

] otherwise.

gl + 2 + 2 5

Then, using h; < CN ~1 and Theorem 6.1, we obtain the following estimate

YA C(N—l(N—l o)+ At), for j = N/4,
’Lhyb (VLH (xj7tn+1))‘ < ,
C (N 4+ At), otherwise.

Afterward, we choose the discrete function

O = —CON~2py(z;) — C(J\F2 + At)xj, for 0 < j < N/2,

g

where .
I for0<j< N/4,

pi(zj) =
1, for N/4 < j < N/2,

and employing Lemma 6.3/ to <I>"+1 + ('Vl"j+1 — v(xj, tn“)), over © 2 N ([0, d| x [0, T]), we obtain that

|V — o(@j, tngn)| < -9 < C(N*2 + At)xj, for1 <j < N/2.
Next, for N/2 < j < N — 1, we choose the following discrete function
o) = —CN %p(z;) — C(N—2 + At)(l —x;), forN/2<j<N,
where
1, for N/2 < j <3N/4,
1—(d+mn)’
. .. n—+1 —N,At
and arguing similarly for (% = ol tn+1)>, over ©

result for N/2 < j < N — 1.
Case 2. Lete < 2|ja||[N~!. For1 < j < N/2and N/2 < j < N — 1, the truncation errors are respectively

for3N/4 < j < N,

N <[d, 1] x [0, T]) , one can deduce the desired
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given by

atfomet ((€e0)jo1j2 = LA 0(aj tarn)), forl <j < N/4,
Lot (‘V (l”jvtnﬂ)) = A
(LE Yy t) o(zj,tns1), for NJA<j< N/2,

and

NA( b1 (Ls - LéV,At) v(xj,tny1), for N/2 <j < 3N/4,
m

Lyt (rVw (%‘vtnﬂ)) = AL |
(([Js’”)j-{—l/Q — L y(ﬂfj,tn+1)>, forBN/4<j < N —1.

Now, for 1 < j < N/2, the truncation error satisfies the following bound

clhgEl (15 %) a2,
’L%f%q{;ﬂrl _ U(xj,tn+1)>’ < for1 < j < N/4,
(el + 51D + 2451
N for N/4 < j < N/2,

and using h; < CN ~1 and Theorem 6.1, we obtain that

C(N‘2 +Nle+ At), for1 < j < N/4,

N,A

‘Lhyb t(,VnJrl (xj,thrl)) ‘ S
C(N‘2 + At), for N/4 < j < N/2.

Afterwards, by choosing the discrete function

—C(N—2 F N+ At);zj, for 0 < j < N/4,

—C(N—2 n At)xj, for N/4 < j < N/2,

and employing Lemma 6.3 to <I>T“rl (fl/l”jJrl - v(xj,tn+1)), over 5N’Atﬂ ([O,d] X [0,T]>, yields the

following estimate
C(N*2 + N le 4 At)a;j, for1 < j < N/4,

}q/lf;ﬂrl — o(zj,tns1)] < —<I>;f;r1 <
C(N—2 + At)xj, for N/4 < j < N/2.
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Similarly, by considering the discrete function

—C(N*Q + At>(1 — ), for N/2 < j<3N/4,
r?j

—(J(N—2 Y Nlet At) (1—x;), for3N/4<j<N,
and employing Lemma 6.3 to <I>"Jr1 + (‘Vﬁ?l — v(x;j, th)) over D2 N ([d, 1] x [0, T]), we obtain the
desired result for N/2 < j < N — 1. |

Now, we deduce the error estimates corresponding to the layer components in the following lemma.

Lemma 6.10. Let 0 = m/2. Under the conditions given in (6.19) and (6.20), the errors corresponding to the

layer components satisfy the following estimates:
‘Znﬂ (5Ujatn+1){ <ON72 for1<j<N/4,
|20 — 2z, tni1)| SCNT2, for3N/4<j<N-—1.

Proof: At first, we obtain the error estimate associated with z;, for 1 < j < N/4. For this purpose, we consider
the mesh function ¥; defined in (6.27). Now, when ¢ > 2||a| N}, for 1 < j < N/2, we obtain that

L{fyf% e02W,; + a; D3V, ; — b, — Dy,
= (0 + a;)D; Wy j + a;(Dy — D, )Wy 5 — by 5,

a:h;
= (0+a;)D; Uy + J2 Loy — 0T,

<0

)
and when ¢ < 2||a||[N~1, we have

5(5 \Illj + a] 1/2D ‘Ill,j bj 1/2

€020+ a; DV — b s — Dy, for NJ4 < j < NJ2,

LN At\:[] \Ill Dt_\:[/l,jfl/27 for 1 < ] < ]\7/47
hyb *LJ =

(04 aj_1/2)D; V5 — b W j— DV 1/, forl<j<N/4,

1/2

ajh;
(0 +a;)Dy ¥y ; + 7352 — b, for N/A < j < NJ/2,

Therefore, by employing Lemma 6.3 to — ‘Zl";}Q RIRE= Zl”jH, over 2 N ([0, d] x [0, T]) and using Lemma
6.8, we obtain that

|z +1\ < |zl”]f,}2|\1/l,j < CU Ny <CN7?, forl<j<N/4
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Thus, using Theorem 6.1, for 1 < j < N/4, we have
|25 = 2wy tain)| < |5+ |2 b)) < (ON72+ Cexp(—bn/)) < ON72,

On the other hand, by considering the mesh function W, defined in (6.28) and following the similar argument

as given above for (2, — z), over DA N <[d, 1] x [0, T]), we obtain that

|20 = 2(2j, tn1)| SCNT2, for3N/4<j< N -1

Hence, the proof is complete. |

Now, by considering the following decomposition

: (‘Vl"j — v(xj,tn)) + (Zﬁj - z(arj,tn)), for1 <j < N/4,
(Y] - y(xj,tn)> =
(q/gj - y(xj,tn)) + (Z;fj — o(a;, tn)>, for 3N/4<j < N — 1.

and using Lemma 6.9 and 6.10, we obtain the bound of ‘Y}”H — y(zj, tn+1)‘ in the outer regions, as given in

the following lemma.

Lemma 6.11. Let 0 = m/2. Under the conditions given in (6.19) and (6.20), the error corresponding to the
fully discrete scheme (6.15)-(6.18) satisfies the following estimate:

Y — y(aj, tnga)] < C(N—I(N—1 +xe) + At), for1<j<N/4and3N/4<j< N —1.
Corollary 6.1. It is clear from Lemma 6.1 1| that one can obtain the following estimate:
Y7~ gy, tas)| < C(N—2 + At), for1<j<N/4and3N/4<j<N —1, (6.40)

when € > 2||a||N~t and (6.40) also holds if we choose ¢ < 2||a|N~1.

6.5.3 Error in the interior layer region
Here, the error ‘Yj’”l —y(zj, tnyr) ‘ is estimated for the interior layer region. At first, we derive bounds for the

truncation errors. For N/4 < j < N/2 and N/2 < j < 3N/4, the truncation error takes the following form

N,A N,A
Lt t<YJn+1 y(@j, tn+1)) = (Le ~ Ly t)H(xjv tnt1),

= (-G =) + o5 ~2) = (5~ 20t

Here, we use the Taylor’s theorem with the remainder term in the integral form to derive the bound for the

truncation error and hence, for N/4 < j < N/2, the truncation error satisfies the following bound

- (5’ Ay (s, tni1) ‘ N ’83y(s,tn+1) Dds} + CAtHGQyH-

N,At n+1 )
‘Lhyb (YJ y(xf’t"“))‘ = [Ch / D5l D53 o2

Tj—1
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Now, using Theorem 6.1, for N/4 < j < N/2, we obtain the following estimate

‘Li]z\;bAt (anﬂ - y(zj, tn+1)) ) =C Khz +he ™ exp(—my(d — x;)/e) Smh(mlh/‘g)) * At} ’

< C[<h2 + h2e73 exp(—my (d — x])/s)) + At} , (6.41)

since, sinh(mjh/e) < C(myh/e), formyh/e < 2, which follows from the assumption (6.19). Approaching in
the similar way as discussed above, for N/2 < j < 3N /4, we have

‘Lth}?t (Yj”+1 — y(zj, tn+1))’ <C [<h2 + h%e3 exp(—mp(z; — d)/a)) + At}- (6.42)

At the point /o = d, we get the following form of the truncation error:

NAE [t B h/2 N,At (yrnt1
Lhyb <YN72 - y(xN/Zth)) - (PN/271 _ GN/271h) Lhyb (YN7271 - H(xN/2—1,tn+1))
h/2 N,At (v n+1 Ou F B
(@v/ars + anjari) Lot (YN72+1 — y(TN/241,0000)) + H%} (zNn/2:tnt1) — (Dy — D, )y(xN/27tn+1)]v

Then, using (6.41), (6.42) and the interface condition in (6.2), we obtain the following estimate
N,At n+1 2_—3
Lt (Yaht = ylenyon))| < C(n2e7 + At)). (6.43)
Further, from Corollary 6.1, we have
Y7 (o) < O(N—2 + At), for j = N/4 and j = 3N/4. (6.44)

Afterwards, with sufficiently large C', we consider the discrete function

- —C(l + |:xj —(d —n)]) <N*2 + At) — Ch2g2(83<29()9)>, for N/4 < j < N/2,
j fc(l + [(d +1) — x]]) (N—2 " At) - Ch25—2(;;j/(29()0>>, for N/2 < j < 3N/4.

Now, using the condition § = m/2 and applying Lemmas 6.5 and 6.7, we have

_ h? -2
C(_a])<N 2 +At> +Cm exp(—ml(d—xj)/g),
hgo 73 = 2.2

C(aj)(N*2 + At) + C(shjeh) exp(—mg(x; —d)/e),
for N/2 < j < 3N/4,

249



and hence, employing the inequality he ! < 2/m* implied by the assumption (6.19), we obtain that

C(my) (N—2 n At) + Ch2e 3 exp(—my (d — 7)),

A for N/4 < j < N/2,
LA (6.45)
C(my) (N‘2 + At) + Ch2e3 exp(—mg(z; —d)/e),

for N/2 < j < 3N/4.

Next, for the point ¥/ = d, the condition § = m/2 and the inequality he~! < 2/m* are used together with
(6.45) to obtain

N, At~~n+1
L TN/2
h/2 N, Atrent1 h/2 N,At
— LY Tn+ v Tn—H DF_DB Tn+1
(PN/271 - aN/Qflh) hyb T N/2=1 " (QN/2+1 + aN/2+1h) hyb T N/2+1 " < ’ x> N2
> (Df - DE) T3,
9 h2e=2
2 N7+ At
cl(v+ar)+ (e—l—@h)}’
> 20 [(N‘Q + At) + h25_3] . (6.46)

Therefore, it follows from (6.44)-(6.46) that one can apply Lemma 6.3/ to T?H + (an+1 — y(zy, tn+1)>, over
DA N ([d —n,d+mn] x [0, T]) ; and finally, we use Lemma 6.6 and i = 4npe N ~!In N to obtain the desired

estimate in the following lemma.

Lemma 6.12. Let 0 = m/2. Under the conditions given in (6.19) and (6.20), the error corresponding to the
fully discrete scheme (6.15)-(6.18) satisfies the following estimate:

Y7~ (e t)] < C(N—2 2 N + At), for NJ4 < j < 3N/A4. (6.47)

6.5.4 The main convergence result

Theorem 6.2. Let 0 = m/2. Under the conditions given in (6.19) and (6.20), the error corresponding to the
fully discrete scheme (6.15)-(6.18) satisfies the following estimate:

C(N—2+At), for1 <j < N/4and3N/4<j<N -1,
Y/ — y(@j, tn)] < (6.48)
C(N—2 In? N + At), for NJA < j < 3N/4.

Proof: The estimate in (6.48) is derived using (6.40) and (6.47). [ |

Remark 6.1. It is to be mentioned that the existing hybrid scheme proposed in [83] satisfies the error estimate
(6.48), provided the parameter ¢ satisfies the condition ¢ < C'N~! and is also demonstrated through the
numerical experiments in Section 6.7. Further, the numerical results presented in Section 6.7 reveal that for

the larger values of the parameter ¢, in particular when € > N~!, the existing hybrid scheme is at worst
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O(N~1) accurate in space both outside as well as inside the interior layers; and this is in strong contrast with
the numerical results produced by the newly proposed method.
6.6 Semilinear singularly perturbed parabolic problem

In this section, we consider the following class of semi-linear singularly perturbed parabolic IBVPs having

discontinuous convection coefficient:

52 y 0
58—55 + a(x)a—z _ 87-;’ = g(z,t,y), (z,t) €D UDT,
y(l‘,O) ZQ(](x), .%‘Gﬁ,
(6.49)
y(0,t) = si(t), y(1,t) = s.(1),
B
Wan=0, |Z|an=0 te©1)

where ¢ is a small parameter such that ¢ € (0,1]; a(z) and g(z,t,y) are supposed to be sufficiently smooth

functions in their respective domains; and they satisfy the conditions given in (6.3), with the assumption that

Og(z,t,y)

ki <
1S dy

<ks, for(z,t,y)€ (D UDT)xR; ki ky>0.

Then, the existence and the uniqueness of the solution of the IBVP (6.49) can be asserted under the sufficient
smoothness and the suitable compatibility conditions imposed on the data qg, s; and s,.. For further details, one
can refer the book [65] and the article [97].

We now apply the Newton’s linearization technique to the semi-linear parabolic IBVP (6.49). This process
generates the sequence { yk},;";o, in which the starting solution 4" satisfies the initial and boundary conditions
of the IBVP (6.49). For all £ > 0, ka is defined as the solution of the following linear parabolic IBVP:

62yk+1 aka k k+1 aka k — +
€52 + a(x) 5 —b"(z, )y — ras G (x,t), (z,t)eD UDT,
y*1(2,0) = qo(z), 2€Q,
(6.50)
yk+1 (Ovt) = Sl(t)7 yk+1(1vt) = Sr(t)7
b1 yk+1
| @ =0 [F—|@n=0 te©1],

where 3
b (a,t) = 22 (x,t, o),
dy

k k k k
g (x7t) :ﬂ(x7t7y ) —b (.T,t)y .
Afterwards, for each iteration k, we solve the IBVP (6.50) numerically and use the following condition as the

stopping criterion for the convergence of the numerical solution

k+1g,.. vk <
Ogjg%:M\Y (zj,tn) — Y*(zj,t,)| < TOL, (6.51)
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where TOL is the prescribed error constant to be chosen later and Y* (x,t,) denote the numerical solution
obtained at the k" iteration at the mesh point (:Uj, tn) € ﬁN’At. In this regard, one can refer the book [29].
The numerical results corresponding to the semi-linear parabolic IBVP (6.49) are presented in the subsequent

section.

6.7 Numerical experiments

In this section, for verifying the theoretical result as well as the efficiency of the newly proposed numerical
method, we perform the numerical experiments for the following test examples and also compare the numerical
results of the proposed method with the existing hybrid scheme proposed in [83]. In all the test examples, we
consider the interface conditions as stated in (6.2) for d = 0.5. In all the experiments, we choose the constant

Mo = 2.2.
6.7.1 Test examples
Example 6.1. Consider the following parabolic IBVP:

2
z—:@ + a(x)gayg —z(l—x)y— g'z =g(z,t), (z,t) € [(0,0.5)U(0.5,1)] x (0,1],

y(x70) = qO(‘r)’ T € [07 1]7
y(0,t) =0, y(1,t)=0, te(0,1],
with
—(1+2(0.5—-x)), x€(0,0.5),

a(r) =
(I1+z(x—0.5)), ze(0.51).

Here, the exact solution y(x, t) is given by
1 —exp(—(0.5—1x)/e)
1 —exp(—0.5/¢)

—1+exp(—(z —0.5)/¢)
1 —exp(—0.5/¢)

exp(—t)( - cos(mv)), (z,t) € (0,0.5) x (0, 1],

}/($, t) =

exp(—t)( — cos(mv)), (x,t) € 0.5,1) x (0,1],

and accordingly, the initial data qo(z) and the term g(x, t) are chosen.

For each ¢, the maximum point-wise error and the corresponding order of convergence are respectively
computed by

N,At __ N.At
e T ogysNin=nr |y, tn) =YV @y, t0)],

A
N,At _ e
re T = logy INAL2 |
€e

where y(x;,t,) and YV:24(x;,t,), respectively denote the exact and the numerical solution computed on

and

—N,At . . . . . .
D . Further, for each N and At, the e-uniform maximum point-wise error and the corresponding e-uniform
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order of convergence are respectively computed by

N,At N,At N,At eNA
e = m?X €. and r = 10g2 <€2]V,At/2> .

Example 6.2. Consider the following parabolic IBVP:

eos +ale)s —a(l-a)y - = g@,t), (1) € [(0,0.5) U (0.5,1)] x (0,1],

with
—(14+2z(1—=z)), ze€/(0,0.5),

(1+2z(1—2)), =ze€(0.51),
and
2(1 + 23)t%,  (x,t) € (0,0.5) x (0,1],
ﬂ(x7 t) =
3(1+2H)t,  (x,t) € (0.5,1) x (0,1].
Since, the exact solution of Example 6.2 is not known, the following technique is used in order to demon-
strate the accuracy and the e-uniform convergence of the proposed method. We denote Y 2N,At/2 a5 the numer-
ical solution computed on the fine mesh D2V:A1/2 = Q2N 5 AA/2 with At/2 = T/2M. Here, @V denotes a

piecewise-uniform Shishkin mesh as like @™ with the transition parameters 11, N2 given by

- . d | N . . 1—-4d | N
=min< - — =min<{ ——— —
1 271106 n B , N2 B »No€ 11 B >

such that the 5 point of 2" matches with the 2§t point of @2V, for j = 0,1, ... N. For each e, the maximum
point-wise error and the corresponding order of convergence are respectively computed by

~N.A N, A 732N, A
€’ t:ogjénzvaf)ﬁzM‘U Ay ) — UNA2 (@5 1),

SN.At
~N,AL _ e
T, = log, 7@2]\[,&/2 .
€

Further, for each N and At, the quantities ™2 and 7V-A

~N,At
on the error e;

and

are defined analogously to e¥*2* and V-2 based

as in the previous example.
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Example 6.3. Consider the following semi-linear parabolic IBVP:

e + a(x)gz +exp(y) — ‘;—;’ = g(z,t), (z,t) €[(0,0.5) U (0.5,1)] x (0, 1],

y(a:,O) = q()(IL'), YIS [07 1]7
y(0,t) =0, y(1,t)=0, te]|0,1],

where a(x) and the exact solution y(x, t) are the same as we define previously in Example 6.1 and accordingly,

the initial data qg and the term g(x, t) are chosen.

Here, we use the linearization technique described previously in Section 6.6 for Example 6.3 and for each

iteration k, we compute the numerical solution of the resulting linear IBVP of the form (6.50):

92+ Okt HyFt1
oz a@) =5 +exp(y)y ! — o = ga.t) — exp(y) (1 - 4,

(z,t) € [(0,0.5) U (0.5,1)] x (0, 1],
yk—H(xv 0) = qo(SIZ), S [07 1]7

y*t10,t) =0, 4 (1,t)=0, tc]o,1],

\

until the stopping criterion (6.51) is fulfilled with TOL = 10719,
As we know the exact solution of Example 6.3, for each ¢, the maximum point-wise error eéV’At and the
corresponding order of convergence Y At for Example 6.3 are computed by following the definitions given in

N,At N,At

Example 6.1; and the quantities e and r are defined analogously, for each N and At.

6.7.2 Numerical results and observations

From Fig 6.2, one can observe the presence of interior layers closest to the point of discontinuity x = 0.5 in
the respective numerical solutions of Examples 6.1, 6.2 and 6.3. Moreover, from the surface plots displayed in
Figs ??,6.4 and 6.5, one can completely visualize the numerical solutions. The above figures are drawn using
the newly proposed method by choosing At = 0.8/N.

For various values of ¢, N and At, we display the maximum point-wise errors and the e-uniform errors together
with the corresponding order of convergence produced by the proposed method in Tables [6.1,6.2 and 6.3,
respectively for Examples 6.1, 6.2 and 6.3, taking At = 1.6/N and choosing S, = {2°,272,...,2729} as the
set of values of the parameter ¢.

From Tables 6.1-6.3, we observe that the e-uniform errors are decreasing monotonically as N increases and it
ensures that the proposed method is e-uniformly convergent. However, the order of convergence displayed in
Tables |6.1-6.3| does not truly represent the spatial order of convergence of the proposed method. It is because
of the dominance of the temporal error over the spatial error according to the estimate of Theorem 6.2 and as
a result, we notice that with the reduction (or increment) of the time step At, the rate of convergence of the
e-uniform errors is increasing (or decreasing) and it is straightway visible from Fig 6.6.

Next, for verifying the spatial order of convergence of the present method, we compute the maximum point-wise
errors together with the corresponding order of convergence for the different regions of Q by choosing At =

1/N?2. Those computational results are presented in Tables 6.4, 6.5 and 6.6, respectively for Examples 6.1, 6.2
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and 6.3, and also compared with the existing hybrid scheme by choosing the same discretization parameter At.
Tables 6.4- 6.6 provide a clear evidence that irrespective of the smaller as well the larger values of the parameter
€, the proposed method is at least second-order spatially accurate in the outer regions and almost second-order
spatially accurate (up to the logarithmic factor) in the interior layer regions; and it very well supports the
theoretical result established in Theorem 6.2. On the other hand, from Tables 6.4- 6.6, we observe that when
¢ = 270 the spatial error due to the existing hybrid scheme is O(NN ~!) in the outer regions and is O(N~2 In? N)
in the interior layer regions. Apart from this, we notice that when ¢ = 27 the existing method is O(N 1)
accurate in space, whereas the present method is O(NN~2) accurate in space, both outside as well as inside
the interior layers. It is to be noted that the mesh @™ becomes the equidistant mesh whenever ¢ = 27%. The
above observations show that the newly proposed method yields comparatively higher-order accurate numerical
results than the existing hybrid scheme whenever ¢ > N~! (e.g.,, ¢ = 27%,27%). As a compliment of
this observation, for ¢ = 274,276, the maximum point-wise errors displayed in Tables 6.4, 6.5 and 6.6 are
graphically represented in Figs 6.7, 6.8 and 6.9, respectively. Nevertheless, it is observed that both the methods
converge with the same order of accuracy inside and outside the interior layers whenever ¢ < N1 (e.g.,
e =21,

Finally, to show that the present method performs more efficiently than the existing hybrid scheme, we compare
the computational time of both the methods in Tables 6.7, 6.8 and 6.9, respectively for Examples 6.1, 6.2 and
6.3. More specifically, for the larger values of € (e.g., ¢ = 27*,27%), we notice that the present method takes
comparatively less computational time than the existing method as N increases; although for the smaller values

of ¢ (e.g., ¢ = 2720) both the methods take approximately same computational time.
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0.4

,/% =270
"

-15 : : : :
0 0.2 0.4 0.6 0.8
X
(b) Example 6.2,
0.4 : -
=2
0.3f '1 e

(c) Example 6.3,

Figure 6.2: Numerical solutions computed at ¢ = 1 for N = 128
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(a) fore =279 N =128 (b) fore =272, N =128

Figure 6.3: Surface plots of the numerical solutions of Example 6.1

(@) fore =276 N =128 (b) fore =272°, N =128

Figure 6.4: Surface plots of the numerical solutions of Example 6.2

(a)fore =276 N =128 (b) fore =272°, N =128

Figure 6.5: Surface plots of the numerical solutions of Example 6.3
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Table 6.1: c-uniform maximum point-wise errors and order of convergence for Example 6.1

€ES, Number of mesh-intervals N/ time step-size At ( At = 1.6/N)

64 /2 128/ 256/ 1% 512/55 1024/

eNAt 4.2584e-03 1.5292e-03 5.6558e-04 2.0435e-04 8.0317e-05

piV.At 1.4775 1.4350 1.4687 1.3473
€ €S. Number of mesh-intervals N/ time step-size At ( At = 0.8/N)
64 /55 128/1¢5 256/ 555 512/555 1024/ 55

eNAt 3.9224e-03 1.3828e-03 5.0114e-04 1.7059¢-04 6.0758e-05

plV-At 1.5042 1.4643 1.5547 1.4893

Table 6.2: c-uniform maximum point-wise errors and order of convergence for Example 6.2

€ €S Number of mesh-intervals N/ time step-size At ( At = 1.6/N)
64 /55 128/ 45 256/ 155 512/555 1024/ 545

eN-At 1.0616e-02 4.4259¢-03 1.7923e-03 8.3973e-04 3.6933e-04

FNAt 1.2622 1.3042 1.0938 1.1850
€ES, Number of mesh-intervals N/ time step-size At ( At = 0.8/N)
64 /55 128/145 256/ 555 512/ 555 1024/ 555

eNAt 8.2544e-03 3.3693e-03 1.2124e-03 5.3692e-04 2.0824e-04

AL 1.2927 1.4746 1.1751 1.3664

Table 6.3: c-uniform maximum point-wise errors and order of convergence for Example 6.3

€ E€S: Number of mesh-intervals N/ time step-size At ( At = 1.6/N)
64 /45 128/ 45 256/ 155 512/555 1024/5%5

e At 4.3011e-03 1.5764e-03 6.2794e-04 2.3139e-04 9.2303e-05

At 1.4480 1.3280 1.4403 1.3259
€ €S Number of mesh-intervals N/ time step-size At ( At = 0.8/N)
64 /45 128/145 256/ 555 512/ 555 1024/ 555

eN At 3.9284e-03 1.3933e-03 5.3807e-04 1.8526e-04 6.6182¢e-05

pVAt 1.4955 1.3726 1.5383 1.4850
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Figure 6.6: Loglog plot of ¢ —uniform maximum point-wise errors computed with At = 0.8/N and 1.6/N
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Table 6.4: Comparison (regionwise) of maximum point-wise errors and order of convergence for Example
6.1, taking At = ﬁ

N proposed method existing method
left outer interior layer right outer left outer interior layer right outer
region region region region region region

[0,d=m1] (d—mi,d+m2) [d+m2,1] | [0,d—m] (d—mi,d+m2) [d+m2,1]
H \ c=21~10""! \
128 | 5.2842¢-05 2.1747e-04 4.8370e-05 | 6.4002e-04 6.3767e-04 5.3445e-04

1.9999 1.9996 1.9997 0.97855 0.97322 0.99680
256 | 1.3211e-05 5.4383e-05 1.2095e-05 | 3.2481e-04 3.2481e-04 2.6782e-04

2.0000 2.0005 1.9999 0.98971 0.98499 0.99876
512 | 3.3029e-06 1.3591e-05 3.0239e-06 | 1.6356e-04 1.6410e-04 1.3402e-04

2.0000 2.0001 2.0000 0.99496 0.98903 0.99947

1024 | 8.2573e-07 3.3975e-06 7.5600e-07 | 8.2069e-05 8.2677e-05 6.7037e-05

| \ e=2"6~10"2

128 | 1.6355e-04 1.1960e-03 1.7158e-04 | 1.6355e-04 1.1960e-03 1.7158e-04

4.4763 1.4790 4.5836 1.3531 1.6430 1.5147
256 | 7.3477e-06 4.2904e-04 7.1560e-06 | 6.4021e-05 3.8295e-04 6.0046e-05

2.4563 1.6697 2.4588 1.3536 1.6858 1.4576
512 | 1.3388e-06 1.3486e-04 1.3017e-06 | 2.5053e-05 1.1903e-04 2.1863e-05

2.4882 1.6993 2.4915 1.3745 1.7294 1.4421

1024 | 2.3861e-07 4.1527e-05 2.3145e-07 | 9.6625e-06 3.5898e-05 8.0463e-06

H ‘ e=2""x10""
128 7.1015e-05 1.2417e-03 1.6415e-04 | 7.1015e-05 1.2417e-03 1.6415e-04

1.9993 1.6182 2.0014 1.9993 1.6182 2.0014
256 | 1.7762e-05 4.0449¢-04 4.0998e-05 | 1.7762e-05 4.0449¢-04 4.0998e-05

1.9558 1.6598 1.9839 1.9558 1.6598 1.9839
512 | 4.5785e-06 1.2801e-04 1.0364e-05 | 4.5785e-06 1.2801e-04 1.0364e-05

1.8815 1.6962 1.9524 1.8815 1.6962 1.9524

1024 | 1.2426e-06 3.9504e-05 2.6779e-06 | 1.2426e-06 3.9504e-05 2.6779e-06

H ‘ e=2"20 10"
128 6.9611e-05 1.2426e-03 1.6322e-04 | 6.9611e-05 1.2426¢-03 1.6322¢e-04

2.0365 1.6174 2.0153 2.0365 1.6174 2.0153
256 | 1.6967e-05 4.0497e-04 4.0374e-05 | 1.6967e-05 4.0497e-04 4.0374e-05

2.0301 1.6586 2.0126 2.0301 1.6586 2.0126
512 | 4.1542e-06 1.2828e-04 1.0006e-05 | 4.1542e-06 1.2828e-04 1.0006e-05

2.0224 1.6941 2.0093 2.0224 1.6941 2.0093

1024 | 1.0226e-06 3.9643e-05 2.4853e-06 | 1.0226e-06 3.9643e-05 2.4853e-06
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Figure 6.7: Loglog plot for comparison of the spatial order of convergence for Example 6.1
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Table 6.5: Comparison (regionwise) of maximum point-wise errors and order of convergence for Example 6.2,
taking At = ﬁ

N proposed method existing method
left outer interior layer right outer left outer interior layer right outer
region region region region region region

[0,d=m1] (d—mi,d+m2) [d+m2,1] | [0,d—m] (d—mi,d+m2) [d+m2,1]
H \ c=21~10""! \

128 | 3.6741e-05 3.4463e-04 3.7954e-05 | 2.7689¢-04 5.4828e-04 5.4502e-04

1.9956 1.9482 1.9988 0.98082 1.0614 1.0176
256 | 9.2131e-06 8.9303e-05 9.4967e-06 | 1.4030e-04 2.6271e-04 2.6922e-04

1.9978 1.9690 1.9993 0.99060 1.0087 1.0083
512 | 2.3068e-06 2.2811e-05 2.3753e-06 | 7.0609e-05 1.3057e-04 1.3384e-04

1.9989 1.9836 1.9996 0.99530 1.0042 1.0041

1024 | 5.7714e-07  5.7679e-06  5.9400e-07 | 3.5420¢-05 6.5095¢-05  6.6730e-05
H \ £=26~102

128 | 3.2120e-04 2.3229e-03 8.5687e-04 | 1.5323e-04 2.0015e-03 4.1927e-04

4.6043 1.9117 4.8579 1.2016 1.5733 1.2134
256 | 1.3205e-05 6.1737e-04 2.9550e-05 | 6.6626e-05 6.7257e-04 1.8080e-04

2.2595 1.6654 2.2705 1.1888 1.5793 1.1881
512 | 2.7577e-06 1.9463e-04 6.1242e-06 | 2.9227e-05 2.2507e-04 7.9352e-05

2.2826 1.6951 2.3017 1.1959 1.5804 1.1875

1024 | 5.6679¢-07 6.0108e-05 1.2421e-06 | 1.2757e-05 7.5262e-05 3.4840e-05
[ ]
128 | 4.8928e-05 1.9899¢-03 1.4797e-04 | 4.8928e-05 1.9899¢-03 1.4797e-04

1.9671 1.6382 1.9752 1.9671 1.6382 1.9752
256 | 1.2514e-05 6.3924e-04 3.7633e-05 | 1.2514e-05 6.3924e-04 3.7633e-05

1.9387 1.6821 1.9499 1.9387 1.6821 1.9499
512 | 3.2644e-06 1.9920e-04 9.7406e-06 | 3.2644e-06 1.9920e-04 9.7406e-06

1.8843 1.7046 1.9042 1.8843 1.7046 1.9042

1024 | 8.8425e-07 6.1113e-05 2.6024e-06 | 8.8425e-07 6.1113e-05 2.6024e-06
H ‘ e=2"20 10"

128 | 4.8074e-05 1.9887¢-03 1.4592e-04 | 4.8074e-05 1.9887¢-03 1.4592e-04

1.9978 1.6392 2.0003 1.9978 1.6392 2.0003
256 | 1.2036e-05 6.3844e-04 3.6473e-05 | 1.2036e-05 6.3844e-04 3.6473e-05

1.9990 1.6838 1.9992 1.9989 1.6838 1.9992
512 | 3.0113e-06 1.9872e-04 9.1231e-06 | 3.0113e-06 1.9872e-04 9.1231e-06

1.9980 1.7073 1.9983 1.9980 1.7073 1.9983

1024 | 7.5384e-07 6.0854¢e-05 2.2835e-06 | 7.5385e-07 6.0854¢e-05 2.2835e-06
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Figure 6.8: Loglog plot for comparison of the spatial order of convergence for Example 6.2
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Table 6.6: Comparison (region wise) of maximum point-wise errors and order of convergence for Example
6.3, taking At = ﬁ

N proposed method existing method
left outer interior layer right outer left outer interior layer right outer
region region region region region region

[0,d=m1] (d—mi,d+m2) [d+m2,1] | [0,d—m] (d—mi,d+m2) [d+m2,1]
H \ c=21~10""! \

128 | 6.8810e-05 2.6375e-04 5.6555e-05 | 8.0664e-04 8.3314e-04 6.1630e-04

1.9999 2.0019 1.9997 0.97580 0.92164 0.99566
256 | 1.7204e-05 6.5853e-05 1.4142e-05 | 4.1014e-04 4.3982e-04 3.0908e-04

2.0000 2.0000 1.9999 0.98848 0.95270 0.99828
512 | 4.3009e-06 1.6463e-05 3.5357e-06 | 2.0672e-04 2.2724e-04 1.5472e-04

2.0000 2.0001 2.0000 0.99438 0.97453 0.99925

1024 | 1.0752e-06 4.1154e-06 8.8394e-07 | 1.0376e-04 1.1564e-04 7.7402e-05

| \ e=2"6~10"2

128 | 2.0601e-04 1.1826e-03 1.9930e-04 | 2.0601e-04 1.1826e-03 1.9930e-04

4.5644 1.3920 4.6310 1.3993 1.6325 1.5404
256 | 8.7068e-06 4.5061e-04 8.0435e-06 | 7.8101e-05 3.8143e-04 6.8517e-05

2.4779 1.6721 2.4726 1.3877 1.6913 1.4787
512 | 1.5629¢-06 1.4140e-04 1.4491e-06 | 2.9848e-05 1.1811e-04 2.4584e-05

2.5088 1.7011 2.5054 1.4017 1.7347 1.4599

1024 | 2.7460e-07 4.3489¢-05 2.5521e-07 1.1297e-05 3.5486¢-05 8.9370e-06
H ‘ e=2""x10""
128 1.1722e-04 1.2118e-03 2.0673e-04 | 1.1722e-04 1.2118e-03 2.0673e-04

1.9937 1.6093 1.9994 1.9937 1.6093 1.9994
256 | 2.9434e-05 3.9716e-04 5.1704e-05 | 2.9434e-05 3.9716e-04 5.1704e-05

1.9589 1.6549 1.9831 1.9589 1.6549 1.9831
512 | 7.5713e-06 1.2612e-04 1.3078e-05 | 7.5713e-06 1.2612e-04 1.3078e-05

1.8991 1.6930 1.9538 1.8991 1.6930 1.9538

1024 | 2.0299e-06 3.9007e-05 3.3761e-06 | 2.0299¢-06 3.9007e-05 3.3761e-06
H ‘ e=2"20 10"
128 1.1545¢e-04 1.2128e-03 2.0567e-04 | 1.1545e-04 1.2128e-03 2.0567e-04

2.0233 1.6083 2.0125 2.0233 1.6083 2.0125
256 | 2.8400e-05 3.9778e-04 5.0976e-05 | 2.8400e-05 3.9778e-04 5.0976e-05

2.0182 1.6532 2.0100 2.0182 1.6532 2.0100
512 | 7.0109e-06 1.2647e-04 1.2656e-05 | 7.0109e-06 1.2647e-04 1.2656e-05

2.0129 1.6902 2.0073 2.0129 1.6902 2.0073

1024 | 1.7371e-06 3.9191e-05 3.1480e-06 | 1.7371e-06 3.9191e-05 3.1480e-06
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Figure 6.9: Loglog plot for comparison of the spatial order of convergence for Example 6.3
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Table 6.7: Comparison of computational time (in seconds) for Example 6.1, taking At = %

e=2"1~10"1

N 128 256 512 1024
proposed method | 1.4793  31.4178 410.0085 6546.2610
existing method | 2.4221 39.0740 454.6845 6982.3169
e=2"5~10"2

N 128 256 512 1024
proposed method | 2.4758  31.5279 410.1390 6544.0744
existing method | 2.3914 39.3110 454.9408  6998.2790
e=2"20x~10F

N 128 256 512 1024
proposed method | 2.4726  39.5603 459.8931 7020.4788
existing method | 2.3305 38.7301 452.1004 6947.0626

Table 6.8: Comparison of computational time (in seconds) for Example 6.2, taking At = ﬁ
e=2"1~10"1
N 128 256 512 1024
proposed method | 15.4459  219.7051  3477.7996  54903.7533
existing method 18.6910 241.3062 3699.1750 56417.5973
e=29~10"2
N 128 256 512 1024
proposed method | 16.5324  221.4601 3481.3048  54854.0630
existing method 19.2644  246.1654 3734.7835 56694.4203
e=2"20x~10F
N 128 256 512 1024
proposed method | 20.0139  248.0453  3728.9498  56949.5886
existing method | 19.2974  247.4739 37233609 56597.2608
Table 6.9: Comparison of computational time (in seconds) for Example 6.3, taking At = ﬁ
e=2"1~10"1
N 128 256 512 1024

proposed method | 4.6762  94.7763  1221.8305 19466.2941
existing method | 6.4231 110.0671 1314.4793  20379.2004
e=20%~10"72

N 128 256 512 1024
proposed method | 6.7264  93.4455 12252659 19284.9816
existing method | 6.3972  108.9556 1314.8121 20329.9364
e=2"20x~10F

N 128 256 512 1024
proposed method | 6.6576  111.1485 1332.6940 20366.3504
existing method | 6.4316 108.9218 1311.2975 20343.9922
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Efficient Numerical Method for Model problem-II

This type of model problems appear in the semiconductor device modeling (see, e.g., [73]). The content of
this part are given here: In Section 6.8, we discuss properties of the analytical solution which includes the
stability of the analytical solution as well as the asymptotic behavior of the smooth and layer components.
Section 6.9 introduces the suitable mesh for discretizing the domain ® and provides description of the newly
proposed numerical method. Further, the stability of the proposed method is also discussed here. The e-uniform
convergence result of the proposed method has been established in |6.10. Finally, numerical experiments are
carried out in Section 6.11. Here, we also compare the numerical results of the present method with the implicit

upwind finite difference scheme.

6.8 The analytical solution of model-I1

This section addresses the stability of the analytical solution of the IBVP (6.1)-(6.3) with (6.5) together with
the bounds of the derivatives of the smooth and layer component. These properties are important for the
convergence analysis of the numerical approximation of the IBVP (6.1)-(6.3) with (6.5). we assume that the
data associated with the boundary and the initial conditions, i.e., qg, s; and s, are sufficiently piecewise smooth

functions and satisfy the following compatibility conditions at the corner points (0, 0) and (1, 0):

q0(0) = 5(0),  qo(1) = s,(0), 6.52)
2
B0 5(0,0) - P20 ()70 4 40,0)q0(0),
dt dx2 dr s
ds, (0 d*qo(1 dqo(1 :
_ sdi ) = 4(1,0) — ¢ sig ) —a(1) qc(l)i ) b1 0o (1),
and
s1(0 ab(0,0)  95(0,0
Zg ) = Lo (Ls2q0 — 4)(0,0) — go(0) ((% ) g(at )
d*s,(1) AH1L0)  Bg(L.0) (6.54)
322 = L$,€<Lx,550 —g)(l, 0) — qo(1) 8£ _ ﬂat, '

We also assume the necessary compatibility conditions at the point (d,0). Then, under these hypothesis the
IBVP (6.1)-(6.3) with (6.5) possesses a unique solution y € C1T7(D) N e4+(D~ UDT). At first, we prove
the maximum principle for the differential operator £, = £, . — % in the following lemma. The outline of the
proof of Lemma 6.13/is given below for clarity of presentation. Let 9D = D \ D.

Lemma 6.13 (Maximum principle). Suppose that a function ) € C°(D)NC3(D~UD™T) satisfies that 1)(x,t) <
5}

0, (x,t) € 09, [a—;ﬁ(d, t) >0, t > 0; and Loyp(z,t) > 0, forall (x,t) € D~ UD, then (x,t)

0, forall (z,t) € D.

IA

Proof. Let us introduce a function w on ® satisfying

P(z,t) = exp(—mi(z — d)/2e)w(z,t), = <d,
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and
P(x,t) = exp(—ma(z — d)/2e)w(x,t), = >d.

We select m; < my. We assume that the maximum value of w is achieved at (¢,¢) in ® and w(q,t) > 0. If
(g,t) €D~ UDT, then

0*w(q, ) m; Jw(g,t) m?

Letp(q,t) = exp(-mi(q = 4)/20) |e(=5 5 = 5 + 5w(a.1))
+a(e)(PAED By ) b (a0 - P20ED ] <o

which is a contradiction. The only possibility is (¢,t) = (d, ¢). Note that

[8¢(d, t)

Oz } [&U} (d,t) + [(m; —m2)/2e]w(d, ).

ox

N _
dw(d", 1) <0, Ow(d™, t) >0, [%} (d,t) < 0 and m; < my. Therefore, {M} < 0, which is
Ox Ox Ox t

also a contradiction. Hence, the proof is complete. |

Since

Now from Lemma 6.13, the following stability result can be deduced.

Lemma 6.14. The solution y(z,t) of the IBVP (6.1)-(6.3) with (6.5) satisfies that

1
< o+ —llgllm- 6.55
lylls < llgllo + -llsll (6.55)

Proof. Consider the two functions ¥4 (z,t) = —||y||cc — (1=2) o gl £y(2, t). Clearly, W4 (0,) <0, Uy(1,¢) <
0, ¥4 (z,0) <0 and for each (z,t) € D~ UDT

£as(ant) > Wy £ g0 > 0

It is also clear that [8\11373(;1,1:)] > 0. It follows from the maximum principle that ¥ (z,¢) < 0 for all (z,t) € D
which yields the desired bound of y. n
The solution y is now decomposed into the smooth component v and the layer component z such that

y = v+ z. To define v and z, we extended the approach given in [33]. Here, we define the smooth component

as v(z,t) = w(z,t) +ev(x,t) +2wm(x,t) +3u3(x, t), where oy, v1, », 3 € C¥(D) satisfies the following

problems:
a(z) 22 — bz, t)wy — L2 = g(x,t), (x,t) €D UDT
(6.56)
7)0(3770) = q0($)7 x €, Uo(lvt) = y(lat)7
2
a( )62 (xat)yl_@:_a 7;717 (‘Tat) ECD_U©+7
B ot 922 6.57)

y(z,0)=0, z€Q, 7(1,t)=0,1=1,2,
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and ,
Levs(z,t) = yCai} (z,t) €D UDT,

8z2

w(z,0)=0, Q (6.58)
v3(0,t) =0, w3(d,t) =0, w3(1,t)=0, te(0,7T].

Thus, the smooth component » satisfies that

Lev(z,t) = g(z,t), (x,t) €D UDT,
v(z,0) = y(x,0),

(6.59)
v(0,t) = w(0,t) + ev1(0,t) + e202(0, 1),
| 2(d,1) = w(d,t) +en(d,t) +’m(d,t), o(l,t) =y(1,t), te(0,T].
We note that , ,
I[7](4,1)], Hgﬂ (a,t)|, sz] (a,t)|, [g;;] (4,t)| < C. (6.60)

Theorem 6.3. VV j, k € NU {0} satisfying 0 < j < 3and 0 < j + 2k < 4, the smooth component v defined in
(6.59) satisfies the following bounds

v

< -
— C? 61'4

D-UDT

j+k
‘8” < et 6.61)

OxI Otk

D-UDt

Proof. We derive the bounds (6.61) for the smooth component v in the sub-region ® and D" separately.
At first, we consider the analysis on the sub-region D', We extend the domain D+ to the domain D°+ =
Q°t x (0,T] = (—1,1) x (0,T] such that ®°" =" x (0,T] = [-1,1] x [0,T] > D .

The function v(z,t), (x,t) € D is the restrictions to D of the function v°(z,t), (z,t) € D7 e,
v(z,t) = oz, t), (z,t) € D", such that

v°(x,t) = o (x,t) + eovf(x,t) + 205 (x, 1) + 305 (x, 1),
where the functions of, oy, v5, v are respective solutions of the following problems:

a®(2) 98 — e (z, t) 05 — %6 = go(x,t), (x,t) € DY,

_ (6.62)
o5(x,0) = qf(z), = e, g(1,t) =s,(t), te(0,T)
a®(2) 2L — b (a, t)of — 2L = — T (1) € D,
(6.63)
of(2,0)=0, €@, o(1,t)=0,1=1,2, te(0,T),
and "
L0 (x,t) = _%, (z,t) € DT,
o5(2,0)=0 zeQ, (6.64)

o(—1,6) =0, o§(d,t) =0, v§(1,£)=0, te (0,T].
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where
0205 (z,t) 05 (x,t) 075 (x,t)

€
TR » ot
The functions a¢(z), = € &1 b°(z,1), (z.t) € D°; g(x.t), (x,t) € D3 qf, o € 8 are defined

respectively. Then, using the arguments of [83], one can obtain that the smooth component v(x, t), (z,t) € D"

Coof(a,t) = e b (), 1) —

satisfies the following bound:

OItky (1) g
—— <01 - f <j+2k<A4. .
Epw '_C( +¢e°77), for0<j+2k< (6.65)

In the same way, we obtain the bound for the smooth component v(x,t), (x,t) €D . [ |

Next, we define the layer component z of the solution y in the following way: Find z € €°(D) such that

L.z=0, (,t) €D UDT,
z(x,0) =0, ze€4q,
Z(O,t) = y(07t> - U(O,t), Z(lvt) =0,

[gﬁ (d.1) = —[gﬂ (a,t), te(0,7T).

(6.66)

We can further decompose z as
z(x,t) = z1(x, t) + z2(x, 1),

where z; € €27(D) is the boundary layer function satisfying

L.z1 =0, (x,t) eED,
a(2,0)=0, zeq 6.67)
z1(0,t) = y(0,t) — (0,t), z1(d,t) =0, ¢e(0,7T],

with z;(z,t) =0, (x,t) € D", and z € €7(®) is the interior layer function satisfying

Lezg =0, (x,t) €D~ U Dt
z2(2,0) =0, zeq,

2(0,t) =0, z2(1,t) =0,

[?9;2] (1) = - [g;} (4,t), te(0,T].

(6.68)

Theorem 6.4. V j, k € NU {0} satisfying 0 < j < 3and 0 < j + 2k < 4, the boundary layer component z
and the interior layer component zy define in (6.67) and (6.68) respectively satisfy the following bounds:

oI +k z
OxJ Otk
0z
Ox?

< c(w’ exp(—mox/€)>, (z,t) €D,

(6.69)

< 0(8—4 exp(—mox/€)>, (z,t) €D,
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and

25(2,8)| < Ce, (z,t) €D UD,
j+k _

gﬂ@ﬁ < C(Elk exp(—moa:/e)), (z,t) €D ,

84z2 -3 _—

5l < C|e exp(—mox/e) |, (z,t) €D , (6.70)
J+k _

| =e (e entmz - a/a)), @ €D,

0*z9 _3 —

Tt < Cleexp(—mp(z —d)/e) |, (z,t) €D

Proof. The bounds (6.69) for the component z; and its derivatives follows from the arguments of [90, Lemmas
2.6 and 2.7].
To find the bound for z in (6.70), we use the barrier functions ®(x,t) = —V(x,t) + z2(x, t), where

U(x,t) =4 X0 B (6.71)

Note that &(x,0) = —¥(z,0) <0, ¢(0,t) = —¥(0,t) < 0and ®(1,t) = —¥(1,¢) < 0. Next, we have

0

C exp(—mpx/¢) [ —mp + a(z) + be] >0, (7,t) €D,

L.B(x,t) > (6.72)

Cexp(—mg(z — d)/e) [ —mo + a(x) + } >0, (z,t) € D,

d
and {g—ﬂ (4,t) = [%—‘i’] (4,t) £ {8—;2] (d,t) > 0. We use Lemma 6.13 for obtaining the required bound of

zp. As in [90, Lemma 2.7], the desired bounds on the derivatives of z(x,t) in (6.70) can be obtained over the

domain® and D" separately. |

6.9 The discrete solution and stability analysis of the model problem-II

In this section, we introduce the modified layer adapted mesh to discretize the domain ® and provide the
description of the proposed numerical method for discretizing the IBVP (6.1)—(6.3) with (6.5). The stability of

the proposed method is also discussed here.

6.9.1 Modified layer-adapted mesh

We choose N (> 8) as even positive integer. Now, to discretize the domain ® = Q x [0, T], we construct a mesh
VM gV« AM , where @ = {z; };VZO, denotes the modified layer-adapted mesh on the spatial domain Q
and AM denotes the equidistant mesh on the temporal domain [0, T']. To construct ﬁN, we divide Q into five
sub-interval as

Q=[0,m]UMm,d—plU[d—p",dU[dd+mn2U[d+n2,1] (6.73)

where
. |d . [1—4d
m—mm{2,noalnN}, 1”|2—m1n{2 ,noalnN},
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and p* = &‘TQ, T is a positive constant; and we place equidistant mesh on each sub-interval as depicted in Fig

6.10.

=2
ISP
|
o
)
=2
=2

Figure 6.10: Modified layer-adapted mesh in the spatial direction

We denote the step size in the temporal diretion by At = ¢, — t,,—1 = T/M, 1 < n < M and the mesh
width in the spatial direction by h; = z; —x;_1, 1 < j < N, with Ej =hj+hjy1, 1 <7< N-—-1. We

further denote h; as follows:

9

r 4
h=—F, forl<j < N/4,
4d—p* -
- le%, for N/4+1<j<N/2-2,
=
4
hQZ% for N/2 +1 < j < 3N/4,

for3N/4+1<j <N.

_ 4(1—d-m2)
\ H2 - N I

Remark 6.2. It shown in [Appendix A] that the discrete maximum principle for the proposed finite difference
operator can not be proved on the standard Shishkin mesh as depicted in Fig 6.11, by converting the system

(6.77) into a new system (6.86). To overcome this difficulty, we construct the modified layer adapted mesh.

=

|z
1z
2

Figure 6.11: Standard Shishkin mesh in the spatial direction

6.9.2 Proposed numerical method
In order to constitute the numerical method for approximation of the IBVP (6.1)-(6.3) with (6.5), we utilize
the implicit midpoint operator L%;ﬁ‘{,f , and the implicit modified central difference operator L7Nn’c]y which are

respectively defined as

Lo Y = eDEDZY] ! 4 a DLyt — by Dy (6.74)

N.My n+1 _ +n—yntl ) +ynt+l _ gntl n+l  p—yntl
Lmip Y™ = €Dy Dy Y™ +ajp1 DY bj+1/2Yj+1/2 Dy Yj+1/2’
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and at the point of discontinuity, we utilize the following one-sided second-order difference operators

F +1 __ +1 +1 +1
D; YNn/2 - (_Yﬁ/2+2 + 4YJG/2+1 - 3Y13/2 )/2hj11, 6.75)

B +1 __ +1 +1 +1
DRV = (Virhl, — AVl + 3V 2k .

The proposed numerical method is now described in the following form on the mesh DM :

(V) =qo(z;), for0<j<N,

(cNMyntl — gl for 1 < j < N/4—1land N/2+1<j <3N/4—1,

med 7 ’

LENYIHTE = gnt for N/A<j < N/2—1and 3N/4<j< N -1,

med ’

and when ¢ > 2||a||N 1,

LN,Myjﬂri’l _gn+1 fOr N/4§j S N/2— 1’

e BRcAREY (6.76)

and when ¢ < 2||a||N "1,
ng‘g%nﬂ :gﬁfﬂ, for3aN/4 < j <N —1,
and when ¢ < 2||a||[N 71,

DEY]H - DBY ™ =0, forj = N/2,

[ U Y9 =si(tng), YIT =sp(tnr), forn=0,...,M —1.

Now, we rewrite (6.76) in the following form:
Y =qo(z;), for0<j<N,
LIMypl = grt - for1<j <N -1, (6.77)

Y0n+1 frd sl(thrl)’ ¥7n+1 == Sr(tn+l), fOI' n = O, .. .,M - ].,

where the difference operator £ év M s defined as

[ Y+ Y YA+ Y YR MY,

forl1<j<N/2—1land N/2+1<j<N-1,
LéV,Myjn-i—l _ (6.78)

=2y n+1 — 1y n+1 cyn+l +,1yn+1 +,2yn+1
[V Y v Y YT YRR YR
for j = N/2,
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and the term Tj”H as

n+1 . .

g forl<j<N/4—land N/2+1<j<3N/4-1,
g]’fllm, for N/4 < j < N/2 —1, and when ¢ < 2||a||N "},

FH =1 gl for3N/4 < j < N — 1, and when & < 2[|a||N 1, (6.79)

gitt, for N/4<j<N/2—1and3N/4<j <N —1, and whene > 2|[a||[N ",

0, for j = N/2.

Let us denote p; = € — %ajhjﬂ, for1<j<N/2—1land N/2+1<j <N —1.Whene > 2||a||[N~!,
for1 <j<N/2—1and N/2+ 1< j < N — 1, the coefficients in (6.78) are given by

4 _ 2p‘7
py = —=,
T hjhy
po— i 4G gen L
Tohihi hi A (6.80)
N+ = 2p] a‘j
7 hjpihy hin
1
- _ _ +
[ A =00 X=1. A =0

Next, when ¢ < 2||a||[N~%, for N/4 < j < N/2 —1and 3N/4 < j < N — 1, the coefficients in (6.78) are
given by

_ 2¢e
,LL~ = ~
T hhy
+1
e = —2c  Gjy1/2 b?+1/2 1
J hjhj.H hj+1 2 2At’ (6 81)
+1 :
ut = 2e ajy1/2 0312 1
J h]+1hj h]+1 2 2At’
1
AT =0 c—__— N\t =_—_
J VAN A A VAN A
andfor1 <j< N/4—1land N/2+1<j<3N/4-1,
Hj = 2P
7 by
o= i 4G gen L
Tohihia hin A (6.82)

2p s
o Ly

Hj B hj_:,_lhi hj+l’
_ L1
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Finally, the coefficients in (6.78) for j = N/2, are given by

( _, -1 2
Ynj2 = 2h; 1 Ynjo = Ty
. 3,1 1
Vi = T hj+1)’ (6.83)
+1 2 +,2 -1
N T R YN T angy

6.9.3 Inverse monotonocity of the proposed numerical method
It is easy to check that the difference operator defined in (6.78) does not satisfy the discrete maximum principle.
We overcome this difficulty by replacing Y](]LE_Q and Yﬁf;ﬂ in (6.78) corresponding to x/o = d with the

following expressions:

1 1
+1 +1 +1 - +1
YJG/2+2 T [EJT\LT/2+1 N “5V/2+1Yﬁ/2+1 - “N/2+1YJ$/2 T At ﬁ/?—&-l}’
HN/ot1 6.84)
1 ! .
+1 +1 +1 + +1
Yoo = — {517\11/271 — B2 1YNja—1 T BNy YNy T At JG/%J-
Hn/2—1
when ¢ > 2||a||N~!, and
YnJrl _ 1 n+1 c Yn+1 — YnJrl 1 Yn
N/24+2 T T INj2+1 T HN241 N2 T BNji N2 T OA T N/24L
HN/241
" 1 » » N a1 (6.85)
n _ n c n n n
YN/272 T [H(N/2—1)+1/2 - MN/2—1YN/271 - MN/2—1YN/2 - EY(N/2—1)+1/2}-
N/2-1
when ¢ < 2||a||N 1. We thus convert the system of equations in (6.77) to the following form:
V) = qo(x;), for0<j<N,
Ly MY =F1H for1<j<N -1, (6.86)
Yo+t = si(tny1), Y](}H =s,(tnt1), forn=0,1,...,M —1.
Here, the difference operator LI]{V M s defined as
[ YA+ sy YRR 4 Y 4 XY+ ATYT ],
Ly Myt = for j = N/2, (6.87)

LYMymHL L for j £ NJ2,
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where

T L FNnjo—1 | 2
N/2 - J
/ 2hs Hnj2—1 ha
— +
2 1 Hpyjoq1 ( 3 N 3 ) N 1 Hyjoq
N/2 T ~\ 5 57 = )
127 % ha ' 2hs) " 2o iy,
[+
at. = L FNjp 2
Nj2 T + ’
27 2hy a1 D2 (6.88)
- 1
N/2 ,
/ thAtMN/Q 1
N2 =0,
PN
Nj2 =
/ 2h2At“N/2+1
when & > 2||a||N~! and
P 1 Hyjpor 2
N/2 ™ - by
/ 2hy Hn/2—1 ha
- +
7 1 Hyjoaq1 ( 3 3 > N 1 Hyjo1
N/2 T —\ 50 -
127 2h, A o hy ' 2ho 20 1y 1y
C
T 1 Hyppr | 2
N/2 + ’
2 2ha iy, e (6.89)
- 1
N/2 ’
2 dhaAtpy sy
~ 1
AN/2 ;
/ 4h2AtMN/2 1
Py SR —
N/2 = + :
/ 2h2At“N/2+1
When ¢ < 2||a||N~!; and the right-hand side term F;H'l is defined as
yn+1 gn—‘,—l
N/2 1 N/2-1 , for j = N/2 and when ¢ > 2||a|[N 1,
2h2/‘N/2+1 2hWN/z 1
prt_ ] gl (6.90)
J N2+ (/2- 1)+1/2, for j = N/2 and when ¢ < 2|[a||[N"},
2h2“N/2+1 2hapiy oy
+1 -
Wz for j # N/2.
Let ONM — DM and goNM — VM \ DN:M_ The difference operator ]LIJ{V’M defined by (6.87)

satisfies the following discrete maximum principle.

Lemma 6.15 (Discrete maximum principle). Assume that there exists a positive integer Ng such that for N >

Ny the following conditions hold:

> 6nollal|ec  and (6.91)

In N
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—) <
(bl + ) <

Then, if any mesh function U satisfies that ¥ < 0 on 09N and LIJ{V My > 0in DNM then it implies that
U < 0 at each point of@N’M.

1 N
mOT (6.92)

Proof. According to the hypothesis of the discrete maximum principle, we assume that the mesh function ¥

satisfies the following:

V0=p) for0<j<N, (6.93)
and
—LMentt = L for 1 << N -1, o
(6.94)
Tott = gttt Wit = et forn =0,1,...,M — 1,
where ,o? < 0, for all j and n. Now, we set
N,M . . o
—Lg MU = A, — DU+ AGL )T+ A5+ DU -
(6.95)
[B(j,j — D)W7_1 +B(j, )7 +B(j, 1) ¥}44],
for1 < j < N — 1, together with
A(j,j) =1, forj=0,NandB(j,j)=1, forj=0,N.
Therefore, (6.94) can be rewritten as
AU Byt =yl forpn =0,1,..., M — 1, (6.96)

where A := A(j,7), B :=B(j,7) and ¥" = (¥7,...,¥%), p" = (p§,...,p}). forn € {0,1,... M} It
is obvious that the matrix B > 0, and below we prove that the matrix A is an M-matrix. Then, according to
[Lemma 3.12, Part II] given in the book of Roos et al. [99], the desired result follows from (6.96). Now, to
prove that the M-matrix criterion of A, we consider the following two cases.

Case 1. Lete > 2|ja|N"1. For1 <j < N/4—1, NJ2+1<j<3N/4—1landj= N/2—-1, N/2-2

we have

h
pj =€ — ajhj+1/2 > e — Ha|2|1 (697)
Again, for N/4 < j < N/2 — 3,
H
P, =c—ajhji1/2> ¢~ ”“’2 L (6.98)
and for 3N/4 < j < N —1,
H
P, = —ajhj1/2> e~ ”“’2 2 (6.99)

Since, hy, H1, Hy < 4N_1; (6.24), (6.98) and (6.40) imply thatfor1 < j < N/2—1land N/24+1 < j < N—1,
p; > c—2]a|N~' > 0.Now, for1 < j < N/2—1and N/2+1 < j < N — 1, itis straightforward from
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(6.80) that A(j, j) = —p§ > 0, A(j,j — 1) = —p; <0, A(j,j+1) = —pu; <0 and hence,

AG ) —AG T+ DI —|AG, 7 — 1)

2p; a; 1 2p; 2p; a;
=— + L 4t - -
hihjir — hjer 7 At pihy o gy Ry (6.100)
1
:bT_L+1 - )
P A >0

Next, we consider j = N/2. Here, using (6.92) and ha < AN~ we obtain from (6.88) that

A(N/2,N/2 +1) = —fiy

- h2
_ L At 2PN/2+1 T anj21h2 + bwzlﬂh% + A7
2hs | Py/241 T anja1he ’
< 1 [ —2Pj21 — Banyzhe + B304 + 27) (6.101)
T 2h2 | P21+ anya1he ’ '
T 2h2 | Py tanj2phe 7
[—2 — 3mohg + moh
< 1 Pn/2+1 0h2 +moh2 <0
2hy | Pnjo+1 T anja41he
Again, using (6.92) and hy < AN, from (6.88) we have
A(N/2,N/2) = —[i}y s
_ 1 [ Pn/2+1 } 3 1 [(PN/21 + GN/2—1h2>]
2ha [ PNja41 + anjarrhe]  ha o 2ho Pn/2—1 7
6.102
B |:2pN/2—1 - GN/2+1h2] N 1 [<2PN/2+1 + 3aN/2+1h2)] ( )
2hs Pn/2-1 2h2 [\ Pnyj2+1 + anyja41ho
1
> e lallha|
hoP /21
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and
A(N/27N/2 - 1) = _ﬁ]_\[/ga

- +anjo_thy + 0L B3+ R
_ [ At Pnj2—1 T aNj2-12 T Onj9_1 15 At]
2N | Pnj2—1 |
1 [ tonpahe h3(by )51 + A7) 6.103
= oy _ Pn/2—1 | o
_ 1 [—2e+3an/2-1h2 —mohy + h%m‘f\[}
2hs | Pn/2-1 ’
1 3
S — | -+ —a h2 )
T [ 5 lallhz]

since hg = 4”72 = w, using the condition (6.91), we have A(N/2, N/2) > 0and A(N/2, N/2—1) < 0.

Further, we have
|A(N/2,N/2)| — |A(N/2,N/2+1)| — |A(N/2,N/2 —1)| > 0. (6.104)

Case 2. Let ¢ < 2||a||[N~!. For 1 < j < N/4 — 1, under the condition (6.91), we obtain that

ajhl
2 Y

h
> 2 (3lall - ) >0

and similarly for N/2+1 < j <3N/4—1, wehave P; = ¢ — ‘13}127“1 =g— % > 0. Likewise the previous

Pj:€—

case one can obtain from (6.82) that

A(jg) = = >0, A(j.j— 1) = —pu; <0, A(j,j +1) = uf <0,
and |A(4,7)| — |A(j, 7 + D] = |A(5,5 — )] > 0.

Now, for N/4 < j < N/2 —1and 3N/4 < j < N — 1, it is straightforward from (6.81) that

Under the assumption (6.92) and using inequalities hy, Hi, Hy < 4N —1 we obtain from (6.81) that

bn+1

. 2e Aj41/2 i+1/2 1
A )= —pt=— B J
(4,5 +1) = —p; by T T oAy
< j+1/2 n j+1/2 n ’
hj+1 2 2At
1 moN 1
=—[———+ ||| +-—]| <O.
-2 ] <



Further, we have

bn+1 bn-‘rl
B 2% aj+1/2 n i+1/2 n 1 _ 2e B aj+1/2 + j+1/2 + 1 _ 2e (6 105)
hihjr1 Bt 2 28 hjgahy o hin : 2AT sy |

1
_ pn+l
—ij/Q—i- ; > 0.

Next, we consider j = N/2. Likewise the previous case, from (6.89) we have

AN/2,NJ2+ 1) = —fit, < | Z2Pjze1 — Smohz + mohs
’ N/2 = 2hy Pn/241 T anjat1he

Again, using the condition (6.92) and he < 4N —1 from (6.89) we have

A(Nyj2,n/2-1) =l

_ h3 (1n+1 1
1 26+G(N/2_1)+%h2+72(1?(]—\’/.—/2_1)_’_% +E)
= — — 4 + s
2h2 e
[—2c+a ya1he + hEmN
_ b (/2= 1)+ LI (6.106)
2h2 g
L [ —2¢ + [|al|hy + Bek2
— 2hy € ’
1 [ 3
< — | —e+2Yalln
>~ €h2 i 6_*_4”@” 2:|7
and
A(N/2,N/2) = —[ify
_ _1[ Pn/2+1 ] L3
2ho [ (Pnj241 T anjayihe) | he
n+1
@( 1 b(zirr/2—1)+1/2 _ A(Nj2-D+1/2 i)
2¢ \2At 2 ha hZ)’ (6.107)
1 [QPN/2+1 + 30(N/2—1)+1/2} 1 anjaq1he
> — b=
2ha | (Pnj241 + any2t1h2) ha 2e
1 [lallhs
> h,725 [€ B ] y
. 4N, dngeln N | .
since hy = N = using the condition (6.91), we have A(N/2, N/2) > 0and A(N/2,N/2—1) <
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0. Further, we have
|A(N/2,N/2)| — |A(N/2,N/2+1)| — |A(N/2,N/2 —1)| > 0. (6.108)

Hence, the matrix A is an M-matrix. |
By using the discrete maximum principle with a suitable barrier function, we can obtain the following

stability result.

Lemma 6.16. Assume that the conditions (6.91) and (6.92) hold. Then, the solution'Y of the discrete problem
(6.86)-(6.90) satisfies that
1
”YH5N,M < HY”@@N,A{ + ;0|’F"§N,A1.

Proof. We introduce the mesh functions

11—z
W, ) = ¥ oo = S Fl g 77 6.109)

Note that ¥4 (0,%,41), Y4(1,tp41) < 0 and ¥y (z;,0) < 0. When e > 2[ja||[ N~ for1 < j < N/2 —
I, N2+1<j<N-1,

N,M _ (1—x;)
LWy, tr) = D5 D5 (= IV oowos = S
+ala) D5 (= ¥ loowar — S22 e
mo
+1 (1 — xj)
S G )
_ (1 —x;) N,M
= D7 (= W loowar = S22y ) 1y,
> ||| £ LMY > (|F| £ FA > 0.
mg
Next, when e < 2|a||[N~!, N/4<j<N/2-1,3N/4<j<N -1,
N,M N + (1—x)
Ly " Wi(wj,tny1) =eDy Dy | — [[Ylgon — TO”FH
(1)
S
(1- 95'+1/2)
—prtl [y - PR
e~ W loowar = =222
_ (1 —xj41/2) N,M
= D7 (= I laowr = =22 ) e
aj+1/2 N,M
> 22| £ LMY > ) £, >0
Similarly, for j = N/2, we have
LIJ{V’M‘I’i(l‘N/%th) > DYV (2o tns1) — DEVL(2n/9,tni1) = 0. (6.110)
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Lemma 6.15 implies that U (z,t,41) < 0 forall 0 < j < N, which yields the desired bound on Y.

6.10 Error analysis
Now, we decompose numerical solution ¥ = % + Z where 9, Z are smooth and layer component of Y,
respectively. Define the function ¥ to be the solution of

Ly Mt = F1HL forall (2, t,) € DV (d tp),

Y = o(x;,0), V' = 0(0, 1), (6.111)
‘Vﬁf; = o(d, tyr1), Vot =o(1,tyy1), forn=0,1,...,M —1.

In the following lemma, we obtain the error bounds associated with the smooth component.

Lemma 6.17. Under the assumption (6.91) and (6.92) of Lemma 6.15, the errors associated with smooth

component satisfy the following estimates:

C(N724+ At)tyq1(d —x4), forxz; <d,
VI o, )| < ( Jni1(d = ;) ? 6.112)
C(N72+ At)tpi1(1 —z;), forx; > d.

Proof. In this proof we consider following two cases.
Case 1. When ¢ > 2||a||[N~!. For 1 < j < N/2 — 1., we define the truncation error as

LM (1t = o(wj, ) = (L = L") o(@j, taga),

_ (5<§; ~) st oy (2 02) (2 Dr) ety b,

Then, the truncation error satisfies the satisfies that

LM (gt v(xj,tnﬂ))‘ - [5h Ha;&H +h hﬂ“Hax?’H At” a2 }H for j = N/4, 6.113)

{shQ

] otherwise.

Haﬁ Hax3 tH(‘)tQ

Now, using h; < CN —1 and the bounds on the derivative of » from equation (6.61), we obtain the that

N C[sN*1+N*2+At], for j = N/4,
LM (1 = o(ay tar))| <
C [NfQ + At} , otherwise.

‘We choose the barrier function

M = C(N7? + At)tpy1y(xs) + C(N 72 + Ab)tng (d — z;),
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where
1, for0 <z <my,

V(@) =9 4 ..
d—fﬁ’ forn; <z; <d.
Here, we have
0, 0<j < N/4, 0, 0<j < N/4,
Diy(z) =4 | . and  Dyy(zj) =4 ,
d*ﬂ17N/4§‘]<N/2’ rm, N/4<]§N/2,
0, 0<j < N/4, 0, 0<j < N/4,
% —h1N 2 —2N
Di~(z;) = —_— — N/4. and 02v(z;) = = i = N/4.
(d;ﬁl), N/4<j<N/2, 0, N/4<j< N/2.

Now, using the above expressions, one can get
Ly M ontt = ea207 4 q; D500 — o0 on T — Dot
<030t 4 a; D3OI,
=e62(C(N"2+ Ab)tp1y(z5) + C(N72 + At)t, 1(d — z;)) -
+a;DE(C(N"2 + At)tpi1y(zj) + C(N 2 + At)tp1(d — x;)), O
= eO(N"2 + At)tp1027(zj) + C(N 2 + At)t,4162(d — ;)
+ a;C(N72+ At)tp1 Divy(z;) + a;C(N 72 + At)t, 1 DE(d — ;).
The equation (6.114) implies that
—C(N"2 4+ At), for0<j< N/4,
Ly Mot < —C(eN' 4+ N2+ At), forj=N/4,
~C(N72+At), forN/4<j<N/2.

Therefore, we have

e R CLTY) s P
and applying Lemma 6.15 to —q)?*l + (,an+1 — v(xj,tny1)), Over "M D yields that

(V' = (), tng))] < @5

< O(N24+ Abt)tyi1(d —aj), for x; <d.
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Now, for N/2 + 1 < j < N — 1, the truncation error satisfies that

m for j = 3N/4,

ol gl + oo 3
LM (7 = ol to))] < o o

0l hQHagfl HagﬁH +AtH o2

Now, using h; < C'N~! and the bounds on the derivative of v, we obtain that

} otherwise.

. C [aN—l YNy At}, for j = 3N/4,
LM (74— oy b)) <
C [N 24 At] , otherwise.

We consider the following barrier function for N/2+1 < j < N —1

M = C(N 72 + At)tpy1y(zj) + C(N > + Ab)tnia (1 — )

where

17 f0rd§$j§d+ﬂ27
o) =9 1,

- for d+n2§$‘]§1

Here, we have

0, N/2<j<3N/4, B 0, N/2<j<3N/4,
D) ={ | D) ={

0, N/2<j<3N/4, 0, N/2 < j < 3N/4,
—ha N , 2 —2N
=3N/4. and 0;y(z;) =
a—any I )

b NA<j< N2

Dyy(zj) =

0, 3N/4<j<N.
Now, using the above expressions, we get

—C(N2+ At), for N/2 < j < 3N/4,
—C(eN7' 4+ N2+ At), forj=3N/4,
—C(N24+At), for3N/4<j<N.

N,M zn+1
Ly Mentt <

Therefore, we have
Lg M (VP — o(aj, )] < —Lg M @pH,

and applying Lemma 6.15 to —@?H + (‘VfJrl — (2, tn+1)), over the region VMt yields that

(V] = o(aj,tni))] < @57

< C(N_2 + At)thrl(l — :Ej), for Zj >d.
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Case 2. When ¢ < 2||a||N~!. For N/4 < j < N/2 —1and 3N/4 < j < N — 1, we obtain that

LM (0 = ol tar)| = |((€e0)ga/2 = Ly ol torn))|
< |cehy H&T?) +Chﬂ“”3x3 +CAtH8t2 J
< C(N"24Ab).

For1 <j < N/4and N/2 < j < 3N/4, from (6.113) and (6.115), we get
N,M (o m+1 -2 . .
Ly ™ (V)" —v(zj, tnt1))| S C(N""+ At), forl <j<N/4, N/2<j<3N/4

Now, applying Lemma 6.15 separately to the discrete functions C(N~2 + At)t,11(d — x;) + (‘I/j"+1 —
v(zj,tnt1)), over D NM D™ and to the discrete functions C(N24+At)tp41(1—xzj) £ (‘V"+1 —v(zj, thyr))
over §N’ N @ , we obtain the desired estimate in (6.112). [ |

Next, we define the function Z to be the solution of

LéV’MZ;H_l =0, for (xjv tn—i-l) e ONM \ (dv tn+1)7

20 = 2(z;,0), Z = 2(0,tny1), (6.116)

Zit = 2(1tng1),  [DZ(d, tni1)] = —[DV(d, o).
We define the jump in the discrete derivative of the mesh function Z at the point (d, ¢,,+1) by

[DU(, tas1)] = DED(A, tyr1) — DEU(d, tus).
Similarly to the continuous case we can further decompose Z as
Z=21+ Zp
where Z,; (the discrete analogue of the boundary function z;) is defined as the solution of
LyMzptt =0, in@VM o,

Z); = a1(z;,0), 0<j<N/2 (6.117)
Zit = 210ty 1), Zf‘jvlﬂ =0, forn=0,1,...,M —1,

. . =NM _— . o . .
with ZEH =0,in® N ©+, and Z, (the discrete analogue of the interior layer function z3) is defined as
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the solution of

LIJ{V’MZSL,;FI =0, in®MM\ (d,tns1),
2;,=0, z33' =0, Z§ =0, (6.118)
[Dzp(d, tp41)] = —[DV(4,tny1)] — [DZ1(d, tpt1)], forn=0,1,...,M — 1.

Lemma 6.18. Under the assumptions (6.91) and (6.92) of Lemma 6.15, the errors associated with the boundary

layer component satisfy the following estimates:

C(N72In2N + At)tpi1(d+x5), forl<j < N/4,
20 — 2y (2, tag) | < ( (A 25) / (6.119)
CN=2t,41, forN/4<j<N/2-1.

Proof. The proof follows from [118, lemma 10] for the region N/4 < j < N/2—1. Next, we obtain an estimate
(6.119) for the boundary layer region 1 < j < N/4 by using the truncation error approach and constructing

suitable barrier functions. [ |

Lemma 6.19. Under the assumptions (6.91) and (6.92) of Lemma 6.15, the errors associated with interior

layer component satisfy the following estimate:
287!~ 2a(wj, b)) | S ONT2 for3NjA<j <N -1, (6.120)

and

ZpH — zQ(xj,th)‘ <CO(N2I®N + At), forl<j<3N/4—1. 6.121)

Proof. The proof of the estimate in (6.120) for the region 3N/4 < j < N — 1, follows from [118, Lemma 10].
Next, we proceed to derive the estimate in (6.121). When & > 2|[a||[N~! and N/4 < j < N/2 — 1, the

truncation error satisfies that

0% z9 . @ @ .
0 eyt < | Lol e ), ors =i
C[ghﬁlHWH + thH@H + AtHW‘ }, otherwise,

Further, from the derivatives bounds on z3 in Theorem 6.4, we obtain that

C(exp(—moz;/e) + hji1e” texp(—moz;/e) + At),
g M (253" = 2@, tar))] < for j = N/4,

C(hjt1e~ exp(—mox;j/e) + At), otherwise.

The relation & > 2||a||N~! implies that % < ﬁ We have the transition parameter 1; = Toe In IV and let

Mo = %, so one can get exp(—mox;/e) < N2, N/4 < j < N/2 — 1. After that, we have

Ly (251" = 22(2j,tasn))| < C(NT2+ A1), for N/4<j < N/2-1. (6.122)
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When ¢ < 2||a||[ N7, for N/4 < j < N/2 — 1, we have

e M (251 = (@), tar1))| = (Le22)j12 — L M 2a(@)s tng)),
< oe| G2+l 52+ ea B2

Further, from the derivatives bounds on z in Theorem 6.4, we obtain that
La (25" = 22(2j,tasn))| < Cexp(—mozj/e) + At), N/A<j<N/2-1. (6.123)
The inequalities exp(—moz;/c) < N=2, for N/4 < j < N/2 — 1, imply that
Ly (251 — o2y, ta))| S C(N2+ At), for N/A<j < N/2—1. (6.124)

Finally, for 1 < j < N/4and N/2 < j < 3N/4, we have

33z
ox3

0%z
ot?

0z
N,M/n 2
LM (255" = 2ol tor)] < C[end | 55

< C(N72In® N + At).

2
|+

|+

] ’ (6.125)

Now, we derive truncation error at the point of discontinuity. From the proposed scheme (6.76), we have

[D(Y]G;;l - y(da thrl))] = - [D}/(da thrl)] )
The preceding equation, as well as the equations (6.111) and (6.117), imply that

(D, — 2 tas0)] = —[Do(d tar1)] — [DIZ, — 21(8, tue)] = [DOVE = o(d,tus1))]
= — [Dy(d, tn_i,_l)} + [Dzl(d, tn+1)] + [D’U(d, tn+1)] .

Here, we get

|[D(Z5 2 = 22(d tns1))]|
< ‘ny(d, tnt1) — yo(d, tn+1)’ + ’ny(duthrl) — 1(d, 75n+1)| + ‘szl(d7 tnt1) — 21,2(d, tn+1)‘
+ ‘DFU d tn+1) — 7(d, tn—i—l)‘ + ’DB” (d,tn+1) — ve(d, tn+1)|a

3z v
o3 21231

< Ch ‘ 4O + CR2

’ 2| 93
From the previous expression and by using the Theorem 6.3 and 6.4, we get
[D(2375); — 2(d, tns1))]| < Ch3e™ + Chi + Ch3 < CN~?In’ N. (6.126)

Now, for sufficiently large C, we consider the following discrete functions

OF (25, tnp1) = —C(N2In® N + At)(1 — 2;) + (25T — z(wj, tnra)), 0 <j < 3N/4.
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From (6.122), (6.124) and (6.125) we have for j # N/2, 1 < j <3N/4 —1,

Ly M &% (), tn11) = LM (~C(N "2 In® N 4+ A)(1 — ;) £ Ly M (21 = 20(xj,t11)),

> 0.
From (6.126), we have for j = N /2,
Ly 0% (2), tne1) > DEO* (2, tns1) — DEO* (2, tn1) > 0.

Now, applying Lemma 6.15 for the region 0 < j < 3N /4, we obtain the desired estimate in (6.121). |
6.10.1 Main convergence result
The error associated with the numerical solution can be decomposed as
VI — o(a), tnyr) + 27T — 212, tngr) + 257 — z(5,tnga), 0 < j < N/2,
anﬂ = y(@j tng1) = ¢ VT = v(enge ter) + 215 = @z tna) + 257 - 2(anye, taga), § = N/2,
VI — o(aj, tay1) + 251 — 22(3j,tng1), NJ2<j < N.

Theorem 6.5 (Global error). Under the assumptions (6.91) and (6.92)) of Lemma 6.15, the error corresponding
to the discrete problem (6.86)-(6.90) satisfies the following estimates:

Y b)) < C(N72In®N + At), 1<j<3N/4,
; -y 1"]'7 n+1 >~
’ C(N“2+At), 3N/4<j<N-1.

Proof. The Proof follows from Lemma 6.17, 6.18 and 6.19. [ |

6.11 Numerical experiments

In this section, in order to verify the theoretical result as well as the efficiency of the proposed numerical method,
we carryout numerical experiments on the following test examples and also compare the numerical results of
the proposed method with the classical implicit upwind scheme (6.127)-(6.128). In all of the evaluations, we
select the constant g = 2.2 andd = 1/2.

6.11.1 The classical implicit upwind scheme
We introduce the classical implicit upwind scheme for the problem (6.1)-(6.3) with (6.5), which takes the

following form:
on =qo(xj), forj=0,...N,
N,M . .
Lup Y[ =gttt forj=1,...,,N/2—1, andj = N/2+1,...N -1, 6127,
DY — DY =0, forj = N/2,

YO"”'1 = s1(tnt1), YJGH =s,(tpt1), forn=0,...,M —1,
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where the difference operator LZD’M is defined as

LMY = eDF DY 4 o DF Y] — b0 Y - DIy, (6.128)
and for j = N/2,
DEYH = (YR =Y by, DRYP = (V) =Y g (6.129)

6.11.2 Test examples
Example 6.4. Consider the parabolic IBVP of the form (6.1)-(6.3) with (6.5), where a(z) = 1, b(x,t) = 0,

-9, for (z,t) € (0,1/2) x (0,1],

ﬂ(l‘7t) =
9(x —1)%, for (z,t) € (1/2,1) x (0,1].

Here, the exact solution is given by
exp(—t) ( —9(x+ee® +Cie(l—e= )+ 9 — 1), (z,t) € (0,d) x (0,1],

-1 1 —1 45e 9 3\ —(z—1
Jont) = § v 90 4120~ Guele® 1)+ (1 ot )b
45 9c2 1863 — 9ee™ +9ce® +3[(z —1)% + 1] — 9e[(z — 1)2 — 1]+
18e2(z — 4) — 1 — Cae(e= — 62’51)>, (z,t) € [d,1) x (0,1],

with C3 = C = % +1823 4 9ze e — %e%, and accordingly, the data qo(z), s;(¢) and s,(t)
g(l—e ¢

are chosen.

Since, the exact solution is known, for each ¢, we compute maximum point-wise errors by

N,M N,M
e’ = max max |Y "V (zj,ty) —y(zj,t
€ OSjSNOSnSM’ ( Jo n) — y( 7> n)‘a
N,M
and the corresponding order of convergence by V' = log, —~aap | » where y(z;,t,) and YNVM (25, ¢1,,),
e’

. . . —N,M
respectively denote the exact and the numerical solution computed on © . Further, for each N and M,

N,M N,M

we calculate the e-uniform maximum point-wise errors by e = maxe.""" and the corresponding order of
3

eN,M
convergence by TN7M = 10g2 (W) .

Example 6.5. Consider the parabolic IBVP of the form (6.8)-(6.3) with (6.5), where b(z,t) = 1 — xt,

@ 1+z(1—2), ze€]0,d],
e 1.5+z(1—z), ze€]ld1],
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and
2(1 + 222, (x,t) € [0,4) x (0,1],
ﬂ(wvt) =
=31 —zHt?,  (x,t) €[d,1] x (0,1].

Here, we set qo(z) = 0, 2 € [0,1] and s;(t) = 313, s,(¢) =0, t € [0,1].

Since the exact solution of Example 6.5|is not known, the following technique is used to illustrate the accuracy

and e-uniform convergence of the proposed method. We denote y2N2M

r;jQN,QM

as the numerical solution computed on
the fine mesh with 2N mesh-intervals in the spatial direction and 2/ mesh-intervals in the temporal
direction, such that the transition parameters 11, 12 and the point p* remain unaltered after doubling the mesh-

intervals. For each ¢, we compute the maximum point-wise errors by

SN, M N,M V2N ,2M
e, = max YU (xg,ty) = Y00 (2,8
e OgjgN,OgnSM‘ (x5, tn) (;, n)|a
~N,M
and the corresponding order of convergence by ?év M — Jog, A;Vw . Further, for each N and M, the
[

N, M AN, M

quantities ¢ NM,

and r are defined analogously to e/V"* and r

Example 6.6. Consider the following semi-linear parabolic IBVP:

E——5 + 7.%’ - exp(y) - :ﬂ(x7t)a (."L‘,t) € [(Ovd) U (dv 1)] X (07 1]7

y(0,t) = si(t), y(1,t) =s.(t), tel0,1],

where the exact solution y(x, t) are the same as we define previously in Example 6.4 and accordingly, the data

qo(z), si(t) , s,(t) and the term g(x,t) are chosen.

To compute the numerical solution of the proposed methods in (6.77) and (6.127) for Example 6.6, a
nonlinear system needs to be solved at each time step. For that, we use the Newton’s iterative method as we
define in Chapter 4.

6.11.3 Numerical findings and observations

The numerical solutions of Examples 6.4, 6.5/and 6.6, consist of boundary layer at z = 0 and an interior layer
right side of point of discontinuity at z = 1/2. This can be observe from Fig 6.12. In addition, from the surface
plots displayed in Figs|6.13, one can fully visualize the numerical solutions.

For different values of €, N and At, the e-uniform errors are shown in tables 6.10,/6.12, and 6.14/, respec-
tively for Examples 6.4, 6.5 and 6.6, with At = 1.6/N. In comparison, to view the effect of a temporal error,
we show the e-uniform error along with the respective order of convergence determined using the proposed
method in Tables 6.10, 6.12 and 6.14, respectively for Examples 6.4, 6.5 and 6.6, with At = 0.8/N and choos-
ing S, = {29,272,...,2720} as the set of values of the parameter ¢. In order to highlight the robustness of
the proposed method, we provide the computational results of the classical implicit upwind scheme in Tables

6.11, 6.13 and 6.15, respectively for Examples 6.4, 6.5 and |6.6. This represents the e-uniform convergence of
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the proposed method as well as the classical implicit upwind scheme. In support of this observation, the calcu-
lated e-uniform errors in Tables 6.10-6.15| are depicted in Figs 6.14, 6.15 and 6.14; and this clearly illustrates
robustness of the proposed method in comparison with classical upwind scheme.

The order of convergence shown in Tables 6.10-6.15, however, does not really reflect the spatial order of
convergence of the method proposed. According to the estimation of Theorem 6.5, it is because of the influence
of the temporal error over the spatial error.

We take At = 1/N? for verifying the spatial order of convergence of the present method. We compare
region-wise errors and the order of convergence the proposed method with the implicit upwind scheme in
Tables 6.16-6.21. It confirms that the proposed method is almost second-order accurate in space, whereas the

implicit upwind scheme is almost first-order accurate in space.
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Figure 6.12: Numerical solutions obtain using the proposed method at ¢t = 1 for N = 128
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Figure 6.13: Surface plot of the numerical solutions obtained using the proposed method
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Table 6.10: c-uniform maximum point-wise errors and order of convergence for Example 6.4 .

€ €S Number of mesh intervals N/ time step size At ( At = 1.6/N)
64 /% 128/ 256/ 15 512/ 555 1024/5%

eNM 1 51873e-02  1.7613e-02  6.0240e-03  2.1204e-03  8.0021e-04

rNM 1.5583 1.5479 1.5064 1.4058

€ €S, Number of mesh intervals N/ time step size At( At = 0.8/N)
64 /% 128/% 256/% 512/% 1024/#80

e M 5.1971e-02  1.7588e-02  5.7087e¢-03  1.8428e-03  6.1854e-04

rNM 1.5631 1.6234 1.6313 1.5750

Table 6.11: c-uniform maximum point-wise errors and order of convergence for Example 6.4 computed with
At = 0.8/N using classical upwind scheme.

€ €S Number of mesh-intervals [N/ time step-size At

64 /35 128/545 256/ 555 512/555 1024/ 1355
e M 14347501  2.7500e-01  1.6551e-01  9.6480e-02  5.4719e-02
rV-M 0.66075 0.73250 0.77865 0.881819

A A
‘\
o B
LLI _2 ..i"-\.
.10 “ ¢ ", 3
X r ﬂn,,.
© .
> = At =1.6/N(proposed method) "ﬂ\ -
f¢: At = 0.8/N (proposed method) ~w
AAt = 0.8/N (upwind scheme)
-4 L
10 2 3
10 N 10

Figure 6.14: Loglog plot for comparison of e-uniform maximum point-wise errors of Example 6.4
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Table 6.12: c-uniform maximum point-wise errors and order of convergence for Example 6.5 .

€ €S Number of mesh intervals N/ time step size At ( At = 1.6/N)
64 /% 128/ 256/ 155 512/ 555 1024/5%5
eV M1 88576e-03  3.0491e-03  9.5133e-04  3.1235e-04  1.1098e-04
rNM 1.5385 1.6804 1.6068 1.4929
€ €S, Number of mesh intervals N/ time step size At( At = 0.8/N)
64 /% 128/% 256/% 512/% 1024/#80
e M 9.0961e-03  3.1439e-03  9.9233e-04 3.2219¢-04  9.9738e-05
M 1.5327 1.6637 1.6229 1.6917

Table 6.13: c-uniform maximum point-wise errors and order of convergence for Example 6.5 computed with
At = 0.8/N using classical upwind scheme.

eES: Number of mesh-intervals N/ time step-size At
64 /L 128/ 256/5L 512/ 1024/ 1o
elV:M 4.8664e-02 3.0798e-02 1.8744e-02 1.0924e-02 6.1905e-03
rNM 0.66000 0.71644 0.77897 0.81931
A— A
.
8 E ¥y, .
T, TE
L ) "y, ~
- 10 ? "~ » E E
& | e
> 4] At = 1.6/N (proposed method) \'ﬂ
oy, -~
*i At = 0.8/N (proposed method) 'ﬂ
AAt = 0.8/N(upwind scheme)
-4 ‘
10 | 3
10

2
10 N

Figure 6.15: Loglog plot for comparison of e-uniform maximum point-wise errors of Example 6.5
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Table 6.14: c-uniform maximum point-wise errors and order of convergence for Example 6.6 .

€ €S Number of mesh intervals N/ time step size At ( At = 1.6/N)
64 /ﬁ 128/% 256/% 512/& 1024/%

eNM 1 56779-02  1.8501e-02  5.9339e-03  1.8830e-03  5.8876e-04

rNM 1.6178 1.6405 1.6560 1.6772

€€ S: Number of mesh intervals N/ time step size At( At = 0.8/N)
64 /% 128/%0 256/% 512/% 1024/%80

eVM | 57096e-02  1.8476e-02  5.8949e-03  1.8562e-03  5.7408e-04

M 1.6277 1.6481 1.6672 1.6930

Table 6.15: c-uniform maximum point-wise errors and order of convergence for Example 6.6 computed with
At = 0.8/N using classical upwind scheme.

RSN Number of mesh-intervals N/ time step-size At
64 /55 128/185 256/ 555 512/ 555 1024/ 555

eV M1 1.6542e-01  1.0325¢-01  6.1866e-02  3.5957e-02  2.0346e-02
VM 0.68002 0.73887 0.78286 0.82153

- A, A
g [ ~imn D\A\A
LU- 10_2 i ﬂ;.\-.‘..\ B
S =1 At = 1.6/N (proposed method) - =~
.~
¢ At = 0.8/N (proposed method) ~\-m
AAt = 0.8/N (upwind scheme)
10_4 2 | o 3
10 N 10

Figure 6.16: Loglog plot for comparison of e-uniform maximum point-wise errors of Example 6.6
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Table 6.16: Comparison of spatial errors for Example 6.4 computed in the region i.e., in [0,d + 1], using

At =1/N2

Table 6.17: Comparison of spatial errors for Example 6.4 computed in the region i.e., in (d + n, 1], using

At =1/N2.

N proposed method implicit upwind scheme
error order of convergence error order of convergence

e=2""~10""

128 2.1775e-03 1.9579 3.5197e-02 0.99215

256 5.6049¢-04 1.9770 1.7695e-02 0.99623

512 1.4237e-04 1.9881 8.8704¢-03 0.99816
e=2"%~10"2

128 8.0639e-03 1.5396 8.8974e-02 0.73215

256 2.7738e-03 1.6437 5.3563e-02 0.78425

512 8.8771e-04 1.6843 3.1101e-02 0.81937
e=2"1"~10""

128 6.3986¢-03 1.6206 1.0803e-01 0.74148

256 2.0809e-03 1.6593 6.4617e-02 0.79174

512 6.5880e-04 1.6943 3.7326e-02 0.82847
e=2"20~10""

128 6.3931e-03 1.6204 1.0812¢e-01 0.74140

256 2.0793e-03 1.6590 6.4673e-02 0.79180

512 6.5842e-04 1.6940 3.7356e-02 0.82852

N proposed method implicit upwind scheme
errors order of convergence errors order of convergence

e=2""~10""

128 1.3643e-05 1.8497 5.9151e-04 1.3371

256 3.7854e-06 1.9264 2.3414e-04 1.2036

512 9.9585e-07 1.9635 1.0166e-04 1.1136
e=2"5%~10"?

128 2.2784e-04 4.5876 2.5592e-03 1.3102

256 9.4758e-06 2.3633 1.0321e-03 1.3284

512 1.8416e-06 2.3944 4.1097¢-04 1.3483
e=2""x10""

128 8.9602¢e-05 1.9684 7.9095¢e-03 1.0167

256 2.2897e-05 1.9379 3.9091e-03 1.0088

512 5.9759¢-06 1.8826 1.9427¢-03 1.0048
e=2"2~10"°

128 8.8009¢-05 1.9995 7.9406e-03 1.0159

256 2.2009e-05 1.9990 3.9267e-03 1.0079

512 5.5063e-06 1.9999 1.9526¢-03 1.0040
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Table 6.18: Comparison of spatial errors for Example 6.5 computed in the region i.e., in [0,d + 1], using

At =1/N2

Table 6.19: Comparison of spatial errors for Example 6.5 computed in the region i.e., in (d + n, 1], using

At =1/N2.

N proposed method implicit upwind scheme ‘
error order of convergence error order of convergence

e=2""~10""

128 7.6853e-04 1.8379 9.3857e-03 0.94027

256 2.1499¢-04 1.9129 4.8912e-03 0.96866

512 5.7093e-05 1.9547 2.4993e-03 0.98444
e=2"%~10"2

128 3.1262e-03 1.6660 2.6755e-02 0.70905

256 9.8514e-04 1.6465 1.6366e-02 0.76724

512 3.1467e-04 1.6844 9.615%¢-03 0.81193
e=2"1"~10""

128 2.9237e-03 1.6390 3.0797¢-02 0.71652

256 9.3878e-04 1.6686 1.8742e-02 0.77903

512 2.9531e-04 1.6992 1.0922e-02 0.81937
e=2"20~10"6

128 2.9233e-03 1.6392 3.0821e-02 0.71667

256 9.3851e-04 1.6687 1.8754e-02 0.77909

512 2.9519e-04 1.6995 1.0929e-02 0.81938

N proposed method implicit upwind scheme ‘
errors order of convergence errors order of convergence

e=2""~10""

128 1.3229¢-05 2.0076 6.3594e-04 0.97485

256 3.2898e-06 2.0044 3.2356e-04 0.98771

512 8.1996¢-07 2.0023 1.6316e-04 0.99393
e=2"%~10"?

128 1.2775e-04 43162 1.2609¢-03 1.1011

256 6.4128e-06 2.2778 5.8777e-04 1.1237

512 1.3224e-06 2.3079 2.6973e-04 1.1474
e=2""x10""

128 2.4925e-05 1.9791 2.0794e-03 0.97766

256 6.3224¢-06 1.9582 1.0559¢-03 0.98881

512 1.6270e-06 1.9200 5.3207e-04 0.99457
e=2"20~10"°

128 2.4650e-05 1.9997 2.0828e-03 0.97736

256 6.1636e-06 1.9993 1.0579e-03 0.98849

512 1.5416e-06 1.9986 5.3317e-04 0.99429
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Table 6.20: Comparison of spatial errors for Example 6.6 computed in the region i.e., in [0,d + 1], using

At =1/N2
N proposed method implicit upwind scheme
error order of convergence error order of convergence

e=2""~10"

128 1.2432e-03 1.9740 3.0100e-02 0.95494

256 3.1644¢-04 1.9864 1.5527e-02 0.97906

512 7.9862¢-05 1.9928 7.8772e-03 0.98914
e=2%~10""?

128 6.8041e-03 1.6140 9.4060e-02 0.73351

256 2.2229¢-03 1.6548 5.6571e-02 0.78255

512 7.0598e-04 1.6912 3.2887e-02 0.81998
e=2""~10"

128 6.6977e-03 1.6397 1.0321e-01 0.73892

256 2.1494e-03 1.6696 6.1840e-02 0.78283

512 6.7565e-04 1.7004 3.5943¢-02 0.82151
e=2"~10"°

128 6.6982¢-03 1.6398 1.0325e-01 0.73887

256 2.1495e-03 1.6696 6.1866e-02 0.78286

512 6.7568e-04 1.7003 3.5957e-02 0.821536

Table 6.21: Comparison of errors for Example 6.6 computed in the region i.e., in (d+n, 1], using At = 1/N2.

N proposed method implicit upwind scheme
errors order of convergence errors order of convergence
e=2"4~10""
128 7.8026e-06 1.8230 3.3433e-04 0.98417
256 2.2052e-06 1.9143 1.6901e-04 0.93772
512 5.8504¢-07 1.9577 8.8234e-05 0.96944
e=2"%~10"?
128 1.8747e-04 4.5573 2.1999¢-03 1.2921
256 7.9627e-06 2.3460 8.9836e-04 1.3129
512 1.5661e-06 2.3773 3.6160e-04 1.3338
e=2""xr10""
128 6.8055e-05 1.9673 6.6577e-03 1.0102
256 1.7403e-05 1.9361 3.3054e-03 1.0055
512 4.5480e-06 1.8794 1.6464¢-03 1.0031
e=2"2%10"°
128 6.6789¢-05 1.9995 6.6838e-03 1.0094
256 1.6703e-05 1.9989 3.3202e-03 1.0047
512 4.1787e-06 1.9979 1.6547e-03 1.0024
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6.12 Conclusion

Analyzing theoretical and numerical aspects of FMMs for finding efficient numerical solutions to singularly
perturbed problems with nonsmooth data has received significant attention in recent years. In connection with
this, it is to be noted that not much work is available in the literature dealing with higher-order accurate FMMs.
In this chapter, we consider two different classes of model problems with nonsmooth data. The model problem-
I contains the singularly perturbed PDEs with nonsmooth data of case-I, exhibiting strong interior layers, and
the model problem-II contains the singularly perturbed PDEs with the nonsmooth data of case-II, exhibiting
both boundary and weak interior layers. Higher-order spatially accurate FMMs are devised and analyzed to
achieve better numerical approximations of those types of problems than the existing FMMs. In this regard, the
following observations are made, and theoretical challenges are resolved.

For singularly perturbed interface problems, proving s-uniform stability of the fully discrete solution is a
challenging task and the central part of the convergence analysis of the numerical method. Here, we transform
the system of equations corresponding to the finite difference operator into a new system of equations which
enables us to establish the discrete maximum principle and, consequently, to deduce the stability result of the
proposed finite difference methods. However, to accomplish this purpose, we utilize a suitable layer-resolving
Shishkin mesh in the case of the model problem-I and a modified layer-adapted mesh in the case of the model
problem-II. In fact, it is shown that it is difficult to establish the monotonicity of the newly developed FMM for
model problem-II on the standard layer-resolving Shishkin mesh. It is important to note that by introducing the
modified layer-adapted mesh, and we overcome this theoretical challenge.

In both cases, the newly proposed methods are proven to be e-uniformly convergent in the discrete supre-
mum norm; and almost second-order accurate in space, not only for ¢ < N —1 but also for ¢ > N~1. These
theoretical findings are verified by the numerous numerical experiments and are observed while solving the
semi-linear singularly perturbed parabolic IBVPs by using Newton’s linearization technique. In addition to the
above, the numerical experiments reveal that the newly proposed methods exhibit notable improvement over
the existing numerical methods in terms of the spatial order of convergence; hence, one can conclude that the
current numerical algorithms devised for both the model problems are robust in comparison with the existing

methods.
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Chapter 7

Parameter-Uniform Higher-Order Time-Accurate Nu-
merical Method for Singularly Perturbed Semilinear
Parabolic PDEs with Nonsmooth Data

Developing a parameter-robust higher-order accurate numerical approximation of singularly perturbed nonlin-
ear PDEs with nonsmooth data is a desirable and challenging task to better understand the complex phenomena.
In this chapter, a class of singularly perturbed semilinear parabolic convection-diffusion problems with discon-
tinuous data is dealt with. The considered nonlinear problem is approximated by utilizing the Crank-Nicolson
method for the temporal discretization on an equidistant mesh and the standard finite difference scheme for the
spatial discretization on a suitable layer-resolving Shishkin mesh. The existence and stability of the solution
are discussed for both the continuous and discrete problems. The numerical approximation is proved to be
uniformly convergent and high-order time accurate in the discrete supremum norm. The theoretical error esti-
mates are finally verified by numerical experiments, which also include a comparison of the proposed numerical

method with the implicit upwind method in terms of order of accuracy.

7.1 Introduction

We consider the following class of singularly perturbed semilinear parabolic convection-diffusion IBVPs with

discontinuous data:

Jy(x,1)
ot
y(x,0) = qo(z), z€Q, (7.1

LJE,Ey(xat) - - b(x,t,y(:v,t)) = g(x,t), (ZL’,t) €D U ®+>

y(07t) = Sl(t)’ y(17t) = Sr(t)v te (O,T],

where

L =e—= talz
z,el - +

and together with the interface conditions

[y](d, ¢) = 0, [g’:} (d,t) =0, te(0,T). (7.2)
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Here, ¢ is a small parameter such that ¢ € (0, 1]. It is assumed that the convection coefficient a(z) is smooth

onQ and @', and the source term 4(z,t) is smooth enough on ® and D" such that

a(z) >m >0, onQ UQT,
(1.3)
[al(a)| < C,

gl(a, )] <C.

Further, it is assumed that the nonlinear term b(w,t, y) is sufficiently smooth on ® x R, and satisfies the

condition

MZB>O, (z.t,9) €D x R. (7.4)

dy
The solution y(x,t) of the nonlinear IBVP (7.1)-(7.4), generally, possesses an interior layer arises to the right
side of z = d, in addition to the boundary layer at z = 0 as ¢ — 0. Since g is discontinuous at (d, t), the solution
y ¢ €%(D), but the first derivative of the solution exists in the space variable x and is continuous. In the model
problem, apart from imposing the smoothness criterion on a, b and g, the boundary and the initial data, ¢.e.,
si, sy and qp are assumed to be sufficiently smooth. Besides this, the following compatibility conditions are

imposed at the corner points (0,0) and (1, 0):

q0(0) = 51(0), qo(1) = s-(0), (7.5)
and ,
P10) (0,0 + P20 1 0(0) 12O _y(0,0,q0(0)),
(7.6)
s 2
! ;io) =—4(1,0) 1 3;2” a(l)dq:;;1> —b(1,0,q0(1)).

Further, in order to derive the bounds of the derivatives up to third-order in space and third-order in time,
we require the solution y(x,t) € C1T(D) N e (D~ U DT), which is ensured by the assumption of the
compatibility conditions in (7.5)-(7.6) together with the following compatibility conditions at the corner points
(0,0) and (1,0):

d?s;(0)  99(0,0)  9b(0,0,90(0)) ab(z, t,qo)
o v B + (Lm,g— T)(_H+Lx,eq0_b(x7taq0))(070)a
(1.7)
d?s,(0)  0g(1,0)  9b(1,0,q0(1)) db(z,t,q0)
a2 ot ot + (L"’”’E - T) ( ~ 7 Lecdo - b(m’t’qo))(l’o)‘

The above compatibility conditions are derived from [Chapter 5, §6] of the book [65] by Ladyzenskaja et al.

The compatibility conditions at the transition point (d, 0) follows similarly. We set T y(x,t) = Ly cy(z,t) —
Oy(x,t
ygi) —b(z,t,y(z,1)).

The layout of the rest of this chapter is given as follows. In Section 7.2, a comparison principle as well as some
a-priori bounds of the analytical solution and its derivatives are presented via decomposition of the solution
(into the smooth and the layer components) and their derivatives are also derived. In Section 7.3, we construct
the fully-implicit FMM given in (7.29) and establish e-uniform convergence of the proposed method (7.29).
Error analysis of the proposed method is provided in Section 7.4. Finally, numerical experiments are carried

out in Section 7.5, to demonstrate the accuracy and the efficiency of the proposed FMM, which also include

302



comparison of the proposed numerical method along with the fully-implicit upwind method. The conclusion of

this chapter is provided in Section 7.6.

7.2 The analytical solution of continuous problem

To discuss about existence of the solution y(z, t) of the nonlinear IBVP (7.1)-(7.4), we use the method of upper

and lower solutions.

Definition 7.1. A function u € ¢°(D) N C2(D~ UD™) is called a lower solution of the IBVP (7.1)-(7.4) if

u(z,0) < y(z,0), z€Q,
Ly cu(z,t) — 2980 bzt u(e,t)) > g(x,t), (z,t) € D~ UDT,

(7.8)
au(d+ t) Au(d™,t)
2 or
w(0,4) < y(0,), w(l,6) < y(1,8), e (0,T].
Similarly, v € (D) N e2(D~ UD™) is called an upper solution of the IBVP (7.1)-(7.4) if
v(z,0) > y(z,0), z€q,
Ly co(z,t) — 280 _p(z ¢ 0(z,t)) < gla,t), (z,t) € D UDT,
(7.9)

dv(att) < Ov(d—,t)
ox — oxr

0(0,8) > y(0,8), v(L,t) > y(L,t), te(0,T).

Lemma 7.1 ([92]). Let there exist two functions u,v € C°(D) N %D~ UDT) such that v(z,t) > u(z,t),
Y (x,t) € D, which are lower and upper solutions for the IBVP (7.1)-(7.4), respectively. Then there exist a
solution y of the IBVP (7.1)-(7.4)) such that

u(z,t) < yx,t) <ov(z,t), VY (z,t)eD.

Hence, to prove existence of the analytical solution, we need to construct a lower and an upper solutions.

Theorem 7.1. Assume that function b satisfies (7.4). Then, the nonlinear IBVP (7.1)-(7.4) has a solution y(x, t)
in D satisfying

lylly < =

Yo =g
where K = max(g;,t)gﬁ {|ﬂ(x7 t) + b(.%’, 2 0)|7 BHyH@D}
Proof. Define (z,t) € D, let u(z,t) = —K/p and v(x,t) = K/B. Then u(z,0) < y(x,0) < v(z,0) and
u(z,t) < y(x,t) < wv(z,t) on 9D. We obtain

KBy,

Loc(—K/B) — = t,(~K/B)) +b(x,t,0) > K > g(a,t) + b(z,£,0), (2,t) €D UDT,
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and similarly we obtain

O(K/B)

LI,E(K/B) - 0t

—b(z,t, (K/B)) +b(z,t,0) < =K < g(z,t) + b(x,1,0), (z,t) € D" UDT,

further, we have at the point of discontinuity (d, t) :

D x/m)@n=0 [Lx/p)@n=o

Hence, v and v are lower and upper solution with u(z,t) < v(z,t),V (z,t) € . By the previous theorem
there exist a solution to the IBVP (7.1)-(7.4) and

u(z,t) < y(z,t) <wv(z,t),V(z,t) €D.

n
Lemma 7.2 (Comparison Principle). Let the functions v,w € C°(D) N €*(D~ UDT) be such that v < w on
09, [%} (4,t) > [%:] (d,t) and T.v > Tew in ®~ UDT. Then, it implies that v < w on .

Proof: Here, we use method of contradiction. Firstly, we suppose that there exists (z*,#*) in © such that
v(x*,t*) > w(z*, t*). Since, v —w € (D), without loss of generality, we assume that v — w takes it positive
maximum at (z*,¢*). Now, in conformity with the hypothesis of the comparison principle, v — w < 0 on
09 = (x*,t*) ¢ 09. Therefore, we derive

(v —w)(z*,t*)
ot

Lo(a*, t*, w+ E(v — w))
_(/0 dy

(Tsv - Taw)(x*, ) =

+ Ly (v —w)(z*, %) — b(ac*, t*, v) + b(m*, t*,w),
(7.10)
<

dg) (v — w)(a*, ).

Thus, from the assumption (7.4), we have T v(z*,t*) < T.w(z*,t*) and this contradicts the hypothesis that
Tov(z,t) > T.w(z,t), for all (x,t) € D~ UDT. Next, the only remaining possibility is that (z*,t*) =
(d,t*). Since, at the point (d, ¢*) the function v — w takes its maximum value, then W > 0 and
%ﬁ,ﬁ’t*) < 0, which implies that [w] (d,t*) > 0. This completes the proof. |

The following result follows from Theorem 7.2.

Corollary 7.1. Let the function ® € C°(D) N €2(D~ U DT). For any given functions v,w € C°(D), the
differential operator ']Nl"e’(v’w) defined by

~ Lob(z, t,w(z,t) + £(v — w)(z, 1)) 0P
T pa)® = L o ® — (/0 % dg)cb -5

satisfies the maximum principle, i.e., if ® < 0 on 09, [g—i](d, t) > 0 and TNT&(UM)CI) > 0in D~ UDT, then it
implies that ® < 0 on D.

Corollary 7.1 is used to deduce the following e-uniform stability result.
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Lemma 7.3 (Stability). Let the functions v,w € (D) N %D~ UDT), then it satisfies

1
v —wllz < [lv—wllon + EHTEU - Taw||§*U§+‘ (7.11)
Proof. Consider the following functions
+ 1 S
@%(z.1) = ~[lv ~ wilan — 5|Tev = Tewllg + (v - w)(x.), in D,

Note that &+ (z,t) <0, (z,t) € 0D, and

~ Lob(z, t,w+ £(v — w))
()

T, (B2, 1) > 5 dg) (é”Tav _ Tgwng) + (Tov — Tow) (2, £),

>0,

and [%] (4, tL: + [W] (d,t) > 0. The maximum principle in Corollary 7.1 implies that ®*(2,¢) < 0
for all (z,t) € ©, from which the result follows immediately. n
We now consider the decomposition of the solution y = p + ¢ into the smooth component p and the layer

component 4. Here, the smooth component p is decomposed in the following form
p=pm+ep +e’p, inD, (7.12)

where the functions py, p1 and po, receptively, satisfy the following problems:

o o .
a(x z,t,m)— —— =4, INnD UDT,
(@) ( ) ot 7 (7.13)

po(.r,O) = qO(x)v T € ﬁa PO(lvt) = P(Lﬂ? le (O,T],

opp 1 op1 Pm . _
— — —|b(a,t —b(x,t - = uD*
@) 5y ~ @t tep) —bo b)) - Hr =G5, nDTUDY, (7.14)
pl(xuo)zou xeﬁa p1(17t)20) tE(O)T]a
and 5 52
1 P2 oo _
LIE e ata —b 7t7 T Ta; T T a9 D U@+a
= g b(otp) —botpten)] = 50 =G5, in (7.15)
r(x,0)=0, z€Q, p(0,t)=0, w(1,t)=0, p(a,t) =0, te(0,7].
Thus, the smooth component p satisfies that
T.p=y4, n® UDT,
p(z,0) = qo(z), = €4q,
(7.16)

P(O7t) = PO(Oa t) + 5P1(Ovt)a te (OvT]v

p(d,t) = po(d,t) + epi(d,t), p(l,t) =s.(t), te(0,T)].

305



Theorem 7.2. The smooth component p and its derivatives satisfy that

’3’““17(96, t)

< 2=l D UDT :
e ‘_C(l—l—a ) (z,0) €D UDT, (7.17)

Vi, ke NU{0}, satisfying 0 <+ k < 3.

Proof: We obtain the bounds (7.17) for the smooth component p, by deriving the corresponding bounds for the
functions p;, 7 = 0,1, 2. At first, we consider the sub-region D" and we define the functions pi(z, 1), (z,t) €
D" as the restriction to D of the function p&(z, ), (x,t) € D, i.e., pi(x,t) = p(x,t), (z,t) €D . Here,
we choose the extended domain D+ = °* x (0, T, where 0+ = (—1,1) such that ®° " = [—1,1] x [0, T] D
D Here, we consider a®, b¢, g¢, qf as the smooth extension of the functions a, b, g, qo on their respective
extended domains.

The function pfj is the solution of the following problem:

a®(x) P8 — b2 (2, t, g (2, 1)) — 0 = g(a, 1), (,t) € DT,

(7.18)
PS($7O) = QS(CU% T € §6+ = [_17 1]7 pg(l,t) = Sr(t)7 te (07T]‘

The function p is independent of €. Henceforth, assuming sufficient smoothness on the data associated with
the IVP (7.18) and imposing necessary compatibility conditions at (—1, 0), which can be obtained by extending
the result of Bobisud [4] for the existence of higher order derivatives of pfj, one can obtain that

al-l—k e t —e
‘Pﬂ(x’)‘<c, (z,t) €D, for0 <l +k < 3. (7.19)

ozl otk

Again, the IVP (7.14) can be rewritten in the following form:

op{ 1 8be(:c t, 5 —|—§€p€) op 02t
e 1 b Po 1 e 9p . oyet
- — dépi — =— DT,
@), /0 dy ST oz2’ " (7.20)
pi(x,0) =0, zeQ", p,t)=0, te(0,T]
Henceforth, applying the above arguments to (7.20), one can get
al+kp1e (l‘, t) et
‘W‘SC’ (2,1) €T, for0 <1+ k <3, (7.21)
Further, the IBVP (7.15) can be rewritten in the following form:
Lo g [/1 OV (w, 1, p§ + epf +52§P§)} O _ _0227216’ in D°F.
0 Oy ot Oz (7.22)

5(x,0) =0, xzeQ", ps(=1,t)=0, p5(1,t) =0, te(0,T],

2

where L . = 5% + ae(x)ag. The IBVP (7.22) is similar to the linearized form of the IBVP (4.1) and
’ x x
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henceforth, applying the approach of [Chapter 4, Theorem 4.1] analogously to the function p5, one can have

IS (w0, 1)

_ ~et
o | < Ce (1) €@, for0 <14k < 3.

Next, the desired result (7.17) is obtained on the domain 5e+ by invoking the bounds on pf, i = 0,1, 2 to the
decomposition p® = p§ +ep§ + £2pS. In the same way, the desired result (7.17) is obtained on the domain .
|

We now define the layer component g as the solution of the following nonlinear IBVP:

Lz,sq<xvt) - [b(m,t,y(x,t)) - b(ac,t,p(x,t))] - 8q(§; t) = 0? in®" U ©+a

q(z,0) =0, T €Q,

(7.23)
q(0,t) = y(0,t) — p(0,t), q(1,t)=0, te (O,T},
0 0
| [5H@t) =—[z](@n, te©T]
We can further decompose g as
= q + ¢,
where ¢ € €27(D) is the boundary layer function satisfying ¢ (z,t) = 0, (z,t) € D" and
Oqi(x,t o
Lyceqi(x,t) — [b(x, t,p(x,t) + q(z,t)) — b(,I, t,p(az,t))] — qlét) =0, in®",
q(2,0)=0, zeq, (7.24)
ql(ovt> :y(ovt)_P(Oat)7 ql(dat) =0, te (OaT]a
and hence ¢» € C°(D) is the interior layer function satisfying
Oqo(x,t ) _
LLEIZQ(ZL‘,IS) - [b(x,t,y(m,t)) - b(.l‘,t,p(ﬂ?,t) + l]l(-%,t))] - gQ((at) = 07 in® 5
Ogp(x,t )
Lycqp(x,t) — [b(m,t,p(m, t) + @(x,t)) — b(z,t,p(w,t))} — ‘]26(%) =0, in®",
©(2,0) =0, zeQ, (7.25)

qQ(Ovt) =0, QQ(l,t) =0, te (OaT]a

{ [%f} (d,1) = —[gﬂ (d,t), te(0,T).

Theorem 7.3. V [,k € N U {0} satisfying 0 < [+ k < 3, the boundary layer component q, defined in (7.24)
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and the interior layer component q defined in (7.25), respectively satisfy the following bounds:

( g;gﬁ SC(g_leXp<—%>>, (z,t) €D,
S;gﬁ Sc(glflexp(—%)) (z,t) €D, (7.26)

Proof: The IBVP (7.24) can be rewritten in the following form:

L ob(,t —
Leog [/ (z, ,p+£€()(p+ ) p))dg] . 884; 0. (et)eo,
0 Y

qi(z,0)=0, z€Q, (7.27)

gl(o>t) = y(O,t) - p(O,t), ﬂ(d’t) =0, te (OaT}'

Here, we introduce a differential operator "]\fg,( ) such that

pra,p

_ Lob(z,t,p+&q) dq

Now, we choose the functions

UE(z,t) = —Cexp(—mz/e) £ q (2, 1), (z,t) €D,

for sufficiently large C. Note that
UE(z,t) <0, (2,t) €9D,

and

’]Afsv(l’+‘11:l7)\]:]i<x7t) > 07 (x7t) S

Since ?~T87( satisfies the maximum principle, we have

pt+a1,p)

UE(2,t) <0 = |q1 (. t)| SCexp(—%), (x,t) e® .

The bounds on the derivatives of ¢; are derived from the argument presented in [99, Chapter 2]. Next, we write
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the IBVP (7.25), in the following form

Lovb(z,t,p+ g +E(y— (p+ o -
ey - [ [ 2ttty O (e
1 8b($,t,p—|—§(p)) 8g2 N
Lo = [ [ 2222l - 2 0, (at) e D"
@(r,0)=0, z€q, (7.28)

2(0,t) =0, ¢(1,t)=0, te(0,T],

O Ip
921 (0,¢ :_{7} 4,1), te(0,7).
\ [ Ox } (0.%) ox (d%) (0.7]

The bounds on ¢, and its derivatives can be derived from the arguments presented in [Chapter 6, Theorem 6.4],

and thus the proof is complete. |

7.3 The discrete solution of continuous problem

The goal of this section is to introduce the layer-adapted mesh and to provide description of the numerical
method investigated in this chapter.

Here, we choose N (> 8) as an even positive integer. Now, to discretize the domain ® = Q x [0,77], we
construct a rectangular mesh VA — gV x A2t where A2t denotes the equidistant mesh on the temporal
domain [0, 7] such that A% = {t, =nAt,n=0,...,M, At = T/M}, whereas oV = {a;j}évzo denotes
the piecewise-uniform Shishkin mesh on the spatial domain Q as depicted in Fig 7.1. The Shishkin mesh is
condensed near x = 0 and in the vicinity of the right side of x = d. To construct ﬁN, Q is divided into four
sub-intervals as

Q=[0,m]UM,dU[d,d+mn2]U[d+mn2,1],

d 1—-4d
where m; = min {2,noaln N} , T2 = min {2,1105 lnN} , To 1s a positive constant,

and in each sub-interval an equidistant mesh with N/4 mesh intervals are placed. Let h; = z; — z;_1, j =
1,...,N,With/f;j = hj+hj+1, j=1,...,N—1.

[z
=
w2
=

Figure 7.1: Standard Shishkin mesh in the spatial direction

4(d —m1)

4
We further denote the mesh width h; as follows: h; = h; = %, forj=1,...,N/4; h; = H, = N ,
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4(1—d—mo)

4
forj = N/4+1,...,N/2; hj:hQZ%, for j = N/2+1,...,3N/4; and h; = Hy = —,

forj=3N/4+1,...,N.
Here, we proposed to approximate the nonlinear IBVP (7.1)-(7.4) by utilizing the Crank-Nicolson method
to discretize in time and the standard upwind finite difference scheme to discretize in space. The nonlinear

finite difference scheme takes the following form:

V) =qo(zj), 0<j<N,

+1 11
2 }/;n +ijn —blxj,t Y']n +Y}n _ Drynrtl ﬂ(xjatn+1) +g($j,tn)
m,Ef Zj, n+1/2yf ¢ Y — 5 :
forj #N/2, 1<j<N-—1, (7.29)

DY = DFY™ =0, forj=N/2,

\ }/(Jn+1 :y(07tn+1)7 YVNTH_1 :y(l’tn-i-l)? fOI‘n:O,].,..-7M_]-,

n+1 n+1
where L NN eD D, + a(x;) D} u To discuss the stability of the proposed non-
x,E 9 - x T J x 9 . y prop

linear scheme (7.29), we rewrite the nonlinear scheme (7.29) in the following form:

Y) =qo(z;), 0<j<N,
TSV = G, (ay,tn) € DAY, (7.30)

Yb”H’l :y(oatn-i—l)a YJG—’_l :y<17tn+1)7 forn:(),l,...,M—L
where

n+1
WYYy
T, 2

— b(x]vtn+1/2’ %) _ Dt Y}TL‘I‘].’

N,Aty n+1 _
Ty = for j £ N/2, 1<j <N —1,
DY — DFYMHL for j = N/2,

and the right-side vector G™*! is given by

(g, tni1) + gz, tn)
G?H - 2 ’
0, forj=N/2.

forj#N/Z, 1SJSN_17

Lemma 7.4 (Discrete comparison principle). Assume that the following condition holds:

, 1O0( ), b1 oy 272 (8)
2 > | 2¢ a(fvy)Jr/O (5 triryo: 2 )dg}. (7.31)

= +
At = Lhjhjrr  hjn dy

Then, if two arbitrary mesh functions V and W defined on ﬁN’At satisfy that V. < W on 89" At and

. .. . —N,At
TéV’AtV > TéV’AtW in ONAL implies that V. < W on ® .

Proof: Letw]" < 0, forall j and n. Then, inconformity with the hypothesis of the discrete comparison principle,
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we assume that Vj0 - VVJQ = w? for 0 < 57 < N and consider the following system

—[T¥At Yt YA = L for 1 < j < N -1,

’ (7.32)
Vertt — it = gt vt - Wt = ot forn = 0,1,..., M — 1.
Now, let Z]” = Vj” — Wj" for all n. Then, we have
TéV,At‘/jn+1 _ T?{,Atwj’ﬂ+l
Zntt 4 gzn 1 6b<:r~,tn+1/2, Z*’”“/Q(&)) Zntt o zn
]LN J J |: J J d§:| J J D—Zﬂ-‘rl
z,e 2 0 81{ 2 t =5 (7.33)

B forj # N/2,1<j<N -1,

Dy Z3* — DFZ*, for j = N2,

*, W;L+1 + W]ﬂ Z;H_l + Z]n : e n n 7n n
where Zj 5 +§< 5 ) . For simplifying the proof, we set Z" = <Z0 AT ZN)

and w" = (wg, wl, ..., w%) ,forn =0,1,..., M. Here, we can rewrite equation (7.32) in the following form:

") =

AZ"M —BZ" =" forn=0,1,...,M — 1. (7.34)
Here, the matrix A is given by A; ; = 1, for j = 0, N, and

( 1 2e
A, 1=——————— for;:7#N/2, 1<j<N-1
7,0—1 2hj(hj+hjfl)’ Ora]# / 9 =)= 3
*n+1/2
1 2e a(x;) 1 ab(xjvthrl/?aZj / (5)) 1
Ajg =]+ + ae| +
I 2 hjh]+1 hj+1 0 8y At,
forj #N/2, 1<j<N-1,

-1 2e a(z;) . .
A :7[ n J}, forj £ N/2, 1<j<N—1,
P Wy (hy + i) by J# N/ /
A Loa,=Lts oA L forj= N2
o o o o —
g =1 hj’ J»J h; hj+1’ J,J+1 h]‘+17 3] )

and the matrix B is given by

( 1 2e
B, 1=——————— forjA#N/2, 1<j<N-1
7,0—1 th(hj +hj—1)’ or j 7& / ) >) > )
*xn+1/2
B 1|:_ % B a(m,]) B /1 8b(xj7tn+l/27zj (§)> d€:| n i
o2l hjhie o hi g Oy At’

forj #N/2, 1<j<N-1,

1 2e a(x;) . .
B. :7[ n J}, andj £ N/2, 1< j <N —1,

Bj’j—l = 0, BJ"7 = 0’ Bj,j-‘rl = 07 forj = N/2

\
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One can show that, the matrix A is an M-matrix and it is straightforward that the matrix B > 0 under the
assumption (7.31). Therefore, the desire result follows from [99, Lemma 3.12]. [ |

As a consequence of Lemma 7.4, we get

Corollary 7.2. Let U™t be any mesh function defined on 5N’At. Then, for any given mesh functions V and

W defined on ﬁN’At such that Z =V — W, the difference operator ﬁ'?f&étw) defined by
N, At n+1
Ts,(V,W) \I]j

N
L:ma

*,n+1/2
ot 4o 1 8b(xj7tn+1/2,Zj U (E)) . N PR—
7—{ | f} - Dyt (7.35)

2 Oy 2
forj#Nj2,1<j<N-1,
Dyt — DO for j = N/2,
satisfies the discrete maximum principle, i.e., if U < 0 on 09N and ﬁg&é}v)\ﬁyﬂ > 0in DNAL then it
. . —N,A
implies that ¥ < 0 on ’

Lemma 7.5 (Stability). Let V and W be two arbitrary mesh functions defined on EN’N . Then, under the
condition (7.31), we have
IV = Wllgmae <[V = Wlggmar + é\lﬂréw — TAW || gvae (7.36)
Proof. We consider the mesh functions
V(@ tr) = =V = Wlgonae = TV — XS] £ (v = W),
Note that UF (2, t,,41) < 0, on 9DNA! and we have

F]Tg&ﬁﬁ/v)‘lji(x]a thrl) >0, in QN’At \ (d’ tn+1)7

and DI U= (2y /9, tns1) — Dy VE (29, tny1) = i(D;f — D;) (V = W)(xny2,tnt1) > 0. The discrete

maximum principle in Corollary 7.2 implies that U*(z;,t,41) < 0, forall (z,t,41) € D2 The result of

which follows immediately. |

Remark 7.1. From the discrete comparison principle, one can obtain the existence and uniqueness of the solu-
tion to the discrete problem (7.29)(see the Hadamard’s Theorem 5.3.10 in [91]).
7.4 Error analysis

We decompose the numerical solution Y into Y = 2+ Q where 2 and Q are the smooth and layer components

of Y, respectively. The function 2 is defined to be the solution of

TS =GP, in VAT (4,1),
T]O = P(fj, 0)’ {‘P(;LJrl = p(o) thrl)a (737)

_rpgj; = p(d,tnt1), Pet = p(1,tps1), n=0,1,...,M —1.
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In the following lemma, we establish the error estimate associated with the smooth component.

Lemma 7.6. Under the assumption (7.31) of Lemma 7.4, the error associated with smooth component satisfies

the following estimate:

PP — p(aj tng)| < { B (7.38)

Proof. From the equation (7.9) and (7.37), we have

Pt 4 pp AR L tns1) + p(zj,t
Li\{g J 5 J —b(xj,tn+1/2, J 5 J ) _D;TjnJrl :Lml’( 3 n+1)2 p(z;, n)_
Op(xj,tniij2) .
b<$j7tn+1/27p(xjvtn+1/2)) - ]atn / , In ®N7At\(dvt)'

Utilizing the derivative bound of p from Theorem 7.2 and the relation

P(xj7tn) + p($j7tn+1)> + O(At)2,

b(l'jatn+1/2¢p(xjvtn+1/2)) :b<mjatn+1/27 9

the preceding equation can be written as follows:

n+1 n *xn+1/2
LN 2+ 7 _p(:cj,tn+1)+p(:cj,tn)> B [/1 (25, tpi1/2, P (€)
0

e 2 2 dy dé} :

P L it .
J 5 (@ tng) +P(xjatn)> ol
- — Dy (2" = pzj, tn
9 9 t ( j p(zj, +1)) (7.39)
0? p(xj, tnr1) + plaj, tn) 9 p(xj, tnr1) + plaj, tn)
_ _D+D_) i ln iy ln ‘ ( —D+> s ln 7y ln
5(8352 T 2 —i—a(x]) oz r 2

ap(x ) 9 t +1 2) _
— (T D pla tain)) + O(AY?,
here 27"/%(¢) (%5, tns1) + pl(aj, tn) +¢ PP g, tagn) + p(3, t)
ere P, = —
WITE Sy 2 2 2
function ¥ we introduce a discrete operator }Lg ﬁt given by

) . Now, for any mesh
N,Atg, _ ~N,At
Loy V= TE’(RP)\I/.

Afterwards, from (7.39) by using the derivative bounds of p(z,t) given in Theorem 7.2, we obtain bounds of

the truncation errors:
LY (20! — p(ag,togn) | < CINTU 4 (AD?], inDVA (4,1). (7.40)
Consider the following discrete functions separately:

\Ifi(xj,tn_H) = —C(N_l + (At)Q)(d — xj) + (T}H‘l — p(xj,tn-i-l), in [O,d] X [O,T], (7.4D)
7.
\Ifi(l'j,thrl) = —C(N_l + (At)Q)(l — CL‘j) + (fP;LJrl — p(l‘j,thrl), in [d, 1] X [O,T],
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and apply Corollary 7.2 for the operator L?jﬁt together with the truncation error bounds in (7.40) , to obtain

required estimate (7.38). |
Now, we define the layer component Q to be the solution of
n+1 n n+1 n n+1 n
! + Q! Y! +Y! P+ Pl
Lﬁggzgﬁqu%wawigggL)_%%JMU%Jgggiﬂ_quwaza

in ®NA1\ (d, £ 41), 74

QJ'O = q(Ij,O), Q0n+1 = Q(Oatn-&-l)a

Qv = q(1,tp1), [DQA,tny1)] = —[DP(d,tps1)] n=0,1,...,M —1.

We define the jump in the discrete derivative of the mesh function Z at the point (d, ¢,,+1) by
[DZ(d,tn41)] = Df Z(d, tn1) — Dy Z(d, tni1)-
Similar to the continuous case, we can further decompose Q as

QL=Q + @,

where @ (the discrete analogue of the boundary layer function g4;) is defined as the solution of

n+1 n—+1 n+1
Ly Qg T ot 7 +??+Q1,j A
x.e 9 Ljslnt1/2, 2 9

Pty pn _ . _
b(xjatn—i—l/% . 2 J>:| —-D 7;—1:0, 1n©N’Atﬂ® s

(7.43)
Qﬁgl = ql(O,tn+1>, erj]J\rf}Q = ql(d,tn+1), n=01,...,M —1,

. —N,At _— . S : .
with ”;.Ll =0on® no". Here, @ (the discrete analogue of the interior layer function Q) satisfies that

( n+1 n n+1 n
G+ QY Yy
H“i\{é‘ : ) 2 [b(xj>tn+l/27 g 9 ] )_
Pt 4 pn e
, ; - 1 - ~N,A —
b(xjatn+l/27 2 5 e 5 J } - Dy ”;r ,=0, m®VAno,
n+1 n+1 n+1
LN Q, tQ (i t P AP Qy QY
T,e ) Lj) lnt1/25 9 + 9

n-+1 n (7.44)
ij + ij )}

b(l’j7tn+1/2, f — ‘Dt_ n+1 = O

e , in @N’Atﬂ’DJr,
Q); =0, 0<j<N,
@il =0, @y =0

[DQ(d, tar1)] = —[DP(A, tny1)] — [DQ(d tns1)] n=0,1,...,M — 1.

Lemma 7.7. Under the assumption (7.31) of Lemma 7.4, the error associated with boundary layer component
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satisfy the following estimate:

‘ +1 C(N7'InN + (At)?), forl1<j< N/4,

IN

— qi(zj tny1)| < (7.45)

CN~Y,  for NJ4<j< NJ/2.

Proof. We now consider 1 = g In N. At first, consider N/4 < j < N/2 — 1. From the triangle inequality, we
have

Q= @) tas)| <1QT A+ a1 (25, tnga)]-

Using Theorem 7.3 for N/4 < j < N/2 — 1, we have

(g1 (2, tns1)| < Cexp(—ma; /) < Cexp(—m/e) = ON L.

n+1

;> we introduce the mesh function <I>"+ which is the solution of the following

Now, for deriving bound for

discrete problem:
eDf Dy @ +mDf@I =0, for1<j<N/2-1,
. . (7.46)
n n
o0 =1, <I>N/2 =0,
where
"1 >0 and DO <0, for1<j<N/2-1,

@”Nji < CN~!, forsome C.

Here, for any mesh function ¥, we introduce a discrete operator Lév(’z?t defined by

NAt IV, At
LY =T, 7,

TJ’(Z-H +fP]n n+1 + an

where 5 + & ( o] 5 o] ) Then, we rewrite the discrete problem (7.43) in the

*,n+1/2 o
g ) =
following form:

LVttt =0, forl<j<N/2-1,
QLj - ql(xj’0)7 for 1 SJ S N/2 B 1’ Q1n+1 - ql(Oatn-f-l)a
anN/2 =q(d,tpt1), n=0,1,...,M —1.

Further, we obtain that
N,At +1 .
L&Qf <I>7j1 <0, forl<j<N/2-1

‘We choose the discrete functions

U (), tnp) = = QO £ QT for0 < j < N/2,
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for sufficiently large C. Then, g+ (xo,tnt1) <0, \Ili(xN/z, tn+1) = 0 and
N,At g+ .
]L’e,Qf \I/j >0, forl<j<N/2-1.

N,At

Applying Corollary 7.2 to the operator L_ ;,.", we obtain that

|Q;f+1| < ‘Q1"+1|<I>"+1 < \Q;j()+1|<1>7vﬁ <CN7! forN/4<j<N/2-1.

Therefore, we get
Q" = @iz, tn1)| SCNTY, for N/4<j<N/2-1.

Next, consider z; € [0, n] Here, | "]'\F,} J <CN ~1. From the equations (7.24) and (7.43), we have

Ly A, e Qi+ al 2+ pn
i [ <xj’t”“/2’ SR 2 ) - b(%‘atnﬂ/z,T)}_
l",t + I",t
D, n+1 anﬂ J n+1)2 q(xj,tn) _ |:b($j7tn+1/2,p($j,tn+1/2)—+—q1(ajj’tn+1/2))_
0q(zj,tny1y2) . B
b(xj,th/Q,p(xj,th/Z))} . ]ﬁ—tn/’ 1 DNAL -

The preceding equation can be written as follows:

n n * n+1/2
LN (Qljl +Q; _ l]l(xj,tn-H) + q1($j,tn)> B [/1 (%(a:g, n+1/2> [P* + Ql] +/ (5)) df} y
o 2 2 0 Jy
n—l—l n
»J +Q17A Q(xlvtn 1)+f]1(33',tn) —n
’ 2 i 9 ’ > - Dy (QL;'—I — q(zj,tnt1)
52 n @(l’j t +1)+1]1(:Ej tn) 0 n 41(1‘]' t +1)+41(37j tn)
_ -~ y‘n y“n . - y'n yn 7.47
€<6x2 Dq DI) 2 +a(x])<8x D‘T) 2 74D
O (% tn _ L Ob(wj, by, 127+ Q152
_|_ W _ Dt ql(l'j,tn+1) _|_ |:/O' ( J +1/2 ay )dé._
1 8[) t, ’T*,n+l/2 ?n-‘rl + ?n ) )
/ (%) tnyyo (5))d§] y ( f ‘i p($],tn+1)+p(x],tn)) Lo
0 Jy 2 2

+1 +1 +1 +1 +1
R [ (Tf M VR O/ A

where [P* + Ql]nH/Q(f) = 5 5

n+1 n+1 n n+1 n n+1 n
. el Pl pr il
w> nd fP* n+1/2(§) _ 5 ) b +§< J 5 » B 5 J ) Now, for any mesh function ¥
we introduce a discrete operator Li\[ﬁi Qr given by
N, At TN, At
LEVT*J’_Ql Te (T+Q1,P+111)\Il

Afterwards, from (7.47) by using the derivative bound of ¢;(z,t) given in Theorem 7.3, we obtain bounds of

316



the truncation error for the region 1 < j < N/4 — 1,

‘Li\[ﬁiql (' = @), tng1) | < Cme 2N exp(—ma; 1 /e) + C[N ™' + (A1)?]. (7.48)

We choose the discrete functions for 0 < j < N/4,

_ _ h 10;(N)
.. _ 1 2 1 2 A j n+1 A
UH(z),tnr) = —C(N™" + At") = C(N™ + At )(ﬂ—%)—cg<@0()\))i( T = (g tes))
where
N A,
o, =11 (1+7), for0<j<N -1,
k=j+1
On(N) =1,

and ) is a positive constant. We have —Lé\fﬁiqf@j(A) > %@j()\), for 1 < j < N/4, and hence, use of (7.48)
for A < m/2 yields that
LYAT W (2t 1) > 0.

€,P*+Q;
Now, apply Corollary 7.2 for the operator IL;VQ,% Lo toget Vas (j,tn+1) <0, forall 0 < j < N/4. Hence, we
get
n+1 -1 2 :
| — qi(zj, tpy1| S C(N"'InN + (At)?), for0 < j < N/4.
Thus, we obtain the desired result (7.45). [ |

Lemma 7.8. Under the assumption (7.31) of Lemma 7.4, the error associated with interior layer component

satisfy the following estimates:
Q@ — () tap1)| SCNTY, for NJA<j< N/2—-1, and 3N/4 < j < N —1, (7.49)

and
QT — aj, ta1)] S C(N"'InN + (A1)%), for1<j<N/4-1. (7.50)

Proof. Let 3N/4 < j < N — 1. From the triangle inequality, we have
QG = @), tarn)| <1+ @25, taga)]- (7.51)
Using Theorem 7.3 for 3N/4 < j < N — 1, we have
|@2(j,tns1)] < Ceexp(—m(x;—d)/e) < Cexp(—m(d+m)/e) = CN™', for3N/4<j< N—1. (7.52)

Now, for deriving bound for QQ”Jr1 we introduce the mesh function @?H, which is the solution of the following

discrete problem:

eDFD; Ot +mDFOI T =0, for N/2<j< N -1,
’ (7.53)

iy =1 oy =0,
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where
"1 >0 and DO <0, for N/2<j<N-—1,

el < ON— L for some C.

3N/4
Here, for any mesh function ¥, we introduce a linear discrete operator L A defined by
N At TN, At
IL =T e (P4, T)\Il
an+1 i TH’I + Q.
where *TH/Q(Q = -2 5 R 13 ( s 5 RN ) Then, we rewrite the discrete problem (7.44) in the

following form:

LYt =0, for N/2<j<N-1,

e
QQ,jZO’ N/2§]SN7 Q2n+1 7 n:O,l,...,M—l,
QN =0, [DQ(d,tni1)] = —[DP(4, tni1)] — [DQ(d, tny1)]-

Further, we obtain that

LY@ <0, for N/2<j<N -1

We choose the discrete function for N/2 < j < N,

U (@, 1) = —| Q7|07 £ QY

for sufficiently large C. Then \Ili(;vN/Q, tni1) =0, ¥ (2N, tny1) = 0and

]Lf’étxp;t >0, for N/2<j<N.

N,At

Applying Corollary [7.2/to the operator ]L o > We obtain that

Q< ”;}quwﬂ <| ”;}Qy@g;}4 <CN™', for3N/4<j<N-—1. (7.54)

Therefore, we obtain the desired estimate (7.49) from (7.51), (7.52) and (7.54).
The estimate (7.50) for N/4 < j < N/2 —1and 1 < j < N/4 — 1, can be obtained by using the approach
given in Lemma 7.7/ and constructing suitable barrier functions for both regions. |

The error associated with the numerical solution can be decomposed as

P — p(2j, b)) + QU — (@ teg) + QY — g, taga),

- 0<j<N/2,
Y} N y(xj7tn+1) - n+1 n+1 n+1 .
PP = p(@g, te1) + QY — (@i tes) QT — @, ter), J=N/2,

PP — p(2),tnt1) + QY = @@, tegn), N/2<j < N.

Theorem 7.4 (Global error). Under the assumption (7.31) of Lemma 7.4, the error associated with the discrete
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problem (7.29) satisfies the following estimates:

C(N'InN + (At)?), for1<j<N/4, and N/2 < j <3N/4,
Y — (), tni)] < (7.55)
C(N7'+(At)?), forN/A<j<N/2, and3N/4<j <N —1.

Proof. At first, we derive the estimate (7.55) for N/2 < j < 3N /4. From Lemmas 7.6, 7.7 and 7.8, we have
|YNn721_1 — y(@nj2-1,tat1)| < C(N7' + (At)?) and ’Yig\}i}a — y(xsnyastns1)| < C(N7' 4 (At)?). The
truncation error at the point of discontinuity is given by,

(DF = DRV — ol tue )] = (D7 ~ D)o@, tain) + [ 2] (@, 1s)]

S‘ay(d*vtnﬂ) +“9H(dvtn+1>

— D;y(d, tn+1)( — D, y(d, tny1)

Ox Ox ’
1 2 2
<L hQ‘@ Lo |28
2 “lox2laa+hy) 2 1022|[a—Hq)

<CN 'InN+CN'<CN'InN.

Now, for the region N/2 < j < 3N/4, from the equations (7.1) and (7.30), we have

yrttpyn yrttpyn
y(@), tnt1) + y(xj, tn) Fy(@j,tny1/2)
= Lx,s R 9 2 b(-xjatn—i-l/%y(x]ﬁtn+1/2)> - ja—tn/

The preceding equation can be written as follows:

n n *,n+1/2
N Y; + + ij _y(l‘]’,thrl) —l—y(xj,tn) 1 ab(l'jatn—f—l/Qaij + (f))
LY, - )| de|x
’ 2 2 0 8_1/
Y e vr gt ,
j i y@ite) y(@g,te)\ o
(= 2 ) = Dr (7 = sl tor) (7.56)
0? 4\ Y@ tagn) + gy, tn) 0 2\ ¥(@js tas1) + y(@, tn)
= (5,2~ DiDz) 5 +a(e)) (5, ~ i) 5 -
Oy(x4,t,

where Yj*’”H/Q(g) = y(%), thy1/2) —|—§(Yj"+1/2 —y(zj, th/g)). Now, for any mesh function ¥ we introduce
a discrete operator Li_viﬁt given by
N, Aty _ =N,At
Ley ¥ = Te,(Y,y)\Il'

Afterwards, from (7.56) by using the derivative bounds of y(x,t) obtain from the Theorem 7.2 and 7.3, we
obtain bounds of the truncation errors:

LAY = y(ajotan)| < C[NT'InN + (A1)*], for BN/4 < j < N. (.57
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Consider the discrete functions
U (2, tny1) = —C (N In N+ (A% (1—aj) = (V)" —y(xj, tnyr), for N/2—1 < j <3N/4, (7.58)

and apply Corollary 7.2 for the operator Li\fﬁt together with the truncation error bounds in (7.57) , to obtain
that
Y — y(),tni)| < C(N"'InN + (At)?),  for N/2 < j < 3N/4.

Finally, we obtain the required estimate (7.55) for the remaining regions by invoking Lemmas 7.6, 7.7 and 7.8.

7.5 Numerical experiment

In this section, we present the numerical results for one test problems of the form (7.1)-(7.4), utilizing the
proposed FMMs in (7.29). For this test example, we select the constant g = 1, d = 1/2 and implement the
Thomas algorithm to solve the tridiagonal linear systems involved in our methods. The numerical results are

also compared with the fully-implicit upwind FMM, which is mentioned below as well.

7.5.1 The fully-implicit upwind FMM

In this section, we approximate the problem (7.1)-(7.4) by a fully implicit numerical method that combines an
implicit Euler method to discretize in the temporal direction and a classical upwind scheme to discretize in the
spatial direction.

Find a mesh function Y such that

(V0 =qo(z;), 0<j<N,

LYY = by e, ¥H) = DY = g(a tara), 50
Yot = y(0,tp11), Yo' =y(1,tps1), forn=0,1,...,M —1,

vl +1 _
Dy = DyYE =0,

where Li\{ EYjTH'1 = (ED; D, + a(x;)Df )Yj”H. The existence and stability of the solution Yj"+1 of the
nonlinear discrete problem (7.59) can be obtained in the same way as in Section 7.3. Furthermore, following

the error analysis given in Section 7.4, one can prove e-uniform error estimate for the FMM (7.59).
Theorem 7.5 (Global error). The errors in the numerical solution satisfy the following estimates
C(N"'InN + At), for0<j<N/4, and N/2 < j < 3N/4,
Y]+ = y(), tnga)] <
C(N~'+At), forN/4<j<N/2 and3N/4<j<N.

where Y}”H is the solution of nonlinear discrete problem(7.59) and y is the solution of the continuous problem
(7.1)-(7.4).
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7.5.2 Test Example
Example 7.1. Consider the following semi-linear parabolic IBVP:

E@ + a(x)gi - yexp(y2) - ZZZ =g<$,t), (.%',t) € [(O7d) U (d7 1)] x (07 1}7

y(x, O) =0, z¢€ [07 1]7

2
y(o,t>=f§t3, y(1,t) =0, te[0,1],

14z —2% z€]0,d], —2sin(rx)(1 4 2%)t2,  (z,t) € [0,d) x (0,1],
a(x) = and g(z,t) =
2—z+2% wxe€ldl] 3cos(mz)(1 — x2)t?,  (x,t) € [d,1] x (0,1].

Because the exact solution for this example is unknown, the computational results are investigated using
the double mesh method. In the same way as we have done in Chapter 4, we determine the maximum nodal
error and the related order of convergence for each ¢.

To compute the numerical solution of the FMMs in (7.29) and (7.59) for Example 7.1, a nonlinear system

needs to be solved at each time step. For that, we use the Newton’s iterative method as we define in Chapter 4.

7.5.3 Numerical results and observations

In Fig 7.2, we draw surface plot of numerical solution for Example7.1 and it shows that the numerical solution
generates boundary layer closer to z = 0 and interior layer at the right side of point of discontinuity x = 1/2.
For different values of ¢, N and At, the computed e-uniform errors and order of convergence are displayed in
Tables 7.1 for Example [7.1. This shows the monotonically decreasing behavior of the e-uniform errors with
increasing N, and it definitely represents the e-uniform convergence of the FMMs given in (7.29). Next, in
order to visualize the effect of the temporal accuracy, we choose a suitably large N = 2048 to reduce the
influence of the spatial error. In Tables 7.2, we display the numerical results for Example 7.1, of the proposed
FMMs in (7.29) and (7.59), respectively.

7.6 Conclusion

In this chapter, we consider a class of singularly perturbed semilinear parabolic convection-diffusion IBVPs
with a jump discontinuity in the source term and in the convection term. Here, the convection coefficient has
the same sign pattern throughout the domain. Due to the discontinuity in the data of this type, a weak interior
layer and a boundary layer appear in the solution. In this regard, the following results are derived.

At first, the lower and upper solutions approach is used to study the existence of the analytical solution of the
nonlinear problem. The e-uniform stability result of the analytical is obtained by establishing the comparison
principle for the continuous nonlinear operator; and we derive a-priori bounds of the derivatives of the analytical
solution via decomposition of the solution.

Further, we establish the comparison principle for the nonlinear discrete problem to obtain the s-uniform
stability result of the discrete solution and provide a decomposition of the discrete solution, which enables us

to prove the e-uniform convergence of the proposed finite difference approximation in the discrete supremum
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norm. It is proved that the proposed method is second-order accurate in time and almost first-order accurate in
space, irrespective of the parameter-<.

The above theoretical findings are verified by the numerical experiments and moreover, it is shown that the
current numerical method is robust in comparison with the implicit upwind method. In this context, it is worthy
to the mention that to the best of our knowledge, there are hardly any research work related to the Crank-
Nicolson based numerical approximation of singularly perturbed nonlinear parabolic PDEs with nonsmooth
data arising in the semiconductor device modeling; and in that case, this is first such attempt made in the

literature.
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(a) fore =276

(b) for e = 2720

Figure 7.2: Surface plots of numerical solution for Example 7.1
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Table 7.1: c-uniform maximum point-wise errors and order of convergence for Example 7.1 computed with
At = 1/N using the proposed nonlinear scheme (7.29)

€ Number of mesh-intervals N/ time step-size At

32/%2 64 /6%l 128/% 256/% 512/5% 1024/10%

20 7.7706e-03 3.8090e-03 1.8849¢-03 9.3746e-04 4.6748e-04 2.3343e-04
1.0286 1.0149 1.0076 1.0039 1.0019

272 9.2773e-03 4.6100e-03 2.2999e-03 1.1488e-03 5.7424e-04 2.8708e-04
1.0089 1.0032 1.0014 1.0004 1.0002

274 2.6663e-02 1.6198e-02 8.7194e-03 4.5185e-03 2.3039¢e-03 1.1632e-03
0.71900 0.89354 0.94839 0.97178 0.98599

276 3.7572e-02 2.2843e-02 1.3290e-02 7.5496e-03 4.2191e-03 2.3276e-03
0.71790 0.78138 0.81590 0.83946 0.85812

278 4.0466e-02 2.6147e-02 1.5448e-02 8.7225e-03 4.8127e-03 2.6224e-03
0.63008 0.75919 0.82463 0.85791 0.87595

2710 4.0162e-02 2.6363e-02 1.5806e-02 9.0796¢-03 5.0706e-03 2.7724e-03
0.60734 0.73805 0.79976 0.84047 0.87100

2712 3.9914e-02 2.6201e-02 1.5677e-02 8.9947e-03 5.0459¢-03 2.7904e-03

0.60726 0.74101 0.80146 0.83396 0.85465

2714 3.9837e-02 2.6137e-02 1.5610e-02 8.925%¢-03 4.9870e-03 2.7507e-03
0.60801 0.74367 0.80636 0.83983 0.85839

2716 3.9817e-02 2.6119e-02 1.5590e-02 8.9038e-03 4.9645e-03 2.7298e-03
0.60826 0.74451 0.80813 0.84277 0.86283

2718 3.9812e-02 2.6115e-02 1.5585e-02 8.8979¢-03 4.9582e-03 2.7235e-03

0.60832 0.74474 0.80861 0.84364 0.86435

2720 3.9811e-02 2.6114e-02 1.5583e-02 8.8964e-03 4.9566e-03 2.7218e-03
0.60834 0.74479 0.80873 0.84386 0.86476

2722 3.9810e-02 2.6113e-02 1.5583e-02 8.8960e-03 4.9562e-03 2.7214e-03
0.60834 0.74481 0.80876 0.84392 0.86487

22 3.9810e-02 2.6113e-02 1.5583e-02 8.895%¢-03 4.9561e-03 2.7213e-03
0.60835 0.74481 0.80877 0.84394 0.86489

eN At 4.0466e-02 2.6363e-02 1.5806e-02 9.0796e-03 5.0706e-03 2.7904e-03

plVAt 0.61822 0.73805 0.79976 0.84047 0.86168
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Table 7.2: Comparison of the temporal accuracy for Example|7.1 computed using the FMMs (7.29) and (7.59)

Number of space intervals N = 2048
At =& At = 1 At = 5
implicit-Euler method (7.59)
24 2.9909e-03 1.5046e-03 7.5416e-04 3.7748e-04 1.8883e-04
0.99114 0.99647 0.99849 0.99931
Crank-Nicolson scheme (7.29)
2.5545e-05 6.3642e-06 1.5896e-06 3.9731e-07 9.9321e-08
2.0050 2.0013 2.0003 2.0001
implicit-Euler method (7.59)
2-8 4.6306e-03 2.3283e-03 1.1654e-03 5.8278e-04 2.9140e-04
0.99192 0.99848 0.99978 0.99995
Crank-Nicolson scheme (7.29)
3.5889¢-05 9.9039¢e-06 2.4770e-06 6.1946e-07 1.5488e-07
1.8575 1.9994 1.9995 1.9999
implicit-Euler method (7.59)
216 4.8395e-03 2.4338e-03 1.2181e-03 6.0911e-04 3.0457e-04
0.99162 0.99866 0.99980 0.99992
Crank-Nicolson scheme (7.29)
4.1919e-05 1.0307e-05 2.6340e-06 6.5945e-07 1.6488e-07
2.0240 1.9683 1.9979 1.9999
implicit-Euler method (7.59)
2-2 4.8405e-03 2.4344e-03 1.2183e-03 6.0924e-04 3.0464e-04
0.99161 0.99866 0.99980 0.99992
Crank-Nicolson scheme (7.29)
4.1974e-05 1.0301e-05 2.6346e-06 6.5964e-07 1.6492e-07
2.0267 1.9671 1.9979 1.9999

£ At =1 At

=L
16 — 32
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Chapter 8

Conclusions

This chapter is dedicated to a brief review of the outcomes of the research work that contributed to the thesis,
emphasizing their relevance and significance in the context of parameter-robust numerical solutions of singu-
larly perturbed linear and nonlinear parabolic PDEs with smooth and nonsmooth data. It further highlights a

variety of future scopes for possible extensions of the current work.

8.1 Outcomes of the research works

The following is the summary of the research findings made in the thesis, along with some key observations:

e An e-uniformly convergent robust numerical algorithm is developed and analyzed for a class of singularly
perturbed one-dimensional linear parabolic convection-diffusion IBVPs with time-dependent convection
coefficient and possessing a regular boundary layer. The current numerical algorithm consists of two
parts. The first one is the development of a new hybrid FMM, which produces at least a second-order
accurate numerical solution with respect to the spatial variable both in the outer region (outside the
boundary layer) as well as in the boundary layer region (inside the boundary layer), regardless of the
cases € > N~ !and e < N~!. This reflects that there is an improvement in the region-wise accuracy
of the newly developed method in comparison with the existing numerical method. The other one is
the implementation of the Richardson extrapolation technique solely in the temporal direction (called

temporal Richardson extrapolation) for enhancing the temporal accuracy from first-order to second-order.

As aresult, the resulting numerical solution is proven to be second-order e-uniformly convergent not only
in the spatial variable but also in the temporal variable. Moreover, a significant reduction in the compu-
tational time is noticed corresponding to the newly developed FMM along with the temporal Richardson
extrapolation, regardless of the smaller and larger values of €. The above findings indeed overshadow the

drawbacks of the existing hybrid scheme.

e The idea behind the newly developed algorithm is further extended for the cost-effective higher-order
numerical approximation of two-dimensional singularly perturbed linear parabolic problems with time-
dependent boundary conditions by proposing a new FSFMM and, later, by the extrapolation technique. It
is proved that the corresponding fully discrete scheme is e-uniformly convergent in the discrete supremum
norm; and the spatial accuracy of the scheme is at least two in the outer region and is almost two in the
boundary layer region, regardless of the larger and smaller values of €. Afterwards, the method is proven

to be second-order accurate in time by means of the temporal Richardson extrapolation.
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Here, we perform the error analysis for the newly designed fractional-step method in two-steps, which
discretizes first in time and then in space. It is important to note that in [22] the two-step analysis is carried
out in the reverse order which firstly converts the IBVP into the semidiscrete IVP via spatial discretization
and later into the fully-discrete problem via temporal discretization. For the spatial discretization of the
IVP, it utilizes the convergence result of the upwind finite difference scheme proved in [20], because the
pentadiagonal structure of the upwind scheme can be further decomposed into the tridiagonal structure
in the z and y-direction. However, such technique can not be extended to achieve higher-order spatial
accuracy using the newly proposed finite difference scheme because of the design of the scheme; and in

that case the present error analysis plays a significant role for analyzing the spatial accuracy.

It is important to note that the newly developed FSFMM utilizes an alternative evaluation of the boundary
data in order to eliminate the order reduction caused by the natural evaluation of the time-dependent
boundary conditions and thus produces a cost-effective, globally second-order accurate (in both space and
time) numerical solution by solving the tridiagonal linear systems at each half instead of the tridiagonal
block system. Moreover, the current fraction-steps method is shown to be robust in comparison with the

fractional implicit upwind method.

Further, analyzing parameter-robust numerical approximation of higher-order accuracy for singularly
perturbed parabolic PDEs with nonlinearity is considered to be a desirable task due to the wide range
of real-life applications and the computational challenges in tackling the nonlinearity. In this regard,
a complete convergence analysis is provided for higher-order numerical approximations for a class of
singularly perturbed one-dimensional linear parabolic convection-diffusion IBVPs exhibiting a regular
boundary layer by proposing two novel FMMs (the fully-implicit FMM and the IMEX-FMM) followed
by the extrapolation technique. It is proved that both the newly proposed methods are e-uniformly con-
vergent in the discrete supremum norm and achieve at least second-order accuracy in the outer region
and almost second-order accuracy in the boundary layer region regardless of the larger and smaller val-
ues of €. Thereafter, by implementing the extrapolation technique solely for the time variable, we achieve

globally (in both space and time) second-order accurate numerical solutions.

It is worthy of mentioning that our error estimates justify that although the IMEX method leads to a
linearized system at each time step, it does not cause a reduction in the order of convergence correspond-
ing to the present fully-implicit method, which indeed leads to a nonlinear system at each time step.
Moreover, it is shown that the IMEX-FMM produces a more cost-effective numerical solution than the

fully-implicit FMM, and the newly developed FMMs are robust in comparison with the upwind FMM.

Further investigation is carried out for cost-effective higher-order numerical approximations of two-
dimensional semilinear singularly perturbed parabolic convection-diffusion problems with non-homogeneous
boundary data by developing two new FSFMMs (the fully-implicit FSFMM and the IMEX-FSFMM) and
later, by the extrapolation technique. It is proved that the proposed methods are e-uniformly convergent
with second-order spatial accuracy in the discrete supremum norm, irrespective of the larger and smaller
values of €. After implementing the extrapolation technique, the resulting numerical solutions are also

proven to be second-order accurate in time.

Our error analysis reveals that the proposed IMEX-FSFMM (a linearized scheme) is still able to retain the
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same order of accuracy as that of the fully-implicit FSFMM (a nonlinear scheme). In addition, an appro-
priate evaluation of the boundary data is proposed for both cases to avoid the order reduction phenomena
due to the time-dependent boundary conditions. Moreover, both the newly developed fractional-step

methods are robust compared to the fractional implicit upwind method.

e Next, we point out the other research findings in connection with singularly perturbed PDEs with non-
smooth data. In this regard, efficient numerical approximations of two different classes of singularly
perturbed parabolic PDEs with nonsmooth data are proposed and investigated. In both cases, the pro-
posed numerical methods are proven to be e-uniformly convergent in the discrete supremum norm and

almost second-order accurate in space, not only for € > N~!, but also for e << N1

However, to establish the e-stability and e-uniform error estimates, we utilize a suitable layer-resolving
Shishkin mesh in the case of PDEs having strong interior layers and a modified layer-adapted mesh in
the case of PDEs having both boundary and weak interior layers. Note that by introducing the modified
layer-adapted mesh, we overcome the theoretical challenge of establishing the monotonicity of the newly
developed FMM on the standard layer-resolving Shishkin mesh. Moreover, a significant improvement
in terms of the spatial order of convergence is observed for both the current methods compared to the

existing numerical methods.

e Again, developing a parameter-robust higher-order accurate numerical approximation of singularly per-
turbed nonlinear PDEs with nonsmooth data is a desirable and challenging task for a better understanding
of the complex phenomena. In this regard, a higher-order time accurate FMM is proposed and investi-
gated for a class of singularly perturbed semilinear parabolic convection-diffusion IBVPs exhibiting both
boundary and weak interior layers. Apart from this, we also study the existence and stability of the
solution of the continuous nonlinear problem and that of the discrete nonlinear problem. The numeri-
cal approximation is proven to be uniformly convergent and second-order time accurate in the discrete
supremum norm. Moreover, it is shown that the current numerical method is robust in comparison with

the implicit upwind method.

8.2 Future scopes

There are plenty of opportunities to examine the potential of the higher-order methods analyzed in this thesis to
study the numerical aspects of several complex PDEs. A concise description of the possible future extensions
of the present work is furnished below:

The higher-order robust numerical algorithm proposed in Chapter 2 can be further extended and analyzed
for higher-order numerical approximation of the following class of singularly perturbed quasilinear problems
posed on the domain ® = Q x (0,7] = (0,1) x (0,T):

Ay(z,t)  y(z,t) Fy(z, t)
ot — € o2 +a(m,t,y(x,t))7—I—b(m,t,y(x,t)) :g(a:,t), (LL‘,t) 693
y(2,0) = qo(z), inQ, 8.1

y(07t) = Sl(t)v y(lvt) = Sr(t)’ te (O,T],

where ¢ is a small parameter such that (0, 1] and the functions a, b, g, qo, s;, s, are sufficiently smooth. It is
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to be noted that the parameter-robust numerical method is analyzed for singularly perturbed quasilinear BVPs
in [70] with smooth data.

A cost-effective parameter-robust FSFMM is proposed in Chapter 3 for solving two-dimensional singularly
perturbed linear parabolic convection-diffusion IBVPs with non-homogeneous Dirichlet type boundary condi-
tions. It would be an interesting and challenging task to extend the similar method with suitable evaluation of
the boundary data other than the natural choice for the following class of singularly perturbed two-dimensional
linear parabolic convection-diffusion problems subject to the non-homogeneous Robin type boundary condi-
tions posed on the domain D = G x (0,7] = (0,1)? x (0,7 :

0
(& + Le) w(z,y,t) = g(z,y,t), (x,y,t) €D,

u(m,y,O) = qo(l“,y), inG, (8.2)

Ou(z,y,t)

o =s(z,y,t), (z,y,t)€ 9Gx (0,7,

oz, y, u(z,y,t) + eplz,y, 1)
where Lou = —eAu + 0z, y,t) - Vi + b(z,y, t)u, and Tz, y, t) = (vi(z,y,t),v2(z,y,t)), and € is a small
parameter such that € € (0, 1]. The coefficients ¥(x, y,t), b(x,y,t), a(z,y,t), u(z,y,t) and the source term
g(x,y,t) are considered to be sufficiently smooth with

v(z,y,t) >m >0, 1=1,2; b(z,y,t) > >0, (x,y,t) €D,
(8.3)
a(z,y,t) + plx,y,t) >0, a(z,y,t), plzr,y,t) >0, (z,y,t) € dGx (0,T].

Recently, parameter-robust numerical methods are investigated in [101, 55] for solving singularly perturbed
one dimensional parabolic PDEs with Robin type boundary conditions.

Next, one can further extend the convergence analysis of both the higher-order fully-implicit method and
the higher-order IMEX method examined in Chapter 4 for one dimensional semilinear parabolic PDEs and
in Chapter 5| for two dimensional semilinear parabolic PDEs to the coupled system of singularly perturbed
semilinear parabolic convection-diffusion problems with non-homogeneous Dirichlet boundary data in one and
two dimensions. Note that Clavero and Jorge in [19], and Rao and Chaturvedi in [95] recently analyze a
parameter-robust numerical scheme for coupled system of singularly perturbed semilinear parabolic reaction-
diffusion problems with non-homogeneous Dirichlet boundary data in one-dimension.

Again, it would be an interesting and challenging task to extend the two novel fractional-step numerical
algorithms proposed in Chapter 4 and the corresponding order reduction analysis for the following class of
singularly perturbed two-dimensional nonlinear parabolic convection-diffusion problems subject to the non-

homogeneous Robin type boundary conditions as shown below:

0 t
u(a(;,ty,) + Leu(z,y,t) + b(x,y,t, u(x, y,t)) = 4(z,y,t), inD,
lL(fL‘,y, 0) = qo(ﬂf,y), in 6, (84)

alz,y, O ule, y,t) +ep(e,y, ) 288 — sz, y,t),  (z,y,t) € 96 x (0,T],
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where L.u = —eAu+ 0(z,y,t) - Vu, and U(z,y,t) = (vl (z,y,t),va(z,y, t)), and ¢ is a small parameter such
that e € (0,1]. The coefficients ¥(x,y,t), b(z,y,t,u), a(z,y,t), u(z,y,t) and the source term g(z,y,t) are

considered to be sufficiently smooth satisfying (8.3) and the condition

8b(x7 y? t’ u)

3 >B >0, (x,y,t,u)eDxR. (8.5)
u

In Chapter 6, efficient numerical methods are proposed and analyzed so far for solving two different class sin-
gularly perturbed linear parabolic convection-diffusion problems with nonsmooth data in one-dimension. One
can further analyze the similar second-order spatially accurate numerical methods together with the fractional-
step approximation of the time derivative for solving two dimensional singularly perturbed linear parabolic
convection-diffusion problems with nonsmooth data. Recently, Majumdar and Natesan in [71] devise a parameter-
robust numerical scheme for solving singularly perturbed two-dimensional linear parabolic convection-diffusion
problem with nonsmooth data.

Chapter 7 analyzes high-order time-accurate numerical method for singularly perturbed one-dimensional
semilinear parabolic convection diffusion problems with nonsmooth data. One can develop high-order space-
time accurate numerical scheme for singularly perturbed quasilinear parabolic convection diffusion problems
with nonsmooth data. Note that Farrell et al. in [37] develop a parameter-robust finite difference scheme for
one-dimensional singularly perturbed quasilinear convection-diffusion problems with discontinuous data.

Apart from above, we want to mention that the convergence analysis carried out in this thesis is mostly
based on the layer-resolving piecewise-uniform Shishkin meshes. It would be more interesting to establish

those results using the adaptive grid based on the equidistribution principle.
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Appendix A

Monotonocity of the proposed FMM on the standard
Shishkin mesh for singularly perturbed linear parabolic
PDEs exhibiting both boundary and weak interior lay-
ers

Here, we discuss about the monotonocity property of the proposed finite difference operator in [Chapter 6,
Section 6.9.2 ] on the standard Shishkin mesh as depicted in Fig 6.11. Note that on the standard Shishkin mesh
the mesh-width A is given as follows:

4y

hl:W7 for1 < j < N/4,
4(d —

Hl:%, for N/4+1<j < N/2,

- (A1)

4

h2:%7 for N/2+1 < j < 3N/4,
41 —-d—

Hy = A=) N1 <<

N

By following the approach considered in [Chapter |6, Section 6.9.3], we convert the system of equations in
(6.77) into a new system of the following form:

Y}quo(l'j), fOI’OS]SN,
Ly Myt =Frt o for1<j < N -1, (A.2)

Yot =si(tng1), Yot =si(tnt1), forn=0,...,M —1.
where the difference operator Lév M and the term F?H are respectively defined as

[ Y+ Y YT DG+ 5V XY,

Jj+1
A for j = N/2, (A3)
LNMy L for j # N/2,
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and

~— n+l | ~c n+l | =+ n+l .
Vg AT + A g, for j = NJ2,
IF';.LJFI _ i i9j 39 (A4)

fj"H, for j # N/2.

Here, one can derive the coefficients ﬁj_, 15 ﬁj; XJ_, X;, X;“, ij_, V55 ﬁ;r, from the proposed scheme by

considering the mesh-widths given in (A.1). Now, we set

—Ly MY = Ay YR A Aj,j+1Yf++11} N [Bjﬁ—lyfil +BjYj + BMHYJHH]’

where for j # N/2,
Ajj=—p5 Ajjpn=—p, Ajjo1=—py,
Bj,j = )\;, Bj7j+1 = )\;_, Bj,j—l = )‘j_’
and for j = N/2,
Ajg = —T5, Ajjn = —Ji], Ajj-1 =~y
Bjj =X, Bjjr1=A], Bjj1 =X}

It is obvious that the matrix B = (B; ) > 0. Now, by considering the case £ < 2||a|| N1, one can derive that

2e — an/a41ho 3 3 Hi/ 1  byponr: awpe-nyy o«
tma | 33 1 )=
’ 2h2(2€ + aN/2+1h2) 2h2 2H1 2e \2At 2 H1 Hl
A —_L[ _ 45+2h%(bN/2+1+§)}
N/2N/2+1 = 2h2 2e + QN/2+1h2

under the assumptions N/In N > 2ng||a|| and (A% + HbH) < mpN/2. Also, we have

1 2e + a(N/2,1)+%H1 + H12(b(N/271)+% - ﬁ)/Q
AN/Q,N/Q*l = _2H1 [4 - £ i|,
1 2e + a(N/2,1)+%H1 + H12(b(N/271)+% + %)/2
_ 7[—4+ }
2H, €
1 lall By HE(IB] + &)
. ]
- 2H1[ + 9 * 2e

Now, using H; < 4N~! and (A% + HbH) <mpN /2, we have

1
A B <7[7 4 N‘l} 0,
N/2N/2-1 S e+ 4fall i
since ¢ < 2[ja||[N~! < 4|lal|N~! . This shows that the matrix A := (A;) does not satisfy the M-matrix

criterion. As a result of this, one can not apply [Lemma 3.12, Part II] given in the book Roos et al. [99] to prove

that ]LI]{V M gatisfies the discrete maximum principle.
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Appendix B

Verification of compatibility conditions: test examples
for 2D liner and semilinear parabolic PDEs

At first, we show that examples of Chapter 3 (for 2D linear parabolic PDE) satisfy the compatibility conditions
as mentioned in the equation (3.3). According to the book [99, Section 2.2], in order to avoid any additional

layer, the boundary and initial data must satisfy the compatibility conditions at the corners.

Example B.1. Consider the following parabolic IBVP:

Ou —eAu+ (1+2z(1 - x))g: +(1+y(1-— y))gz = g(z,y,t), in G x (0,1],

ot
u(xay70) :qO('xvy)a il’lé,
u(z,y,t) = s(x,y,t), in G x (0,T].

Here, the exact solution is given by

u(z,y,t) = exp(—t) [(1 _1eipe(x;((1_1/?)/€) - cos(%x)) (1 —exp(=(1—y)fe) cos(%)) - :By]

It is obvious that
qO(laOaO) = 8(1’070) = 07 qO(0,0,0) = 3(07070) =
qo(1,1,0) = s(1,1,0) = =1, qp(0,1,0) =s(0,1,0) =

Since g, qp, and s are obtained from the exact solution, one can easily check that the remaining compatibility
conditions of the equation (3.3) are also satisfied by the Example B.1.

Example B.2. Consider the following parabolic IBVP:

ZL—EAu—Fg;+§Z+(1+t2wy)u_ﬂ(x7yat)a inGX(O71]’
u(z,y,0) =0, inG,

wlz,y,t)= (et =1)(1+2)y, (z,y,t)€ G x (0,1],

where g(z,y,t) = [1 + rt?zy][®(z)®(y) — (1 + z)y] + rma[®(x) + &(y)] — r(1 + 2 + y) and ®(2) =
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my + maz + exp(—(1 — 2)/e), m; = —exp(—1/¢), ma=—-1—myandr =1—e".

Here, we are not acquainted with the exact solution of Example B.2. One can check that

Next, one can also check that

Os(x,y,0
(aty) = —LS(O)qQ({ZJ‘, y) +g($, Y, 0)7 on aG7 (Bl)
B dqo | 9qo . P B
where L.(0)qp = €Aqo + D + B + qo. Since qop(z,y) = 0, it implies that L.(0)qp = 0, and from the
x Yy
Os(z,y,t) Is(z,y,0)

boundary data, we obtain that = —e (1 +x)yand = —(1+ z)y. Next, we have

ot ot

g(z,y,0) = [@(z)®(y) — (1 + z)yl.

Since ®(0) = 0 and ®(1) = 0, it gives that

9s(1,1,0) 9s(0,1,0)

o 2 g(1,1,0) = =2, o = g(0,1,0) = —1
ot ﬂ( s 70) ) ot ﬂ(oa ,0) ’
9s(0,0,0) - 9s(1,0,0) B

Hence, the equation (B.1) is also satisfied. Similarly, the remaining compatibility conditions of the equation
(3.3) are also met.
In the same way, one can show that example of Chapter 5 (for 2D semilinear parabolic PDEs) satisfies the

required compatibility conditions mentioned in the equation (5.4).
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