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Abstract
In this thesis, we have studied two different topological aspects of the three-dimensional
Kitaev model on hyperhoneycomb lattice, a generalization of Kitaev’s honeycomb lattice
spin model. In the first part we have calculated the topological entanglement entropy (TEE).
We find that for this model TEE is not directly determined by the total quantum dimension
of the system. This is in contrast to general two dimensional systems and many three
dimensional models, where TEE is related to the total quantum dimension. Our calculation
also provides TEE for a three-dimensional toric-code-type Hamiltonian that emerges as the
effective low-energy theory for the Kitaev model in a particular limit.

In the second part we have obtained analytical solutions for the zero-energy Majorana
edge modes. We have considered three types of edges—zigzag, bearded and armchair—and
found the regions in parameter space where each type of edge mode exists. In the gapless
phase, we obtain edge state solutions which are the drumhead surface states associated with
nodal-line semimetals. We have also found a correspondence between noninteracting com-
plex fermions and Majorana fermions on bipartite lattices, which explains the equivalence
of energy spectrum and eigenmodes of Kitaev model and a corresponding tight-binding
model for complex fermions on the same lattice.
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Chapter 1

Introduction

One of the fundamental tasks of condensed matter physics is the study and classification
of different phases of matter. Conventionally the phenomenon of spontaneous symmetry
breaking (SSB) introduced by Landau is responsible for characterizing different phases. A
local order parameter distinguishes different phases according to their symmetry.

For example, in a liquid to solid transition, liquid has continuous translational symme-
try, which is broken down to discrete translational symmetry in the solid. Other examples
of SSB include superconductivity, superfluidity, Bose-Einstein condensation, etc.

However, there are exists phases that are not distinguishable based on Landau symmetry
breaking theory. An example is the chiral spin states introduced in the context of high
temperature superconductivity [1]. They are parity (P) and time-reversal (T) symmetry
violating states having the same symmetry and no local order parameter can distinguish
different chiral spin states.

Another well-known example of a system having distinct phases but with no local order
parameter is in quantum Hall effect. At low temperatures, when a two-dimensional electron
gas is subjected to a strong magnetic field the Hall conductance is quantized, taking on
values of the form ν(e2/h), where the filling factor ν is either an integer or a fraction(

1
3
, 2

5
, 3

7
, 2

3
, . . .

)
. Quantum Hall states corresponding to different values of ν all have the

same symmetry. The filling factor is related to a topological invariant of the quantum Hall
ground state is known as the first Chern number [2, 3].

Phases such as the chiral spin liquid and the quantum Hall states mentioned above,
which are characterized by their topological properties and are indistinguishable via a local
order parameter, are said to be topologically ordered.

Topologically ordered phases in general have: 1) a robust ground state degeneracy that
depends on the topology of the underlying space, 2) fractional statistics for quasiparticle
excitations and 3) long-range entanglement.
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The celebrated honeycomb lattice spin model of Kitaev [4] is a paradigm system in
the study of topological phases. It is an exactly solvable spin-1

2
system with excitations

that are abelian anyons in one phase and nonabelian anyons in the other phase. In this
thesis, we have studied some topological aspects of a three-dimensional generalization of
the Kitaev model [5]. In the first part, we have computed the topological entanglement
entropy, a quantity that encodes information about the long-range entanglement in the sys-
tem. In the second part, we have studied gapless excitations localized at the boundary of
the system, which are signatures of the nontrivial topology of the bulk, and analyzed their
correspondence with the bulk phase.

In the next two sections, we give a brief introduction to topological entanglement en-
tropy and gapless edge states.

1.1 Entanglement Entropy

Quantum entanglement is a phenomenon that occurs in a composite system when the state
of some part of the system (a subsystem) cannot be described independently of the rest of
the system.

A

B

Figure 1.1: Composite system with subsystems A and B

Consider a bipartite system AB composed of subsystems A and B as shown in Figure
1.1. The full Hilbert space H of the system is the tensor product of the Hilbert spaces HA

and HB of subsystems A and B: H = HA ⊗HB. Suppose the system is in the pure state
|ψ〉, then we can write |ψ〉 in terms of basis states {|aA〉} and {|bB〉}, respectively, of HA

andHB.

|ψ〉 =
∑
a,b

αa,b|aA〉|bB〉 (1.1)

where {|aA〉} and {|bB〉} with a = 1, ...., dA, b = 1, ...., dB form orthonormal bases of HA
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andHB, respectively. Using Schmidt decomposition method [6], we can write

|ψ〉 =
ds∑
i=1

γi|iA〉|iB〉 (1.2)

where γi, i = 1, ...., ds, are the Schmidt eigenvalues and they satisfy the conditions γi ≥ 0

and
∑
i

γ2
i = 1. ds ≤ min(dA, dB) is called the Schmidt rank.

The Schmidt eigenvalues tell us whether subsystems A and B are entangled or not. If
only one of the eigenvalues is non zero, then |ψ〉 is a product (separable) state and A and
B are not entangled. On the other hand, if more than one of the eigenvalues are nonzero,
then the state is entangled.

The density matrix corresponding to a pure state |ψ〉 of a composite system is given by

ρ = |ψ〉〈ψ|. (1.3)

Then the reduced density matrix ρA of subsystem A is obtained by tracing out the compli-
mentary system B, i.e.,

ρA = TrBρ (1.4)

The entanglement entropy (EE) of subsystem A is defined as the von Neumann entropy of
ρA:

SA = −Tr(ρA log ρA) (1.5)

The density matrix of composite system in terms of Schmidt basis is of the form,

ρ =
∑
i,j

γiγj|iA〉|iB〉〈jA|〈jB|

and the reduced density matrix of A is

ρA =
∑
i

γ2
i |iA〉〈iA| =

∑
i

λi|iA〉〈iA|, (1.6)

where λi = γ2
i is the eigenvalue of ρA.
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Similarly, we can obtain the reduced density matrix of B by tracing out A:

ρB =
∑
i

λi|iB〉〈iB| (1.7)

Since eigenvalues of the reduced density matrix of A and B are same the entanglement
entropy of both parts are also the same and we can unambiguously define entanglement
entropy SAB between subsystems A and B as

SAB = SA = SB = −
∑
i

λi log λi, (1.8)

using Eq. (1.5).

If |ψ〉 is a product state, then |ψ〉 = |iA〉 ⊗ |iB〉, and SA = SB = 0. For entangled
states, SA 6= 0. Furthermore, EE is maximum for a maximally entangled state. Thus EE is
a measure of the degree of entanglement between the two subsystems.

In general calculating SA is quite difficult as the trace involves log ρA. In some situa-
tions we can circumvent this difficulty by using the replica method, which relates SA to ρn

via the identity [7]

SA = − lim
n→1

∂

∂n
TrρnA (1.9)

We will be using the above formula for calculating EE of the Kitaev model.

1.1.1 Topological entanglement entropy

In this thesis, our focus is on EE at zero temperature, i.e., EE of the ground state. When
the ground state has an energy gap, the correlation length is finite and the EE SAB between
two partitions A and B of the system will get contributions only from a region around the
boundary between the two partitions that lie within the correlation length ξ . Consequently,
the EE will scale as the “area” of the boundary [8].

In two remarkable papers, Kitaev and Preskill [9] and, independently, Levin and Wen
[10] showed that EE in two-dimensional systems has the form

S = αL− γ, (1.10)

where L is the length of the boundary separating the two partitions, and γ is called the
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topological entanglement entropy (TEE) and is given by

γ = logD, (1.11)

where

D =

√∑
a

d2
a. (1.12)

Here da is the quantum dimension of a-type anyon and the summation is over all types of
anyonic excitations in the system. The quantity D is called the total quantum dimension.
For abelian anyons da = 1, then D2 is the total number of anyon types.

For topologically trivial systems, there is only one type of excitation, and which is
adiabatically connected to the ground state (vacuum). Then D = 1, and γ = 0. Therefore,
a nonzero γ is a signature of topological order.

1.1.2 Extracting topological entanglement entropy

In two dimensions, Topological entanglement entropy γ is the O(1) correction to the term
that scales with the length of the boundary in entanglement entropy. γ can be extracted from
EE by considering various bipartitions and taking a linear combination of corresponding
EE in such a way that the boundary contributions cancel one another and only γ remains.
We first describe the scheme used by Kitaev and Preskill [9].

They consider four regionsA,B,C andD, whose linear dimensions are large compared
to the correlation length (see Figure 1.2). Let SX denote the von Neumann entropy of
subsystem X . Then,

SA + SB + SC − SAB − SBC − SAC + SABC = −γ. (1.13)

All contributions to the entropy arising from the bulk and the boundaries of various regions
mutually cancel and only TEE survives in the linear combination.

Levin and Wen [10] used a different partition scheme by considering four regions (1−4)

shown in Figure 1.3. Then, as before,

(S1 − S2)− (S3 − S4) = −γ. (1.14)

Similar partitioning schemes can be used in three dimensions also for extracting TEE.
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Figure 1.2: The plane is divided into four regions, labeled A,B,C and D (Kitaev and
Preskill, 2006).

(1) (2) (3) (4)

Figure 1.3: Different partitions considered in the Levin-Wen scheme.

This will be discussed in more detail in Chapter 3, when we calculate TEE for 3D Kitaev
model.

1.1.3 Topological entanglement entropy in three dimensions

In order to understand the meaning of TEE in three and higher dimensions, Grover et. al.
postulated that the total entanglement entropy can be written as sum of a local term and a
nonlocal term [11]:

S = SA,local + SA,topo, (1.15)

where SA,local is the sum over the contributions from the patches located along the boundary
of region A.

SA,local =
∑
i

Si. (1.16)
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They further assumed that Si, which depends only on the local properties of the bound-
ary, can be expanded in powers of the curvature and its derivatives. Then, using the fact
that SA = SĀ (where Ā is the region complementary to A), they concluded that, in D

dimensions, the local contribution to entropy can be written as

SA,local = α1L
D−1 + α3L

D−3 + α5L
D−5 + ... (1.17)

The leading term is proportional to the (D − 1)-dimensional “area” of the boundary. Here
only alternate terms in the power series expansion are present. It then immediately follows
that in even dimensions there is a constant term in SA,topo and therefore a constant correc-
tion to the area law will correspond to TEE. On the other hand, in three and other odd
dimensions, a constant contribution can come from local terms and, therefore, a constant
term in EE does not necessarily imply topological order.

1.2 Zero energy Majorana edge modes

The second aspect we study in this thesis is the emergence of gapless edge states in topolog-
ically ordered systems. At the interface of two different topological phases, a topological
invariant will have different values on either side. Since a topological invariant cannot vary
continuously, the only possibility is for the energy gap to close at the boundary. Then, the
number of such gapless edge states have a precise correspondence with the bulk topological
invaraints [3, 12, 13, 14].

The most well known example of topological edge states is in quantum Hall systems
[15, 16, 17, 18]. Other examples include two and three-dimensional topological insulators
[19, 20, 21, 22, 23, 24, 25] and a one-dimensional wire with p-wave superconductivity [26].

In this thesis, we have studied gapless edges states in the three-dimensional Kitaev
model.

1.3 Outline of the following chapters

In Chapter 2, we first review the original Kitaev model on the honeycomb lattice. Then
we describe its three-dimensional generalization on the hyperhoneycomb lattice.

In Chapter 3 we calculate the entanglement entropy of the three-dimensional Kitaev
model and then extract the topological entanglement entropy.

In Chapter 4, we obtain exact analytical solutions for zero-energy Majorana edge
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modes in the three dimensional Kitaev model. We consider different types of edges and
establish the correspondence between the bulk and the edge.

In Chapter 5, we summarize and discuss the results obtained in the thesis.
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Chapter 2

The Kitaev Model

Kitaev’s spin-1
2

model [4] on the honeycomb lattice is an exactly solvable model that under-
goes a quantum phase transition between two topological phases—one supporting abelian
anyonic excitations, and the other supporting nonabelian anyons. Kitaev interaction is
Ising-like and thus anisotropic, involving only one component of the spin but with the in-
teracting component varying from link to link. What is remarkable about Kitaev model is
that nontrivial topological phases can arise from such a simple Hamiltonian involving only
two-spin interactions.

There has been various proposals to experimentally realize Kitaev model, viz., in cold
atom optical lattices [27, 28], in superconducting circuits [29], and also in some spin ro-
tation invariant systems [30]. In addition, there are several materials such as Na2IrO3,
Li2IrO3, and α-RuCl3 in which Kitaev-type interaction has been observed to be relevant
[31, 32, 33, 34, 35, 36, 37, 38, 39, 40].

The Kitaev Hamiltonian has been constructed and solved on some other 2D lattices.
These include a triangle-honeycomb lattice [41], a mosaic structure lattice [42], and a two
layer stacked honeycomb lattice [43].

Kitaev model has also been generalized to three dimensions. In this thesis we have
studied topological properties of the Kitaev model on the hyperhoneycomb lattice [5], a
three-dimensional lattice that shares some features of the honeycomb lattice (such as coor-
dination number 3) that are essential for the construction of the Kitaev Hamiltonian. The
Kitaev Hamiltonian on the hyperhoneycomb lattice with additional Heisenberg interactions
has been proposed as a model for the iridium oxide β-Li2IrO3 [44, 45, 46]. There are other
three-dimensional generalizations of the Kitaev model [47, 48, 49]

In the following sections of this chapter we review the construction and solution of the
Kitaev Hamiltonian in both two and three dimensions.

9



2.1 Kitaev Hamiltonian

The Kitaev model consists of spin-1/2 variables located at the sites of a honeycomb lattice
[4]. These spin-1/2 degree of freedom can be represented by Pauli matrices σx, σy, and σz

at each lattice site. Because of trigonal connectivity of honeycomb lattice, there are three
types of links distinguished by their orientations, which are labeled x, y and z as shown in
Figure. 2.1. The Hamiltonian is defined to be

H = −Jx
∑
x−link

σxi σ
x
j − Jy

∑
y−link

σyi σ
y
j − Jz

∑
z−link

σzi σ
z
j (2.1)

where Jx, Jy and Jz are positive nearest neighbor coupling constants.

The elementary loop, called a plaquette, in the honeycomb lattice is hexagon. For each
plaquette p we define a plaquette operator Wp as

Wp = σx1σ
y
2σ

z
3σ

x
4σ

y
5σ

z
6, (2.2)

where the sites are labeled as in the plaquette shown in Figure 2.1. InWp, at each site on the
plaquette the spin component of the Pauli matrix is same as the label of the outgoing link at
that site. It is straightforward to show that the plaquette operators commute with each other
as well as with Hamiltonian, that is, [Wp,Wp′ ] = 0, [Wp, H] = 0, ∀p, p′ . Therefore, the
Hamiltonian becomes block-diagonal in the eigenbasis of the plaquette operators. Since
W 2
p = 1, its eigenvalues, denoted wp, are ±1.

z

xy
B

A

v1v2

a
6

1

2
3

5

4

P

x

z

y

x

z

y

Figure 2.1: Honeycomb lattice: the two sites labeled A(green) and B(red) belong to a unit
cell; v1, and v2 are basis vectors; x, y and z are the link labels. Plaquette p consists of sites
marked 1− 6.
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2.1.1 Hamiltonian in Majorana fermion representation

To diagonalize the Hamiltonian, we use a Majorana fermion representation of the the spin-
1
2

operators. At each site j we introduce four Majorana fermion operators γxj , γ
y
j , γ

z
j , and ηj .

The Majorana operators obey the following algebra: {γαi , γ
β
j } = 2δijδαβ, {γαi , ηj} = 0,

(γαi )2 = 1 and η2
i = 1. The Hilbert space corresponding to four Majorana fermions is

four-dimensional whereas the spin Hilbert space has dimension 2. In the enlarged fermion
Hilbert space, we define spin operators as

σ̃αj = iγαj ηj. (2.3)

The operator Dj = γxj γ
y
j γ

z
j ηj commutes with σ̃αj and in the subspace corresponding to

Dj = 1, it can be easily shown that σ̃αj obey the algebra of Pauli matrices. Thus, we
can write the Hamiltonian in terms of σ̃αj operators in the enlarged Hilbert space, and the
physical space then corresponds to Dj = 1.

In the Majorana representation the Hamiltonian becomes

H̃ =
i

2

∑
jk

Jαjk
ûjkηjηk, (2.4)

where αjk is the label of the j − k link, and ûjk = iγ
αjk

j γ
αjk

k .

The link operators ûjk are Hermitian and antisymmetric in the i, j indices:

ûjk = −ûkj, û2
jk = 1, û†jk = ûjk. (2.5)

Moreover, [ûjk, ûlm] = 0 and [ûjk, H̃] = 0. Then, in the eigenbasis of ûjk, in a particular
sector having eigenvalues ujk, the Hamiltonian becomes

H̃({ujk}) =
i

2

∑
jk

Jαjkujkηjηk (2.6)

We have mapped the spin model to a system of free fermions in the presence of a static Z2

gauge field.

2.1.2 Ground state

To find the ground state, we first note that the Hamiltonian H̃ has a Z2 gauge symmetry,
where the operator Dj is the gauge transformation at j. The elements of the gauge group
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can be written as
∏

j D
nj

j , with nj = 0 or 1. Then the physical states |ψphys〉 are the gauge
invariant states, i.e., Dj|ψphys〉 = |ψphys〉.

Under a gauge transformation, uij → XiuijXj , where Xi = (1 − 2ni). The gauge
invariant quantities then are the Wilson-loop variables Wl = Π<ij>uij , where < ij > are
the links belonging to the loop l. Based on a theorem by Lieb [50], it has been shown that
the ground state corresponds to Wp = 1 for all plaquettes p [4]. To get the physical ground
state, we first find the lowest energy state in any one of the {uij} configuration for which
Wp = 1 for all p, and then project it to Dj = 1 subspace.

The total Hilbert space is the tensor product of the gauge sector and the fermion sector.
Let u denote a {uij} configuration for whichWp = 1 and φ(u) be the corresponding lowest
energy fermion wave function. Then the normalized ground state is (assuming periodic
boundary conditions)

|ψ〉 =
1√

2N+1

∏
j

(
1 +Dj

2

)
|u〉 ⊗ |φ(u)〉 =

1√
2N+1

∑
g

Dg|u〉 ⊗ |φ(u)〉, (2.7)

where g denotes a subset of the lattice sites, the summation is over all possible such subsets,
and

Dg =
∏
j∈g

Dj. (2.8)

2.1.3 Energy spectrum and phase diagram

Since Wp = 1 in the ground state, we can choose ujk = 1 for all links. In this sector the
Hamiltonian becomes

H =
i

2

∑
jk

Jαjkηjηk. (2.9)

In order to calculate the excitation spectrum we have to first explicitly express the lattice
sites in terms of a set of basis vectors. We choose the two sites on an z-link to be a unit cell
and

v1 =
a

2
î+

√
3a

2
ĵ, and

v2 = −a
2
î+

√
3a

2
ĵ

12



to be the basis vectors of the underlying triangular Bravais lattice (see Figure 2.1). Denoting
the lattice vector of a unit cell by r, the two sites within the unit cell are located at r + a√

3
ĵ

(A-sublattice) and r (B-sublattice). Further, we relabel the ηj Majorana operators as aj
when j ∈ A, and as bj when j ∈ B. Then the Hamiltonian in Eq. (2.9) becomes

H = i
∑

r

[
Jxarbr+v1 + Jyarbr+v2 + Jzarbr

]
(2.10)

After making the following Fourier transform,

ar =
∑

k∈ 1
2
BZ

(ake
ik.(r+ a√

3
ĵ)

+ a†ke
−ik.(r+ a√

3
ĵ)

),

br =
∑

k∈ 1
2
BZ

(bke
ik.r + b†ke

−ik.r),

(where the k-summation is only over half of the Brillouin zone (BZ) since a†k = a−k) the
Hamiltonian is brought to the form H =

∑
k
φ†k Hk φk, where φ†k =

[
a†k b†k

]
and

Hk =

[
0 if(k)

−if ∗(k) 0

]
, (2.11)

with

f(k) = 2

(
Jxe

i
(

kxa
2

+
kya

2
√
3

)
+ Jye

−i
(

kxa
2
− kya

2
√
3

)
+ Jze

−i kya√
3

)
. (2.12)

Then the energy dispersions are

Ek = ±|f(k)| = ±2

[
J2
x + J2

y + J2
z + 2JxJy cos (kxa) + 2JyJz cos

(
kxa

2
−
√

3

2
kya

)

+2JxJz cos

(
kxa

2
+

√
3

2
kya

)]1/2

.

(2.13)

In the ground state, the negative energy band is completely filled. Then, for the excita-
tion spectrum to be gapless, f(k) = 0 for some value of k. This equation has a solution if
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and only if |Jx|, |Jy| and |Jz| satisfy the triangular inequalities:

|Jz| ≤ |Jx|+ |Jy|, |Jx| ≤ |Jy|+ |Jz|, |Jy| ≤ |Jx|+ |Jz| (2.14)

Figure.(2.2) depicts the phase diagram on the plane Jx + Jy + Jz = 1.

(1, 0, 0) (0, 1, 0)

(0, 0, 1)

B
A A

A

Figure 2.2: Phase diagram on the plane Jx + Jy + Jz = 1. Region A is gapped and region
B gapless.

2.1.4 Excitations in the gapped phase

The nature of excitations in the gapped phase can be understood by considering the limit
of one of the couplings being very large compared to the other two, e.g., Jz >> Jx, Jy.

When Jx = Jy = 0, the system consists of decouple z− link dimers and the each dimer
has two degenerate ground states: | ↑↑〉 and | ↓↓〉, where

σz| ↑〉 = | ↑〉, σz| ↓〉 = −| ↓〉 (2.15)

In the limit Jz >> Jx, Jy the low energy states of the will be described by an effective
Hamiltonian acting in the above degenerate space, the basis states of which can be labeled
by the eigenvalues of a pseudospin variable τ z defined as follows:

τ z| ↑↑〉 = | ↑↑〉 (2.16)

τ z| ↓↓〉 = −| ↓↓〉. (2.17)
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To leading order in perturbation theory, the effective Hamiltonian is [4]

Heff = −
J2
xJ

2
y

16|Jz|3
∑
p

Qp, Qp = τ yi τ
y
j τ

z
k τ

z
l (2.18)

The pseudospins reside on the links of a square lattice and Heff given above is (after a
unitary transformation) exactly the toric code [51]:

Htoric = −J ′
(∑

s

As +
∑
p

Bp

)
, (2.19)

where As =
∏
j∈s

τxj is the product of the four τx operators at the vertex s and Bp =
∏
j∈p

τ zj

is the product of the four τ z operators on the plaquette p (see Figure.(2.3). All As and Bp

p

s

Figure 2.3: Square lattice on the torus; s represents the star operator; p represents the
plaquette operator.

operators commute with each other and satisfy the constraints∏
s

As = 1,
∏
p

Bp = 1. (2.20)

In the ground state As = 1 and Bp = 1. The excitations are the e-particles (As excitations)
and the m-particles (Bp excitations). e and m particles behave as bosons when exchanged
among the same type, but e andm particles mutually obey anyon statistics: an e-particle on
braiding around an m-particle generates a phase of π. Further, the fusion of an e-particle
and an m-particle (ε = e×m) is a fermion.

The toric code therefore has four superselection sectors: 1 (vacuum), e, m, and ε.
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2.2 Three dimensional Kitaev Model

x

y

z

x

y

z

A

B

C

D

a1

a2

a3

p

1

2

3

4
5

6

7

8

9

10

Figure 2.4: The 3D lattice: the four sites labeled A(red), B(yellow), C(blue) and
D(green) belong to a unit cell; a1, a2, a3 are the basis vectors; x, y and z are the link
labels. Purple colored plaquette p consists of sites marked 1− 10.

In general, Kitaev Hamiltonian can be defined on any trivalent lattice, independent of
the dimension. In three dimensions, one of the simplest such lattice is the hyperhoneycomb
lattice (see Figure 2.4. Note that the lattice depicted here have straight chains lying in the
x-y plane, whereas in the actual hyperhoneycomb lattice they have a zig-zag structure.
However, the connectivity of the two lattices are the same). Kitaev model defined on this
lattice is also exactly solvable [5], owing to the existence of an infinite number of conserved
plaquette operators, analogous to those in the honeycomb lattice.

We can label the links as x, y or z in such a way that the three links at each site will
have different labels (see Figure 2.4). Then, formally the Hamiltonian is defined in the
same way as in 2D:

H = −Jx
∑
x−link

σxj σ
x
k − Jy

∑
y−link

σyjσ
y
k − Jz

∑
z−link

σzjσ
z
k (2.21)

The elementary loop (plaquette) in the hyperhoneycomb lattice has 10 sites, as shown in
(see Figure 2.4), and we define a plaquette operator Wp similar to 2D as follows.

Wp = σx1σ
y
2σ

y
3σ

y
4σ

z
5σ

x
6σ

y
7σ

y
8σ

y
9σ

z
10. (2.22)
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As before, Wp operators commute with each other as well as with the Hamiltonian.

Writing the Hamiltonian in the Majorana fermion representation, in a particular eigen-
value sector of the link operators ûij we get a quadratic Hamiltonian in terms of the ηj
operators. The ground state is again found to be in the uniform flux sector, as before [5].

An unit cell of the hyperhoneycomb lattice contains 4 lattice sites. We label them
A, B, C, D and the corresponding ηj operators as aj, bj, cj, dj , respectively. Then, in
uij = 1 sector, the Hamiltonian becomes

H = i
∑

r

[
Jx(ardr−a3 + crbr) + Jy(ardr+a1−a3 + crbr+a2) + Jz(arbr + crdr)]. (2.23)

Using the following Fourier transform,

ar =
∑

k∈ 1
2
BZ

(ake
ik.r + a†ke

−ik.r),

br =
∑

k∈ 1
2
BZ

(bke
ik.(r+ẑ) + b†ke

−ik.(r+ẑ)),

cr =
∑

k∈ 1
2
BZ

(cke
ik.(r+ŷ+ẑ) + c†ke

−ik.(r+ŷ+ẑ)),

dr =
∑

k∈ 1
2
BZ

(dke
ik.(r+ŷ+2ẑ) + d†ke

−ik.(r+ŷ+2ẑ)),

the Hamiltonian becomes of the formH =
∑

k∈ 1
2
BZ

φ†k Hk φk, where φ†k =
[
a†k c†k b†k d†k

]
and

Hk = 2i


0 0 Jze

ikz Jxe
−ikx + Jye

ikx

0 0 Jxe
−iky + Jye

iky Jze
ikz

−Jze−ikz −Jxeiky − Jye−iky 0 0

−Jxeikx − Jye−ikx −Jze−ikz 0 0

 .
(2.24)
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Solving for the spectrum, we get

E2
k =± 2

[{
J2
x + J2

y + J2
z + 2JxJy cos (kx + ky) cos (ky − kx)

}
± 4
{
J2
xJ

2
y + 2J2

xJ
2
z + 2J2

yJ
2
z

+ 2JxJyJ
2
z

[
2 cos (kx + ky) cos (ky − kx) + cos (kx − ky + 2kz) + cos (kx − ky − 2kz)

]
+ J2

xJ
2
y

[
cos 2(kx + ky) cos 2(kx − ky)− cos 2(kx + ky)− cos 2(kx − ky)

]
+ 2J2

xJ
2
z cos (kx + ky + 2kz) + 2J2

yJ
2
z cos (kx + ky − 2kz)

}1/2
]1/2

.

(2.25)

In the ground state, the two negative energy bands are completely filled and the condition
for the spectrum to be gapless is

J2
z e

i2kz − (Jxe
−ikx + Jye

ikx)(Jxe
−iky + Jye

iky) = 0. (2.26)

The above condition can be satisfied for some k only when

|Jx| ≤ |Jy|+ |Jz|, |Jy| ≤ |Jz|+ |Jx|, |Jz| ≤ |Jx|+ |Jy|. (2.27)

Thus we get the same phase diagram as in 2D (Figure 2.2). When Inequality (4.10) is
satisfied,E(k) vanishes along a loop in k-space determined by Eq. (4.9), and the dispersion
is linear in |k| away from the gapless loop [5].

2.2.1 Excitations in the gapped phase

As in the two dimensional case, the excitations in the gapped phase can be studied using
perturbation theory in the limit Jz � Jx, Jy. We then obtain an effective Hamiltonian in
terms of the pseudospin operators τα defined in Eq. (2.17). (The pseudospin variables
reside on the z-links.) The effective Hamiltonian is [52]

Heff = −
7J4

xJ
2
y

256J5
z

∑
p

Bp −
7J4

yJ
2
x

256J5
z

′∑
p

Bp (2.28)

where the unprimed sum is over plaquettes containing four x-links and two y-links, while
the primed sum is over plaquettes containing two x-links and four y-links involved. This
Hamiltonian can be mapped to a 3D toric code defined on a diamond lattice [52] (see Fig-
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ure. 2.5). Due to certain nontrivial constraints on the plaquette operators Bp, the excited

Figure 2.5: The diamond lattice: the four links of the lattice are labeled as a (green), b
(red), c (black) and d (blue); The sites labeled {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} constitute four
different plaquettes.

plaquettes form closed loops (in a dual lattice in which the links correspond to plaquettes in
the original lattice). Moreover, the elementary plaquette-loop, consisting of six excited pla-
quettes, cannot be created by a local operation on the ground state, and they obey fermionic
statistics.
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Chapter 3

Topological Entanglement Entropy

In two dimensions, the leading term in entanglement entropy is proportional to the length of
the boundary and the O(1) correction to it is the topological entanglement entropy (TEE),
as we have discussed in Sec.1.1.1. A natural question then is: In higher dimensions D,
in particular for D = 3, does a constant term in entanglement entropy imply topological
order? Grover et al [11] have addressed this question and, based on an expansion of local
contributions to the entropy in terms of curvature and its derivatives, they have found that
in three dimensions (or in any odd dimensions) a constant can arise in a generic gapped
system purely from local correlations. That is, a nonzero γ does not necessarily imply
topological order.

The boundary of a three-dimensional (3D) system is two dimensional and 2D mani-
folds are characterized by two topological invariants: zeroth Betti number b0 (number of
connected components) and the first Betti number b1 (number of noncontractible loops).
The TEE, in general, can depend on both the invariants:

S = αA− b0γ0 +
b1

2
γ1 (3.1)

where A is the area of the boundary, and α, γ0 and γ1 are constants. However, for compact
surfaces b0 and b1 are not independent and are related through the Euler characteristic,
χ = 2b0 − b1, which can be thought of as a sum of local terms and therefore be absorbed
into the area term; thus γ0 and γ1 are not independent topological entropies [11].

Even though trivial phases in 3D may also give rise to a constant term in the entropy,
the topological contribution can still be extracted by considering various carefully chosen
partitioning of the system and then taking an appropriate linear combination of the corre-
sponding entropies [9, 10, 53, 11]. In the process local, non-topological contributions are
eliminated.
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In three dimensions, TEE has been calculated for some exactly solvable models. These
include: the cubic lattice toric code[53], general quantum double models[54, 55, 11], and
Walker-Wang models[56, 57, 58]. In all these cases, γ0 = lnD, which is similar to the
general case in two dimensions (D being the total quantum dimension). TEE has also been
calculated[59] for three-dimensional Ryu-Kitaev model[47], which is a generalization of
Kitaev’s honeycomb lattice model[4]. However, for this model it is not clear to us what
the total quantum dimension is and we have not been able to check the above relation. It is
then interesting to examine other three-dimensional models and see whether such a relation
between TEE and D exists or not.

In this chapter we present our results on TEE of three-dimensional Kitaev model on the
hyperhoneycomb lattice.

3.1 Entanglement entropy

We start with the ground state of the 3D Kitaev model (see Sec. 2.1.2).

|GS〉 =
1√

2N+1

∑
g

Dg|u〉 ⊗ φ(u)〉, (3.2)

We now calculate entanglement entropy for the above ground state. Our calculation is a
straightforward generalization of Yao and Qi’s computation for the two-dimensional Kitaev
model[60], from hereon referred to as YQ.

Entanglement entropy S between two partitions A and B of a system is defined as the
von Neumann entropy of the reduced density matrix of one of the partitions:

S = −Tr ρA ln ρA, (3.3)

where ρA = TrB ρ, with TrB denoting partial trace with respect to partition B, and ρ =

|GS〉〈GS| is the total density matrix. Note that S is symmetric under the interchange of A
and B, i.e., we can also write S = −Tr ρB ln ρB, where ρB = TrA ρ.

We now briefly go through the steps in YQ and show that their calculation can be readily
extended to the hyperhoneycomb lattice.

They calculated entanglement entropy using the following replica method formula[8]:

S = −TrA[ρA log ρA] = − ∂

∂n
TrA[ρnA]

∣∣∣∣
n=1

(3.4)
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x

yz

a1

a2

a3

a4

b1

b2

b3

b4

Figure 3.1: Bipartition scheme in which regionA (volume enclosed by the shaded surface)
has the topology of a solid sphere. The dashed lines are the links on the boundary. uij
variables on the boundary links are transformed to wA,n and wB,n, which are defined on the
links (a2n−1, a2n) and (b2n−1, b2n), respectively.

To obtain ρA we need to do the partial trace over B, TrB, and for that we require a set of
basis vectors of the form |ψi〉A⊗|χi〉B. But the gauge field uij are located at the links and in
any partitioning of the lattice into two regions A and B, there will be some links straddling
both A and B. To get around this, YQ transformed each pair of uij on the shared links into
two new variables, one of them defined on a link lying entirely in region A and the other in
B. This is a crucial step in their calculation and is not specific to two dimensions. In the 3D
lattice also the links shared by both regions can be similarly paired and the corresponding
gauge variables can then be transformed to links lying entirely in either A or B (see Fig.
3.1). This procedure will be made more precise when we calculate SG, the contribution to
entanglement entropy from the gauge sector, in the appendix A.

The calculation for the hyperhoneycomb lattice proceeds exactly as in YQ and we can
directly take their following main result (for details we refer to their paper[60] and the
associated supplementary material):

TrA[ρnA] = TrA,G[ρnA,G] · TrA,F [ρnA,F ], (3.5)
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where ρA,F = TrB|φ(u)〉〈φ(u)| and ρA,G = TrB|G(u)〉〈G(u)| are, respectively, the re-
duced density matrix for the Majorana fermion wave function |φ(u)〉 and for the state
|G(u)〉 =

(
1/
√

2(N−1)
)∑

ũ |ũ〉 in the gauge sector. Here ũ summation is over all gauge
field configurations gauge equivalent to u.

From Eqs. (3.4) and (3.5) it immediately follows that the entanglement entropy S =

SG + SF , where SG is the entanglement entropy of the gauge part and SF that of the
fermionic part. YQ have further shown that SF has no constant term independent of the
length/area of the boundary, therefore, SF does not contribute to TEE.

Calculation of SG proceeds in exactly the same way as in YQ and the details are given
in the appendix A. In our calculation, we also obtain the dependence of TEE on b0 and b1.
Finally, we get

SG = L ln 2− b0 ln 2, (3.6)

where 2L is the number of links on the boundary. Thus SG depends only on b0 but not on
b1.

3.2 Topological entanglement entropy

As discussed in the introduction, the constant term by itself is not a signature of topological
order[11]. Moreover, in the expression for S in general it is difficult to unambiguously
separate the area term and the constant. However, TEE can still be extracted using a scheme
introduced for 2D systems in Refs. [9] and [10]. Here we follow a generalization of this
scheme to three dimensions[53].

The basic idea is to consider a few different regions of the lattice and then to take
a linear combination of corresponding entanglement entropies in such a way that all the
surface contributions mutually cancel and the resultant entity is a topological invariant,
which can then be taken as the topological entanglement entropy of the system.

We consider two different bipartitions in which region A is: 1) a spherical shell, which
is nontrivial with respect to closed surfaces, and 2) a solid torus, which is nontrivial with
respect to closed loops (see Fig. 3.2). In the first case we consider the four regions in A
shown in Fig. 3.3 (1-4). Let Si be the entanglement entropy corresponding to the ith region.
Then using Eq. (3.6) we obtain TEE, S(1)

top, as

S
(1)
top = −S1 + S2 + S3 − S4 = ln 2. (3.7)
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x

yz

Figure 3.2: Bipartition scheme in which region A (volume enclosed by the solid surface)
is a solid torus. The dashed lines are the links on the boundary.

In the second case we consider the regions (5-8) shown in Fig. 3.4, and we get

S
(2)
top = −S5 + S6 + S7 − S8 = ln 2. (3.8)

In both the schemes the boundary contributions from various regions cancel in Stop and it
is thus invariant under continuous deformations[9, 10].

Thus we have obtained γ0 [defined in Eq. (3.1)] to be ln 2. However, γ0 is not equal to
lnD, where the total quantum dimension D for our model is

√
2.

The total quantum dimension of 3D Kitaev model is obtained as follows: In the limit
Jz � Jx, Jy, Kitaev model maps to a toric-code-type Hamiltonian on the diamond lattice[5].
This Hamiltonian is a sum of mutually commuting plaquette operators, denoted Bp, the
eigenvalues of which are ±1. In the ground state Bp = +1 for all plaquettes.

Certain local constraints demand that those plaquettes for which Bp = −1 must form a
closed loop in a dual lattice, in which the links represent plaquettes in the original lattice.
Thus the excitations form “flux” tubes. Furthermore, a global constraint prohibits creation
of a single elementary flux tube, consisiting of six excited plaquettes; they can only be
created in pairs. Therefore, an elementary flux tube is in a superselection sector different
from vacuum. There are no other type of elementary excitations and the total number of
superselection sectors is two. Consequently, the total quantum dimension of the model is
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√
2.

Here we note that, since γ0 = ln 2 is independent of Jx, Jy and Jz, γ0 has the same
value for the diamond lattice toric code also.

(1) (2) (3) (4)

Figure 3.3: Various regions considered for the calculation of TEE in the sphere bipartition
scheme

(5) (6) (7) (8)

Figure 3.4: Various regions considered for the calculation of TEE in the torus bipartition
scheme

3.3 Summary

We have calculated the topological entanglement entropy for a three-dimensional hyper-
honeycomb lattice generalization of Kitaev’s honeycomb lattice model. We have found
that γ0, the part of TEE proportional to b0, is ln 2. The total quantum dimension D of this
model is

√
2 and therefore it provides an example of a 3D system in which the relation

γ0 = lnD does not hold.

Since γ0 = ln 2, it is tempting to interpret it as ln |Z2|, which is the TEE for a class
of discrete gauge theories called quantum double models[11, 54, 55], with gauge group
Z2. However, the low-energy effective theory for Kitaev model in the limit Jz � Jx, Jy

is a toric-code-type model defined on the diamond lattice[5, 52], which is not a quantum
double model. This is because, even though this effective Hamiltonian is a sum of plaquette
operators Bp, each of the three sigma matrices at a particular site is part of some Bp, thus
Bp’s cannot be considered as the plaquette operators in a Z2 quantum double model, which
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are products of the same type of sigma matrix at different links. Consequently, we cannot
apply the general result for TEE for quantum double models to our model.

Then the question remains whether TEE being ln 2 for 3D Kitaev model is a coincidence
or due to some underlying Z2 gauge structure. To answer this we need to further explore the
general relations among topological entanglement entropy, gauge group and total quantum
dimension in three dimensions.
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Chapter 4

Zero Energy Majorana Edge Modes

In topologically ordered systems, robust gapless states localized at the boundary encode
information about the topology of the bulk [3, 12, 14, 13, 61]. In general, the number of
such edge states is related to bulk topological invariants. The most well-known example of
topological edge states is in quantum Hall systems [15, 16, 17, 18].

So far, most of the work on explicit calculation of edge states has been done for two
dimensional systems. In 3D, edge states have been obtained for tight-binding model for
complex fermions on the hyperhoneycomb lattice [62, 63]. In this paper we do a detailed
analysis of the edge states in the 3D Kitaev model. We obtain analytical solutions for the
gapless Majorana edge modes for three different geometries for the edges (zigzag, bearded,
and armchair). We also find the parameter regimes in which each type of edge mode exists.

Zero-energy edge states exist in both gapped and gapless phases. In the gapless phase,
the gap between the filled negative energy band and the empty postive energy band vanishes
along a line in the k-space, which corresponds to a nodal-line semimetal. Nodal lines in
general give rise to topologically robust zero-energy surface bands with flat dispersion,
known as drumhead states [64, 65, 66, 63]. Such states in 3D Kitaev models have been
explored in Refs. [67, 68, 69]. In this paper we obtain explicit solutions for these drumhead
states.

For the tight-binding model for complex fermions on the honeycomb lattice, the bulk
spectrum and the edge states [70, 71] are identical to that of the Kitaev model, if a par-
ticular choice of the hopping amplitude is made based on the coupling parameters of the
Kitaev model. Similar correspondence exists in 3D also, as we show later. We explain
this equivalence through a correspondence between noninteracting Majorana fermion and
complex fermion Hamiltonians, which exists only when sublattice symmetry is present.

In this chapter we present our results on zero-energy edge states in the 3D Kitaev model.
In Sec. 4.2 we obtain the edge modes for various geometries and find the conditions for
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the existence of each type of edge mode and the corresponding parameter regime. In Sec.
4.3 we show the correspondence between Majorana modes and complex fermion modes on
bipartite lattices.

4.1 Bulk energy spectrum

Kitaev Hamiltonian in k-space has the form [see Eq. (4.1)] H =
∑

k
φ†k Hk φk, where

φ†k =
[
a†k c†k b†k d†k

]
and

Hk = i

[
0 hk

−h†k 0

]
, (4.1)

with

hk = 2

[
Jze

ikz Jxe
−ikx + Jye

ikx

Jxe
−iky + Jye

iky Jze
ikz

]
. (4.2)

The diagonal blocks of Hk are zero due to the sublattice symmetry: the lattice is bipar-
tite and therefore there is no hopping between sites belonging to the same sublattice. Here
A and C sites are in odd sublattice and B and D sites are in even sublattice.

Sublattice symmetry implies that

HkΓ = −ΓHk, (4.3)

where

Γ =

[
1 0

0 −1

]
.

(In the above 1 is the 2× 2 identity matrix.) Therefore, if ψk is an eigenvector of Hk with
eigenvalue Ek, then Γψk will be an eigenvector with eigenvalue −Ek. Writing

ψk =

[
ψk,1

ψk,2

]
,
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where ψk,1 and ψk,2 are two-component wave functions, the eigenvalue equation becomes

ihkψk,2 = Ekψk,1 (4.4)

−ih†kψk,1 = Ekψk,2 (4.5)

Then,

(hkh
†
k)ψk,1 = E2

kψk,1, (4.6)

(h†khk)ψk,2 = E2
kψk,2 (4.7)

Solving the above eigenvalue equations, we get

E2(k) = 4
[
J2
x + J2

y + J2
z + 2JxJy cos (kx + ky) cos (ky − kx)

]
± 4

{
J2
xJ

2
y + 2J2

xJ
2
z + 2J2

yJ
2
z

+ 2JxJyJ
2
z

[
2 cos (kx + ky) cos (ky − kx) + cos (kx − ky + 2kz) + cos (kx − ky − 2kz)

]
+ J2

xJ
2
y

[
cos 2(kx + ky) cos 2(kx − ky)− cos 2(kx + ky)− cos 2(kx − ky)

]

+ 2J2
xJ

2
z cos (kx + ky + 2kz) + 2J2

yJ
2
z cos (kx + ky − 2kz)

}1/2

.

(4.8)

For the spectrum to be gapless, E(k) should vanish for some k, i.e., (hkh
†
k)ψk,1 = 0.

This implies that |hkψk,1|2 = 0, which in turn leads to hkψk,1 = 0. This gives the condition
dethk = 0, which, using hk given in Eq. (4.2), becomes

J2
z e

i2kz − (Jxe
−ikx + Jye

ikx)(Jxe
−iky + Jye

iky) = 0. (4.9)

The above condition can be satisfied for at least some k only when

∣∣|Jy| − |Jx|∣∣ ≤ |Jz| ≤ ∣∣|Jy|+ |Jx|∣∣. (4.10)

This is equivalent to the triangle inequalities among |Jx|, |Jy|, |Jz|. In Fig. 4.1 the shaded
regions correspond to the gapless phase, when Jz = 1

When Inequality (4.10) is satisfied, E(k) vanishes along a loop in k-space determined
by Eq. (4.9) and the dispersion is linear in |k| away from the gapless loop [5].
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Figure 4.1: Phase diagram in Jx − Jy space with Jz = 1. The bulk spectrum is gapless in
the shaded regions and gapped elsewhere.

4.1.1 Symmetries

The Kitaev Hamiltonian on the hyperhoneycomb lattice [Eq. (2.21)] has the following
symmetries:

1. Under spatial reflection about an x-z plane followed by another reflection about a
y-z plane, Jx ↔ Jy and Jz is invariant.

2. Rotate spins on one of the sublattices (either [A,C] or [B,D]) about the z-axis by
π. Then σx → −σx, σy → −σy and σz → σz on the rotated sublattice. Under this
transformation, Jx → −Jx, Jy → −Jy while Jz is invariant.

3. Rotate spins on alternate x-y planes about the x-axis by π. Then σx → σx, σy → −σy
and σz → −σz. Since z-links connect sites in neighbouring planes and x- and y- links
are in-plane, under this transformation, Jz → −Jz while Jx and Jy are invariant.

It is easy to verify that the above symmeties are manifest in the energy spectrum given
in Eq. (4.8). [For the first symmetry transformation, we will have to transform k also
(kz → −kz) to leave E(k) invariant.]

The above symmetries mean that in the Jx − Jy plane we can restrict ourselves to the
region between angles −π/4 and π/4 (with respect to positive Jx direction). However, for
aesthetic reasons we show the full plane in the phase diagaram.
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4.2 Zero-energy edge modes

In this section we obtain the solutions of zero-energy modes localized at the boundaries.
For this we apply periodic boundary conditions in two of the directions and leave the re-
maining direction open.

Let γ =
∑

r [ψrar + φrbr + χrcr + τrdr] be a zero-energy mode, where ψr, φr, χr and
τr are the wave functions corresponding to the four sites within the unit cell. Then the
Heisenberg equation of motion gives

dγ/dt = [H, γ] = 0. (4.11)

We now obtain solutions for the above equation for different types of edges, which are
not related by any lattice symmetries and are truly distinct. We find that the zero-energy
modes are localized at either of the sublattices depending on the type of the edge.

4.2.1 Zigzag edge

ψ0 τ−2

φ0

χ0

τ0

x

y

z

Figure 4.2: Zigzag edge at the bottom. Periodic boundary condition is imposed in the x-
and y- directions.

We first consider the edge shown in Fig.4.2. This is analogous to the zigzag edge for
the honeycomb lattice [72, 71, 73] and we shall also call it a zigzag edge, even though the
zigzag structure in the hyperhoneycomb lattice has been smoothed out in our depiction of
the lattice.
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We impose periodic boundary condition in x- and y- directions, keeping the z-direction
open. Then it is more convenient to use unit vectors in x- y- and z- directions as bases to
write the lattice vector:

r = mx̂ + nŷ + pẑ.

Here p takes even integer values; when p = 0, 4, 8, · · · , m and n take only even integer
values, and when p = 2, 6, 10, · · · , m and n are both odd. Then we can choose plane wave
solutions in x- and y- directions and thus write the wave functions as

ψm,n,p = eikxmeikynψp

φm,n,p = eikxmeikynφp

χm,n,p = eikxmeikynχp

τm,n,p = eikxmeikynτp

(4.12)

where kx = (πq/Lx), ky = (πs/Ly), with q and s taking integer values, and Lx and Ly are
the number of unit cells in the x- and y- directions, respectively. The equation of motion
(4.11) then becomes

J1τp−2 + Jzφp = 0, (4.13)

−Jxφp − Jye2ikyφp − Jzτp = 0, (4.14)

−Jye−2ikyχp − Jzψp − Jxχp = 0, (4.15)

Jzχp + J2ψp+2 = 0, (4.16)

where

J1 = Jxe
−i(kx+ky) + Jye

i(kx−ky) = J∗2 . (4.17)

Note that, because of the sublattice symmetry, the Eqs. (4.13) and (4.14) involve only φ
and τ , and Eqs. (4.15) and (4.16) involve only ψ and χ. After decoupling the equations we
obtain

ψp = λψp+2, φp = λφp−2,

χp = λχp+2, τp = λτp−2,
(4.18)
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where

λ =
(J2
x + J2

y + 2JxJy cos 2kx)
1
2 (J2

x + J2
y + 2JxJy cos 2ky)

1
2

J2
z

(4.19)

We assign the value p = 0 to the bottom-most unit cells that lie entirely within the lattice
(Fig. 4.2). This gives rise to the following boundary conditions:

ψ0 = 0,

χ−2 = 0,
(4.20)

In the limit Lz →∞,

ψp = 0,

φp = λp/2φ0,

χp = 0,

τp = λ(p/2+1)τ−2,

(4.21)

is a solution of Eqs. (4.18) satisfying the above boundary conditions, provided λ < 1.
This corresponds to an edge mode localized at the bottom and decaying exponentially, and
having nonvanishing amplitude only at B and D sites.

4.2.2 Bearded edge

Bearded edge is shown in Fig. 4.3. In this case the boundary conditions are

φ0 = 0,

τ−2 = 0.
(4.22)

When λ > 1, we obtain the following solution to Eqs. (4.18) consistent with the above
boundary conditions:

ψp =
(1

λ

)p/2
ψ0,

φp = 0,

χp =
(1

λ

)p/2
χ0,

τp = 0.

(4.23)
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Figure 4.3: Bearded edge at the bottom. Periodic boundary condition is imposed in the x-
and y- directions.

This solution is also localized at the bottom with an exponentially decaying wave function,
but has nonvanishing amplitude only at A and C sites.

4.2.3 Armchair edge

Another type of edge can be formed by cutting the lattice perpendicular to the x- (or y-)
direction as shown in Fig. 4.4. The edge thus obtained is analogous to the armchair edge
for honeycomb lattice and we also retain the same name. Applying periodic boundary
conditions in y- and z- directions, the solution takes plane wave form in the respective
coordinates:

ψm,n,p = eikyneikzpψm

φm,n,p = eikyneikzpφm

χm,n,p = eikyneikzpχm

τm,n,p = eikyneikzpτm

(4.24)

where ky = (πq/Ly), kz = (πs/2Lz), q, s take integer values, and Ly and Lz are the
number of unit cells in y and z directions, respectively. Then the equation of motion for
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χ0
x

y

z

Figure 4.4: Armchair edge obtained by cutting the lattice along a plane normal to the
x-axis. Periodic boundary condition is imposed in y- and z- directions.

zero modes [Eqs. (4.11)] becomes

α(Jyψm−1 + Jxψm+1) + Jzχm = 0, (4.25)

J∗1χm + Jzψm = 0, (4.26)

α∗ (Jxτm−1 + Jyτm+1) + Jzφm = 0, (4.27)

J1φm + Jzτm = 0, (4.28)

where α = eikyei2kz , and J1 = (Jx + Jye
i2kz). We can use Eq. (4.26) to eliminate χ from

Eq. (4.25); similarly, Eq. (4.28) can be used to eliminate φ from Eq. (4.27). Then we
obtain

αJ∗1 (Jyψm−1 + Jxψm+1) = J2
zψm, (4.29)

χm = −Jz
J∗1
ψm, (4.30)

α∗J1(Jxτm−1 + Jyτm+1) = J2
z τm, (4.31)

φm = −Jz
J1

τm, (4.32)
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Equation (4.29) can be solved by the substitution ψm = xm, and we obtain x = x±, where

x± =
J2
z ±

√
J4
z − 4α2(J∗1 )2JxJy

2αJ∗1Jx
(4.33)

Similarly, Eq. (4.31) can be solved by trying τm = ym, and we get y = y±, where

y± =
J2
z ±

√
J4
z − 4(α∗)2J1

2JxJy

2α∗J1Jy
(4.34)

Then the general solution for ψ and τ can be written as

ψm = Axm+ +Bxm− , (4.35)

τm = Cym+ +Dym− . (4.36)

with χ and φ given by Eqs. (4.30) and (4.32), respectively.

In our case the boundary conditions are ψ−1 = 0, and τ−1 = 0. Applying these, we
obtain the following two independent solutions:

ψm =

(
xm+1

+ − xm+1
−

x+ − x−

)
ψ0,

χm = −Jz
J∗1
ψm,

φm = 0,

τm = 0,

(4.37)

and

τm =

(
ym+1

+ − ym+1
−

y+ − y−

)
τ0,

φm = −Jz
J1

τm,

ψm = 0,

χm = 0.

(4.38)

In the limit Lx → ∞, Solution (4.37), which is nonvanishing only at A and C sites, exists
when |x±| < 1. Similarly, Solution (4.38), which is nonvanishing only at B and D sites,
exists when |y±| < 1.
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Edge type Region-1 Region-2 Region-3
Zigzag [B, D] x x

Bearded x [A, C] [A, C]
Armchair x [A, C] [B, D]

Table 4.1: Edge states in different regions of the gapped phase shown in the phase diagram
(Fig. 4.1). [.., ..] denotes the types of sites at which the wave function is nonvanishing

Noting that

x+x− =
Jy
Jx

and y+y− =
Jx
Jy
,

only one of the two solutions can exist at a time: Solution (4.37) when Jx > Jy, and
Solution (4.38) when Jx < Jy. Interestingly, neither solution exists when Jx = Jy.

4.2.4 Existence of edge modes and phase diagram

We will now explore the phase diagram and find out in which regions a particular type of
edge mode exists. We rescale the coupling parameters Jx and Jy with Jz (i.e., put Jz = 1).

Existence of edge modes for zigzag and bearded edges depends on whether the param-
eter λ [Eq. (4.19)] is less than 1 or greater than 1. Maximum value of λ with respect to k

is λmax = |Jx|+ |Jy|, and the minimum value is λmin = ||Jx| − |Jy||.
For the existence of zigzag edge mode, λ < 1. This condition will be satisfied for all

values of k if λmax < 1, i.e., |Jx| + |Jy| < 1. This corresponds to Region 1 in the phase
diagram shown in Fig. 4.1, which is gapped. The condition for λ to be less than 1 for some
k is λmin < 1. This condition is satisfied in the gapless region (shaded area in the figure).
In the gapped Regions 2 and 3, λmin > 1 and there are no zigzag edge modes.

The bearded edge modes exist when λ > 1. This condition will be satisfied for all
values of k if λmin > 1, i.e., ||Jx| − |Jy|| > 1 and it corresponds to gapped Regions 2
and 3. In the gapless region the existence condition will hold for some values of k, and no
bearded edge mode exists in Region 1.

Finally, for the armchair edge, as shown in Appendix B, Solution (4.37) exists for all
k in Region 2 whereas Solution (4.38) exists for all k in Region 3. In the gapless phase,
for a subset of k values, Solution (4.37) exists in the region where |Jx| > |Jy| and Solution
(4.38) exists in the region where |Jy| > |Jx|.

To summarize, in the gapless phase all three types of edge modes exist for a subset of

37



k values. Each type of solution exists only in some part of the gapped phase, but in that
region all values of k have corresponding solutions.

Table 4.1 shows the gapped regions in the phase diagram in which a particular type of
edge mode admits solutions. As we can notice, in a given region not all types of edges
result in gapless edge states. To understand this we first note that in Region-1 z-type bonds
are the strongest, in Region-2 x-type, and in Region-3 y-type. For a given type of edge,
the gapeless edge states will be localized around those boundary sites that are not linked to
another site via a strong bond. This can be readily seen in the case of Su-Schrieffer-Heeger
model [74] and Kitaev chain [26] and the honeycomb lattice Kitaev model [73].

For the zig-zag edge such weakly-linked boundary sites exist only when the z-type
bonds are the strongest, and they are D-type (Fig. 4.2). The edge states are localized
around these sites and thus have nonvanishing amplitudes only at B and D sites.

For both bearded and armchair edges, weakly-linked boundary sites exist only when the
strongest bonds are either x-type (Region 2) or y-type (Region 3). For bearded edge in both
the regions such sites areA-type and the edge states will then have nonvanishing amplitudes
only at A and C sites (Fig. 4.3). As for the armchair edge, in Region 2 the weakly-linked
boundary sites are A-type and in Region 3 D-type (Fig. 4.4), and the corresponding edge
state wave functions are nonvanishing only at [A,C] sites and [B,D] sites, respectively.

4.2.5 Drumhead states

As we have found above, in the gapless phase zero-energy edge modes exist only for a
subset of momentum values along the boundary surface. We now argue that these states
are precisely the drumhead surface states arising from nodal-lines [65, 69]. Such states can
be understood as follows: to each value of surface momentum [(kx, ky), if the boundary is
normal to the z-direction] we can associate a winding number, which is a k-space integral
over a line along the direction normal to the surface [65]. The winding number, being a
topological invariant, will have one value for all lines going through the gapless contour and
another value for all lines lying outside the contour. One of these values will be nontrivial
and then there will be zero-energy surface states corresponding to those momenta (since
vacuum is topologically trivial and there must exist gapless modes at the interface). The
upshot is there will be zero-energy states corresponding to surface momenta lying either in-
side or outside the contour obtained by projecting the gapless contour on to the appropriate
Brillouin zone boundary.

For the hyperhoneycomb lattice Kitaev model the condition for the gap to vanish, given
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in Eq. (4.10), can be written as

J2
z e

i2kz = (Jxe
−ikx + Jye

ikx)(Jxe
−iky + Jye

iky). (4.39)

Equating the modulus of each side of the above equation, we obtain the following condition
involving only kx and ky:

J2
z = (J2

x + J2
y + 2JxJy cos 2kx)

1
2 (J2

x + J2
y + 2JxJy cos 2ky)

1
2 . (4.40)

Equating the phases will give a second condition involving all three components of mo-
menta, but the above equation gives the projection of the gapless contour on to any constant
kz plane.

For zigzag and bearded edges the boundary surface is parallel to the x−y plane, thus the
projection of the gapless countour on to the Brillouin zone boundary is given by Eq. (4.40)
itself. This is precisely the equation obtained by putting λ = 1 in Eq. (4.19). For zigzag
egde, the existence condition for edge state is λ < 1, which is satisfied in the interior of the
projection of the gapless countour. Similarly, for the bearded edge the existence condition
for edge states is λ > 1, which is satisfied in the exterior of the projected contour. This
confirms that the edge state solutions we have obtained for zigzag and bearded edges in the
gapless phase are indeed drumhead states.

For the armchair edge we need the projection of the gapless contour on to the ky − kz
plane, which is not easily tractable analytically.

4.3 Correspondence between Majorana modes and fermion
modes on bipartite lattices

In two dimensions, the bulk spectrum and the zero-energy edge modes for the Kitaev model
[4, 73] and complex fermion tight-binding model [70, 71] are identical if we choose the
hopping amplitude between two sites in the latter to be twice the coupling constant in the
Kitaev model.

Tight-binding model for complex fermions has been studied on the hyperhoneycomb
lattice[62] and it is straightforward to derive the bulk spectrum. For the choice tij = 2Jαij

,
we get exactly the same dispersion as that of Kitaev model given in Eq. (4.8).

Similarly, the zigzag and the bearded edge zero modes we have derived in this paper
are also in agreement with those for the complex fermion tight-binding model obtained in
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Ref. [63] (the armchair edge was not considered in this reference).

The above equivalence between Majorana normal modes in Kitaev model and the fermion
normal modes in tight-binding model is quite striking and calls for an explanation. In the
following we show a correspondence between noninteracting Majorana fermions and com-
plex fermions that exists only when sublattice symmetry is present and which explains the
above equivalence.

Consider the following tight-binding Hamiltonian

ĤF =
∑
ij

tijc
†
icj, (4.41)

where c†i and ci are, respectively, the fermion creation and annihilation operators at site i.
We further assume that tij are real, then hermiticity of HF demands that tij = tji. Let T
denote the matrix with entries tij . Then the one-particle spectrum of HF is given by the
eigenvalues T .

Next we consider the following Majorana fermion Hamiltonian

ĤMF =
i

4

∑
ij

t′ijbibj, (4.42)

where bi are Majorana operators [b†i = bi, {bi, bj} = 2δij]. In this case hermiticity demands
that t′ij = −t′ji. The one-particle spectrum for the above Hamiltonian is given by the
eigenvalues of the matrix T ′, whose entries are t′ij [4].

If we take tii = 0, then there is a natural one-to-one mapping between HF and HMF :
t′ij = tij for j > i and t′ij = −tij for j < i. In general the matrices tij and t′ij thus related
will have different eigenvalues and eigenvectors. However, as we will show next, the two
matrices have identical eigenvalues and eigenvectors when the lattice is bipartite and the
Hamiltonian has sublattice symmetry.

Let A and B denote the two sublattices. Then sublattice symmetry implies that tij 6= 0

only when i and j are in different sublattices (in particular, tii = 0). After labeling the sites
so that all sites in each sublattice are grouped together, the matrices T and T ′ take the form

T =

[
0 h

h† 0

]
, (4.43)

T ′ =

[
0 ih

−ih† 0

]
, (4.44)
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where the nonvanishing off-diagonal blocks contain the hopping amplitudes between the
two sublattices. Let (ΨA,ΨB) denote the eigenvector of T with eigenvalue E:[

0 h

h† 0

][
ΨA

ΨB

]
= E

[
ΨA

ΨB

]
. (4.45)

Then

(hh†)ΨA = E2ΨA,

(h†h)ΨB = E2ΨB.
(4.46)

Similarly, let (ΦA,ΦB) denote the eigenvector of T ′ with eigenvalue E ′:[
0 ih

−ih† 0

][
ΦA

ΦB

]
= E ′

[
ΦA

ΦB

]
. (4.47)

Then

(hh†)ΦA = E ′
2
ΦA,

(h†h)ΦB = E ′
2
ΦB.

(4.48)

Therefore, we have the same eigenvalue equations [Eqs. (4.46) and (4.48)] in both the
cases. In other words, the eigenmodes and eigenvalues of noninteracting complex fermions
and Majorana fermions on a bipartite lattice, with hopping matrices of the form given in
Eqs. (4.43) and (4.44) respectively, are identical. It is for this reason that the bulk spectrum
and the gapless edge modes in Kitaev model and tight-binding model for complex fermions
on the bipartite honeycomb and hyperhoneycomb lattices are identical.

We further note that the above correspondence is not the canonical mapping between
a Majorana Hamiltonian and a complex fermion Hamiltonian obtained by writing each
fermion mode in terms of two Majorana modes, in which case the number of Majorana
modes will be double that of fermion modes and then both systems will obviously have the
same energy spectrum. Then, the two Hamiltonians will be defined on different lattices—if
we insist on one mode per site—since two sites in the Majorana model will correspond to
a single site in the complex fermion model.

However, what we have established above is a correspondence between Majorana fermions
and complex fermions on the same lattice, i.e., the number of Majorana modes is the same
as that of complex fermion modes.
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4.4 Summary

To summarize, we have obtained exact analytical solutions for gapless Majorana edge
modes in the three dimensional Kitaev model. We have considered three types of edges:
1) zigzag, 2) bearded, and 3) armchair. When the bulk is gapped, each type of edge admits
edge modes in some part of the phase diagram for all values of edge momentum k.

However, throughout the gapless phase, for all three types of edges, edge states exist
only for a subset of k-values. For zigzag and bearded edges we have verified that these
states are the drumhead surface states associated with nodal lines at the Fermi energy.

We have further established a general correspondence between noninteracting fermions
and Majorana fermions on bipartite lattices, based on which we can understand the equiv-
alence of their energy spectrum and eigenmodes.

Here we note that while obtaining the edge states for tight-binding model for complex
fermions on hyperhoneycomb lattice, in Ref. [63] two of the three hopping amplitudes are
taken to be equal, and only zigzag and bearded edges have been considered. As we have
shown in Sec. 4.2.3, when two of the couplings are the same the armchair solutions do not
exist. Thus, the solutions we have obtained for the armchair edge are new for the complex
fermion case also.
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Chapter 5

Summary and Discussion

In this thesis we have studied certain topological properties of the three-dimensional Kitaev
model on a hyperhoneycomb lattice. We have calculated the topological entanglement en-
tropy (TEE)and have also obtained exact solutions for zero-energy Majorana edge modes.

In the first part of the thesis, we have calculated TEE of the three-dimensional Kitaev
model. We achieved this by first calculating the entanglement entropy of the ground state
by extending a method introduced by Yao and Qi in the context the two-dimensional Kitaev
model and then extracting TEE using a partitioning scheme that eliminates contributions
to the entropy arising from local correlations. We found that that γ0, the part of the TEE
proportional to b0 (zeroth Betti number), is ln 2 and γ1, the part of the TEE proportional
to b1 (first Betti number), is zero. We also found that for our model, TEE is not directly
determined by the total quantum dimension of the system. The quantum dimension D

of the model is
√

2, therefore γ0 6= lnD. This is in contrast to general two-dimensional
systems and many three- dimensional models, where TEE is directly given by the total
quantum dimension. Our calculation also provides TEE for a three-dimensional toric code
that emerges as the effective low energy theory for the Kitaev model in a particular limit.

In the second part of the thesis, we have obtained exact analytical solutions for gapless
Majorana edge modes in the same model. We have considered three types of edges: (1)

zigzag, (2) bearded, and (3) armchair, and found the regions in parameter space where each
type of edge mode exists. We observed that when the bulk is gapped, each type of edge
admits edge modes in some part of the phase diagram for all values of edge momentum
k. While the bulk is gapless, the edge states exist only for the subset of k values for all
three types of edges. We have verified that these states are the drumhead surface states
associated with the nodal line semimetals for zigzag and bearded edges. Furthermore, we
have established a general correspondence between noninteracting fermion and Majorana
fermions on a bipartite lattice with sublattice symmetry, which explains the equivalence of



energy spectrum and eigenmodes of Kitaev model and corresponding tight-binding model
for complex fermion on the same lattice.
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Appendix A

Entanglement entropy of the gauge sec-
tor

Our calculation of SG proceeds as in YQ, and differs from the latter only in that we addi-
tionally obtain the explicit dependence on b0 and b1.

The full density matrix in the gauge sector is

ρG = |G(u)〉〈G(u)| = 1

2(N−1)

∑
ũ'u

|ũ〉〈ũ|. (A.1)

To compute the reduced density matrix ρG,A we have to carry out partial trace of ρG with
respect to the variables in B. But, as pointed out earlier, the variables on the links on the
boundary surface between A and B belong to both the regions. In YQ, this difficulty is
circumvented by the following procedure.

We can write |u〉 = |uA, uB, up〉, where uA variables are defined on links entirely in
A, uB on links entirely in B, and up on links on the boundary and shared by both A and
B. Assuming that the number of boundary links is even, and denoting it by 2L, we label
the corresponding link variables up as ua1,b1 , ua2,b2 , · · ·ua2L,b2L , where the sites labeled aj
are in A and those labeled bj are in B. In terms of Majorana variables, ûaj ,bj = iγ

αj
aj γ

αj

bj
,

where αj is the link-type of (aj, bj). Now define new variables ŵA,n = iγ
α(2n−1)
a(2n−1) γ

α2n
a2n

and
ŵB,n = iγ

α(2n−1)

b(2n−1)
γα2n
b2n

. ŵA,n is defined on the link (a2n−1, a2n), which lies entirely in A;
similarly, ŵB,n is defined on (b2n−1, b2n), which lies entirely in B (see Fig. 3.1).

Since {uij} is any gauge-field configuration for which Wp = 1 for all plaquettes, we
can choose uaj ,bj = 1 for all the boundary links. Then, it is easy to verify that

|up〉 =
1√
2L

∑
wA=wB=±1

|wA, wB〉, (A.2)
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where wA and wB denote the set of eigenvalues of ŵA,n and ŵB,n, respectively. Thus,

|G(u)〉 =
1√

2N+L+1

∑
g

∑
wA=wB

Dg|uA, wA;uB, wB〉. (A.3)

Writing Dg = XgA · XgB , where gA is the set of sites in g belonging to A and XgA =∏
j∈gA Dj . XgB is similarly defined. Then,

ρG,A = TrBρG =
1

2N+L+1

∑
g,g′

∑
w,w′

XgA|uA, w〉〈uA, w′|X
†
g′A

∑
u′B ,w

′′

〈u′B, w′′|XgB |uB, w〉〈uB, w′|X
†
g′B
|u′B, w′′〉

ρG,A =
1

2N+L+1

∑
g,g′

∑
w,w′

XgA|uA, w〉〈uA, w′|X
†
g′A
〈uB, w′|X†g′BXgB |uB, w〉

(A.4)

For 〈uB, w′|X†g′BXgB |uB, w〉 to be nonzero,w = w′. Further conditions for its nonvanishing

depend on the topology of region B. Let g(n)
B , n = 1, · · · , nB, denote the sites in gB

belonging to the connected component Bn of B. Here nB is the number of connected
components of B. Then the nonvanishing condition becomes: for each n, either g′B

(n) =

g
(n)
B , for whichX†

g′B
(n)Xg

(n)
B

= 1, or g′B
(n) = Bn−gB(n), in which caseX†

g′B
(n)XgB(n) = XBn

(here XBn ≡ Xg=Bn). In both the cases 〈uB, w′|X†g′BXgB |uB, w〉 = 1. Let NA and NB be
the number of sites in A and B, respectively (with NA +NB = N ). Then,

ρG,A =
2nB

2NA+L+1

∑
gA,g

′
A,w

XgA|uA, w〉〈uA, w|X
†
g′A
. (A.5)

Next we calculate ρ2
G,A and show that it is proportional to ρG,A.

ρ2
G,A =

(
2nB

2NA+L+1

)2 ∑
gA,g

′
A,w

g̃A,g̃
′
A,w

′

XgA|uA, w〉〈uA, w|X
†
g′A
Xg̃A|uA, w′〉〈uA, w′|X

†
g̃′A
. (A.6)

As before, 〈uA, w|X†g′AXg̃A|uA, w′〉 is nonzero only when w = w′ and, for each connected

component An in A, either g′A
(n) = g

(n)
A , or g′A

(n) = An − gA(n), (here gA(n) denotes the
sites in gA belonging to An). Then

ρ2
G,A =

(
2nB

2NA+L+1

)2

× 2NA+nA

∑
gA,g

′
A,w

XgA|uA, w〉〈uA, w|X
†
g′A
, (A.7)
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where nA is the number of connected components in A. Thus,

ρ2
G,A = 2nA+nB−L−1ρG,A. (A.8)

From the properties of density matrix it then immediately follows that the entanglement
entropy SG = L ln 2− (nA + nB − 1) ln 2. But nA+nB−1 = b0, the number of connected
components (zeroth Betti number) of the boundary surface between A and B, and we have

SG = L ln 2− b0 ln 2. (A.9)
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Appendix B

Existence condition for armchair edge modes

The solution for armchair edge modes given by Eq. (4.37) exists when |x±| < 1, which is
possible only when |Jx| > |Jy|. By Eq. (4.33)]

|x±| =

√
|Jy|
t|Jx|

∣∣∣(1±
√

1 + teiθ
)∣∣∣ (B.1)

Here we have put Jz = 1; θ is the phase of −(αJ∗1 )2 and

t =
∣∣4J2

1JxJy
∣∣ . (B.2)

Let

1 + teiθ = ρeiφ. (B.3)

Then ∣∣∣(1±
√

1− teiθ
)∣∣∣2 = (1 + ρ± 2

√
ρ cos(φ/2)) (B.4)

Using Eqs. (B.3),

|x±|2 =
|Jy|
t|Jx|

{
1 +

(
1 + t2 + 2t cos θ

) 1
2 ±
√

2
[ (

1 + t2 + 2t cos θ
) 1

2 + (1 + t cos θ)
] 1

2

}
(B.5)

Evidently, |x+| > |x−|, therefore, for the edge modes to exist |x+| < 1 is sufficient.
Furthermore, since x+x− = Jy/Jx, |x+| < 1 can be satisfied only when |Jx| > |Jy|.

For a given t, let xmax+ and xmin+ be the maximum and minimum values for |x+|, respec-
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tively. Then

(xmax+ )2 =
|Jy|
t|Jx|

{
1 + (1 + t) + 2(1 + t)

1
2

}
, (B.6)

(xmin+ )
2

=
|Jy|
t|Jx|

{
1 + (1− t) + 2(1− t)

1
2

}
. (B.7)

For edge modes to exist for all k, xmax+ < 1. This leads to |Jx| − |Jy| > 1, which cor-
responds to Region 2 in the phase diagram. For edge modes to exist for at least some k,
xmin+ < 1, which implies |Jx| + |Jy| > 1. This corresponds to the region in the gapless
phase (shaded area in Fig. 4.1) in which |Jx| > |Jy|.

In a similar way we can show that the edge modes given by Eq. (4.38) exist for all k in
Region 3 and at least for some k in the gapless phase, provided |Jy| > |Jx|.
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