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Abstract

This work is concerned with the numerical approximation of time dependent partial dif-
ferential equations(PDE) in the context of virtual element method(VEM). Basic aspects of
VEM are revealed in Chapter-1 dissecting elliptic PDE. Fundamental theoretical frame-
work as well as computational aspect of VEM are developed based on two reliable projec-
tion operators-L? projection operator Hg 5 and energy projection operator H,Z i (defined
locally). Basis functions are constructed virtually, can be thought of a solution of some
PDEs which determine the dimension of virtual element spaces. The method is designed
in such a way that it does not require explicit information about basis functions. Infor-
mations provided by degrees of freedom (DoF) are enough to evaluate basis functions
that exempt us from hectic polynomial integration. Moreover, a polynomial spaces sitting
inside VEM space ensure optimal order of convergence. The second but not secondary
advantage of VEM is that discrete formulation satisfies Galerkin approximation like FEM.
Hence, many fundamental properties of FEM can be incorporated in VEM. In Chapter-1,
we briefly study basic properties of VEM and computation of projection operators H% K
and HZ x (defined in same chapter). Moreover, using analogous idea form [1], we modify
the virtual element space without changing DoF that ensure computation of L? projection

operator T19 ;..

In Chapter-2 and Chapter-3, we propose a numerical method to approximate semi-
linear parabolic and hyperbolic equations respectively. The method is designed by ex-
ploiting L? projection operator H% i 1n order to evaluate non-linear load term. We con-
sider modified virtual element space for ensuring optimal order of convergence in H*
and L? norm for semi-discrete and fully-discrete schemes. Furthermore, fully-discrete
scheme reduces to non-linear system of equations which can be solved by employing
Newton method. Since, Newton method is computationally expensive, we present lin-
earised scheme that ensures optimal order of convergence. For time discretization, we
employ backward Euler scheme and Newmark scheme for parabolic and hyperbolic equa-
tions respectively. We have conducted numerical experiments on polygonal meshes to

illustrate the performance of the proposed scheme and validate the theoretical findings.

In Chapter-4, we have studied the convection dominated diffusion reaction equation
using SUPG stabilizers for both FEM and VEM. We initiate our discussion by explor-

ing new finite element for convection dominated diffusion reaction equations. We con-

X



sider two different bilinear forms and examine convergence behaviour in mesh-dependent
norm. Numerical experiments were conducted to emphasize theoretical results. Later, we
extend this discussion for time dependent convection dominated diffusion reaction equa-
tion in the context of VEM. In the present scheme, VEM is used for space discretization
whereas Crank-Nicolson scheme is employed for time discretization. Since the model
problem is convection dominated, we add additional SUPG type stabilizer in order to
obtain stable numerical solutions. Both semi and fully discretize schemes are analyzed
and convergence analysis is carried out in mesh dependent norm and in L? norm. A set
of numerical examples is presented in order to judge the computational efficiency of the

proposed scheme and also to validate our theoretical findings.

In Chapter-5, we address time dependent Stokes equation using VEM. Velocity is ap-
proximated using 1 conforming discrete inf-sup stable virtual element space and pres-
sure is approximated by discontinuous piecewise polynomial space. We approximate
non-stationary part and right hand side load term exploiting vector valued L? projection
operator. Following analogous idea as [2], we modify the VEM space such that L? pro-
jection operator Hg, i 1s computable. Moreover, we introduce discrete Stokes projection

to pursue convergence analysis for semi-discrete case.

In light of the above works, we have drawn some conclusions in Chapter-6 and pointed

out some future works in same chapter.
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Chapter 1

Introduction

1.1 Motivation

In this work, we review the primary features of virtual Element Method (VEM) and its
application to provide efficient numerical schemes for time dependent partial differential
equations (PDEs). Virtual Element Methods is a new technology originated from mimetic
finite difference method introduced as a generalization of the finite element method on
polyhedral or polygonal meshes for solving partial differential equations. Keeping in
mind the applicability of polygonal meshes, recently attempts have been made to develop
certain technologies which make use of polygonal meshes, for instance, see [3, 4, 5].
The origin of VEM can be traced back to classical mimetic finite difference methods|[3,
6, 7] and from their subsequent mathematical frameworks and settings. Unlike finite
element method, the VEM is applicable for unstructured polygonal meshes making it
more suitable for complex geometry usually appeared in real life problem. Furthermore,
VEM has several advantages including independent of particular shape of element like
FEM, irrespective of complex construction of basis function, simplicity in computing with
higher accuracy with possibility of easy extension to higher dimension. In computation,
bilinear forms require only integration of polynomial over polygonal elements. Unlike
the finite element methods on polygonal meshes( see related work in [8]), VEM does
not seek explicit informations of shape functions associated with the finite dimensional
spaces. The crucial property of VEM is that this method satisfies patch-test which is

desirable by engineers and scientists.

The primary focus of VEM is to develop an efficient numerical technique which is
well suited on polygons in two space dimension and polyhedral in three space dimen-
sion. Meshes with curve boundary can be better approximated by polygonal and poly-
hedral elements than standard quadrilateral, triangular elements. Moreover, tetrahedra,
hexahedra in 3D and hexagonal element in 2D have more rotational symmetries with re-
spect to centroid. Therefore, these elements can be utilized more in topology optimization
avoiding distorted elements. In recent technology, scientists, engineers employ polyhedral
elements for geophysical flow simulations for capturing geometric objects with various
sizes. Geophysical flow simulation has direct application including analysis of fresh wa-

ter reservoirs, geothermal energy extraction. Furthermore, propagation of high-risk waste



buried in earth can be controlled using geophysical flows simulations. In simulator, pris-
matic polyhedral elements are employed to reduce coding complexity [6]. The VEM can
be applied to approximate wide range of model problems with distorted elements which
makes VEM more acceptable method to resolve subsurface problems. Basically, exploita-
tion of distorted polygonal mesh makes mesh adaptation algorithms more efficient and
have major application in practical problems including dynamic contract problems, PDEs
with sliding computational domains. Furthermore, VEM can contribute significantly in
various fields including magnetostatic, fluid mechanics and structural mechanics. The
deformation of a shape regular mesh produces elements with strongly curved boundary
which can be addressed by VEM more efficiently exploiting polygonal and polyhedral
elements. Analogous issue arises in simulation of compressible and visco-elastic flows
using Lagrangian schemes where computational domain is moving with fluids. The above
mentioned features of VEM invite young researchers to contribute efficient numerical
schemes in order to approximate model problems arisen in different fields of science and

engineering.

1.2 Theoretical and computational Aspects

1.2.1 Theoretical Development

This section is dedicated to design and analyze the fundamental construction of virtual
element space. In [9], Da veiga et al. have introduced basic framework of H' conform-
ing virtual element method dissecting Poisson’s equation. The dimension of the virtual
element space is determined by some PDE which is satisfied by the basis functions asso-
ciated with the space. Unlike FEM, basis functions can be enumerated with the help of
informations provided by degrees of freedom. Before depicting basic virtual space, we
describe basic discretization of bounded convex polygonal domain Q C R?. Let {7,} be
a family of decomposition of €2 ( call polygonal mesh hereafter ) formed by polygonal

elements ( referred as polygon) K with h = ?a%((h k), where hy is the diameter of K.
€'/

With respect to this partition, let €;, denotes the set of edges of T, and by £) and £7, we
will refer to the set of interior and boundary edges, respectively. In order to satisfy local
interpolation approximation properties and stability of discrete bilinear forms, we make

the following reasonable assumptions on the polygonal mesh 7y,:

B A, : K is star-shaped with respect to a ball of radius greater than phy,

B A, : any two vertexes in /K are at least chy apart, where hy is the diameter of K

2



and p and c are uniform positive constants[10, 11].

For each polygon K € 7T, we define local virtual element space as
VE(K) = {v € HY(K)N CYOK) : v|, € Bye) Ve € OK, Av € Pk_Q(K)}, (1.1)
and the global virtual element space is defined as

vk = {U € L*(Q) :v|x € Vk(K)}.

Let xx be the set of degrees of freedom associated with the virtual element space
V*(K), which are defined by

B (D;) Values of v at V(K) vertexes of K.
B (D) For k£ > 1, the values of v at kK — 1 uniformly spaced points on each edge e.
B (D;) For & > 1, the moments 7 [, P(x) v(x) dx VP(x) € My_s(K).

Here, M_5(K) stands for the set of scaled monomials defined in the following manner:

X — Xg\®
M o(K) = {( K) Js| < k—Q}, (1.2)
hi
and for a multi-index s, we follow usual convention |s| := s; + s and x5 := z]* x3%.

Notice that M,_5(K) is a basis for P;,_(K'). Moreover, we emphasise that the the virtual
element space V*(K) is unisolvent w.r.t. degrees of freedom Y. In light of the above

discussion, we introduce two projectors H,Z 5 and Hg} - We first define elliptic projection
operator ITY . : H'(K) — Py (K) by

/ V(I gu—u)-Vg=0 Vq€Py(K)
K

PO(HZKU —u) =0,

(1.3)

where P%u is orthogonal L? projection operator on constant polynomial space, defined as

Py = u(V;) fork =1
n(K) = (1.4)

1
Pouzzm/u Vk>2,
K

3



where n(K) denotes total number of vertices of K and the local L? projection Hg’ K-
H'(K) — P(K) be represented as

(Hg,Kq_Qapk>OK =0 Vo€ Pr(K). (1.5)
Globally, the projection operator is constituted as
(I0q)|x = H%K(q),for allg € L*(Q). (1.6)

Employing these two projectors, we approximate the model problem. Unlike FEM, we
first define discrete formulation locally on each polygon K € 7,. Global formulation is

obtained by adding local contributions. We consider the following model problem

—Au= fin
{ u= fin(, (07

u=0on Of.

The variational formulation of the model problem(1.7) with zero Dirichlet boundary con-
dition is given by;
Find u € V := H}(Q) such that

a(u,v) = (f,v) Vv € V, (1.8)
where (-, -) denotes L?(£2) inner-product and the bilinear form

a(u,v) = / Vu - Vo dSQ.
Q

Employing local elliptic projection operator H,Z x» we define discrete formulation.

For each polygon K € T, discrete bilinear form a<(-,-) : V¥(K) x V¥(K) — R is

defined as follows

X (up, vp) = af (H,ZK(uh), HZK(vh)) + SK ((1 — 1Y g, (1 — HZK)Uh), (1.9)

where uy, v, € VF(K) and SEK(-,-) is a symmetric positive definite bilinear form
which ensures stability of discrete bilinear form af (-, -). Moreover, SX (-, ) is spectrally
equivalent to identity matrix and scales same as (-, -). Finally, we introduce the global

bilinear form ay(-, ) : V¥ x V¥ — R by adding local contribution as



ap(up,vp) = Z a (up, vp) ¥ up, vp € V¥ (1.10)
KeTy

VEM does not provide explicit information about basis functions, hence direct com-
putation of load term fQ f vn, where v, € V¥ is not possible. In view of this issue,
exploiting L? projection operator Hg_z x> We approximate load term ensuring optimal or-
der of convergence. We define the right-hand side load term on each element K € 7}, as

follows:
fn(X)|k =Tk (f(x)), (1.11)

where 7, denotes polygonal mesh. As a consequence, employing orthogonality property

of L? projection operator Hg_z i load term reduces to

(fnoon) = Y /th = /Kﬂg_z,z((f) Un
= Z /I<fH22,KUh-

KeTy

(1.12)

Since, force function f is known and Hgfzy xUn is computable over V¥(K'), we can evalu-
ate (1.12) with the help of degrees of freedom. In [9], authors shown that this choice has
optimal order of convergence. In contrast with FEM, VEM needs approximation prop-
erties of local polynomial projection operator in order to ensure optimal order of conver-
gence for discrete bilinear form. The construction of these projection operators demand
analogous idea like FEM [10, 12]. Moreover, the construction can be generalized over

polygonal domains that are finite union of star-shaped domains.

Local approximation: For every function z € H*(K) with 2 < s < k + 1 there
exists a polynomial z, € P(K) C V*(K) such that

|2 = zelloc + b |2 — 2210 < C by |25 i, (1.13)

where C is a positive constant that only depends on the polynomial degree £ and the mesh
regularity constant p. Furthermore, we propose the approximation property of following
local interpolation operator.

Interpolation operator: On VEM space V*(K), following mechanism from [9] we can
devise interpolation operator [/ : H*(K) — V*(K) satisfying optimal approximation.
Unlike FEM, VEM does not demand explicit construction of interpolation operator. Ex-



ploiting degrees of freedom associated with the VEM space, we can ensure existence and
approximation property of interpolation operator. In continuation of the above discussion,
we briefly formulate fundamental idea of construction. Let us consider the dimension of
virtual element space V*(K) is N%/. From the construction of virtual element space, we
can justify there exists Lagrange type of basis functions ¢; satistying dof;(¢;) = 0,; for
1<, <N dof "where do fi denotes degrees of freedom. Then the framework of VEM
space confirms that for any function v € H'(K), there exists a function [/*v € V*(K)
such that

dofi(v) = dof;(IFv) Vi=1,...,N® dof, € yx.

Now we can apply classical approximation property.

For every h > 0, every K € T, every s with 2 < s < k + 1, and every v € H*(K),
the interpolant [/<v € V*(K) satisfies

v — IFv|lox + hilv — IEv)ix < C R |vlsk, (1.14)

where C'is independent of local mesh size h and depends on mesh regularity constant p.

Now, we define the global interpolation operator [, as

In(on)|k == I} (vn] ).

However, for the accomplishment of theoretical convergence analysis, we demand opti-
mal order L? projection operator over VEM space.(By optimal order L? projection oper-
ator, we mean k" order L? projection operator over VEM space consisting of polynomial
space at most of degree k). Consequently, borrowing idea from [1], we first construct
auxiliary VEM space and later we recast global VEM space (of course consist of local

VEM space following same fashion as FEM ). We first define auxiliary space
O (K) = {v € H'(K) N C°(OK) : v|. € Py(e) Ve € OK, Av € ]P’k(K)}. (1.15)

Employing elliptic projection operator H,Z x> we introduce local virtual element space as

ZMK) = {v e OF(K) - / (I} xv)q :/ vqVq € Py/Pro(K), K € E}, (1.16)
K K



where Py /P, _o(K') denotes the linear space spanned by the scaled monomials of degree

k and k — 1 on K. The global virtual element space is defined as
zZh = {'U e HY(Q) : v|x € Z’“(K)}. (1.17)

It seems that the dimension of local virtual element space Z*(K) is more and therefore
requires more number of degrees of freedom. But, this prediction is not true. Y g forms
degrees of freedom for the modified virtual element space Z*(K). On virtual element
space Z¥(K), the orthogonal L? projection operator H% x 1s computable. Employing
IT{, ;- operator, we can formulate local bilinear form mj;' (-, -) : Z¥(K) x Z*(K) — R for

each polygon K and for all uy,, v, € Z¥(K) as

m& (up, vp) = (H%Kuh, Hgyth)K + 8K ((1 — 110 )un, (T — H%K)vh) (1.18)
Global form is defined as

my (v, w) = Z my (v,w) Yov,w € ZF.
KeTy,

Moreover, the discrete bilinear form a* (-, -) and ay (-, -) is meaningful and computable
over virtual element space Z*(K). In the formulation (1.18), the non-polynomial part
SXE(.,.) ensures stability of discrete bilinear form which scales same as polynomial part.
We note that by the construction of the bilinear forms a’* (-, -) and m} (-, -), it is clear that
these forms possess two following fundamental properties polynomial consistency and

stability, in the following sense, for more details we refer to [12, 9] .

Polynomial-consistency: For all 4 > 0 and for all K € T, the bilinear form af (-, -)
and m¥ (-, -) defined in (1.9),(1.18) satisfy the following consistency property (with re-
spect to polynomials Py (K) )

ar (p,v) = da*(p,v) VpePK), Vove Z¥EK);

miy (p,v) = (p,v)g Vp€PHK), Vve ZFK).

Stability: There exist four positive constants «,, a*, 3, and 5*, independent of h but

depending on the shape regularity of the partition such that for all v € Z*(K)

o, o (v,0) < af(v,v) < o o (v,0);

B (v,v)k < my(v,0) < B (v,0)k, (1.19)
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Figure 1.1: Degrees of freedom of a triangular cell for k=1,2,3; (D) degrees of freedom
and (D2) degrees of freedom are marked by green circle and red square respectively, cell
moments are marked by a blue square.
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Figure 1.2: Degrees of freedom of a quadrilateral cell for k=1,2,3; (D7) and (D2)
degrees of freedom are marked by green circle and red square, respectively; cell moments
are marked by a blue square.

hold. Furthermore, in order to deduce direct comparison between VEM and FEM in terms

of degrees of freedom, we depict the following Figures 1.1-1.3.

In contrast to FEM, convergence analysis of elliptic equation does not follow usual
way. We need some additional tools in order to pursue error estimations. It is well-known
that together with Cea’s lemma, interpolation operator are utilized in order to derive error
estimates with optimal order of convergence. This framework can not be incorporated
in VEM directly. The primary issue related with VEM is that discrete solution wy, is not
simply a polynomial function. Therefore, we desire some polynomial projection operator
(1.13) which ensures optimal order of convergence. Furthermore, we begin the discus-
sion with introducing two projectors Hg} 5 and H,Z x Which assist to frame convergence

analysis. These operators satisfies the following approximation properties

Lemma 1. There exists a positive constant C' = C(p, k) such that, for all K € T, and all
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VEM

k=1 k=2 k=3

Figure 1.3: Degrees of freedom of a pentagonal cell for k=1,2,3; (D7) and (D2) degrees
of freedom are marked by green circle and red square, respectively; cell moments are
marked by a blue square.

functions v € H*(K) defined on K, it holds

l|lv — H%KUHWK < Che™ sk, mseN m<s<k+1, (1.20)
[0 =TI ollmie < ChiT™ |olsre, myseN, m<s<k+1s>1 '
Employing the two projectors H% 5 and H,Z x> optimal order of convergence are de-

rived in L? and H! norm.

1.2.2 Computational Issue

In Finite element methods, we decompose the domain ) into triangle or quadrilateral
elements in order to obtain straightforward basis functions which reduce computational
complexity. However, in VEM, we do not require direct computation of basis functions.
Employing two projection operators Hg’ 5 and H,Z x (projectors are defined in local sense,
where k£ denotes order of virtual element space and K denotes polygonal element), we
compute basis functions. Computation of mass and stiffness matrices depend on compu-

tation of three fundamental matrices B,D,G which are constructed in [13].

The projection operator H,Z K acts from local virtual element space Z*(K) to polyno-
mial subspace P (K'). We symbolize the matrix representation of the projection operator
ITY x in the basis of M (K), by A* and in the canonical basis of Z*(K') by AY which
can be evaluated employing analogous idea as [13].

Computation of the local stiffness matrix We first split the basis function ¢ into

polynomial parts ITV ¢ and non-polynomial part (I — IIV )¢ as

dp=T1V¢+ (I —1IV)¢. (1.21)

9



A simple manipulation yields,

(Sk)ij = (Voi, V)
= (VIIV i, VITY 6;)0.1¢ + (V(I = T1V) i, V(I = T1V) )0 i

+ (VII 3, V(I = T1V)¢y) + (V(I = TIV) ¢y, VIV ¢)
b 17

(1.22)

An application of orthogonality property of projection operator IIV reduces the terms /

and /1 to zero. Hence, we acquire
(Sk)ij = (VIIV ¢, VIIV§; )0 i + (V(I —TIV) e, V(I — 1Y) @), k¢, (1.23)

where the first term ensures consistency and second term preserves stability. The first

term can be evaluated with the help of A* and G matrices as

(VIIV ¢y, VIIV ;)0 1c = [A*GA™]y5, (1.24)

G = [ (O)l’nk ] .
(G)mc—lﬂlk

As we have promised that direct calculation of non-polynomial part or stabilization part

where

is not possible, we will assume the following rough approximation.

Ndof

(VI =11%)6,, V(1 = 117) @) Z dot., (1~ T1%);) dof, (1 — 11%)¢;)

= [@- AV T -AY)];.
(1.25)

In the above estimation, we have assumed the following irregular approximation |’ e Vi
Vo, = 1.

Plugging(1.24) and (1.25) into (1.23), we have
Sk =A*GA*+ (I-AV)I(I—-AY). (1.26)

Remark 1. In this respect, we desire to mention that local stiffness matrix obtained in
VEM methods is not same as usual FEM stiffness matrix. Moreover, in order to calculate
B matrix, we have considered Gauss-Lobatto quadrature points to capture end points as
quadrature points. This allows to employ vertex momentums directly to enumerate edge

integration involved in B matrix estimation.

10



In order to evaluate mass matrix M, we demand to evaluate matrix representation of
operator II}) ;- in terms of monomial basis of P, (/) and canonical basis of Z*(K). Let
us assume that W* be the matrix representation of H% x With respect to monomial basis
and W be the matrix representation of II) ;- with respect to canonical basis of ZHK).

Following idea from [13], we can evaluate W*, W matrices.
Computation of Local Mass matrix

Now, we are in a stage to represent the framework of computation of local mass ma-

trix. As usual like FEM, we define the local mass matrix as
K

In order to set |, x @i¢; into VEM framework, we first split the basis function into two

parts polynomial part I1°¢; and non-polynomial part (I — T1°)¢;. Hence,

/K by = = (00,460, 119 6ok + (T = 12 ), (1 — TS 1))

+ \(H%K(éiv (I - Hg,K)@)O,K/"‘S(I - H%,K)(bi? HQ,K%)O,K/-

~
1 11

(1.28)

Orthogonality property of L* projection operator II}, ;- ensures that both (I)&(I1) are

zero. Consequently, we conclude with the identity

(M)ij = (T} g i, T d3)o, + (1 = T )i, (1 =TI 1) )o,i¢ (1.29)
polyomvial part non—polyﬁgmial part

Exploiting two matrices W and H(define in [13]) , we can evaluate polynomial part

as

(I} k&3 11 e )o.c = (W H™ W)y;. (1.30)

Here, we exempt from exhaustive demonstration since detailed explanation is given in
[13].

In order to compute non-polynomial part (I71), we deduce the rough approximation

11



/, « i ¢; = |K|. Hence, the stability part or non-polynomial part can be evaluated as

Ndof

J 0= 10000 (1 = 18,00, ~ K] Y dof (1~ 18 )6.) dot. (1 112,00,
w=1

~ K| [(T- W) (I - WO)];.
(1.31)

Substituting (1.31) and (1.30) into (1.29), we obtain
M=WTH'W+|K|(I- W (I-WP°), (1.32)

where | K| represents area of polygon.

1.3 Related work and contribution

Time dependent PDEs are used to model many physical phenomenons including Newto-
nian and non-Newtonian flows, two phase flows and geophysical problems. Therefore,
it is worthy to develop efficient numerical schemes for time dependent PDEs which are
also computationally cheap. We initiate our discussion with fundamental time-dependent
problems like semi-linear parabolic and semi-linear hyperbolic problems and then extend
to time-dependent convection dominated diffusion reaction problem and time dependent

Stokes equation.

VEM is uncovered first in [9]. In this paper, author has explored the basic framework
of conforming virtual element methods. VEM schemes gain popularity soon after the
invention because of its robust mathematical foundation, simplicity in implementation
and suitable for adaptive method. VEM has been developed rapidly through a series of
papers and has been applied for elasticity problems[14, 15, 16], plate bending problem
[17], convection diffusion equation for convection dominated case [18], general elliptic
equation [19, 20] basic mixed virtual element methods [21, 22], Stokes equation [23,
24, 25], Brinkman’s equation [2], posteriori error estimation [26, 27], linear parabolic
and hyperbolic equation [11, 28] . In addition to conforming methods, non-conforming
method has evolved through a series of papers [29, 12] for Poisson’s equation, general

elliptic’s equation and most recently for Stokes equation respectively.

The main focus of our exploration goes to development of efficient VEM approxi-
mations for nonlinear time dependent PDEs. Indeed, there are plenty of numerical ap-
proximations available in FEM to provide efficient and accurate solutions for nonlinear

PDE:s. But, hardly we can incorporate these techniques for nonlinear PDEs in the context
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of VEM. The primary issue indicates that VEM does not provide adequate informations
to evaluate discrete solutions directly. In view of this problem, we propose an elegant
VEM approximation for semilinear parabolic and semilinear hyperbolic problems em-
ploying L? projection operator Hg 5 that ensure optimal order of convergence in L? and
H*' norm. In the next work, we have encountered time dependent convection dominated
diffusion reaction equation. It is well-known that standard Galerkin methods produce non-
physical oscillations for convection dominated diffusion reaction problems. Indeed, there
are plenty of stabilizing techniques available in FEM literature in order to stabilize the nu-
merical solution for convection dominated diffusion reaction problems. But, among them
SUPG method can be absorbed directly in VEM context. However, stationary convection
dominated diffusion problem is studied by Benedetto et al. in [18]. We explore this tech-
nique for time dependent convection dominated diffusion reaction problem. The primary
focus is to examine basic aspects of stabilization parameter dx in the context of VEM.
Moreover, providing efficient numerical approximations for time dependent convection
dominated diffusion reaction problem over polygonal meshes are always welcomed with
immense importances. Furthermore, VEM formulation is defined locally element wise
having similarity with nonconforming FEM formulation. Nonconforming FEM formula-
tion has immense importance as it preserves material properties element-wise. Therefore,
together with VEM mechanism, we have proposed a new nonconforming FEM formu-
lation for convection dominated diffusion reaction equations exploiting SUPG stabilizer.
Moreover, the primary nonconforming VEM formulations are studied for elliptic prob-
lems and Stokes problem in [12, 20, 29]. Therefore, exploration of nonconforming VEM
technique for convection dominated diffusion reaction equation would be meaningful ex-
tension of our work. In conclusion, we attempt to explore VEM approximation for time
dependent Stokes problem. We review a VEM space which is discrete inf-sup stable and
H*' conforming. However, the VEM space is not divergence free which can be treated
as main drawback. On top of that we introduce discrete Stokes projection which devise

basic framework of convergence analysis for semi-discrete case.

1.4 Notations and preliminaries

This section introduces some standard notations which we will exploit throughout the
dissertation. Let 2 be a bounded domain in R? and 952 denotes its boundary where R? is
the d dimensional metric space with Euclidean norm. Furthermore, we let L?({2) denotes

Banach space of equivalence classes of measurable functions ¢(z) equipped with the
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norm

&l ey = (/Q |p(z) [P dx> 1/p, 1<p<oo.

For p = oo, L*>(£2) denotes the normed linear space consisting of all essentially bounded

functions on {2 with the norm

o = esssup|@(z)| := inf  sup g(x).
ol = ess suplota)|i= __inf _ sup g(2)

Let o = (o, (g, . . ., rg) be a d-tuple multi index with non-negative integers «; and order

of v is defined by |a| = Y7 | ;. The  th order partial derivative defined as

olel

= a7 (e %
axl '~'8£Ud

Da

Sobolev space of order (s, p) over €2 is denoted by W *?(£2) for non-negative integer s and
1 < p < oo and defined as

WeP(Q) = {¢ € LP(Q) : D € LP(Q), |a] < s},

equipped with the norm

1/p
Iollsp = (D2 1D°0l) " ¥1<p<oc,
la|<S
for p = oo,
[6llsoe = 5up [ D612 (0)

la|<s

Semi-norm of order (s, p) is denoted by | - |5, and defined as

ol = (X 10°12,) " v1<p< oo,

|a|=s

and for p = oo,
|¢ls.00 = sup [ DY@l (0

|al=s

The algebraic dual space of H*({2) is denoted by H ~*(€2) and the corresponding norm is
defined by

(¢, n)]
[¢ll-s = sup :
neHs(Q)/{0} HUHs

Let a,b € R. The linear space L%(a,b; W*?(2)), 1 < ¢q,p < 00, s > 0, consists of func-
tions 1 : [a, b] — W*P(Q)) such that |[¢(t)]||s, € L(a,b). The space L?(a, b; W*P(2)) is

14



furnished with the norm

q
16 tassien) / lole,ar) " 1< q<ox.
and for ¢ = oo
0| oo (apsws )y = €ss sup [[p(t)]]s,p-
te(a,b)

In order to pursue convergence analysis for semi-discrete and fully discrete case revealed

in next Chapters, we employ some standard inequalities which are mentioned below.

Lemma 2. (Young’s Inequality) Let a,b > 0 be non-negative real numbers and ¢ > 0.
Then the following inequality holds:

a’?  eb?
ab < — + —.

Lemma 3. (Holder’s inequality) Let ¢ € LP(Q)) and ¢ € L9(X2) be two functions where
1 < p,q < oo such that % + é = 1. Then the following inequality holds

’/ngwdx‘ < </Q‘¢|pdx)1/p(/9w’qu)l/q

Lemma 4. (Cauchy-Schwarz inequality) Let (a;)Y., and (b;)Y., be two sequences of
positive real numbers and 1 < p,q < oo such that % + % = 1. Then the following
inequality holds

(Son) = (X0) " (0)"

Lemma 5. (Continuous Gronwall inequality) Let f, g, h be piecewise continuous non-
negative functions defined on (a,b). Assume that g is non-decreasing function and there

is a positive constant C' independent of t such that

t
f&)+h(t) <gt)y+C / f(s)ds Vte (a,b).
Then
@)+ h(t) < D gtV t € (a,b). (1.33)
Lemma 6. (Discrete Gronwall inequality) Let At, B,C > 0 and let (a;)!,, (b)),

(ci)P_y, (d;)I, be sequences of non-negative numbers satisfying

an+Ath <B+C’AtZaZ+AtZCZ Vn > 1.

i=1
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Then if CAt < 1,

ay + Athi < DAt <B + Ath,) Vn>1.

i=1 i=1

Lemma 7. (Poincaré’s inequality ) Let ) be a bounded open set in R?. Then there exists

a positive constant C' = C(S, p) such that
lullop < Cluliy ¥u€ WyP(Q).

In particular, v — |u|,,, defines a norm on W,"”(Q), which is equivalent to the norm
| - |1, On H(QQ), the bilinear form

"L OJu Ov
(U,U) - /921: 8x, axz

1=

defines an inner-product giving rise to the norm | - || equivalent to the norm || - ||;.

Lemma 8. (Green’s Formula) Let ) be a bounded open set of R" set of class C' lying
on the same side of its boundary 9). Let u,v € H'(Q). Then for 1 < i < n,

/uﬁv——/aqu-/ U vn;
Q axl anz 90 i

where 1); is the i-th component of the outward normal to the boundary Of).

1.5 Outline of thesis

The thesis is arranged as follows. In Chapter-2, we encounter semi-linear parabolic prob-
lem. We propose an elegant technique in order to tackle nonlinear load term exploiting
orthogonal L? projection operator. Moreover, we highlight some computational tech-
niques to diminish computational complexity. Using analogous idea, we modify the VEM
framework for semi-linear hyperbolic problem in Chapter-3. Furthermore, the Chapter is
enriched with several numerical examples including Sine-Gordon equation in order to jus-
tify the theoretical demonstration. In Chapter-4, we start our discussion by exploring new
finite element for stationary convection dominated diffusion reaction equation and then
extend to time dependent convection dominated diffusion reaction equations employing
SUPG stabilizer in the context of virtual element method. In both cases, we prove er-
ror estimations in mesh dependent norm. A detailed discussion about the construction

of stabilization parameter dx on polygonal meshes is revealed in same chapter. More-
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over, several numerical experiments are conducted in order to justify theoretical results.
Finally, in Chapter-5, we propose H' conforming, discrete inf-sup stable virtual element
space for time dependent Stokes equations. Furthermore, we construct discrete Stokes
projection to pursue convergence analysis for velocity and pressure. In Chapter-6, we
explore some possible future works based on our research and also critical assessments

are given in the same Chapter.
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Chapter 2

Virtual Element Method For Semilinear Parabolic

Problems on Polygonal Meshes

2.1 Introduction

In this chapter, we modify virtual element formulation for semi-linear parabolic problem.
Virtual element method for linear parabolic problem is introduced in [11]. We extended
the method for for semi-linear case where right hand side force function f is function of
exact solution u as well as time ¢. In contrast with FEM, the basis functions are implicitly
known in virtual element method (VEM). Hence, we can not directly evaluate nonlinear
load term employing degrees of freedom. This difficulty appears in any kind of nonlinear
model problem. As far as non-linearity is concerned, there are few contributions made in
this direction. For better understanding, we highlight some VEM papers[30, 31] where
fundamental approaches are presented in order to tackle nonlinear term in the context of
VEM. In [30], authors examine C" virtual element method for non-linear Cahn-Hilliard
equation. Their approach is quite different from our outlook. They have approximated
non-linear part by computable term (i.e. the term can be evaluated with the help of mass
matrix) ensuring optimal order of convergence. Obviously, the theoretical framework
contributes some fundamental idea but still this approach may not be applicable to ap-
proximate general non-linear terms. In [31], Da veiga et al. encounter non-linearity
exploiting projection operators. This idea can be widely used for other non-linear prob-
lems. The fundamental idea goes to considering non-linearity of only polynomial part of
discrete solution uy, in discrete formulation instead of considering non-linearity of uy. In
our discussion, we employ analogous concept instigating L?- projection operator Hg’ 5 to

compute non-linear term confirming optimal order of convergence.

We recollect basic contribution in VEM. Conforming VEM, was first introduced in
[9] for the Poisson problem, and later the authors in [12] extended these ideas to a non-
conforming VEM for the linear elliptic equation. For symmetric formulation, the im-
plementation and analysis are based on finite element analysis; however, the treatment
of VEM in non-symmetric formulation (generally occurs for convection-diffusion prob-
lems) setting is not an easy task and one need appropriate tools for the establishment of

error estimates and uniqueness of the discrete solution. In this direction, attempts have



been made in order to generalize the VEM analysis when one deals with non-symmetric
formulation, for details, kindly see [19, 22, 20]. Moreover, recently, there are a few
contributions which deals with VEM for linear hyperbolic problems, see [28]. On the
other hand, there is rich literature available in connection with finite element methods for
semilinear parabolic problems, see [32, 33, 34] and references therein. However, as per
the best of our knowledge, there are hardly any article on VEM for semilinear parabolic
problems, and therefore an attempt has been made in this paper to introduce a new VEM
for semilinear parabolic problem. The stationary diffusion part of the model problem is
discretized with the help of elliptic projection H,Z x and an external L? projection oper-
ator H% 5 1s used for the terms that involve time derivatives. Convergence analysis are
presented for both semi-discrete and fully discrete schemes. We also conduct numerical
experiments for the validation of theoretical results when the exact solution of the inves-
tigating problem is known. In order to illustrate the performance of the proposed method,
for our numerical experiments we also considered a problem which describe motion of
boundaries between phases in alloys, model for wave propagation in nerve axons where
the underlying medium is continuous and reasonably smooth and for which the exact

solution is not known. In summary following contributions have been made in this work.

W Using L* projection operator IT) ;, we have derived optimal error estimates in L?
and H' norms. H% x can be approximated using degrees of freedom of local virtual

element space.

B Employed Newton method for the solvability of the resulted non-linear system of

equation on polygonal mesh.

B In order to avoid the computational difficulties associated with Newton method,
based on non-linear formulation, a fully discrete linearized scheme is introduced

and order of convergence is derived which matches with nonlinear scheme.

We have arranged the remainder of this chapter in the following manner. Some basic
notations and statements of the governing equation with its corresponding weak formula-
tion are presented Section 2.2. This section also deals with the unique solvability of the
continuous problem under some reasonable assumptions on the data which would also be
required for deriving error estimates for semi discrete and fully discrete schemes. The
virtual element discretization of the model problem is discussed in Section 2.3 and opti-
mal error estimates are derived in Section 2.4.1. Section 2.5 contains several numerical
experiments in order to examine the accuracy and performance of the proposed scheme.
Finally, based on theoretical and computational observations, some conclusions are made

in Section 2.6.
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2.2 Governing equations and weak formulations

In view of the several real world applications mentioned earlier, we consider the follow-
ing time-dependent semi-linear parabolic problem: for a given source function f which
depends on u, find u(x,t) : Q x [0, 7] — R such that

u — Au = f(u,t) in Q, forte (0,7),
u=>0 on'=0Q, forte (0,7), (2.1)
U(’, 0) = Ug in Q?

where u; denotes time derivative of u and uy € L*(Q2) denotes initial data. For our
subsequent analysis, we assume provisionally f(u, t) is Lipschitz continuous with respect

to u 1.€.
|f(w) = f(v)] < Ki(1+ |w| + [v])"|w — v], Vw,v € R, (2.2)

with K7 > 0 and v > 0. Multiplying first equation of (2.1) by v € Hj () and integrating
by parts, the weak formulation of the problem reads as :find u(-,t) € L*(0,T, H}())
such that

{m(utw) + a(u(t),v) =< f(u,t),v > Vove Hij(Q)forae.t e (0,T), 23)

u(0) = uyg,
where the bilinear forms defined by
m(u,v) = / uvdr Yu,v € L*(),
Q

a(u,v):/Vu-Vv Yu,v € HY(Q),
Q

and < -,- > denotes the duality product in L?*(€2). In the light of assumption that f
satisfies Lipschitz continuous, one can show that (2.3) admits a unique solution, for details

we refer to[34].

2.3 Virtual element formulation

Assumption on mesh regularity
Let us first introduce local and global finite dimensional space (named as virtual element
space) which will be used for the approximation of model problem (2.1). For this purpose,

we discretize the spatial domain as follows. Let {7, } be a family of decomposition of

21



( call polygonal mesh hereafter ) formed by polygonal elements ( referred as polygon) /K
with h = Ir?a;_((h k), where hy is the diameter of K. With respect to this partition, let
€/n

ey, denotes the set of edges of 7T, and by 52 and 5‘2, we will refer to the set of interior
and boundary edges, respectively. In order to satisfy local interpolation approximation
properties and stability of discrete bilinear forms, we make the following reasonable as-

sumptions on the polygonal mesh 7y,:

Assumption 1.
A, : K is star-shaped with respect to a ball of radius greater than ph,

A, : any two vertexes in K are at least chy apart, where h is the diameter of K and p

and c are uniform positive constants[10, 11].

The above mesh regularity assumption allows VEM to consider more general type
of polygonal element which makes VEM more applicable for practical problems. Un-
like FEM, VEM does not demand explicit construction of shape functions which reduce
computational cost. Moreover, mesh can consist of various type of elements permitting
hanging nodes which can not even imagine in FEM. Therefore, one single numerical code

can tackle different kind of element. For further demonstration, we represents Figure 2.1.

@k=2

b)k=3

Figure 2.1: Degrees of freedom of polygonal cell for £ = 2,3; (D4) and (D2) degrees
of freedom are indicated by green circles and red squares respectively; cell moments are
indicated by yellow squares.
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Construction of discrete bilinear form:

In continuation of above discussion, we first recollect the definition of modified virtual
element space Z*(K) defined in 1.16.

ZHK) = {v € Q" (K) : /

(HZKv)q = / vqVq € P /Pro(K), K € ﬁ}, (2.4)
K K

There are several possible choice of DOF for VEM space Z*(K) . But, we restrict our
choice to one defined in previous chapter(Subsection-1.2.1)and the global virtual element
space is defined as

Zh .= {v e HY(Q) : v|x € Z’“(K)}. 2.5)

As mentioned earlier, these spaces (referred as virtual element spaces) contain poly-
nomial as well as non-polynomial functions. We stress that non-polynomial functions
are approximated with the help of two projection operators H,Z 5 and H%j i as discussed
in previous chapter. Now, we define the following semi-discrete virtual element for-
mulation corresponding to the continuous problem (2.1): find u, € L*(0,T, ZF) with
up, € L*(0,T, ZF) such that

{mh(uhvt(t), vn) + an(un(t), vn) =< fulun(t),t), v, > Yo, € ZF, forae. t € (0,T),
up(0) = up .

(2.6)
Here, up, o and fj,(uy,t) are certain approximations of the u;,(0) and f(up,t) which will
be defined at a later stage, and the global discrete bilinear forms a;(-,-) : ZF x ZF — R
and my,(+,-) : ZF x ZF — R are defined as

ap(v,w) = Zaf(v,w) Vou,we Zf,
KeTy

my(v,w) = me(v,w) Yo, we Zf,
KeTy

where, af (-,) : ZK(K) x ZF(K) — Rand m¥ () : ZF(K) x Z¥(K) — R are local

computable discrete bilinear forms, in view of [11], we defined them as follows:

ap (un,vp) = a™ (T (up), TN i (vn))+sm (T=TIY g )un, (=TI g )vp) Y up, vy, € Z5(K)
(2.7)
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and

mpy (up, vp) == m" (10 geun, I con)+sm (T=TIL j )un, (I=1IY x)v) ¥V up, vy € Z5(K),
(2.8)
where m® (u,v) := [, u vV u,v € L*(K). The stabilization terms s (-,-) and s% (-, -)
are symmetric bilinear forms whose matrix representation in the canonical basis functions
{¢;} of Z¥(K) can be taken as identity matrix and the identity matrix multiplied by h%,
respectively. The non-linear forcing term f},(uy,t) and the bilinear form m<(-,-) can be

constructed using L? orthogonal projection operator

H%K LK) — Py(K). (2.9)
We note that by the construction of the bilinear forms aX (-, -) and m¥ (-, -), it is clear that
these forms possess two following fundamental properties polynomial consistency and

stability, in the following sense, for more details we refer to [12, 9] .

Polynomial-consistency: For all 4 > 0 and for all K € Ty, the bilinear form af (-, -)
and mf< (-, -) defined in (2.7),(2.8) satisfy the following consistency property (with respect
to polynomials P (K') )

af (p,v) = a®(p,v) VpePHK), Yve Z2HK);

(2.10)
my (p,v) =m"(p,v) VpePHK), Vuve Z¥K).

Stability: There exist four positive constants «,, a*, 8, and 5*, independent of h but

depending on the shape regularity of the partition such that for all v € Z*(K)

IN

o, a (v, v) al¥ (v,v) < o a®(v,v);

B, mB(v,0) < mi(v,v) < B mf(v,v), (2.11)

hold. Condition (2.11) ensures that s& (v, v) (resp. s (v, v)) scales like a (v, v) (resp. m* (v, v)).
Next, with the help of L?— projection operator, we approximate the non-linear force func-

tion.

Computation of nonlinear force function: For each element K, we define f,(uy,t) as

follows:

Su(un, )|k =11 (f(IT un,t)) oneach K € Ty, forae. t € (0,7).
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Now, orthogonality property of the operator Hg’ i yields

< lwnon>= Y0 [ Aty o= Y [ WO 0) v

KeTy, KeTy,

= > | FO9 cun, t) IO o 2.12)

KeT, VK

NK
= 3 [ I dofi(u) T 00 T,
=1

KeTy

where N¥ is total number of degrees of freedom (locally) on Z*(K). We notice that

the last term is computable using degrees of freedom. Hence, we set for f(u,,t) €
L*(0,T; L*(2)),

fh(uh7 t) = Hg(f(nghv t)) forae. t € (07 T)a (213)
where the right hand side of the above equation is understood as:

Hg(f(nghat)”K = H(]i,K(f(H%KUh, t)) VK € 771

2.3.1 Fully discrete scheme

For the approximation of time derivative, we employ backward-Euler scheme. Let U" ~
up(+,ty), n=0,1,..., N and 7 = T/N. Therefore, fully discrete form corresponding to
(2.6) read as: Find U™ € ZF such that

Uun — Un—l
myp, <—,Uh> + ah(U",vh) =< fh(Un,tn),Uh > Vvh - Z]l.f (214)

T

For convenience, we assume that U = Up,0-

As we can see that the resulted scheme is a non-linear system at each time step. There-
fore, one needs to solve a non-linear system at each time step and this would be a tedious
job. The possible remedy is to linearize the right hand side, i.e., replace f,(U™,t,) by
fn(U n=1 tn—1) in (2.14). Therefore, we write our linearized scheme as follows: find
U™ € ZF such that

Uum — Un—l
mh(f,vh) -+ ah(U",vh) =< fh(Unil,tnfl),’Uh > Vvh € Z;f, (2 15)

UO = Uhp,0-
The matrix form of the above equation is same as for fully discrete nonlinear case except
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the right hand side ( has to be written at n — 1 level). After linearizing the scheme, we
feel that there would be reduction in the order of convergence; however this prediction is
no longer true and we present detailed analysis for both linear and non-linear scheme in

the next section.

2.3.2 Unique solvability of semi-discrete schemes.

In the light of stability, symmetry of the bilinear forms ay(+, -) and my,(-, -) and assumption
that the source term f is Lipschitz continuous, we can easily show that (2.6) has a unique

solution ( see also [34, 11] ) and which is given by

Nh

up(t) == Z (mh(uhvo,wg) et

n=1

¢
+/ < fulup, s),wp > e (t=s) ds)wﬁ,
0

77777777

strictly positive number satisfying ay,(wp, v,) = AP my (Wi, vp) V v, € ZF; N" denotes

total number of degrees of freedom of ZF.

2.4 Convergence analysis

In this section, we derive error estimates in L? and H'— norms for both semi-discrete
and fully discrete scheme (when time derivative is approximated by a finite difference
scheme). The main tools in the analysis are borrowed from [11]. Moreover, due to the
presence of the non-linear term f(u), the error estimates would depend on certain bounds
of unknown solution u;, and f(uy); and these issues have been reported in [35], where
FEM is used for the approximation of semilinear problems. Since it would be difficult to
obtain bounds for u;, and also f(uy) ( even these may not be bounded), attention has been
paid so that the estimates depends on the regularity of exact solution u and f(u) and the

analysis carried out accordingly.

2.4.1 Error analysis for the semi-discrete case
We introduce the energy projection operator P : H}(Q)) — ZF defined as
an(P"u,vy) = a(u,v,) Yo, € 27,
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with the following approximation properties:

Lemma 9. Let u € H( (). Then there exists a unique function P"u € Z} verifying
[Plu—uly < Ch* Julpgs.
Moreover, if the domain () is convex, the following bound holds
[P "u —ullg < C KA ulgs, (2.16)

where C is constant independent of h.
Proof. See [11] for the proof. |

Now, we prove our main theorem of this section which deals with L? error estimates.

Theorem 10. Let u be the solution of problem (2.3) and let uy, be the solution of problem
(2.6). Then there exists a positive constant independent of h such that for all t € [0,T]
following holds

lun( 1) = u(, t)llo < C lluno — uollo + C A <|u0|k+1 + el 20,0, 141 () 017
17

+ ||U|’L2(o,t,Hk+1(Q)) + ||f(u7t)||L2(0,t,Hk+1(Q))>-

Proof. Decompose the error as follows:
up () —u(,t) = up(-,t) — Phu(-,t) + Phu(-,t) —u(-,t) = 0(-, ) + p(-,1). (2.18)
An application of Lemma (9) enable us to write the following estimates

Hp(',t>H0 S C hk+1 (]u0|k+1 + ‘Ut’Ll(O’t7Hk+l(Q))). (219)

In order to bound the term (-, t), we proceed as follows. Using (2.6) and the fact that time
derivative commutes with the energy projection, we write the following error equation
Yoy, € ZF in terms of 0(-,t) and p(-, )

mh(ﬁt(-, t),’Uh) + ah(9(~, t),Uh) = < fh(uh,t), VUp > —My, (iPhu(, t),’Uh>

dt
—an(P"u(-,t),vp)
= < fnlup,t) — flu,t),vn > +mu(-,t),vp)
—mp (P ug (-, 1), vp)

= T +1s. (2.20)
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In order to bound 77, we write

< fh(uhat) - f(uat),vh, > =< szKf(szKUh,t)jvh > — < Hg,Kf(Hg,KU,t),Uh >
+ < H%,Kf(HZ,Kuvt)avh > — < H%Kf(U),Uh >K
+ <II) i f(u), v >k — < f(u,t),0n >k -
2.21)

where < -,- >p denotes the duality product in L*(K). An application of Cauchy-
Schwarz inequality together with Lipschitz continuity of f and boundedness property

of the L? projection operator IT) 4, yields

< Hz,Kf(Hg,Kuha t) — Hg,Kf(Hg,Kua t),vn >k
< ||H2,Kf(H2,Kuh7 t) — HZ,KJC(H%K% o l|vnllox  (2:22)

< C |lu = unllox |lvallosx-

Using Cauchy-Schwarz inequality, boundedness and approximation property of L? pro-

jection operator I1{ ,., we have
kK

< H%,Kfa_[g,l(u?t)’ Up >r— < H%Kf(uvt)a Uh >K
<R f (T e, 8) =TI e f s ) [loie X [onflore (223)

< hl}}ﬂ |ulp+1.1 ||vnlox-

With the help of Cauchy-Schwarz inequality and approximation property of L? projection
operator 1'[27 % » we infer that

< H%Kf(u,t),vh S — < flu,t), v > < O R F(u, O)ksn i ||vnlo.s62.24)

Using (2.22),(2.23) and (2.24) in (2.21) and summing over all element A, we immediately
have the following bounds for 7}

71l < C (llu—wunllo llonllo + B* ulesr fonllo + R f(w, )]s [Jonllo) 2.25)

Proceeding analogously to the proof of Theorem 3.1 given in [11], and using Cauchy-
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Schwarz inequality and the definition of my(-, -), we arrive at

Ty =Y m™(u(-,t),vn) — mp (Phu(-, 1), vp)

KeTy,
= S (u () = T (1), o) + Y mp (I e (-, £) = Plug (-, ), vp) -
KeTy, KeTy,
<ORF* g () kg [om o <ORF g (1) [ om o

(2.26)

Substituting estimates of 77 and 75 derived in (2.25) and (2.26), respectively in (2.20) and
choosing v, = 6(-,t), we obtain
mh(9t<"> t)v 0(7 t)) + ah(e('v t)? 6(7 t)) <C ||6(7 t)HO (Hu - uh“O + hk+1 |ut('7 t)‘k-O—l

B g + B (D)l )

Now using ||u—ugllo < ||p(-, t)|lo+1|6(-, t)||o and stability property (2.11) of the bilinear

form mf (-, ) and af* (-, -) in the above equation, we infer that

Ld

0G0+ 198C, 013 < o)l (o, )l + 16¢, Dl

+ I g () |k + B ks + A5 f(u, t)\k+1>-

Hence, we can write

1d

S 101 < 00, Bllo(llot o + 10, )l

R )l + Bl + B Dl ).

Using (2.19), Young’s inequality and an application of Gronwall’s lemma yields

10C,t)llo < [10(-,0)[]0 + Chk“(\uofkﬂ + el 200,101 (@) + el 200,041 ()

—+ ||f(u, t) HL2(O’t7H/€+1(Q))> .

Since

16, 0)llo < C(lluno — uollo + ™ uuolrs),
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we have

10¢+#)llo < C(lluno = uoll
+hH (’uo‘kﬂ + el 20,0, 041 (02)) (2.27)

+ ||l 20,0, m54+1 0 + || f (u, t)HL2(o,t,Hk+1(Q))))~
Combining the estimates for ||p(-, t)||o and ||0(-,?)||o, we have the following desired result

[un(t) = u(®)llo < J[OC, Do + (1) llo

< Clluno = tollo + CH* (luoliss + el aumney  (2.28)

+ 1wl L2 (0,0, 14 +1(2)) + Hf(%t)HLZ(o,t,HkH(Q)))-

Next, we derive estimates in H'— norm.

Theorem 11. Let u be the solution of problem(2.3) and let u;, be the solution of problem
(2.6). Then for all t > 0, there exists a constant independent of h and t but may depends
on u such that the following holds

u(-,t) —un(-, )l < Clupo — uol1 + Chk<|uo|k+1 + ||Ut||L1(o,t,Hk+1(Q))>
+ Ch* ! (HUtHL2(o,t,Hk+1(Q)) + |l 20,0, 541 ) + I f (u, t)HLQ(o,t,HkH(Q)))-

Proof. Proof involves the similar steps used in the derivation of Theorem 10. Again, we

split the error in terms of p(+, t) and 6(-,¢) and write
(1) —un( )l < 100 D+ [p( (2.29)

An application of lemma (9) provides the following bound for p(-, ).

o0l < CRF(luolirs + o o ) (2.30)

Now we proceed to estimate |0(-, ¢)|;. Choosing v, = 6,(-, ) in the error equation (2.20)

and using the bounds of 77 and 75, we have

mh(et('7 t); Ht('u t)) + ah(e('v t)a Ht('v t))
< CH ey 10, )l + Cllu = unlol|6:(-, £) o
+ CR  ulera 00, ) lo + R f (u, ) ea 162 1) o
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Stability property (2.11) of the bilinear forms my,(-, -) and a,(-, -), enable us to write

1 d
BellOo (- )5 + Son—10(, )T < C 116, ) lo (hk+1|ut|k+1 +116C, D)o

2 T dt
(s )l + Al + A, Dlisa )

An application of Young’s inequality, yields

d
S16C, 01 < CROD ([l + ulf o + 1,02

+ClOC 15+ Cllot- 5.

Using the bound of ||6(-,t)||o (derived in equation 2.27) and ||p(-, )]s ( derived in equa-
tion 2.19), and integrating from 0 to ¢, yields the following

+ C h#+2 <|U0|2+1 + ||ut||%2(0,t,H’€+1(Q))

el ) + 1 Do o1 )

Again, we know [0(-,0)]; < |up.o—uo|1+Ch¥|ug|rs 1. Now, an application of the estimate

|0(-,0)|; and Cauchy-Schwarz inequality, yield
10, 1)1 < Clung — uoly + Ch*|ug|is1
+ Ch! <HUtHL2(o,t,Hk+1(Q)) A |l 20,6, 541 2)) + |1 (w0, t)”m(o,t,HkH(Q)))-

Now, using estimates of |p(-, t)|, the rest of the proof can be completed in a standard way

(usually done in case of standard finite element methods). [ |

2.4.2 Error analysis for the discrete case:

Theorem 12. Let u be the the solution of the problem (2.3) and let {U"},cn be the
sequence of approximate value of uy(+,t,). Then the following error estimation holds for
n=1,...,N

10" = (s ta)llo < Cluno = oo + C (Tlluell 1o 20y + B (Juolis
F lluellr o, e () + max fulc, )|k + 1@ggﬂ|f(ﬂ(tj),tj)lk+1)>~

1<j<n
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Proof. Splitting the error as:
U™ = u(yty) = U™ = Prulc,t,) + Phu(-, t,) — (- t,) = 0" + p".
The following estimate for p follows from lemma(9)

6%l < CH<* (Juoliss + lealles vsrca )

In order to reduce clumsy notations, we define

n _ gn—1
00" = u, (2.31)

T

and

G- 1,) 1 Bl Plutn 1)

T 9

where 7 is time step. Now, we write the error equation (2.20) att = t,,

mh((%", Uh) + ah(G”, Uh) =< fh(',tn) — f(',tn), Vp, >

+m(ug(-, tn), o) — mu(OP u(-, t,), vp) =: T + Ty
(2.32)

Now, 77" can be bounded in the similar fashion as 7}
Iy < C(HU" — (- to)lo + B fu(tn), t) e + Al tn)\m) [vnllo-

Now, the following bound of 73 can be easily obtained by using consistency, stability

and definition of the form my, (-, -), and simple manipulation of terms

9 = mu(-,tn),vn) — mu(OP (-, t,), vp)
= (ls ) ) = mi O (- 1), )
KeTh
< Sl et = @l ) = o tuDllo + Bl t) = et )l
= e el

Putting v;, = 6", using stability and boundedness property of the bilinear form my,(-, -)
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and substituting the bounds for 77* and 77 in the above equation(2.32), we arrive at

160 < C16" Mo + C 7| U™ = ul-,tn)llo + C 7 K ul-, ) |5
+C R flulty), t) |k + CE + ™).

For small step size 7, it readily follows that

1607lo < C(L+C 0" o+ C 7llp"llo + C 7 K (-, ) ks
+ C 7 B f(u(tn), te) ks + CE™ +17).

Iterating over n, finally we can conclude that

167]lo < C(L+C 7)"[|6°]]o + C T(Z(l +CT)" (Il llo + Bl 1)k

=1

+ R F(u(t;), tj)|k+1)) +C3 (14 Cr)nE + ).

J=1

Therefore,

[6%]lo < €U +C w37 (Ie7llo + B, t)ker + B Fult) )i

J=1

+CY (& +17).
j=1
The following estimates for &/ and 77 have been established in [11]

n n
< tllunlpourz@)y, D7 < BT ullp o men @)
j=1 j=1

Also, in view of lemma(9), we have

O Y 1l < € B (Juoliss + il s sy )

j=1

Non-linear source term can be easily bounded in the following manner

C 72hk+1|f(u(tj)’tj)|k+1 < C hk“@ﬁgﬂﬁ(u(%),tj)|k:+1 nT
J:

< C M max | f(u(ty), ) -

1<j<n
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Similarly, we can bound
Cr 2 P u(t) e < C h’fﬂgjagnm(tj)\,ﬂﬁ. (2.37)
J:

Collecting all estimates of (2.34), (2.35), (2.36) &(2.37) in (2.33), and using U" —u(-, t,) =
0™ 4 p™, we obtain
U™ = u(-,tn)]lo < Clluno — wollo + C 7||uee]| L1(0,6,,22(0)
+C B <|U0|k+1 A e ]| 10,80, 1541 (02))

+ &lf‘gxn’“(" ti) k41 + lr%agnﬁ(u(tj), tj)ykﬂ),

This completes the proof. |

2.4.3 Error estimates for linearized scheme

Let us recall that for reducing the non-linear scheme into a linear scheme, we simply
replace f(U",t,) by f(U" ' t,_1), and hence our linearized scheme read as follows:
Find U™ € ZF such that

T

Um — Unfl
mp, <—,Uh> + ah(U",vh) =< fh(Un_l,tn_1>,Uh > Yy, € Z}l?,
(2.38)

UO = Up,0-

As we have promised that there is no reduction in the over all rate of convergence, in this
section we shall show that the result of Theorem (12) remains valid for this linearized
form of the Backward-Euler VEM.

Theorem 13. Let u be the solution of the problem(2.3) and let {U™},cn be the sequence

of approximate values of uy(-,t,). Then the following error estimation holds for n =
1,2,...,N
U™ — (- tn)llo < C |luno — uollo + C<7' st 21 (0,6, 2(0)) + T el oo (0,0, 2 ()

+ BFH (\U0’k+1 A el L1 (0,4, 1541 (2)) + I@fgnfu(wtj)’kﬂ

+ max !f(U(tj),tj)|k+1)>‘

1<j<n

Proof. The proof of this theorem is similar to the previous theorem; however, for the

sake of completeness, we provide the outline of the proof. In analogy with the previous
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theorem, we write the error equation with the help of (2.15) and U™ — u(-,t,) = 6™ + p".

mp (00", v3) + an(0™,v) =< fo(U™ 1), v > —mp (0P u(-, t,),vp) — alu(-, t,), vp)
=< fu(U"  tn1) — fu(-,tn), tn), vp >
+ (e tn), o) = ma(OP u(- 1), 1))
= I"+ 11"

The bound for " is followed by using Lipschitz continuity of f with respect to u and

standard approximation property of L? projection operator

I"=< fh(Uniatn*l) - f(u("tn)’tn)>vh > < C(HUnil - u('atn)HO + hk+1‘u('atn)|k+1
I f () )l oo

A simple manipulation yields

107 = a0l
— U = PPu(ytas) + PPu(eytat) = s tues) + s tamt) = u(, ) o
< 16" Mo+ 10" lo + (-, tus) — (- £a) o

Using the similar arguments used in the bound of 77 (in the previous theorem), we have

1" = (m(ut(',tn)Wh) - mh(éPhu(',tn),vh)) < g(gn +1")|onllo-

Therefore,

(0 ) @) < (1o + 107 o + 708 o
£ ORIl ) + R f(ulta), ) ) ol
F 2@ ) ol

where du(-, 1)) = U(wtn)——T“("t"*l). Putting v;, = 0", using stability property of my(-, )

and continuity property of bilinear form my, (-, -), and proceeding as in the proof of previ-

ous theorem, we easily achieve following bounds for small values of 7

16" lo < CN0°llo + C 7 [luaell Lr0,0m,22(02)) + C T [t Lo 0,8, 1202))

el ax (\u0|k+1 ez 1) + max ful, 1)l

+ max [F(u(t;). ) ).

1<j<n
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Since
16°0 < fluno — uollo + CR*Mugls1,

we can write

160"]l0 < Clluno — wollo+C 7 ||utt||L1(0,tn,L2(Q)) +CT ||Ut||L°°(0,tn,L2(Q))

+ C A <’U0’k+1 + el 20 141 02)) + 1I£Ja<xn’u(.’tj)’k+l

+ max | f(u(t;), tj)|k+1>-
Combining the estimates of ||p"||o and ||0"||o, we obtain the desired result and hence this
completes the rest of the proof. [

2.5 Numerical Experiments

In this section, we consider two numerical examples: first one for which exact solution is
known and help us in confirming the theoretical rate of convergence presented in Section
2.4, and the second one is bistable equation for which exact solution is not known and
generally used in describing many real phenomena. For spatial discretization we have
taken virtual element method of order £ = 1,2 for the first example and k£ = 1 for the
second example with implicit Euler method for time discretization. After applying the
proposed fully discretized scheme presented in Section 2.3, we obtain system of linear
(if linearized approach is used) and nonlinear algebraic equation corresponding to inves-
tigating semi-linear parabolic equation. We emphasis that for solving resulted nonlinear
system, we have employed Newton iterative procedure; however for linear system (the
nonlinear term is evaluated at previous time level) a conjugate gradient method is used.
Before proceeding to the numerical test, we would like to discuss the implementation

details of the proposed method.

2.5.1 Implementation Aspects

Let N” denotes total number of degrees of freedom of Z}f and o; = dof;(up,), then uy, can

be expressed as:

Nh
up =Y a;(t) @,
j=1
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where @, are global basis functions. Therefore, with the help of (2.12) (also see (2.13))

our fully discrete scheme (2.14) leads to the following nonlinear algebraic equations:
Nh Nh NP
S D DTN IO D SIS SRR R Oyt
j=1 j=1 J=1

Nh
Q -
7=1

The above system can be expressed in the following matrix form:
(B+71A)a" = Ba" ' + 7 fn, (2.39)

where B and A are matrices corresponding to the bilinear form my,(+,-) and ay(-, -) re-
spectively; f is the column vector (f); =< f (Zjvzhl of ) ®;),II) ®; >. Since the
bilinear form ay(-, -) is positive semi-definite and my,(-, -) is positive definite and hence
the matrix (B + T7A) is nonsingular, this would be an evidence for the unique solvability
of the fully discrete linear and nonlinear schemes. Now, the nonlinear system (2.39) can

be solved directly by Newton iterative scheme.

From the above nonlinear system, we infer that the residual vector is of the form:
Res(a") := (B+7A) a" — Ba™™' — 1.

Now, the Jacobian (contains partial derivatives of the residual vectors ) used in the New-
ton’s iterations can be expressed as:

JZ_A::aRL(a)i; 1§i,j<Nh.
dam);

We stress that it would be easy to differentiate the first term (B + 7A)a™, however,
differentiation of the non-linear term f» may not be straight forward and it will be of the

following form

a(f")i -
L = f a0 o i | TID b, 11O b d.
d(ar); /K jzl S B

KeTy

From the above expression, we notice that the nonlinearity of f(u) makes integrand very
complicated and also we need to update the Jacobian at each iteration of Newton method
which would be not an easy task and in this setting the Newton method becomes very

expensive.
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Figure 2.2: Voronoi meshes

Let u be the exact solution of the semilinear problem and u;, be the numerical solution
obtained by VEM method. We have evaluated the error using local projectors H% 5 and

IT) x in the following way

B L2-norm error : e;0 = Z |lu — H%KU}LH%Q(K)
KeTy,

1 . _ v 2
B H'-normerror: e;; = E lu — Hk’Kuh’Hl(K)
KeT,

2.5.2 Testl

Consider the following problem

%—Au:(u—u2)+g(x,y,t) on ) x J,

where 2 = [0, 1]x [0, 1] and J = (0, 1]. We choose ¢ so that u(x, y, t) = sin(27t) sin(7z)
sin(my) will become the exact solution to the problem. We have discretized the domain
(2 into Polygonal mesh which is generated by Polymesher (cf. [36]), see Figure 2.2. The

matrices associated with bilinear forms are constructed by following [13].

Errors e and ej, ; are evaluated for different mesh size i and a suitable time step
7. To obtain the optimal rate of convergence we have taken the time step 7 = O(h**!)
for £ = 1,2. We denote 7, and 75, to be the rate of convergence in L?-norm and

H'-seminorm respectively.

From Table 2.1 and 2.2, we observe the expected rate of convergence in h which
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Table 2.1
Error table for non-linear scheme for structured-voronoi meshes.

h €h,0 Th,0 €h1 Thi COND

1/5  2.5421e-3 - 1.1388e-2 - 15.9914

b1 1710 5.9296e-4 2.10 5.5768e-3 1.03 11.9067
N 1720 1.4319e-4 2.05 2.8667e-3 0.96 11.8744
1/40 3.6046e-5 1.99 1.4234e-3 1.01 10.5317

1/80 8.9492e-6 2.01 7.0190e-4 1.02 10.4410

1/5  8.9482¢-4 - 3.9939-3 - 210.5571

L — 9 1710  1.16602e-4 2.94 9.7792e-4 2.03 196.8512

1720 1.4778e-5 298 2.4279%-4 2.01 174.0129
1/40  1.8218e-6 3.02 6.1972e-5 197 169.2506
1/80 2.2615e-7 3.01 1.5174e-5 2.03 151.2130

matches with our theoretical findings established in Section 2.4. Furthermore, we exam-
ine TEST 1 over distorted square meshes and non-convex meshes. we have constructed
distorted square and non-convex meshes over unit square exploiting idea given in [20],
see Figure 2.3. Mesh data are exhibited in TABLE 2.3. Convergence rates are displayed
in Figure 2.4 and Figure 2.5 respectively.

Also our numerical experiments indicate that both non-linear scheme and linearized
scheme have same rate of convergence as predicted by convergence analysis. We would
like to mention that one needs to choose a appropriate initial guess in order to ensure the
convergence of Newton iterative methods used for solvability of the non-linear system,
and since in this example exact solution is known, we have taken our initial guess as
the exact solution at £ = 0. However, the implementation of linearized scheme is much
simple, and we also not much bother about the initial guess for the convergence of the

conjugate gradient methods employed for the solvability of linear system. This would
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Figure 2.4: Convergence in space variable for distorted square meshes.

error
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Figure 2.5: Convergence in space variable for non-convex meshes.
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Table 2.2
Error table for linearized scheme for structured-voronoi meshes.

h €n,0 Th,0 €h,1 Th,1 COND

1/5 2.5986e-3 - 1.1395¢-2 - 15.9914

R 1/10  5.9367e-4 2.13 5.5802e-3 1.03 11.9067

1/20 1.4041e-4 2.08 2.8685e-3 0.96 11.8744

1/40 3.4860e-5 2.01 1.4243e-3 1.01 10.5317

1/80 8.6548e-6 2.01 7.0723e-4 1.01 10.4410

1/5 8.9579e-4 - 3.9951e-3 - 210.5571

9 1/10 1.1918e-4 291 1.0339¢-3 1.95 196.8512

1/20 1.5422e-5 295 2.5491e-4 2.02 174.0129

1/40 1.9144e-6 3.01 6.5066e-5 1.97 169.2506

1/80 2.3764e-7 3.01 1.6154e-5 2.01 151.2130

Table 2.3
Mesh data
Distorted-square Non-convex

Elements h | Vertices | Elements h | Vertices
16 4420 25 9| .5292 28
64 2316 81 36 | .2946 109
256 1176 289 144 | .1473 433
1024 .0599 1089 576 | .0736 1729
4096 .0301 4225 2304 | .0368 6913

be an advantage if the exact solution is not known, and this we will consider in our next

numerical example.

2.5.3 Test2

In this test, we consider the Allen-Cahn (or) Bistable equation-generally a reaction diffu-
sion PDEs for which we do not have the exact solution. This model problem describes

physical phenomenon of motions of boundaries between phases in alloys.

Oru— e Au
n-Vu

u—u? in Q x [0, +00]

0 on 02 x [0, 400]

We choose the initial condition u(z, y,0) = cos(w z*) cos(w y*). We consider the domain
Q = [0, 1] x [0, 1] for VEM of order k = 1 with mesh size h = 1/20(voronoi mesh) and
7 = 1/400. For the discretization of this problem, we have used fully discrete linearized
scheme demonstrated in Section 2.3 and the resulted linear system is solved by conjugate

gradient method. As it is well known that for small values of ¢, we have only two stable
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Figure 2.6: Snapshots of the computed solution for ¢ = 0.1
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Figure 2.7: Snapshots of the computed solution for € = 0.1

equilibrium solutions v = 1 and u = —1. This behavior also depicted in the snapshots

given in Figures 2.6- 2.9 for different time levels and e.

2.6 Discussion

In this chapter, virtual element methods are introduced for the numerical approximation
of semi-linear parabolic problems. For the computation of nonlinear term which appears
in the right hand side of the equation, a L?-projection operator is used, and HZ x 1s used
for the computation of local bilinear forms involved in discrete formulation. Optimal
a priori error estimates are derived for semi discrete and fully discrete schemes. In
view of [34] a linearized scheme is introduced and error estimates have been established,
and a comparison study made for the computed solution associated with linearized and
non linearized scheme. Several numerical experiments have been conducted in order
to judge the efficiency and robustness of the proposed schemes. Future study includes

the developments of nonconforming VEM for nonlinear elasticity problem and stabilized
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Figure 2.8: Snapshots of the computed solution for ¢ = 0.01
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Figure 2.9: Snapshots of the computed solution for € = 0.01

VEM for unsteady fluid flow problem. In next chapter, we recast this idea for semi-linear

hyperbolic problem in the context of virtual element methods.
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Chapter 3

Virtual element methods for semi-linear hyperbolic

equation

3.1 Introduction

This chapter is related with development of virtual element method to the approximation
of semi-linear hyperbolic equations. We have exploited L? projection operator H% x 1n
order to approximate non-linear problems which may possess a unique or infinitely many
solution; however, one requires a special numerical treatment while looking for numeri-
cal solution of these problems, as the discrete formulation is nonlinear. In this direction,
several finite element methods (FEM) have been proposed for solving nonlinear prob-
lems, see [35, 37]. On the other hand, employing FEM on polygonal mesh for solving
nonlinear problems would invite two main difficulties: construction of basis functions is
cumbersome and evaluation of its integrals which uses Gauss-Lobatto quadrature is also
expensive. In view of these issues associated with numerical approximation of nonlin-
ear problems on polygonal meshes, the basic purpose of this contribution is to propose
a robust and efficient scheme for the solvability of nonlinear hyperbolic equations which
would provide more accurate solution and also easy to implement with less computational
cost in comparison with other numerical schemes. This newly introduced method is char-
acterized by the capability of dealing with polygonal meshes and to possibility of easily
implementing on polygonal mesh by avoiding the explicit construction of the local basis

functions.

In literature, VEM has been studied for the approximation of linear problems; how-
ever, there are only very few contributions dealing with nonlinear equations, for instance,
Antoneitti ef al. in [30] have analyzed fourth order non-linear Cahn-Hilliard equation
by using C*— VEM with certain assumption on the nonlinear term. We would like to
mention that VEM have been discussed for linear hyperbolic problem in [28] and con-
vergence analysis has been carried out. In this work, an attempt has been made to extend
this analysis to semilinear hyperbolic problems on polygonal domain. We recall that in
VEM, we do have local polynomial basis functions for the finite dimensional space, and
hence computation of nonlinear term would be difficult or in other words the integral term

involving nonlinear functions may not be directly computable with the help of degrees of



freedom. Therefore, one needs to devise a scheme such that the term corresponding to
nonlinear force function is exactly computable. For the accomplishment of this, we have
modified the approximation of right hand term (containing nonlinear term) with the help
of orthogonal L? projection operator, and we have shown that with this modifications, this
term is computable and still optimal order of convergence can be achieved. Moreover, the
error estimates of the proposed scheme will depends on the regularity of the exact solu-
tion u and source term f(u). In general, while dealing convergence analysis of numerical
schemes applied to semilinear problems, the error estimates may depend on certain bound
of unknown solution u; and these issues have been reported in [35], where FEM is used

for the approximation of semilinear problems.

The contents of this chapter are arranged in the following manner. In Section 3.2, we
recall model problem with its continuous weak formulation. Section 3.3 deals with the
discrete formulation of the underlying problems by employing a combination of virtual
element method and Newmark scheme. In this section we also discuss the basic properties
of the proposed schemes and computability of integral terms. Optimal convergence rate
for both semi and fully discrete in suitable norms are established in Section 3.4. Finally
Section 3.5 collects several numerical examples in order to confirm theoretically estimated
rate of convergence obtained in Section 3.4. Finally, based on theoretical results, we have

made some conclusion in Section 3.6.

3.2 Continuous problem and weak formulation

For simplicity, we consider the following second order hyperbolic problem: Find u(x, y)

which satisfy

[ D?u— Au = f(u,t) in Q, forte(0,7),

u=0 onI'=09Q, forte (0,T),
(3.1)

u(-,0) = ug in Q,

| Diu(+,0) = wo in Q,

where D?u and D;u denote second order and first order time derivative of u, respectively.
As demanded by our analysis, we assume certain regularity assumption on the given data:
For a given t € [0, T}, the nonlinear external force function f(u)(-,t), € H*™ (L), and
also ug, woy belongs to H**(Q)). Moreover, f(u) satisfies globally Lipschitz continuity

condition with respect to u, i.e., there exists a positive constant C' such that

|[f(u) = f(w)] < Clu—w],
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for all u,w € H*"(Q). Now by multiplying (3.1) with test function v € H}(Q2) and
applying Green’s theorem, we obtain semi-discrete formulation, which reads as follows:
Given ug and wp in H}(Q), find u(-,t) : [0,T] — H(Q) satisfying

(Diu,v) + a(u,v) = (f(u),v) Vv e Hy(Q) t €[0,T],

(3.2)
u(+,0) = ug, Dyu(-,0) = wpin Q,

where (-,-) : L?(Q) x L*(Q) — R is L? scalar-product and a(u,v) := (Vu, Vv). The
equation (3.2) represents a second order nonlinear differential equation with respect to
time ¢, and the global Lipschitz continuity of f(u) guarantees to ensure the unique solv-

ability of this equation.

3.3 The virtual element framework

In order to discretize model problem (3.1) employing VEM, we recollect virtual element
space Z’“(K )(local) defined in Chapter 1(subsection 1.2.1, Theoretical Development).
Global virtual element space ZF is also defined in the same Chapter. Furthermore, we
stress that the local virtual element space Z*(K) is unisolvent w.r.t. degrees of freedom
defined in (D;) — (D3). However, in order to depict degrees of freedom, we exhibit mesh

decomposition in Figure 3.1 .

Figure 3.1: Degrees of freedom of polygonal elements for for k=2; (D4) and (Dg2)
degrees of freedom are marked by blue circle and green circle respectively; cell moments
are marked by a red square.

L

3.3.1 Semidiscrete schemes

Since our admissible virtual element space consists of polynomial and non-polynomial

functions, we need to introduce the following projection operator to handle the nonlinear
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part and accordingly we define the load term which are computable ( an integral term said
to be computable if it is a polynomial or can be computed with the help of degrees of
freedom defined for that space). Let II) ;o : H'(K) — P(K) be the local projection
operator and we recollect the definition as

(M xq — ¢, Pr)ox =0V py € Py (3.3)

With the help of HZ x (also known as elliptic projection operator, define in (1.3)) and
L? projection operator II) ., we define a;' (-,-) : Z¥(K) x Z*(K) — R and mf (-,-) :
ZH(K) x Z¥(K) — R local bilinear forms in the following manner ( for more detail we
referto [11])

ap (up,vp) = a™ (I (up), Y o (0n)) 5 ((T=TI) g )un, (I=TI) i )vp) Y up, vy, € Z8(K),
(3.4)

and

mff(uh, vp) = mK(H%Kuh, Hgyth)Jrsg(([—Hg,K)uh, ([—H%K)vh) Y up, vy € Zk(K),
(3.5
where m” (u,v) := [, u vV u,v € L*(K). Here, the stabilization terms s (-,-) and

sK(.,.) are symmetric bilinear forms whose matrix representation in the canonical basis

function {¢;} of Z¥(K') can be taken as identity matrix and the identity matrix multiplied
by h%, respectively. We note that the construction of af () and mf (-, -) satisfies the
following usual consistency(with respect to polynomials P*(K)) and stability properties

revealed in Chapter-2( equations 2.10 and 2.11).

Now the corresponding global discrete bilinear forms ay,(+,-) : ZF x ZF — R, and
mk(-,-) : ZF x ZF — R are defined as

ap(up, vp) = Za,{{(uh,vh), (3.6)
K
and
mp(Up, vp) = Zm{f(uhavh), (3.7
K

48



and in the sequel, we describe VEM the formulation: Find u;, € Z C HZ() such that

mn(D2un, o) + an(un(t), vn) = ( Fulun (D), 1), vh> Vo € 25, forae.t € (0,7),

up(0) = upp,
Wh,0 = Who-
(3.8)
Here, uy, o and wy, o are approximation of the «(0) and D,u(0) respectively ; and fp, (up, t)
is discrete load function (also can be think of an approximation of f(uy,t)), and the

construction of which is described below.

3.3.2 Fully discrete schemes

In view of applicability of Newmark schemes generally used for time discretization in
the context of linear hyperbolic problems (see [38]), we also employ Newmark’s schemes
for temporal variable together with VEM discretization for space variable. An interesting
feature of the Newmark method is that it is a single-implicit scheme that means while the
computation of the displacement is implicit, the computation of the velocity is explicit;
which requires only a substitution or a function evaluation. Moreover, the scheme is
capable of dealing with engineering complication appeared in structural dynamics. Apart
from structural dynamics a various type of dynamics shocks, impact, vibration created
due to earthquake or blast from a atomic explosion can also be examined. Let N be a
positive integer and let time step At = 7 = T'/N. Let u}} = u(t,), where t,, = n At
then our two-step Newmark method fully discrete scheme corresponding to semi-discrete

scheme (3.8) read as follows: Find u! € ZF such that

n+2 n+1
(h — 2uy —i—uh

i ) o (ﬂu"” (1/2 = 2B+ ) + (12 + 8 — y)u,
( BEP? 4+ (1/2 =28+ ) Fp T + (1/2+ 8 — ) FY, vh)
<u Uho — T%h0 h) + ap (Bu,lL + (1/2 — B)unyo, vh>

ﬁ 1/2 6)Fh, Uh>

(3.9

where F}' := fj,(up(ty)), whp is approximation of wy and 3 and ~y are arbitrary param-
eters. It has been shown that for 5 = 1/4 and v = 1/2, the scheme is unconditionally

stable and also rate of convergence of temporal order is 2. Therefore, we also consider
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f = 1/4and v = 1/2 in (3.9). Moreover, for simplicity in the notation, we will define
the following

Xn+1 — Xn
Xn+1/2 7= 1/2(Xnt1 + Xn):  OiXni1/2 = <+—),
At (3.10)
82  Xn+2 _2Xn+1 + Xn 9 L Xn+2+2Xn+1 + Xn
A At? » X = 1 :

where x is a continuous function in space and time variable and y,, = x(,).

3.3.3 Construction of the nonlinear load term

In order to approximate the nonlinear load term ( f;,(uz,), vy,) for v, € T'¥, we define force

function f(uy) on each element K € 7j, using the L* projection II}) ;- as

Su(un) |k =100 g f(II} geun), (3.11)

and globally is understood as f,(uy,) := Y f(I1%u;). We notice that this load term is
exactly computable for any values of k, also an application of L? orthogonal projection

operator yields

(fnun)svn) =Y (falun) v = Y (FOIR gun) TR eon) - (3.12)

K K

In particular, if we choose discrete function v, = ¢;, the nonlinear load term reduces to
dof .

(frn(up), ¢k = ZK(f(Zévzl uj 109 i d;), 1) jc#:) » where u; denotes j™ degree of

freedom of wy, . It follows evidently that ( f;(us), vs) can be computed with the help of

degrees of freedom, since Hg, @i is computable for1 <7 < N dof where NS represents

total number of degrees of freedom (locally).

3.4 Convergence Analysis

In this section, we will establish the error estimates in H! semi-norm and L? norm for both
semi and fully discrete schemes discussed in the previous section. We note that since f
depend on w, it is natural to think that the desired error estimates may depend on the bound
of computed solution wu;. However, our emphasis is to acquire these estimates in terms
of exact solution u instead of the computed solution u;; and we believe that this can not
be achieved by proceeding in conventional manner. Therefore, some advanced tools are
required to achieve this purpose. First we attempt to derive the error estimates for semi

discrete scheme and later we extend this analysis to fully discrete case. In connection
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with this, as usual, we decompose the error as follows
u—up, =u— Ryu+ Ryu —up, with  p:=u— Ryu, 0 :=u, — Ryu.
Where R" : H}(€2) — ZF is an elliptic projection defined by
an(R"u,vy) = a(u,vy) Y, € ZF.

By proceeding in the standard way, below we state error estimates for R, in L? and H'

norm which will be used in the subsequent analysis. For a proof we refer to [11].

Lemma 14. Let u € H}(2) N H*1(Q) and the domain (2 is convex. Then there exists a

generic constant C' independent of h such that

|R"u — |y < CR*|ulpy, R "u — ullo < CR* ™ |ulpy.

In what follows, we use the similar arguments used in [39] for deriving our error

estimates.

3.4.1 Optimal L? error estimates

Theorem 15. Let u be the solution of (3.2) and uy be the discrete solution of (3.8),
and assume that nonlinear force function f(u) € L*(H*1(Q)), ug € H*Y(Q) and
wo € H*(Q). Additionally, let uy,(-,0) = I,(uo) and up, (0) = Ij,(wo), where Iy, is the
interpolation operator defined in [13]. Then the following estimation hold

I = ) < € (lluno = woll + Dol = wn)O)) + C B+ ((fullpego r s o
+ |uo|p41 + ||Dtu||L2(o,T,Hk+1(Q)) + ||Dt2u||L2(0,T,Hk+1(Q))

@) o rany )
(3.13)

Proof. Since the estimation of ||p|| is readily available from lemma(14), we proceed to
estimate (). An application of (3.2) together with (3.8) yields

mp (D20(t), vp) + an(0(t), vn) = (fr(un),vn) — mu(D2RMu(t), vp) — an(RMu(t), vy,)
= (fulun), vn) — mu(R" DFu(t), vn) — a(u(t), vs)

= (falun) = f(u), va) + (DFu(t), vn) — ma(R"Diu(t), vp).
(3.14)

)_
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Now, (3.14) can be rewritten as follows:

—mp(DO(t), Dyvr) + ap(0(t),v) = %mh(Dt(u — up),vp) + %(Gl (t),vn)
— (D3, ) = ma(Dep, Datn) = (Gal0), S0)
+ 2 (Galt), 0) = (Galt), )
— %mh(Gg(t), Uh) + mh(Gg(t), %Uh),
(3.15)
where G4 (t), G2(t) and G3(t) are given by
)= [ fulw) — F)(s)ds: Golt) = [ Diu(s)ds
/0 /O (3.16)

Gs(t) == /Ot R"D?u(s)ds.

For any ¢ € (0,77, let us define (t) := ff 0(s)ds. Plugging v, = 6(t) into (3.15), recast

the equation in the following form

(DO, 0(0) + an(0(2), 6(1)) = ma(Dul =), 6(0)) + (G (1), 0(1)
— (D, 0(0)) ~ i Dup. D) — (1), £0(0)
+ (G0, 000)) — (Galt), 0(0)
— (@ (t),B(1)) + ma(G(r), SLA(0).
(3.17)

By introducing ||v||;, = my (v, v) for all v € ZF and using the fact that the time derivative

commutes with discrete bilinear forms my,(+,-) and a;(+, -), we infer that

vd,, o 1d o d . d .

5 IO — 5 Zan(00),6(0) = mi(Dy(w — un), 6(2)) + (G (2),0(1))
— (D3, B(1)) + ma(Dip,6) + (Gr(0) 000) + (Go0) (1)
F(Galt), B(1)) — L (Ga(), 0(6) — mn(Gis(1), B(1)).
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Integrating (3.18) w.r.t. ¢ from 0 to ¢ and using a,,(6(0), 0(0)) > 0, we arrive at

167 < 16(0) 17 — 2m(Dy(u — us)(0), 6(0) —2/ my(D}p, 6(1))

2 / ma(Dup, 6(1)) + / (G (1), 6(1)) + / (Ga(t), 6(8))  (3.19)
9 / mi(Ga(t),0(8)).

In view of continuity property of discrete bilinear form my,(-, -) and Young’s inequality,

we deduce that
N i3
mp(Dy(u — up)(0),0(0)) < C || Dy(u—uy)(0)]> + C / 16(2)||*dt. (3.20)
0

and

3
/Omh(DtQp(t <C/ IDZ e 16()]

c (3.21)
< O R+ ’|Dt2uH%2(O,T;Hk+1(Q)) +C T2/0 HG(t)H?dt.

Again with the help of continuity of my,(+, -) and Cauchy-Schwarz inequality and approx-
imation property of elliptic projection operator R", we obtain

/ mn(Dup, 6(t)) < C / | Deoll 16(1)]
(3.22)

3
< C || Dyull 2 o 1,1y + C / lec*dt.
0

The estimates for right hand side is bit tricky, first we split the right-hand in the following

manner

fulun) — f(u) = Hg,Kf(Hg,Kuh) - Hg,Kf(Hg,Ku) + Hg,Kf(Hg,Ku> (3.23)
- Hg,Kf(u) + HgKf(U) — f(u).

Then the following holds by employing the regularity of u, f(u), triangle inequality, Lip-
schitz continuity for f, Cauchy-Schwarz inequality together with approximation property
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0 .
of IT}, x;

o) = @)l < S (T e (T sen) =TI e (IR ) o i
K

T e PO ) o+ TS e () = ) )
< C flup —ull + C B Juliy + C B f(@)igr. (3:24)

Hence, we obtain the following bound for G (?)

JRCROE / ([ 5t = 501 oo a

3
< O hPe H“H2L2(0,T,Hk+1(9)) + C WP Hf<u)Hi2(0,T,Hk+1(Q)) +C /o He(t)”Q dt.
(3.25)

Definition of G5(¢) and G'3(t) implies that

[ (@000 - muGstoro0)) = [ (( [ prats) as.0)
i /0 " RMDRu(s)ds, 9(1&))).

Now, thanks to polynomial consistency property of m (-, -) (2.10) for helping in finding

the following estimates
t
( / D2u(s) ds,e(t)) — b ( / R" D2y ()ds,@(t))
0
/ D2u(s) — 119, D2u(s) ds, 9(1&))
° t
s ( /0 11, Du(s) — R Dfu(s)ds. 0(1)).

K

Using standard approximation properties H% % (see (3.3)) and R" from lemma (14), we

obtain
§ 3
[ ((Gale).00) = m(Ga(0,60) ) < € (12 12 v + [ 16601)
(3.26)

Substituting all the estimates obtained in (3.20),(3.21),(3.22),(3.25) and (3.26) into (3.19),

using Grownwall’s inequality [34], and stability properties of bilinear form my(-,-) we
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have

16@)11* < [160)]* + C || De(u — up)(0)||* + C h2k+2<||Dt2u||%2(0,T,H’“+1(Q))
, , ) (3.27)
+ HDtuHL2(O,T,Hk+1(Q)) + HUHL2(0,T,H’€+1(Q)) + Hf(u)”L2(0,T,Hk+1(Q)))'

Again approximation property of elliptic operator R" given in lemma (14), enable us to
write
10O < € (llun(0) = woll? + B+ ol ). (3.28)

and
oIl = llw = R* )l < € B (Juolicrs + [Detlso sy ). (3:29)
Using (3.27),(3.28) and (3.29), we obtain the desired result
1w = un) (O < o)1 + 6@

< C (Jlun(0) = ()| + | Dulu = un) O ) + € B+ (foliss + ull 2oz o

+ | Deul| 20, m0+1(0)) + 1D7wl| 20 714102y + ||f(u)||L2(o,T;Hk+1(Q))>~

3.4.2 Optimal /' error estimates

Theorem 16. Let u be the solution of (3.2) and w,, the discrete solution of (3.8). Further
assume that all the assumption of theorem (15) holds. Then, there exists a positive con-
stant C, independent of mesh size h, but may depend on regularity of u and f(u), such
that the following holds

u(t) = un(®l < C (1D = un) O) + o = o]y ) + C 1 (Juolisa (3.30)
+ 1Dstll 2oz mesr @) + C 1 (1Da(O) s + oo oy

+ || DFull 207,041 (02)) + ||f(u)||L2(0,T,Hk+1(Q))>-

Proof. Proceeding analogously as in the proof of above theorem, as usual, we split u —uy,

as

u(t) — up(t) = u(t) — RMu(t) + RMu(t) — up(t)
=:p(t) = 0(t),
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The estimates for |p(t)|; is readily available from lemma 14; and in order to estimate |6,

we put ¢ in discrete formulation (3.8)

m(D20(t), vn) + an(8(t), o) = (falur), vn) — mh(j—;Rhw), o) = an(Bu(t), va(t))
= (fu(up,t), vn) — mu(R"D}u,vy) — alu(t), vy)
= (fu(un(t),8) — (f (u, ), 00) + (D3ult), 0n) — my(R"Diu, vp)
= (6(t), on) + (n(1), vn).
(3.32)

It follows by substituting, v, = D;0(t) in (3.32) and using the fact that the time derivative

commute with my (-, ) and ay (-, -)

S (D0, D) + 5 S an010).00)) = (6(0). D) + (n(1), D(D)). B:33)

The right hand side terms can be estimated piece-wise on each polygon K € T,. We
first consider the term (n(t), D,;0(t)). In view of polynomial approximation property of
discrete bilinear form my, (-, -)(2.10), Cauchy-Schwarz inequality and standard approxi-

mation property of L? projection operator Hg’ x and R" operator, we acquire

(1(t), DO()) = (DFu(t), D)) — mi(R"DEu(t), D))
= > ((DFu(t) = T D}u(t), Db(t) i — mis (R Diu(t) — I, Diu(t), D))

KeTy,
< CRE | DEu(t) ||k 1DO()]]-
(3.34)

Another term of the estimation (3.33) can be obtained locally as

(6(6), Dib) = (falun) — F(w), D)
= > (M f (1) geun) = £ (). DA(E))

< DI e FATY o) = F () (D8 -
K

K

With the help of estimations borrowing from (3.23) and (3.24), we get

(6(1), D) < C (llun = wll + B4 Julyeos + B0 | f(@)losn ) D). (335
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Plugging (3.34) and (3.35) in (3.33), we obtain
mp(D0(t), DiB(t)) + an(0(t),0(t)) < mp(D0(0), D6(0)) + ax(6(0),60(0))
t t
+ O D20t D8+ € [ (B4 a4 B F @l
0 0

+ llu =) DB

Since the time derivative commute with R" operator and utilizing standard approximation

property of R" operator, we can bound the term my,(D;0(0), D;0(0)) as
ma(D(0), D,6(0)) < C (IID:(u = w) ) + b2 | Dru(O) .. ).
In a similar fashion, we obtain
an(8(0),0(0)) < € (luno — uol? + h** [uof?,, ).

Using estimation of ||u — uy,|| from Theorem(15) and applying Gronwall’s inequality and

then neglecting || D;0(¢)||* , we get
6)E < C (IDu(w = un) )| + luno — wol?) + € h* Juolz..,
+C h2’“+2<||u0||i+1 + ||Dtu(0)||2+1 + ||U||%2(07T,Hk+1(g)) + ||Dtu||%2(0,T,H’f+1(Q))
D2l 0 1ty + 1@ o e )-

(3.36)

Plugging (3.36) and |p(t)|; < C h* <|u0| pn |Dtu|L1(O,T,Hk+1(Q))> into (3.31), we obtain

fun(t) = w(®)l < C (1D = un) O + Juno — woly ) + C 1 (Juolia
+ ‘DtU|L2(O7T7Hk+1(Q))> +C hk+1 (”DtU(O)||k+1 + HU||L2(0,T,Hk+1(Q))

+ ||Dt2u||L2(0,T,Hk+1(Q)) + ||f(u)||L2(0,T,Hk+1(Q))>-

3.4.3 Estimates for fully discrete scheme

Next, we proceed to estimate error estimation for fully discrete scheme proposed in sec-

tion 3.3.2. Most of the ideas used in the derivation are borrowed from [40].

Theorem 17. Let u be the solution of (3.2) and further assume that ||0,61 2|| + |61 /2] =
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O(T2+h*1), Diu € L*(0,T,L*(2)), u € L*(0, T, H*1(Q2)), Dyu € LY(0, T, H*1()),
D?u € L*(0,T, H*(Q)) and U,, = uy(t,). Also, we consider {U,}_, be a sequence
generated by (3.9). Then there exist a constant C' independent of At and h may be depen-
dent on regularity of v and f(u) such that the following estimation holds

|u(t,) — Unllo < C <||8t91/2|| + ||91/2”1) + C AP || Dfull 20,220
+C e (‘U0’k+1 -+ HUHLQ(QT’Hk-&-l(Q)) + “DtuHLl(O,THk“(Q))

+ 1D2ull 2oz vy + 1@l 010 )

Proof. Using the same idea as Theorem (15), we decompose the error u(t,) — U, as
follows u(t,) — U, = p, — 0,. With the help of approximation property of R" operator,

we can easily bound ||p,,||. In order to estimate ||6,,||, we plug 6,, in (3.9) that yields
mp, (839n, Uh) + ay, (53671, vh> = <5152F,?f, vh> —my (83 R"u,, Uh> —ay ((53 R, vh>.

An application of definition of R" operator and utilizing the continuous bilinear form
(3.2) at nth level, we have

- (a,?en,vh) +oap (5§9n,vh> — (5§Fg,vh> - (53 fn,vh> —my, (athun,vh)
+ <5§D§un, vh>

- (5337,%) . (53 fn,vh> —my, (athun,vh>

+ <(9t2un,vh> - (8t2un,vh> + (53Dfumvh>.

(3.37)

Using Taylor’s theorem, we can estimate
((9t2un,vh> - (6’t2Dt2un,vh> = O(A#).

Again using polynomial consistency property of discrete bilinear form (-, -), lemma(14),
standard approximation property of L? projection operator IT) and finally Cauchy-Schwarz
inequality, we obtain
—my, (E)thun, vh> + (qun, vh> = —my (83Rhun, vh> + (Hg <8t2un), vh>
- (Hg (afun)v Uh) + <at2una Uh)

< C B |02u,
et

2
ol
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It is easy to notice that

At
02u, = (1/A8) / (At — |7]) D2u(tysr +7) dr.

—At

Before presenting further detailed discussion, we split the non-linear term f, (uy) — f(u),

in the following manner

(fa(un) = f(u),vn) Kk = (f(Hg,Kuh>a Hg,KUh)K — (f(un), Hg,KUh))K

N J/
-

T1

+SH2,Kf(uh)a )i = (f(un)son)ie + (f (un), vn) i = (F(w), on)ic -

-~

~
T T3

(3.38)

Again we split 7} in the following fashion

= (f(Hg,Kuh>a Hi,th)K - (f(Hg,Ku)a Hg,KUh)K + (f(Hg,KU), Hg,KUh)K
— (f (u), T gevn) i + (f (), T gevn) e — (f (un), T jevn) i

Analogously, we rewrite other terms in the same fashion

Ty = (1) g f (un), vn) e — (I g f (w), o) i + (I g f (), vn) i — (f (w), vn) x
+ (f(u), vn)k — (f (un), vn) k-

And
T3 = (f(un),vn) — (f(u),vn)K-

With the help of approximation property of projection operator Hg’ x> global Lipschitz

continuity of source function f and Cauchy-schwarz inequality, we obtain
I3l < C llu— wnll fowll + C B Juliyn [[oall- (3.39)
Other two terms 7'2 and 7'3 can be bound analogously
IToll < C [l = unll onll + C R 1 f () i o], (3.40)

and
IT5] < C |lu —up|| [[vnl]- (3.41)

Substituting all the estimates (3.39),(3.40) and (3.41) in (3.38) and summing over K, we
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obtain desired estimation

(fnun) = f (), o) < C B4 (Julgsy + [F@)lsr ) lonll +C 1w = ] o]l (342)

Putting v, = 9"52;9" in (3.37) and with the help of result (3.42) at n-th level, we have

Onso2 — Oni1||? Opni1 — On||2  |Ong2+0ng1 |2 [Ongr + 0,2
1/24 \+—H_\— S22 o |
(1/ t)< At At 2 1 2 1)
C (A" Dfultns)* + C B2 (| DRulZa o gy + 120 zm0010)
1) Baommriray ) +C (18l + 18l + 1100]2)
0n+2 - 9n+1 2 9n+1 - en 2
+o Al |+ x| )

An application of discrete Grownwall’s inequality and varying iteration from 0 to n — 2,

we have
(1016012l + 11/2112) < (108601211 + 181/2117) + C AL | Do .20
+ O R <||D2U\|iz<o,T,Hk+1<m) + llullzz ot 10 + 1 (“)||%2<07T»H’““<9>>)
+C At Z 1615,
(3.43)

where 9,0,,_1 /2 and 0,,_; ;> have same definition as (3.10). Again, some simple manipula-
tion yields
Qn - Qn,l/g + (At/2) 8t9n,1/2. (344)

With the help of(3.44), (3.43) can be written as

16,112 < € (10602 + 101)2]3) + C A [ Dfula0 1,120

+C h2k+2 <||D2UH%2(0THI€+1( + HU’H%Q (0,T,HF1(Q))

+ 1) 2oz sy ) + € At Z 105112

An application of discrete Grownwall inequality yields,

10.]] < C <||8t91/2|| + ||91/2||1) + C A8 || Dful| 20,7020
L C pRt1 <||D§U"L2(O,T,Hk+l(ﬂ)) + HUHL2(O,T,HI€+1(Q))

7))
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Again, with the help of lemma(14) for R" at time ¢t = t,,, we have

lonll < C 1 (Juolars + I Detllaomsr o )
Now the estimation of #,, and p,, deduce the final thesis

Ju(ta) = Unll < 16all + lll
< C (18012l + 1632111 ) + C AL | Dfull 207,200

1+ O pEH! <|U0’k+1 + Hu||L2(07T7Hk+1(Q)) + ||Dtu||L1(o,T,Hk+1(Q))

+ ||Dt2u||L2(0,T,Hk+1(Q)) + ||f(u)||L2(o,T,Hk+1(Q)))-

3.5 Numerical Experiment

In this section, we provide two numerical examples in order to illustrate the performance
of the proposed scheme. First example is concern with the theoretical rate of conver-
gence derived in previous section, while the second is to demonstrate the computational
efficiency and advantages of presented VEM formulation. For these examples, we have
employed unconditionally stable Newmark schemes for time discretization and VEM for
space variables. After spatial discretization, the discrete formulation(3.9) reduces to sec-
ond order nonlinear ODE and this is solved with the help of Newton’s methods. First
example serve as an evidence to confirm theoretically predicted optimal order of conver-

gence for error generated by spatial discretization.

3.5.1 Example 1: Convergence rate

Consider the following semilinear hyperbolic equation
Diu— Au=u—u*+ g(z,y,t)on Qx I, (3.45)

where 2 = [0, 1] x [0,1] and I = [0, 1]. The force function g(z,y, t) is chosen such that
u(x,y,t) = (sin(t) + cos(t)) sin(mzx) sin(my) satisfies the equation (3.45). We decom-
pose the domain (2 into polygonal elements using polymesher [36]. The initial data
and D,u(-,0) are chosen as a consequence of exact solution.The errors e and e, ; are

computed as
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(@) h=1/10 (b) h =1/20

Figure 3.2: Voronoi meshes

B L2-norm error: ej o = \/Z ||lu — Hg,Kuh||%2(K)

KeTy,

B H'-norm error: e, = Z lu — Hkv,KuhB{l(K)
KeT,
at the final time 7'. Further, ;o and 7, ; denote rate of convergence in L? norm and H'!
semi-norm, respectively. In our implementation, we have chosen time step 7 = O(h*);
and we have reported computational rate of convergence in Table-3.1. From this table,
we clearly observe that rate of convergence evaluated in L? norm and H' semi-norm are
matching with theoretical estimates revealed in section (3.4). However, we would like
to remark that L? error converges with O(h¥*1 + 72). Hence, for k = 1 and k = 2,
7= O(h) and 7 = O(h%/?), respectively would be ideal choice for time step 7. Through

Table 3.1
Error table for non-linear scheme

h €h,0 Th,0 €h,1 Th
1/5 1.2072e-02 - 4.3891e-01 -
=1 1/10 2.6459e-03 2.18 2.1379e-01 1.03
1720  6.4981e-4 2.02 1.0776e-01 0.98
1/40 1.4288e-04 2.18 5.3338e-02 1.01
1/5 1.4917e-03 - 3.4499¢-02 -
=9 1/10 1.9972e-04 290 8.0376e-03 2.10

1720 2.3947e-05 3.06 1.9503e-03 2.04
1740 3.1174e-06 2.94 4.9919e-04 1.96

our numerical experiment we perceived that using small time step 7, may reduce the
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global error. Considering smaller time step does not affect the computing time, since the

number of iterations in Newton method reduces for small values of 7.

=3
o

=3
o

sin{u/2)

0.4

o
15

~o

(@ (b)

sin{u/2)

2 s
fo

(@ (b)

Figure 3.4: Numerical solutions, circular ring solitons at time t=2.74.

In the next example, we move to demonstrate delicate features of VEM for undamped
sine-Gordon(SG) equations [41, 42]. SG equation is a nonlinear hyperbolic equation con-
sisting with DAlembert operator with sine of unknown functions. This particular equation
is used to model several physical phenomena, for instance, this describes relativistic field
theory, Josephson junctions, mechanical transmission. Moreover, various problems of
differential geometry can be solved with the help of SG equations. Additionally, SG
equation leads to solitons which draw attention of many researchers to find analytic or
accurate numerical solution of this equation. As far as numerical approximation of this
problem is concern, there are several numerical techniques including FEM (see [43]) are
available in literature. However, we believe that VEM would be more appropriate for
seeking numerical solution of SG, since these methods also considered as generalization

of FEM and also applicable for polygonal meshes.
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sin{u/2)

sin{u/2)
\

Figure 3.6: Numerical solutions, circular ring solitons at time t=8.62

3.5.2 Example-2: Sine-Gordon equation

We examine the following model problem which is given [41]
D?u— Au+sin(u) =0 on QxI (3.46)

where computational domain 2 = [—7,7] x [—7,7] and time interval I = [0, 15]. In
accordance with model problem(3.46), we have assumed initial solution u(z,y,0) =
4 tan~'(exp(3 — /22 + 92)) and initial velocity wo(z,y) = 0. We discretize the do-
main into voronoi mesh with mesh size h = 0.25. The solitons appears in all Figures 3.3-
3.8 are homocentric. As expected from Figures 3.3-3.8, we observe that the numerical so-
lution include shrinking and expanding phases. We also stress that our reported numerical

experiments are in accordance with the numerical solution obtained in [41].
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sin{u/2)

Figure 3.8: Numerical solutions, circular ring solitons at time t=12.60

3.6 Discussion

The basic objective of this contribution is to design an efficient VEM for solving non-
linear second order initial value problem over polygonal mesh. As we have mentioned
that direct computation of nonlinear part is not possible, we exploit splendid property of
local L? projection H% 5 1n order to compute nonlinear part. Discrete formulation is built
with L? orthogonal projection operator and elliptic projection operator HZ x Which are
computable over polynomial subspace of virtual space. Exploiting the technique stated
in in [1], we have modified the virtual element spaces where L? projection operator is
fully computable as demanded by theory. A robust mathematical framework with ac-
cessible implementation procedure have made this scheme appreciable. To best of our
knowledge, this is the first schemes which solve semilinear hyperbolic problems over
polygonal mesh for arbitrary polynomial degrees k£ with optimal order of convergence.
Moreover, the technique can be easily extended to non-conforming VEM. An exhaus-
tive study of nonconforming-VEM for nonlinear convection dominated diffusion reaction

equation will be considered as a future work.
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Chapter 4

Convection dominated diffusion reaction equation

4.1 Introduction

Convection dominated diffusion reaction equation is a simple model problem for convec-
tion diffusion effects that arise in many physical applications (e.g. in various fluid flow
problems). The main difficulty arises when one studies the problem numerically is that
the solution possess interior and boundary layers which leads to spurious(nonphysical) os-
cillations. When this problem is studied by the classical finite element method using the
Galerkin formulation, the discrete solution produces spurious oscillations. To encounter
this problem various stabilization techniques have been developed. Christie et al [44],
proposed a stabilization achieved using asymmetric test functions in a weighted resid-
ual formulation. Two dimensional upwind finite element discretization were derived by
Heinrich et al. [45] and by Tabata [46]. Upwind finite element formulations were able to
remove the spurious oscillations but with less accuracy. Further the schemes are inconsis-
tent limiting to first order accuracy. Streamline upwind/Petrov-Galerkin (SUPG) method
introduced by Brooks and Hughes [47] can overcome all the above mentioned difficul-
ties. One can also attain stability without compromising accuracy and convergence which
regards SUPG as the most prefered method in solving convection-dominated problems

numerically.

In this chapter we introduce a new nonconforming element whose degrees of free-
dom are edge oriented which in turn reduce the overall computational cost. We propose a
nonconforming space that uses piecewise quadratic and linear polynomial for which the
degrees of polynomials is less compared to P2 nonconforming finite element space. We
have carried out the discretization of bilinear forms in two ways. One without modify-
ing the convection part and the other by splitting the convection term into symmetric and
skew-symmetric parts. We also discuss the pros and cons of both these approaches. We
would also like to explore SUPG like stabilization techniques in the context of Virtual
element method for polygonal meshes. The major difficulty in doing this is to suitably
define the stabilizers in terms of the local projection operators I1{ and ITY as the basis
functions are defined only implicitly in VEM. In this context Benedetto et al. [18] pro-

posed a order preserving SUPG formulation in the context of VEM. Error estimates in L?



and energy norms are derived with optimal order of convergence and numerical examples

are performed to validate the theoretical results.

Evolutionary convection diffusion equation model the transport and reaction of species.
In [48] transient convection equation without diffusive and reactive terms was studied. It
is observed that SUPG with backward Euler and Crank-Nicolson in time lead to classical
error bound in L? norm and energy norm. The results are obtained with suitable regularity
assumptions on SUPG stabilization paramter 0 which depends only on the mesh size. In
this chapter we study this problem in the context of VEM by using SUPG stabilizer along
with Crank-Nicholson scheme for time discretization. The proposed scheme is discrete
inf-sup stable for sufficiently small mesh size. We have proved the optimal error estimates

in ||| - ||| and L? norm by suitably defining the elliptic projection operator R",

The outline of this chapter is as follows. In Section (4.2), we have studied a new finite
element for stationary convection dominated diffusion reaction equation. Construction
and basic properties of the new element are discussed in Section (4.3). Section (4.4) deals
with error estimation and convergence analysis in mesh-dependent norm. In Section (4.5),
we have conducted two numerical experiments in order to justify theoretical results. Fur-
thermore, in Section (4.6), we extend our analysis for non-stationary convection domi-
nated diffusion reaction equation in the context of virtual element methods. Afterwards,
in Section (4.7), we discuss basic virtual element formulation for model problems and
state some fundamental lemmas which will be utilized to derive theoretical estimations in
next section. Section (4.8) deals with error estimation for semi-discrete and fully discrete
case in L? and ||| - ||| norms. Section (4.10) is dedicated to justify theoretical convergence
result with robust numerical evidences. Finally in Section (4.11), we have made some

conclusion and future works.

4.2 SUPG with NC1-C2 element

In this section, we desire to introduce a new finite element and study for convection domi-

nated diffusion reaction equation. We consider the convection-diffusion-reaction equation

—eAu+b-Vu+cu=f inQ,
u=0 on 0,

4.1)

where diffusion coefficient € is a very small quantity (¢ < 1). b and c represent con-
vection coefficient and reaction coefficient respectively. We assume that b, ¢ are L>°((2)
function of space variable x. Furthermore, we assume that the force function f is a L*(2)

function. Now, we start our discussion by construction of new element.
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4.3 Construction and basic properties of NC1-C2 element

In order to define NC1-C2 element, first let us define the following nonconforming space

which satisfies patch test of order 1.

V= {U € L*(Q) : v|k islinearV K € 77L,/[|U|] ‘neqds =0V q € Py(e), Ve € €h} ,
’ (4.2)
where 7, denotes quasi-uniform triangulation of €2 and ¢, denotes the set of edges of 7j,.

Now, let {¢1, 2, @3} be basis functions which are defined as:
¢ = ¢; o Fl.

Here, F'x is affine mapping from Kto K , see [Figure:4.1] and ¢Al, (/b}, q§3 are basis func-
tions on reference triangle K corresponding to the vertices 131, 52, by respectively, which

are defined by

o1 = (—14+22+2y)(-142+vy),
(52 = (21’ — 1)x,
953 = (23/ - 1)3/-

In view of the definition of qgi, we note that ¢;, 1 < ¢ < 3 is continuous along edge on

A Affine Mapping

b3

by I/I\ll b,

Reference Element Arbitrary Element

Figure 4.1

each element. If we define D% := span{¢;, @2, ¢3}, then our NC1-C2 element space is
defined as
Vi=Vi5i e V2 V2:i={u, € L*(Q) : vy|x € D%}. (4.3)

We stress that the above finite element space 1/}, consists of piecewise quadratic function

which is discontinuous along edge of each triangle except at mid points of edges. Next
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we demonstrate the construction of a typical element w € V},:

w = w' + w? where w' € V! and w? € V2.

The construction properties ensure that the newly defined NC1-C2 element satisfies
patch test of order 1, and this can be explained as follows. Let e € ! be an interior edge
which is shared by two triangles K and K2, and w|x1 and wp are restriction of w on K

and K? respectively. Hence the jump of w on this edge e is given by

loll = wlio - wle
= (W'x +w?lx) = (W'x2 + w?[x2)
= (W'kr — w'lx2) + (W rr — w?|x2)
= (w'|gr —w'|x2).

We notice that this space contains the space of continuous piecewise quadratic and space

of nonconforming piecewise linear function, since
1
Vi,=V, + Ps.

where P, is the piecewise quadratic finite element space.

4.3.1 Discretization

We define the following discrete bilinear forms:

al (u,v) = e Z (Vu, Vo),
KeTy,

by (u,v) = Z (b-Vu,v)g, cplu,v)= Z /Kcu vdz,

KeTy, KeTy,

1
b (u,v) = > A Vu,0) = (b Vo,u) = (V- b,uv)}.
KEeT,
To capture the non-physical oscillation occurred in sharp region, we need to add an addi-

tional diffusion term which is defined as:

Sp(u,v) = Z (—eAu+b-Vu+ cu,dgb - Vv)k.
KE77L
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Now finite element formulation of the model problem (4.1) read as follows: find u;, € V),
such that
ah (un,vn) = fu(vp) Yo, € Vi, i=1,2, 4.4)

where a! (-, -) is defined by
al (un, vy) = af (up, v) + Ui (un, vn) + cnlun, vy) + S (un, vy)

and right hand side term f,(vy,) is defined as:

Fu(vn) = > (f,vn) + (f.0xb - Vuu)x.

KeT,

We observe that because of b} (u, v) and b? (u, v), we have two different formulation. Next,
we show that the defined bilinear forms are coercive. In order to established the coercivity

of the bilinear forms we define the following suitable domain dependent norm on V/, as
1/2
ol = ( > Aeloli i + collvlld s + dcllb- VUIIS,K}> : (4.5)
KeTy,

where ¢y 1= ¢ — %V - b. Using standard arguments given in [49], we can show that there

exist constants i1, j1o independent of i such that

|Avallor < pihtonlie YV on € Vi, K € Ty (4.6)
lon |1k < N2h1_(1||vh||0,K Vo, € Vi, K €Ty 4.7)
By choosing,
0 < 64 < min “ i 4.8)
> UK > ) ) .
2[|el[§ po,r " 2607

with the help of (4.6) and (4.7), it is not hard to see that
2 1 2
a,(vh, vn) = §|th||| Vup € Vh. (4.9)

Now an application of Lax-milgram theorem guaranteed that the discrete problem (4.4)
has a unique solution in V;,. We also note that if the weak solution of (4.4) satisfies

u € H?(Q2) and vy, € V}, then the bilinear form can be written as

) = o) +e 3 [ Shllullds =5 S [bengululds, @10

eceyp, ecey,
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where 7. denotes the unit outer normal vector to the boundary of K.

4.4 Error analysis

4.4.1 Interpolation and its properties

For defining a suitable interpolation operator u; € V} which agrees with exact solu-
tion v at mid point of each edges of ¢;, of triangulation 7, we proceed in the following
manner. Let K be the reference triangle with vertices 51, 52, 53 whose coordinates are
(0,0),(1,0),(0, 1), respectively and 72; be the midpoint of the side joining ¢ and i + 1
(modulo 3)vertices. Now we define the following interpolation functions based on 952

I () = @(1h) s + @(ng) ds + 4(1ig) s,

>

A ~ ~ A A N

Pa) = (a(by) = I'(@) (b)) o1 + (@(be) — I'(@)(b2))da + (a(bs) — I'(@)(bs)) 5.

Now we define interpolation operator as follows:

[(@) = 1'(@) + I(2) = 3 Li()5,

j=1

where L;, i = 1,2, 3,4, 5,6 are continuous linear functionals.

~

We claim that P,(K) is unisolvent with respect to these functionals, i.e., for a typical

~ ~

polynomial p € P,(K') L;(p) = 0 implies p = 0. To see this, first we note that an arbitrary

~ ~

polynomial p € P5(K) can be written as linear combination of basis of P,(K), i.e., there
exist (', ..., Cg such that

6
p=>_ Ci
=1

We observed that

Therefore, p = Clqgl + C’gngﬁg + 039233. Proceeding in the same fashion, we can also show

that ¢, = Cy, = C3 = 0, and hence p = 0. This prove our assertion.

Using the properties of I' and I2, it can be shown that for arbitrary p € PQ(K' ), we
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have I(p) = p. We define (K, P,(K), %) be an affine finite element of (K, Py(K),3),
where ¥ = {Ly, Ly, L3, Ly, L5, Lg } and 3 = {ﬁl, Lo, Ly, Ly, Ls, ﬁﬁ}. Analogously we
can define interpolation on arbitrary element /.

The interpolation satisfy the following approximation properties. The proof hinges on

Bramble-Hilbert lemma and properties of affine transformation, for a detailed proof, we
refer to [50, 49, 51].

Lemma 18. Let u € H™ ' (K) be an arbitrary element. Then we have
1D*(w — ug) || 2y < CRET || D™ | 12 g, (4.11)

where s < m+ 1 and m = 0, 1,2 and C' is a positive constant does not depend on hp.

4.4.2 Convergence Analysis

For the accomplishment of our main result, we would require the following well known

lemma. The proof can be found in [52].

Lemma 19. For any edge ¢ € ¢;, and any integer k > 0, let I1* be the projection operator
from L?(e) onto Py(e) defined by

/qHEvds = /qus Y q € Py(e),v € L*(e).

€ €

Then there exists a constant C' independent of e and h such that
| / 6(v — T0)ds| < CRE 6|1 i olees i @.12)

forall K € Ty, e C 0K, ® € H'(K) and v € H*(K).

First we consider the discrete formulation (4.4) with ¢+ = 1. John et al [53] has studied
analogous bilinear form in the non-conforming finite element framework with additional
jump term. We stress that even after neglecting additional jump term, it is hard to show
that the bilinear form aj} (-, -) satisfy the coercivity property with respect to ||| - ||| (defined
in (4.5), and therefore, one can not directly appeal to Lax-Miligram lemma in order to
ensure the unique solvability of the discrete formulation corresponding to this bilinear
form. However, existence and uniqueness of solution can be shown by using different
arguments, for instance, if the bilinear form posses certain type of inf-sup condition then
the well-possedness of the corresponding discrete formulation can be established. By

following the definition of the bilinear form a; (-, -) and ||| - |||, it is easy to show that this
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bilinear form satisfy the following inequality:

1 1
oh(on, ) 2 Sl + 5 3 [ n)(efllds Vo € Vi

ecep

Now we prove main results of this paper under the assumption that space V}, satisfy patch-

test of order one i.e.
/ llonlleqds =0 Vv, € Vi, q € Py(e), € € &. (4.13)
K

Theorem 20. Let the assumption (4.8) holds and Ty, is a quasi-uniformly triangular par-
tition of domain ), also v € H?(Q) be the solution of (4.1), uy, be the solution of (4.4)
withi = 1 and b € W (Q)2. Then the following estimation holds

1/2 1/2
[ = will] + anllfur — upl|]] < CW(Z vKIU@,,K> + I (Z%IIUII%,se)

Ker, ecep
n h€1/2‘u|27ﬂ}, (4.14)
where, )

ap = inf sup —ah(mh’ Un) ,
mneVi oneVi || [Onl|] |[lma]|]

h? h? h?

Vi = e+ hE 4 6 + K+ K = min{ X1},
€ O €

and se is the union of the elements adjacent to e.

Proof. We spilt the error as u — up = u — uy + uy — up, = 1+ 1y, where 7 := u — u; and
nn = u; — up. Now since the estimates of 7 is known, we proceed to estimate 7). Let us

first recall that the bilinear form aj (-, -) was defined as:
ay (un, vn) = af(up, vp) + by (un, vn) + cnlun, va) + Sp(un, vg),
In view of above definition 7 satisfy the following:
an(n, vn) := ag(n,0n) = 0y (v, ) + ((c = V- b), nup) + Sy (1, vn).
Using definition of oy, it immediately follows that

3 d
anllimlll < sup U)o gy T g ()
vREV], |||Uh||| v EV), |||Uh||| oV |||'Uh|||
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where

wh_ez/

eceyp,

n (1, vn) Z/b ne)n[|vnl]-

ecey

and

An application of the patch-test (4.13) of NC1-C2 element and together with lemma(19),
yield
i (u, vp) < Che'?|ulaal|vnlll- (4.15)

In the light of Lemma (18), we have

ni(n,0n) < CRACY - vellull3 o) Il onlll: (4.16)

ecep

Now, by imitating the arguments used in [54] and using the estimates derived in (4.15),
(4.16), we obtain desired result. |

Remark 2. From the above result we observe that u;, converges to u for any values of €
( referred as e-uniform convergence) with at least convergence rate of O(h); however, in

case of convection dominated diffusion case, i.e., € < h, we get h’/? rate of convergence.

We prove our next main result for i = 2, i.e., a2 (-, -) is used instead of aj (-, ).

Theorem 21. Let T, be a quasi-uniform triangulation of 2 and uy, be the solution of (4.4)
with i = 2. Then under the assumption (4.8), u € H3(Q), b € W1(Q)? there exists a

positive constant independent of h such that

1/2
[Ju —usnl]] < C{hz (Z 7K|U’§K> + he'?|ul20

KeTy

1/2 1/2
(Z%HuHise) +h2<Z%HuH§7se> ] (4.17)

ecey, ecep

where Yk, Y. are same constant defined in Theorem 20.
Proof. Letn = u; —wand n, = u; — up, € Vj. Now, using (4.10), we arrive at
ay, (Mn, vn) = a (1, vn) + 4 (w, va) + 75 (uw, vp),

where,

uvh _62/8n \Uh\

ecey,
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7 (u, vy, ———Z/b ne)u||vp|]ed

eceyp,

We note that the bilinear form b7 (-, -) corresponding to the convective term can be written

in the following fashion:

by (n,vn) = —by (v, 1) — (V- b,quy,) + nj (n, vs).
Here,

7 (1, vn) Z/b ne)n[|vnl]-

ecey,

If we defined a new bilinear ay (-, -) form as:
an(n, o) = ag(n,0n) = 0y (v, ) + (¢ = V- b), 1oy + Sy (1, vn).
Then with the help of above definition, a (-, -) have the following representation
ap(1,vn) = an(n, vn) + (0, vn).

It is easy to see that r;, and ny, satisfy the following relation

1 (777 ) ns<n7vh)
lllu =]l =< —H\UHH SUp — s - sup —
wnevi |l |H oneVi llvalll
d
on€Vi \||vh|!| et IthHI

Now we proceed to find estimates of 7 and r;, and n;. By following [54, 53, 55], we
obtain the following estimate for n

,U
Sl + sup P < (S a2 (4.19)
SU8 leall P>

The following estimate for ¢ follows from patch-test of NC1-C2 element and Lemma(19)
e (u, vp) < Che'?|ulanllvnl]l- (4.20)
An application standard inverse inequality given in [49, 50] and (4.6), (4.7), we deduce

ri(uvn) < CCY vellulld o) 2 llonl]l 4.21)

ecey,
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Table 4.1
Errors for the P; nonconforming element for Example 1

h € | - HO,Q | o
0.0707 | 2.50e — 5 | 11.8902 | 37.8126

0.0354 | 1.56e — 6 | 12.4633 | 40.2896
0.0177 | 9.77e — 8 | 12.6249 | 40.9892
0.0088 | 6.10e — 9 | 12.6667 | 41.1702

By employing Lemma (18), we obtain

ni(n,0n) < CRACY_ vellull3 o) Il onlll: (4.22)

eceyp,

Collecting the estimates obtained in (4.19),(4.20),(4.21) and (4.22) and putting in (4.18),

we complete the rest of the proof. |

Remark 3. As we could see that in the proof of above theorem the constant vy, depends
on €, therefore, if the values of € is very small then v. = 1. Hence, we can not predict
e— uniform convergence of uy to u as h — 0. We also conclude that the estimation(4.14)

suggest that the bilinear form a; (-, -) performs better than a; (-, ).

4.5 Numerical Results

In this section, we shall present two numerical experiments to illustrate the performance of
our NC1-C2 method and also to verify our theoretical results. In both of the experiments,
we have taken the domain 2 = [0, 1] x [0, 1] with zero Dirichlet boundary condition.
Numerical errors were calculated using the following norms || - ||o.q, || - [[1,» and ||| - |||.
We have taken the stabilization parameter 0 = hy for the bilinear form a; (-, -) and

8 = hy /4 for the bilinear form a3 (-, -) respectively.

Example 1

This example is taken from [56]. We have chosen b = (3,2), ¢ = 2. The right hand side

f 1s chosen such that the following smooth polynomial function

u(z,y) =100 2° (1 —z)*y (1 —y) (1 — 2y)

satifies the equation (4.1).

In Table 4.1 and Table 4.2, we want to demonstrate the difficulty faced with the stan-
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Table 4.2
Errors for the P, conforming element for Example 1

h ¢ - oo |l
0.0707 | 2.50e —5 | 2.22e + 2 | 1.50e + 2
0.0354 | 1.56e — 6 | 3.76e + 2 | 5.0le + 2
0.0177 | 9.77e — 8 | 1.09e + 2 | 8.55e + 1
0.0088 | 6.10e —9 | 1.T4de + 2 | 1.82e + 2
Table 4.3
Errors and rate of convergence for a,ll(-, -) using NC'1 — C2 element for Example 1
11111 - Ml [0
h € Error Rate Error Rate Error Rate
0.0707 | 2.50e — 5 | 0.11210 - 5.27432 - 0.06377 -
0.0354 | 1.56e — 6 | 0.04048 | 1.4724 | 4.54551 | 0.2150 | 0.02789 | 1.1956
0.0177 | 9.77e — 8 | 0.01425 | 1.5064 | 3.39485 | 0.4211 | 0.01047 | 1.4129
0.0088 | 6.10e —9 | 0.00499 | 1.5111 | 2.43087 | 0.4811 | 0.00375 | 1.4764
Table 4.4

Errors and rate of convergence for a,%(-, -) using NC1 — C2 element for Example 1

.

H ) ||0,Q

h € Error Rate Error Rate Error Rate
0.0707 | 2.50e — 5 | 0.58226 - 3.94e +1 - 0.380947 -
0.0354 | 1.56e — 6 | 0.54819 | 0.0872 | 8.87e+1 | —1.1703 | 0.417416 | —0.1322
0.0177 | 9.77e — 8 | 0.51554 | 0.0886 | 1.88e +2 | —1.0852 | 0.438904 | —0.0724
0.0088 | 6.10e — 9 | 0.49315 | 0.0640 | 3.88¢ + 2 | —1.0425 | 0.451048 | —0.0393
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Figure 4.2: Log-log plot of the numerical error for the bilinear form a,ll(-, -) for Example
1

dard P, nonconforming method and standard P, conforming method for convection dom-
inated problem respectively. In order to observe the convergence uniform with respect
to € we have varied the values of e for decreasing values of h. We observe that the error
increases with decreasing values of h so the method diverges finally. Table 4.3 shows the
numerical error and the rate of convergence for the bilinear form a; (-, -). From Table 4.3
we observe that the rate of convergence with respect to ||| - ||| norm satisfies with our the-
oretical estimate (Eq. 4.14). The log-log plot of the error from the Figure 4.2 with respect
to ||| - ||| norm also confirms the expected rate of convergence. We have also calculated

the errors using H! norm and L? norm to show the behaviour of convergence.

From Table 4.4 we observe that the numerical error for the bilinear form a; (-, -) with
respect to ||| - ||| norm does not converge as the error remains almost constant even for
small values of h. We can also observe this behaviour with repect to L? and H' norm with
negative rate of convergence. From the theoretical estimate (Eq. 4.17) we cannot predict
the convergence behaviour for the bilinear form a3 (-, -) which is explained in Table 4.4.
The solution on right in Figure 4.3 shows the oscillations in the numerical solutions with
respect to the bilinear form a; (-, -) . In the next example we will discuss the convergence

in the case of solution with circular internal layers.

Example 2

This example is taken from [53]. Let b = (2,3) and ¢ = 2. The right hand side and the
boundary conditions are chosen such that

1 arctan[200(r — (z — 20)® — (y — v0)?)] }
2 s

u(x,y)zlﬁx(l—x)y(l—y){——i—
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Figure 4.3: Exact solution and numerical solution for the bilinear form a? (-, -) for Ex-

ample 1
Table 4.5
Errors for the P; nonconforming element for Example 2

h € | - ||0,Q E ‘1,h
0.0707 | 1e — 11 | 0.677367 | 4.0234
0.0354 | 1e — 11 | 0.673782 | 3.9806
0.0177 | 1e — 11 | 0.672883 | 3.9722
0.0088 | 1e — 11 | 0.672879 | 3.9720

is the exact solution of (4.1) with ¢y = yo = 0.5 and 9 = 0.25. We have computed the
numerical error for ¢ = 107°. From Table 4.7, we observe that the rate of convergence
with respect to ||| - ||| norm matches with our theoretical estimate. We have shown the log-
log plot of the numerical error in Figure 4.4 with the expected rate of convergence. Errors
calculated with respect to H1 norm and L? norm also decreases with reducing mesh size
h. As the method converges for the bilinear form a; (-, -) we have not shown the Figure
for the sake of brevity.

Numerical errors calculated for the bilinear form a? (-, -) were given in the Table 4.8.

For decreasing values of h the error almost remains constant with respect to ||| - ||| norm
and error increases with respect to H* and L? norm with negative rate of convergence.

We can also observe this behaviour from the oscillations present in Figure 4.5.

We have observed that SUPG discretization with the proposed nonconforming ele-
ment performs better by capturing non-physical oscillation and also maintains the accu-
racy. As pointed out in the introduction we would like to develop the SUPG formulation
in the context of VEM by suitably defining the stabilizers with the help of projection op-
erators 19 and ITY. In the following sections we introduce the evolutionary convection

diffusion equation and perform the numerical analysis using SUPG stabilizers along with
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Table 4.6
Errors for the P, conforming element for Example 2

h € | - HO,Q |- ’1,h
0.0707 | 1e — 11 | 0.677312 | 4.02011
0.0354 | 1le — 11 | 0.673772 | 3.98098
0.0177 | 1e — 11 | 0.672879 | 3.97193
0.0088 | 1e — 11 | 0.672878 | 3.97192

Table 4.7
Errors for a} (-, -) using NC1 — C?2 element for Example 2
[T 11] - Mo - llog

h Error Rate Error Rate Error Rate
0.0707 | 1.88919 - 1.0de + 2 - 1.2618 -
0.0354 | 1.06827 | 0.8242 | 1.47e +2 | —0.4977 | 0.8534 | 0.5658
0.0177 | 0.46228 | 1.2084 | 1.45e+2 | 0.0143 | 0.4051 | 1.0747
0.0088 | 0.14818 | 1.6387 | 1.00e +2 | 0.5435 | 0.1354 | 1.5779

Table 4.8
Errors for a%(-, ) using NC1 — C2 element for Example 2
- 111 [T |- llog

h Error Rate Error Rate Error Rate
0.0707 | 0.9670 - 4.67e 4+ 1 - 0.4496 -
0.0354 | 0.8648 | 0.1614 | 1.12e + 2 | —1.2685 | 0.5315 | —0.2419
0.0177 | 0.7871 | 0.1358 | 2.38e + 2 | —1.0833 | 0.5583 | —0.0709
0.0088 | 0.7221 | 0.1241 | 4.93e + 2 | —1.0468 | 0.5749 | —0.0423

81




0" ¢ \
1

1]-1/|-Error

R 0(h3/2)
_[|——NC1-C2 Method

107" 1072 10
h

-3

Figure 4.4: Log-log plot of the numerical error for the bilinear form a,ll(-, -) for Example
2

(a) Exact solution (b) Numerical solution

Figure 4.5: Exact solution and oscillation of numerical solution for Example 2

Crank-Nicholson scheme for temporal discretization. We provide the error estimates and

supporting numerical experiments to validate the theoretical results.

4.6 Continuous problem and weak formulation

We consider the following time-dependent convection diffusion reaction equation

ur — V- (k(x)Vu) + b(x) - Vu + ¢(x) u = f(x,1) in Q, forte (0,7),
u=20 on'=0Q, forte (0,7),
u(0,x) = up(x) in 2,

(4.23)

where (x),b(x),c(x) are L>(£2) functions of x. Furthermore, we assume that V - b = 0

and all coefficients x(x),b(x), ¢(x) are independent of temporal variable ¢ . Also we con-
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sider ingf) k(x) > K >0, sup k(x) < Ko, B = sup||b(x)|(z2())2, Yo = sup ¢(x), U =
x€ xeN X x€N

insf2 ¢(x) > 0. Multiplying the Equation (4.23) by test function v and exploiting Green’s

xXE

theorem, we obtain the continuous variational formulation. In order to reduce cumber-
some notation, we introduce following notation. We represent the following bilinear

forms
[ Ay(u,v) = (kVu, Vo) + (cu,v) + Z dk(b-Vu,b-Vu)g,
K

Ay (u,v) := (b - Vu,v),
As(u,v) == Z(SK(—V - (kVu) + cu,b - Vo).

\
Summing A; (-, -), Aa(-,-) and As(-,-), we define Agype(u,v) = A;j(u,v) + As(u,v) +
As(u,v) . Moreover, the right hand side load term is defined as F'(v) = (f,v) +

>k 0k (f, b Vv)g. Therefore the continuous formulation is defined as

(e, 0) + Y Ok (b - V) + Agupg (1, v) = F(v). (4.24)
K

4.7 The virtual element framework

Following (1.16) and (1.17), we first recollect the definition of local and global virtual el-
ement space Z"(K ) and Z} respectively, where k denotes order of virtual element space
and K represents polygon respectively. We have already mentioned that in VEM, we dis-
cretize the bilinear form using two projection operators H% 5 and H,Z x Which are defined
in equations(1.5) and (1.3) respectively in chapter 1. In previous two chapters, we ap-
proximate the bilinear form (Vu, Vv)x employing projection operator HZ - However,
the same bilinear form can be approximated using vector valued external L? projection
operator Hg_L - We define the projection operator Hg_l’ x (we exploit same notation as

scalar valued L? function.) component-wise, such that

(Hg_l’KV@,ma)K: /K Ve, - m, = /a (m ) ds - <gz5i,V-ma>K (4.25)

holds. We decompose the polygonal domain (2 satisfying Assumption 1 which is de-
scribed in detail in Chapter 2.
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4.7.1 Discrete virtual element formulation

On the virtual element space Z*(K ), we represent the following bilinear forms

(

Ay p(up,vp) == Z (ahK(uh, vp) + th(uh, vp) + dff(uh,vh))

Ag p(un, vp) = Z(b Hk 1K(Vuh) k 1K(Uh))K

Agh uh,vh = Zé[(( Iin lKVuh) +CHk K(uh) b- Hk 1K(V7jh)) >

K

(4.26)

where symmetric discrete bilinear forms are defined as
K . 0 0 v v

by (un, vn) := 0k (b - I 1 (Vuy), b - Tl (Voy))
+ 65 B (vu — 1Y jeun), V(I — HZth))K,

\ d¥ (up,vp) = (cH%Kuh, Hg,th)K + |K\V0<([ — H%K)uh, (I — H%K)vh).
The global forms are defined by summing local contributions on each polygon K such as

ap(up, vp) : E ar (un,vn); b (un, vp) : E b (wn, vn); dp(wn, vp) E dr* (up, vp).-

Furthermore, the discrete load term is defined as Fj,(vy,) := (f, Hvp) + > 5 0k (f,b -
I}y (Von)) k. where I}, is designed as TI)| x (up) = TI}) g (un).

In order to make the notation simple, we represent Agypg n(un, vp) := Ay p(un, vp) +
Ag p(un, vp) + Asp(up, vp).

Discrete virtual element formulation for the model problem (4.23) is defined as

mp(Unt, Vn) + Asupg,h (Un, Un) + Z 5K(H2,Kuh,t, b Il_1 kVop) = Fp(vy).  (427)
K

Furthermore, we define mesh dependent SUPG norm as
ol = (IVAETol? + 3 bxllb - Volik + Ve ol?), (428)
K

where 0 represents stabilization parameter which will be defined in next section.
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4.7.2 Discrete inf-sup condition

In order to prove discrete inf-sup condition, we first prove the following result.

Lemma 22. Let w € H} () be an arbitrary element. Then there exists &> € Z} such that
Ay (@, 2n) = Aj(w, zn) Vo € Z}f
Moreover, there exist positive constants Cy and C', such that
Hwlll < Co [[lwll],

and
lw—=&f < Cy A lw]]].

Proof. In order to prove the above result, most of tools are borrowed form (Lemma 5 [18],
Lemma 5.6 [19]). [ |

Lemma 23. For all v, € ZF and for sufficiently finer mesh, the following estimation hold

A
ao ||jonll] < sup Asupg.n(Vn, 2n)
22k NEAN

for some positive constant .
Proof. Proof follows same technique as [18] (Theorem 1) |

Next, we shall prove the following two inverse estimations which are accomplished as
the main tools in order to prove Theorem 28 considering mesh regularity Assumption 1.
Moreover, we know that discrete virtual element space Z*(K) is not associated with
particular shaped element. Hence, in contrast with FEM, we can not employ standard
scaling argument to prove inverse estimation. Following idea form [27], making use of

generalize scaling argument, we can justify the following result.

Lemma 24. Let v), be an element of Z*(K). Then there exists a constant ¢ independent
of hx such that
lnlix < it lonllox VK € Th. (4.29)

Proof. See in detail Lemma 4.5 [27]. [ |

Furthermore, exploiting the characteristic of local virtual element space Z*(K) that
Aq € P(K) for all ¢ € H'(K) and considering the mesh regularity Assumption 1, we

can exhibit the result.
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Lemma 25. Let v, be an arbitrary element of Z¥(K) and K € Ty, be a polygonal element.

Then there exists a constant ¢y, i independent of mesh size hy, such that
IV - (k) Von)llie < i b [16(x) Vol (4.30)

Proof. See in detail Lemma 10[26]. |

Moreover, the symmetric bilinear form A; 5, (uy, vs) associated with the discrete bilin-
ear form is coercive, i.e., there exists a positive constant c, such that the following thesis
holds.

Lemma 26. Let uy, be an element of Z} and A, (-, -) be the symmetric bilinear form
defined in (4.26). Then there exists a constant c,, depending on regularity of coefficients
k(x), b(x), ¢(x) such that

ALh(uh,uh) Z Cq |||uh|||2 (431)

Here, we leave the proof since it follows directly from [18] with minor modification.

4.8 Convergence analysis

In order to accomplish convergence analysis, we first introduce elliptic projection operator
R VO :={ve HYQ) : Av € L*(Q)} — ZF associated with stationary bilinear form
Asupg,n (-5 -) - The projection operator is defined by

Asupg,h(Rhu, Uh) = Asupg(u, 'Uh) W Vp € Z}]f (432)

An application of discrete inf-sup condition of Agpe 1 (+, -) together with continuity of

Aqupe (1, -) ensures existence and uniqueness of R"u.

4.8.1 Semi-discrete error estimation in SUPG norm

Lemma 27. Let u be an element of V°. Then there exist an element R"u in discrete space

ZF¥ such that the following estimation holds
[lu — RMul|| < C B* |ulpyy. (4.33)
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Proof. We split the term u — R using u; as
uw— R =u—u; +u; — R"u.

Let p = R"u — u;. Exploiting standard approximation property of interpolation operator
uy [9], we can estimate
Il —wll| < C .

, there exists an element

wy, € ZJF such that

|||p|H H|wh| || S C Asupg,h(Rhu —ur, wh)
= ‘ASUPg’h<Rhu’ wh) - Asupg,h (Ula wh) 4.34)

= Asupg (u7 wh) - Asupg,h(ula wh)~

An application of orthogonal property of projection operator Hg’ i helps us to write

K
Asupg (U, U)h) o ASUP& ur, wh E :Asupg u, wh Asupg,h(ula U)h)

= Z < supg h Hk,K“? wh) - Asupg(Hk KU — U, wh) (435)
+ ’As[gpg(Hk,Ku7 wh) - gpg,h(Hg,Kua wh)) :

Since the discrete virtual element formulation is not polynomial consistency, error asso-

ciated with discrete formulation can be bounded as

3

Agpg(l_[%Ku, wyp) — Afﬁpgvh(H%Ku, wp) Z (AK Hk Uy Wh) — Afh(HgﬁKu,wh)).
=1
(4.36)

In order to estimate A (119 j-u, wy,) — ALK, (T19 jou, wy,), we write as

A (U ey ) = AT (11 e, ) = (0 (11 e, ) = aff (11 e, wy))

(0 (00 e, wn) = B (IR e, wn) ) - (@ (T e, wn) = (TG e, ).
(4.37)

An application of standard property of projection operator H% i and using Cauchy-

Schwarz inequality yields

k

K
VK

aK(H%Ku,wh) — ahK(Hg’Ku,wh) <C [u|ps1. 10 |1VEV W0k (4.38)
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An similar argument indicate

b?
O™ (I1), jeu, wy) — by (T geu, wy) < C —E= Al |ulierri |VEVwnlox- (4.39)

VK

Proceeding analogously, we can bound
d* (I}, scu, p) = diy (I e, p) < C e Juliyr xc [[wnllo.ze. (4.40)

Summing estimations (4.38), (4.39), (4.40) element-wise and an application of Cauchy-

schwarz inequality, yields

A (T g, wp) — A (T e, wn) < ChP g [[Jwal|]- (4.41)

Skew-symmetric part is not polynomial consistency but error decreases with optimal
order with O(h*). Using boundedness of convective coefficients b, approximation prop-
erty and orthogonal property of L? projection operator H% 5 and using Cauchy-Schwarz

inequality, we have

A (1D g, wn) = AZ, (T g, w) < b+ VI e = 19 4o (B - V)| [l
< (IIb- VI = b V| + b Vo = I (b~ V) ) ] < € B [ulpa [l
(4.42)

Hence summing over all polygon K and using Cauchy-Schwarz inequality, we have
> (AF O e, wn) = AR e, wn)) < OB Julie flunll. (443)
K

Now, the error generated by additional stabilizer term can be bounded as follows

AF (T geu, wy)—Ap (T eu, wy) = 0k ( — V- (k(x)VII) gu) + c(x) I} cu, b - V,O)

— o ( — V- (5(x) VI u) + e(x) T eu, b ng_w(wh)).
(4.44)

An approximation property of local L* projection operator II}, ;- and exploiting regu-
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larity of convective coefficient b(x) and reaction coefficient ¢(x), we have

(c H,?:’Ku, b Vwy,) — (c H%Ku, b- Hg_LK(th))

= (cII) gu,b - Vuwy, = b -1I)_; (Vwy,))
2 2
= (T seu, biwn; — bII 4 ewp) < (T =TI x)(c by TI9, )| [l

i=1 =1

2
<> (e b T ew = bi ull + fle by w =T (e by w) ) onl
=1

< C W Julpsr i [V E(x) V|,

where wy, ; represents derivative of w;, w.r.t. x; and b; denotes component of convec-
tive coefficient b in ¢-th direction. Using orthogonality property of projection operator

Hg_L - the other term can be represented as

Sx (v - (K(X) VT 1), b(x) - th)
= 0 (V- (500 Ty e (VI o)), B(x) - T (V) )
= (v (R(X)VITY u), b(x) - Vi, — b(x) - HszK(th)).

An application of arguments given in [18](Lemma 2), helps us to estimate

Sx ‘ (V- (5(x) VI ), b(x) - Vo = b(x) - Ty (Vo)) ‘
< Ch* fuligr [|v/E() V.

Hence summing over all element /', we have

> (AF (0 e, wn) — AR (T e, w1) ) < C B s Il (4.45)
K

In order to estimate Ay (1 — IIf) u, wy,), we reveal the bilinear form into constituents

as

Asupe,n (U1 — H%Ku, wp) = Ay p(ur — H%Ku, wp) + Agp(ur — H%Ku, w,) (4.46)
+ Ag,h(ul — H%KU, wh).

Symmetric bilinear form A; j,(u; — Hg} U, wy) can be approximated as
Al,h(U[ - H%KU, ’LUh) = Z Aﬁ(ul - H%KU, wh)
K
K K K
= apy (ur — I gu, wy) + by (ug — 10w, wy) + dif (ug — 10w, w,).
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An application of Cauchy-Schwarz inequality and stability of discrete bilinear form yields

1/2
af (ur = T e wn) < (aff (ur =T gy ur = 09 o)) (af (w, wn)) 2

< Ca™(uy — IO geu,up — 1‘[27,(u)1/2 a® (wy,, wp)V* < C B Nulpir ke |V E(X) V| &

(4.47)
Using analogous argument as (4.47), we can bound
by (ur — 119, e, wn) < C W Julkgr  [|[V/5 (%) Veon | i (4.48)
and
dy; (ur — 10}, jeu, p) < O Rl e [le(x)wal. (4.49)
In view of (4.47),(4.48), (4.49) and summing over all element K, we have
ZAfh(uI - H%Ku7wh) < C e |ulgesr |||walll (4.50)
K

Skew-symmetric term can be exhibited as

Z Aﬁfh(w - Hg,KU’ wy) = Z(b : ng—l,K(v(uI - H%KU))? Hg—l,Kwh)K'
K K

Using standard approximation property and boundedness of L? projection operator Hg,l, K

and Cauchy-schwarz inequality, we have
(b Ty s (V(up — 10 ), 11} g (wn)) < C hig ki lwnl k- (4.51)
Hence, summing over all element /', we have
Asp(up — I eu, wp,) < C R Juligy [||wsl]]. (4.52)
The last term of (4.46) can be estimated as

> A (= T e wn) = 0 (= V- (RO (Vg =TI )
K K (4.53)
o e(3X) Ty (g =TI o), b T (Vo).

Using the boundedness property of projection operator 1_[2_1, > regularity of convective
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and reaction coefficient b(x), ¢(x) and Cauchy-schwarz inequality, we can approximate

(e T (ur = T ), b T, e (Fan) ) < C R fulic el /60X Vo
(4.54)

Using 0 < C hg, and inverse estimation Lemma 25, we can bound the term as

b (= V(RGO 4o (V (= T ), b T o (Vo))
< C W ulrsie VRGOVl

Exploiting the estimations (4.54) and (4.8.1) and summing over all polygon K, we have
As p(ur — H%Ku,wh) < Ch* |u|rrr [[Jwnl]]- (4.55)
Collecting (4.50),(4.52) and (4.55) and putting in(4.46) we have
Asupg,n(Ur — Hg,Kuv wy) < C h* |ulgy1 || [wnl]]- (4.56)
Using analogous argument as (4.56), we can estimates
Asupe (TT}, et — w,wp) < C B [y [[ewn]]] (4.57)

Collecting(4.45),(4.56) and (4.57) and putting in(4.35), we get

lplll < C h* fulgss. (4.58)

Hence, we have final thesis
[|u — RMul|] < C B [ulpis. (4.59)
[ |

Let u be exact solution of the model problem (4.24), and u;, be the discrete solution
of (4.27). With the help of elliptic projection operator R, we can split the error in this
fashion

u—up =u— R+ R —uy,.

Using the approximation property of projection operator R"(define in 4.32), we can easily

bound the term v — R"u. Since R"u and wy, both are elements of Z,’f hence, R"u — uy,
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is an element of Z¥. Define 0(t) := u;(t) — R"u(t). Moreover, the boundedness of (t)
depends on stabilization parameter 6 which depend on regularity of x(x),b(x) and c(x).

In contrast with stationary case [18], we assume the following Assumption

Assumption 2.

B We consider uniform polygonal mesh with local mesh size h.

B The stabilization parameter 0 = ¢ for all element K.

Stabilization parameter 6 can be chosen as

A o . A~ N 9 h
0 = min} 1, min VC%‘,Kmln{Ca a*aca}’ K hc, ? Khz 62047 \/%f ’hoz* .

inv

(4.60)

Here, we have considered ¢y = sup (Cinv, i) and ¢™ = sup ().
KeTy KeTy

Theorem 28. Let u € V° be a solution of (4.24) and u;, be the discrete solution of (4.27).
Also assume that uy(-,0) = u(-,0). Then for sufficiently small h, the following error

estimation hold

lu(®) = un @I + lu = wnll 2y < € A° <||f“L2<07T,Hk<Q>> + 1l L2 o)

s sy + el oy + ell2ogo z vy )

Proof. |||u — R"ul|| can be estimated from lemma(27). In order to estimate the other
term |||0(t)|||, we proceed as follows: replacing uy, by 6, the semi-discrete bilinear form

reduces to the following form

(01, vn) + Asupen (0,08) + 36 (1] 01, b - T 1 (Von)) i = Fi(vn)
K

4.61)
— mp (R s, vp) — Agupen (R u(t), vp) — Z §(H27KRhut, b-10)_, xVup).

K

An application of projection operator R" and using the continuous bilinear form (4.24),

we can write

M (61, vn) + Aspgn(0,08) + > 6 (), b, b TI)_ 1 (Von))
K

= Fy(vp) — F(vp) — mh(Rhut, vp) + (ug, vg) (4.62)
= S(If  Ru b T Vou) + Y 6 (ug, b - Vuy).
K K
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Inserting first v, = 6 in (4.62) then v;, = 09,0 exploiting Lemma 26 and adding both
equations yields

1
5 013+ ca (IVRVOIR + Ve O + D8 b VOII) + 3 2]
K

1 2 2 ) 2
+ca 85 0 (IVEVOIE + Vel L Vo)

+ Z (b-1II)_, x(V0), Hg—l,K(e +60: 0))k

+ Z 5( (KT 1 VO) eIl e (6), b Ty (VO + V6 04 9)> (4.63)
K .

+3 5(112,}(3,59, b T, (V0 + V(5 0,0)))
K

§ Fh(9+(5at 9) —F<9+(Sat 0) —mh<RhUt,9+5at 9)+(ut70+58t 9)
— Y SR R Muy b T VO+b T V(6 0, 0))x
K

+Y 6 (u,b-VO+b-V(50,0))x.
K

With the help of the assumption V - b = 0, the following term can be bounded as
follows

D0 0 (V). I ) = 3 (b0, (V). 10, 6)ic — (b V6,60))

K

—Z<b Iy (VO), Ty 8 = )i + (b-TI}_; (V) — b'veve)K>

B
<22 h VRV,
(4.64)

where B = ||b(x) w1 (). This term can absorbed by choosing mesh size sufficiently
small.

Using Cauchy-schwarz inequality and exploiting control parameter ¢ (4.60), the term
associated with 0 0, 6, can be approximated as

D (b-I0 ((VO) I (5:8) < D BVl 6 1680k
K

K
(4.65)

52 B ca 504*
<> = VA Vollox 0720, 0] < 35 IVAVO|? + 5 (0402
x VK
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The inconsistency term associated with discrete bilinear form can be bound as follows

Z 5( — V- (K4 VO) + cII) 4 (0),b - 1I)_; (VO 4V 60, 9)) . (4.66)
K K
Using inverse inequality stated in lemma-(25) and an application of upper bound of ¢, we
can bound
26( (RIG_, £ V0), b T, 4(V6))
< Z SV - “Hg 1KV9)|| b - Hk 1K(vg)” (4.67)
K

<> 6 G B KO/K)B||\/_V0||2< vk V2.
K

The term associated with reaction can be estimated as
> 0 (M k()b T, 1 (V0) < > 3l ] - L (V)]
K
- \/— Co, 5 Ca 9
<D 0 (/D) IVebll (B/VK) ViVl < oo VYOI + - [[Veb]”
K
(4.68)

Another term associated with § V0,0 can be estimated as

D08 (= V(M V) + e (0D T c(V500) - (a0

An application of lemma(24), lemma(25),boundedness of convection and diffusion

coefficients and approximation property of projection operator Hgfl, x> We have

Z 5( (KTIO, V0, b TI0, (V3 0,0 ))K

< Z 8 ||V - (RI_y £ VO)[lo B [VE:llo
K (4.70)

< Z 52 W e (Ko V) V(@) V8]l 6 B b 812 9, 6]

/\

< |!\/_V9|!2+ 5 0 10,61,
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The other term can be estimated as
Z 5 <cngK ),6b-T10_, (V,0) ) Z 5 (|1 . (0) 6B || Va8
<Y 6 (w/VD) Ve ol s BR |0, 0|
K

§ (v /) Ve |” + 62 B2 h™2 (¢™)? 6 |0, 0]]* < Hx/— 9\!2+ 59 10 011,
4.71)

Again with the help of boundedness of L? projection operators IT) ;- and IT)_, ., we

have
> 0 (M0, b- TR, £(V0)) <>~ 60,0 BV
K K
<> OV BIVE) 8 o) VRV < S8 VRV + 255 0,01
) (4.72)

An application of inverse inequality(provided in lemma(24))yields

S 6 (0400, b- 10, (V3 00)) <7600 BV(©00)]
K K

1 o i (4.73)
< Z 6 (|00l Bh™" 6 [|0.0]] < 3 6 10 0|1
K

Hence, with the choice of § mentioned in (4.60), the equation (4.63) reduces to the fol-

lowing equation
1
S IOl + Co (IVRVOIE + Ve ol + 36 Ib- Vo|I2) + Ca 6 0,63
K
0 2 2 2

+ ca 5 00 (IVEVOI + Ve ol LR )

< (Fy—F)(0+060,0) = 0}  Ruy, b -1, VO +b T}, V(5 0, 0))k
K

— my(R"uy, 0+ 6 0, 0) + (uy,0+50,0)+ > 6 (u,b-VO+b-V(50,0))k.
K

4.74)
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Moreover, following idea from [20], the right-hand side can be approximated as

Fu(6+50,6)~ F(0+00.6) = ((n.6) — (1.6))

4.75)
+ XK: 5(f, b1, V(500) —b- V(5 ate))K
The first term in right hand side can be estimated as
(fn,0) = (£,60) = (I s f = f,0)oxc < C ¥ |f]1 18] (4.76)

K

The another term associated with load term can be estimated with the help of orthogonal-

ity property of projection operator H%_L x> We have

Za(f,b-ng,mwaate) b- V(5 ,0) ) =Z<5( (1, — 1)(bf), (V6 8,0 ))
ZZWt((HL,K D(bf 5ve> Yo (HQ,I,K—I)(bft),(é W))

K

K

< CW ISl IVEVO) + 80,0, 1 — )(bf), (5V0))
K

4.77)

An application of orthogonality property of L? projection operator Hg, x and stability

of discrete bilinear form (-, -) enable us to write(the technique is provided in [11] )

mp (=R up, 0) + (uy, 0) = mp(—RMuy + Ty, 0) + (uy — Huy, 0)
¢2 (11 = B+ 119 g 101+l = T3, el 61])

IN

X . (4.78)
<c Z( IRy — ) + T et — wll) 161+ e =TI ] 1)

< Ch* Juy [I6])

where we denote u; = O;u and C' is generic constant. The notation Hg signifies the L?
projection in global form which is defined in (1.6). Another term associated with test

function v;, = ¢ 0,0, can be estimated as

mh(—Rhut, (5 (9,59) + ('U/t, (5 ate) = mh(—Rhut + ngt, (5 @9) + (Ut — ngt, 5 3t(9)
4.79)
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We split the term as follows
Z 5 ( (19 Ry, b - T (V) + (ug, b ve)K>

=37 6 (AT R b T (V0)) s + (T e, b - T, (V0)) )

K ~ - (4.80)
T
+Y 4 ((—H%Kut,b T, (V) k + (ug, b - ve)K> .
K ~ ~ .
T

T} can be estimated by exploiting the approximation property of projection operator

R"(Lemma 27), boundedness of projection operators II) , and IT}_,

T = (T i (R = ), b T, 1 (V9)) < C | Ry = willoxc B[V

_ (4.81)
< Ch* ule (B/V K) VRV,
Moreover, adding and subtracting the term (Hg, U, b VO) g, we get
Ty = ((~119 jete, b - T, 1 (V6)) e + (113 jeg, b - V6 )
(4.82)

(10 e b - V) + (b - VO)ic).
The first term of (4.82) can be estimated as

((~T10 seteb - T, e (V0))ic + (1 e, b - V)i ) = (7 =TI ) (BT er), V0)

~
: 0
orthogonality of IT}, _; K

< [BIT] jeuy = TRy e (buy)|| [IVO] < ChF ] [[VEVO.

~
best-approximation property

(4.83)

Exploiting Cauchy-Schwarz inequality the second term of (4.82)can be estimated as
(T e, b - VO) i + (u, b - VO) < C B |wyy, (B/V EK) [|[V/EVE). (4.84)

We have the term

Za ( (19 Ry, b - T, V(5 0,0))kc + (s, b - V(5 ate))K).

-~

T3

(4.85)
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In order to bound the term (4.85), we rewrite the 75 in the following way

Ty = (= (0 iR, b - T, V(0 00))xc + (I e b T, V(8 010))c )

N J/
-

Ty

(= (09 e, b T V(6 00))xc + (i, b+ V(5 00))xc)

-~

Ts

(4.86)

An application of lemma (27), inverse estimation (demonstrated in lemma(24)), bound-
edness of projection operator H% - and convective coefficient (b(x)) exploiting 6 < C' h
yields

0Ty < C W [l 6" (|00 (4.87)

Analogously, the other term of 75 can be bounded. We represent 75 as
T, = ( — (19 seug, b - T, V(6 0))k + (w, b - V(6 ate))K)
— ( — (T g, b - T V(6 00)) i + (T s, b - V(6 ate))K) (4.88)
+ (= (I e, b - V(3 00))xc + (e, b - V(6 90))xc ).

Now, an application of approximation property of projection operator Hg, x»Cauchy

Schwartz inequality and Lemma (24) estimate as

5 (— (1 e, b+ V(5 340))x + (w, b- V(6 ate)))K) < CRF |||y, /2]10,0)].
(4.89)

Exploiting same argument as(4.77), another term of 75 can be estimated as

Z 6 ( - (H27KUt, b . Hgiviv(é 8t6))K + (H27KU¢, b M V((5 at9)>K>
K

) 0 0 (4.90)
< O R* fugly VRV + ; 50, <Hk,Kut, b (I Hk_l’K)V(W)K.
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In view of right-hand side estimations, equation(4.74) reduces to the following form
1
S0 61 + C1 (IVAVOIP + Ve8] + 38 b ToI) + Cs 6 a3
K

)
+ca s 00 (IVEVOR + Ve ol + 3 6 b Vo1
K (4.91)
< CR (1R 1+ 4 fl?) + 3 0 0115, 4 = 1) (B), 6V0)
K

+ 37 60,((1 =T, 1) (BT ), 5V6)
K

Taking integration of (4.91) from 0 to ¢ and considering 6(0) = 0, we have

18IS + Cr 10172004511y + C2 100N 20 111
+ Gy 6 (IVEVOIE + [Veo]2 + > a|Ib- Vo))
K

< Chf <|f’%2(0,T,Hk(Q)) + ’ft\%z(o,T,Hk(Q)) + ‘ut|%2(0,T,Hk(Q)) + |Utt|L2(o,T,Hk(Q)))-
(4.92)

Since the terms HatQH%,?(O,t,H-H) and (H\/EVQHQ + Vb2 + >, 6 b - V9H2> are

positive, hence we have

165 + C 1161172045y < € th(\f\iQ<o,T,Hk(Q)> +1fili2mmm @) 493

+ |ut|%2(0,T,H’“(Q)) + |Utt|L2(O,T,H’€(Q))) :
An application of lemma(27) and estimation (4.93) yields final thesis

() = un(@®)ll + e = wnllzzoagiy < € B (1 e2om o

+ | felz20m @y + ullZ20zmee 0y + Nl Lo, mr@) + HuttH%Q(O,T,H’“(Q)))'
(4.94)

In order to estimate ||u — uy||, where w is exact solution and uy, is discrete solution, we
rewrite the error as ||u—uy|| < ||u—RMu||+|| R"u—wus]|. Estimation of || R"u—uy|| follows

same idea as (4.93). In order to bound first term ||u— R"u||, we prove the following result.
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4.8.2 Time continuous case in 2 norm

Lemma 29. Let u be an element of V° and let R"u € ZF be the element defined in (4.32).
Then the following estimation holds

Ju— RMullo < C WM Julj,

where C' is a positive generic constant.

Proof. We define the dual problem
~V-(kVn) —(b-Vn)+cn=u— R"u. (4.95)

Multiplying by v;, with both side of (4.95) and using green’s theorem, we get an equation
B(vp,n) = (u — R"u,vy,), where B(vy,,n) is defined as

B(vp,n) = //@(X)Vvh -V + /b -V n+ /c(x) Up, . (4.96)
We know from elliptic regularity theory [57]

hicln — 0l + n = nrllo.x < C R [nle (4.97)

and
Inll2 < [lu— R"ul. (4.98)

With the help of (4.95) and using definition of R" operator (4.32), we can write

|u — R™u)? = (u — R"u,u — R"u)

= B(u — R"u,n)
= B(u — R"u,n — ) + Aspe (v — R'u,nr) — x(u — R"u,my)
= B(u — Rhua n—n)+ Asng(ua nr) — Asng(Rhua nr) + Asup&h(Rhua un

— Adpg.n(RMu,m1) — x(u = RMu,7p)
= B(u — R"u,n — n1) + Aspen (R, n1) — Agupe (R"u,17)
. ~ AN - /
— x(u— R"u,ny),
s

(4.99)
where the additional stabilizer term x(u — R"u, ;) is defined by
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x(u—RMu,np) = Z (—V~(/<aV(u—Rhu))+b-V(u—Rhu)—|—c(u—Rhu),b-Vm)

K
KeTy

(4.100)

Q1 = B(u— R"u,n—nr)
= / k(x) V(u— R"u) - V(n—nr) + / c(x) (w—R") (n=n1)  (4.101)

n / (b(x) - V(i — R")) (1 — 1)

Using |u— Pyul; form estimation (27), (4.97), (4.98), Cauchy-Schwarz inequality and

standard approximation property of orthogonal L? projection operator Hg} K> We can have

Q1] < C B |upr [lu — Pyul|. (4.102)

Exploiting the idea stated in [20], we split the term () element wise as follows
'Aggpg,h(Rhua 771> - Afgpg(Rhua 771> = Agﬁpg7h<Rhu - Hg,Ku7 nr — H(l),Kn)
- Aﬁpg(Rhu - H%,KU7 nr — H?,Kﬁ) + Afgpg,h (Hg,KU7 771> - Afgpg (Hg,KU7 771>
+ Afgpg,h<Rhu> H(l),K,r]) - Afl(lpg<Rhu7 H(l),K,r])

+ AL (Hg,KUaH?,KU) — AR (Hg,KUaH?,KU)'

supg supg,h

(4.103)

Since II}) ;- and I1{ ;- both are polynomials on polygon K, and IT} ; is orthogonal L?

projection on Py (K)
AT (I e, T03n) — AT, (0 e, T19n) = 0,
A?(Hg,Ku7 H?U) - Agh(l_‘[g,l(ua H?U) =0
and

| A3 (TR sew, TIYm) — Agy (TG jew, )| < C RS fuly [|n]]2-

Collecting above three estimates, we deduce that

AK

supg(Hz,Ku7 H?,K’?) — A (Hz,Ku’ H?,K’?) < C R Julggn (|9l (4.104)

supg,h

Using approximation property of ng  operator and R" operator and technique de-

101



scribed in [20], we can evaluate

A

oen(Blu =TI eu,mp — 109 pom)| < C B [ulegr i lu — Rhulloc. (4.105)

Similarly, other term can be approximated in same fashion

(A (B"u = T gew, np — I o] < C R ulis [Ju = RMullox (4.106)

and

|AR e (IR g, mr) — Al (M) g, nr)| < C WG Julps i lu — RMullox (4.107)

and

[Adpen (R"u, ) — A (R, Tin)| < C Wil Julirie lu — Rullox. (4.108)

Accumulating all estimations (4.104),(4.105),(4.106),(4.107) and (4.108) in (4.103)

and exploiting Cauchy-Schwarz inequality, we have

|~Asupg,h(Rhu7 77[) - -Asupg(Rhu7 7]1)| S C hk+1 |u’k+1 ”’LL - RhuHO- (4109)

Proceeding same as [18], we can estimate

Ix(u— R"u,np)| < C R |ulpgr |lu — Rul|. (4.110)

Collecting all the estimation (4.102),(4.109) and (4.110) and with the help of (4.99),

we can estimate

lu — Rl < C B Julisn.

Theorem 30. Let u be enough regular solution (assumed in Theorem (28)) and uy, be
discrete solution satisfying (4.27). Then there exist a positive generic constant C' inde-

pendent of h, may be dependent on u such that the following estimation holds

u(t) = up(t)|| < C A5 <||f||L2(o,T,Hk+1(Q)) + [ fell L2073 +1.(02)) @i

+ ull 20,5841 9)) + vl 20,7, mr01 () + Hutt”LQ(U,T,H’f“(Q)))a
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where k denotes maximum degree of polynomial belongs to Z*(K).

Proof. In order to estimate ||(u — up)(t)||, we split the term (u — wuy,)(¢) with the help
of projection operator R" that gives (u — uy) = u — R"u + R"u — u;. Estimation of
|u — R"ul| is directly follows from lemma 29. Proceeding same as (4.93) and considering
9 = O(h) we obtain

10t)1 < €1 (1l ego sy + L ill or aress oy

(4.112)
+ lJuell z2or, 01 () + Hutth(o,T,HHl(Q)))'
Consequently, we have final thesis
lu(t) —un(t)|| < C B (4.113)
|

4.9 Fully-Discrete Scheme

In view of applicability of Crank — Nicolson/Q; — FEM scheme for simulation of
Calcium Carbonate precipitation [58], we employ Crank-Nicolson/VEM scheme for time
dependent convection diffusion reaction equation. Let IV be a positive integer and [0, 7]
be the time interval. Also, we assume that At = 7T'/N be the time-step. This scheme is
unconditionally stable and second order convergent, i.e. O(At?). Moreover, we convey
that one can exploit backward Euler scheme for time discretization, but the main disad-
vantage with the B-E scheme is that it is first order convergent. Therefore, in order to
obtain optimal order of convergence in h, we essentially demand smaller values of At

which is numerically expensive. Crank-Nicolson/VEM scheme is revealed as

i)+ St () — 0 (250
+At Y bk (frl%fnl,b : Hg,LKw)K - 6k (u;; — b ng,LKw)K.
KeTy KeTy,

(4.114)

We will follow standard FEM technique(mainly adopted from [59]) with minor modifi-
cation in order to discuss convergence analysis for fully discrete scheme. Moreover, we
exploit analogous idea as semi-discrete case for analysing fully-discrete scheme. Error

involving with non stationary part can not be estimated directly. An application of sta-
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bility property(stability,[11]) along with approximation property of local L? projection
H% 5 ensure that the error decreasing with optimal order in h. Additionally, temporal
discretization follows same framework as[59]. In order to discuss convergence analysis
precisely, we neglect some obvious estimations which are already proved in semi-discrete

case.

Theorem 31. Let u be the exact solution of (4.23) and uy, be the discrete solution of
(4.27). Moreover, we assume that u; and f belong to L°°(0,T, H*(Q)),u belongs to
L>=(0,T, H5(2)) and RMuy; belongs to L*(0,T, L*(2)). Also assume the 0(0) = 0.

Then there exists generic constant C' such that the following estimation holds

o=l + A 3l b))

4.115)
< Cch* <||U||%oc(o,T,Hk+1(Q)) + ||ut||%°°(0,T,Hk(Q)) + Hf”%OO(O,T,Hk(Q)))

+ C (A | R el 7207 12 (52))-

Proof. In order to estimate fully discrete estimation, we employ the projection operator

R" at time t = t,,.

up(ty) — u(ty) = un(ty) — RMu(t,) + RMu(t,) — u(t,) = 0™ + p". (4.116)

Estimation of p" is straightforward. However, in order to estimate |||0"|||, we proceed as

follows. Since 6" is an element of ZJ, exploiting fully-discrete variational form (4.114),

we have
en _ en—l @n + anl
(P ) ¢ A (B )
o (O — 92_1 0
F30 o (e (g ) b T V)
KeTy
fn _{_fnfl fn + fnfl
= <Tungvh> + Z Ok (T?b : Hg—l,vah>K “4.117)
KeTy
RMu(t,) — Rhu(t, 1) RMu(t,) + RMu(t,—1)
- mh( At ) Uh) - Asupg,h( 9 ) vh)
Rhu(t,) — Rhu(t,—
B Z 5 (H2K< u(tn) u( 1)>7b'H2_1vah> .
' At ’ K
KeTy,
Moreover, in order to reduce cumbersome notation, we denote w!' = w and

wn = w for arbitrary function w. Now, an application of definition of projection
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operator (4.32), we have

- <9¢,vh) + Asupg,h(e’n,vh> + 3 6k (H%K@Z,b - Hg_LKwh)K

KeTh

= (fn,Hgvh) - (f"a’Uh) — my, (thfi,vh> + (’Jt’vh>

_ _ (4.118)
+ 3 6k (fn,bﬂg,wvuh)l(— Y ok <f",b~Vvh>K
KeTy KeTy,
-y 6k (H%K(Rhuﬁ),b-H%_LKVU;JK+ Y ok (at,b-wh).
KeTy KeTy,
An elementary manipulation yields
n Nn\ .__ 1 n on n—1 pgn—1
an(02,0") = 5 (ah(e 0") — an(6"0 )). (4.119)

Similarly other inner-products associated with A; 5(-, -) can be decomposed. Exploiting
(4.119), and borrowing idea from (Theorem-5.4 [59] and Theorem-3.3 [11]) and proceed-
ing analogously as semi-discrete case, we have
(67112 = 107 ~111) + €1 8 At 10212 + Co At 16112+ C5 0 (16”112 = N6 11
< Cyh?* (”utH%OO(O,T,H’“(Q)) + “fH%OO(O,T,Hk(Q))) + Cs (A | R | 720,112 (02
(4.120)

where C, C5,C5, Cy and C5 are generic constants. Iterating (4.120), 1 < 7 < n, we have

167112+ Ae Y (1691117 + o [lle™11> < 16°11 + 6 [116°11

j=1
+C h?* (Hut”%W(O,T,H’V(Q)) + ||f||%°°(O,T,H’C(Q))> + C (A | R el 720 1,220
4.121)

Assuming ¢° = 6(0) = 0 and since |||6"|||? is a positive number, we recast as

101 + At SN < +C 0 (e o zrscay + 112 o)
= (4.122)

+C (At)! HRhutttH%Q(O,T,LQ(Q))'
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With the help of lemma 27 at discrete level, we have

1w = wn) () [* + A Y[l = ||IPP < © h* (Ilut\|2Loo(o,T,m(m)
j=1
+ Hu|’%°C(O,T,Hk+1(Q)) + ||f”2Lo<>(o,T,H’“(Q))) +C (At)! HRhUtttHi%o,T,L?(Q))-
(4.123)

4.10 Numerical experiment

This section is dedicated to justify theoretical convergence results by robust numerical
experiments. Here, we examine two examples. First one agreed with smooth solution
demonstrates order of convergence in L? and H' norm and second example depicts phys-

ical behaviour of the numerical solutions.

4.10.1 Example-1

Consider the model problem (4.23) with b = (—1,1), ¢ = 1, x = 107 final time
T = 1 and computational domain 2 = (0,1) x (0,1). Furthermore, we consider the

exact solution is u(z, y, t) := esm(m)

sin(2mz) sin(2my) and force function f is computed
inserting exact solution v in model problem. We discretize the domain with voronoi mesh
[36] where hx ~ h. As we have mentioned that u, is defined implicitly, in order to
evaluate error , we borrow the innovative idea form [18]. The errors e, and e, ;are

defined as

B L?-norm error: e, = E |lu— H2 KUhH%z(K)-
KeTy,
1 . _ v 2
B H'-normerror: ey = E lu — HhKuh!Hl(K)-
KeT,

Furthermore, 7, o and r;, ; denote rate of convergence in L?-norm and H' semi-norm. We
have employed Crank-Nicolson scheme in temporal direction and virtual element method
of order k = 1,2 in spatial direction. Theorem 31 illustrates that |||u—uy||| = O(h*+72).
Hence At = O(h) would be ideal choice for time-step At in order to obtain optimal
order of convergence. Stabilization parameter § chosen as § = O(v/At h). Table 4.9 and

Table 4.10 represents rate of convergence in L? norm and H' semi-norm which have good
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agreement with theoretical estimation revealed in Theorem 30 and Theorem 28 . All the

errors are calculated at final time 7" = 1.

Table 4.9
Error table for Crank-Nicolson/VEM scheme with & = 1

h €h,0 Th,0 €n,1 Th
1/5 3.2795e-02 - 1.3164e0 -
. — 10-0 1/10 7.6930e-03 2.09 6.4269e-01 1.03
1720 1.7670e-03 2.12 3.1392e-01 1.03
1/40 4.4500e-04 1.98 1.5539e-01 1.01
1/5 50284002 - 1282560 -
__ | 1710 1556902 192 63285-01 101

1720 3.7310e-03 2.06 3.1230e-01 1.01
1740 9.1211e-04 2.03 1.5231e-01 1.03

Table 4.10
Error table for Crank-Nicolson/VEM scheme with k = 2

h €h,0 Th,0 €h,1 Th,1
1/5 4.8765e-03 - 2.8329¢-01 -
1/10 5.0224e-04 3.27 6.1983e-02 2.19
1720 6.3432e-05 2.98 1.5903e-02 1.96
1/40 6.9143e-06 3.19 4.0123e-03 1.98

1/5 3.1015e-03 - 1.9063e-01 -
1710  4.1342e-04 290 5.0124e-02 1.92
1720 5.1523e-05 3.00 1.1273ee-02 2.15
1/40  6.1246e-06 3.07 2.5301e-03 2.15

As we have mentioned that the non-polynomial stabilizer appeared in discretization
of symmetric bilinear form stabilize the bilinear form, we have to pay more attention to
choose stabilizers in numerical calculation. In convection dominated region, the stabilizer(non-
polynomial part) appeared with reaction term and additional SUPG- stabilizer need to be
balanced to obtain an optimal L? -error estimates. Moreover, in diffusion dominated re-
gion step-size At and mesh-size h need to be balanced in order to obtain optimal rate
of convergence in L? and H'-norm. We have chosen very small time step At = 10~%
in order to obtain optimal rate of convergence in L? norm for both linear and quadratic

element. In implementation, we have assumed uy, o := Iuo.

4.10.2 Example-2

In order to depict performance of SUPG stabilizer, we examine this example. This prob-

lem is already investigated in finite element settings with SUPG stabilizer in [60]. We
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accomplish this numerical experiments with time-step At and voronoi mesh with mesh-
size h = 1/5,1/10,1/20, 1/40. Since there is no appropriate quadrature rule over polyg-
onal element, we split the polygon into triangles by joining each vertex with centroid of

element and then applied Gauss-quadrature rule. Exact solution is taken as

1 arctan{2 k= '/2(0.25? — (x — 0.5)% — (y — 0.5)?)}

u(t,z,y) = 16 "™z (1—z)y(1—y) | =+

2
(4.124)

In numerical experiment, we consider diffusive coefficient x = 10~%, reaction coefficient
¢ = 1 and vector valued convective coefficient b = (2, 3). All the experiments are cal-
culated at final time 7' = 1. Moreover, we have considered time-step At = 1072 and
§ = O(\/At h). Right-hand side f is chosen such that u(t, z, y) become exact solution
of model problem (4.23). In order to show the performance of SUPG stabilizer, we con-
sider four succeeding pictures for mesh size h = 1/5,1/10, 1/20, 1/40 respectively. We
have observed when i = 1/5 oscillations are more (Figure 4.7) and reduces gradually as
considering smaller mesh size. The exact solution is depicted in Figure 4.6. Also we have
observed that oscillations are almost removed for h = 1/40 (Figure 4.8)and matching

perfectly with exact solution depicted in Figure-4.6

(a) Exact solution (b) Voronoi mesh

Figure 4.6

Remark 4. In discrete formulation, we have approximated (u;, v) and (u,v) by my, (upt, vp)
and my,(uyp,, vy, ) where we have employed Hg} i operator over VEM space of order k. One
can approximate the same terms using Hg—l, K operator to prove semi-discrete estimations
with optimal order of convergence. In such case, inverse-estimation revealed in Lemma 24

can be waived.
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(@h=1/5 (b) h =1/10

Figure 4.7: Numerical solution at T=1.

(@) h = 1/20 (b) h = 1/40

Figure 4.8: Numerical solution at T=1.

4.11 Discussion

In this chapter, we have discussed convection dominated diffusion reaction equation using
SUPG formulation both in the context of FEM and VEM. We have shown basic aspects
of SUPG FEM considering two different bilinear forms and estimated error analysis in
mesh dependent norm ||| - |||. We have also shown that the extension of SUPG stabilizers
in the context of VEM is not striaghtforward and requires projection operators to suit-
ably define the terms to be computable. We would also like to mention that the choice of
stabilization parameter o plays a vital role in determining the rate of convergence in the
convection dominated regime. Since the discrete bilinear form is designed element wise,
this configuration can be easily extended to higher dimension including nonconforming
case. It is well known that nonconforming FEM with higher order patch-test show better
rate of convergence. Moreover, we have observed that nonconforming VEM formulation
has uniform framework irrespective of order of space[12, 20]. Therefore, we can easily

construct nonconforming element with higher order patch-test. The extension of noncon-
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forming VEM formulation for non-linear time dependent convection dominated diffusion

reaction equation can be considered as a future work.
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Chapter 5

Virtual element methods for time-dependent Stokes

equation

5.1 Introduction

Non-stationary Stokes equation describes many physical phenomena of incompressible
flow problems including modelling of weather predictions, ocean currents, water flow in
a pipe and air flow around a wing. Therefore, it is worth to produce an efficient numerical
technique for non-stationary Stokes equation. Several authors have contributed various
numerical techniques in this direction. In [61], authors has studied non-stationary Stokes
equation considering linear element for velocity approximation and piecewise constant
function for pressure approximation (), — F element) which is not discrete inf-sup stable.

They estimate error analysis in L? and H' norm assuming the regularity assumption
sup ([ (DII3 + a3 + (1)) < C.
0<t<T

T
sup (0 [0+ [ (0 (a1 + ) + (0] de < C.
In this respect, we desire to convey that the above said assumptions are justified in
[62, 63]. Authors also studied boundedness of w;(t), u(t) in L? and H' norms. It is
not worthy to assume exact solution u(t) € H***(Q) which basically contradicts natural
phenomenon. Since lowest order ((); — F,) element does not satisfies inf-sup condi-
tion, numerical technique demands additional stabilizers. In this direction, the following
contributions were studied, such as the stream upwind Petrov-Galerkin(SUPG) method
[47], Brezzi-Pitkaranta method [64], the Douglas-Wang method [65], the well-known
Galerkin least square(GLS) method [66], the method of bubble function enrichment [67].
Furthermore, in [68], authors examine non-stationary Navier- Stokes equation exploiting
unstable velocity pressure pair of the lowest equal order finite element. Hence the exis-
tence of divergence free Fortin- operator cannot be guaranteed which make the analysis
cumbersome. In view of this issue, authors have introduced discrete Stokes projection
operator to estimate theoretical results. Recently, Huang et at. have reviewed equal order
(P1— P1) approximation for velocity pressure pair and Crank-Nicolson scheme for time-

discretization. Heywood and Ranacher have proposed a fully implicit Crank-Nicolson



scheme for Navier-Stokes equation in [69] and they have proved the scheme is uncondi-
tionally stable and converges optimally. An error analysis for the Crank-Nicolson extrap-
olation scheme of time discretization have been studied in [70], where they have utilized
stabilized finite element approximation for the space variable. In the last decade, several
authors paid sincere attention to study lowest equal-order finite element pair P, — P; (linear
function on triangle and tetrahedron), (); — ()1 (bilinear functions) or P, — P (linear func-
tions on quadrilateral) using constant projection operator for pressure variable [71, 72].
The above said stabilized finite element technique does not require stabilization parame-
ters and calculation of high order derivatives. Therefore, this technique has drawn atten-

tion of several researchers.

This chapter deals with development of virtual element methods(VEM) for time de-
pendent Stokes equation. VEM is new technology having capability of dealing with very
general type of polygonal element without explicit knowledge of basis functions. It is ob-
served that VEM has intense connection with mimitic finite difference method(MFDM).
The basic idea of MFDM has been moulded as VEM in order to generalize FEM over
very general type of element. The novelty of VEM relies on simplicity in implementa-
tion, easy to extend to higher dimension (2D to 3D) without much change in mathematical
foundation. Discrete bilinear form can be implemented with the help of degrees of free-
dom bypassing cumbersome numerical computation of basis functions. Since in virtual
element discretization, discrete formulations are defined locally this method preserves
material property element-wise which is desirable by scientists. Moreover, VEM deals
with very distorted elements with optimal accuracy. Even non-convex elements are also
allowed. These features have made VEM popular and drawn several researchers to con-
tribute in this direction. In [25], Antonietti et al. have introduced stream virtual element
formulation for Stokes problems on polygonal mesh. Discrete scheme introduced in this
paper is completely computable based on the information provided by degrees of freedom.
In [23], Da veiga et al. have framed a new VEM space which is divergence free and mod-
ify the stationary Stokes problem accordingly. Modified VEM space for velocity contains
polynomial of order k£ where for pressure, space contains polynomial of order £ — 1. The
pair is inf-sup stable for £ > 2. The primary drawback of this space is that vector valued
L? projection operator is not computable on this space(optimal order). Moreover, in same
paper author has designed reduced local virtual space which is computationally cheap.
However, Vacca has modified the VEM space for velocity variable where L? projection
operator is completely computable [2] and introduced VEM discretization for Darcy and
Brinkman equation. Nonconforming virtual element formulation for stationary Stokes
equation has been studied by Cangiani et al.[29]. Virtual element space introduced in this

work is not divergent free but the projection operators introduced in this paper are easy to
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compute from edge moments and cell moments.

In this chapter, we mainly focus on error estimation of semi-discrete case for time
dependent stokes equation In order to analyze semi-discrete case, we design Stokes pro-
jection which is compatible with discrete virtual element space. The discrete virtual el-
ement space investigated in this work is not divergence free. This drawback already has
reviewed in [23]. However,the space is discrete inf-sup stable(k > 2) and provide optimal
order of convergence in L? and H' norms. Since the space is discrete inf-sup stable, we
can construct Fortin operator which reduces the complexity of theoretical estimation. We
modify the VEM space in order to compute L? projection operator H% 5 With optimal
order k. The applied technique is basically an extension of idea used in [1], where H% K
is computed with the help of H,Z 5 operator. Furthermore, we introduce discrete Stokes
projection operator and with the help of this projection operator we derive error estima-
tion for semi-discrete case in L? and H' norm. Discrete formulation introduced in this
work is computable by the informations provided by degrees of freedom. Furthermore,
we have considered same set of degrees of freedom as mentioned in [14]. For pressure
approximation, we consider discontinuous polynomial space of order £ — 1 same as finite
element method. Since the virtual element space for pressure is only polynomial space,
discrete formulation associated with pressure variable will be same as finite element ap-

proximation and also directly computable from degrees of freedom.

Rest of the Chapter is organised as follows. In Section 5.2, we recollect model prob-
lem with its continuous formulation. Section 5.3 deals with the basic construction of
enhanced virtual element space and associated degrees of freedom. In this Section, we
also design discrete virtual element formulation of model problem. In Section 5.5, we
introduce discrete Stokes projection and utilizing this projection, we study error estima-
tions for velocity and pressure variables. Optimal error estimations in L? and H' norm
are derived in the same Section. Finally, based on theoretical estimation, we have made

some conclusion in Section 5.6.

5.2 Preliminaries and governing equations

We consider the time dependent Stokes equation

(Ou—Au+Vp=f in Qx(0,7)
divu=0 in Qx(0,7)

u=0 on 002 x(0,7)

u=u, on x {0},

5.1

\
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where the vector variable u and scalar variable p represent velocity and pressure respec-
tively. Moreover, we adopt standard notation for Laplacian, divergence, gradient operator
as A, div, V. Additionally, we introduce some standard results which will make the rep-
resentation convenient. Let us denote continuous velocity space and continuous pressure

space by V and Q respectively, where
V= [HYQP: Q= L3 = {ge 1(0) s / gd9 =0}
Q
equipped with natural norms

HVH% = HV||[H1(Q)]27 lqllq = HQHLZ(Q)'

We deduce that force function f € [L?(2)]? and the bilinear form a(-, ), b(-, -) is defined

as
a(u,v) = / Vu : Vv dx, b(v,q) = / qV - v dx,
) Q

where : represent tensor product of two matrices. Exploiting above two bilinear forms,

we represent the continuous formulation: find (u,p) € V x Q s.t.

{ (w,v) +a(u,v) =b(v,p) = (f,v) ¥V veV (5.2)

b(u,q) =0 V qe€Q,

where (-, -) is denoted as L? inner product on €. It can be easily verified that b(-, -)
satisfies inf-sup condition, i.e. there exists a positive constant C, > 0 such that the

following estimation hold

b(u,l
Colllllo < sup . 1) ),
vEV v£0 vl

vV leQ. (5.3)

The continuous bilinear forms a(-, -) and b(+, -) are bounded in V norm, i.e.,

la(u,v)| < Cluly [lvly ¥V uveV;

5.4
b(w, )| < Cllully llo ¥ veVandle Q;

where C' is a generic constant. Moreover, a(-, -) satisfies discrete coercivity on ). That is

there exists a positive constant C' such that

a(v,v) > C||v]j3. (5.5)
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Results revealed in (5.3),(5.4) and (5.5) ensure that Problem 5.2 has unique solution (u, p)
([73]) satistying
[ally +llplle < C I flliz2@- (5.6)

Furthermore LP([H?]?), 1 < p < oo, s > 0 represent the Hilbert space of all L? in-
tegrable functions +(t) : [0,7] — H*(Q) with the standard norm |[¢||Lr((rs()2) =

1/p
(fOT Il S(Q)P> for p € [1,0) with standard modification at p = co.

5.3 Virtual element spaces

We now demonstrate the basic construction of local and global virtual element space. The
virtual element space are constructed in such a fashion that the space will be unisolvent
w.r.t. a set of functionals entitled as degrees of freedom (DOF). Moreover, the space sat-
isfies all the assumptions which we will infer in order to analyze theoretical estimations.
In order to perform convergence analysis, we introduce two basic tools, L? orthogonal

projection operator H% 5 and energy projection operator HZ K-
I« [HY(K)) = [Pr(K)]*.
defined by
/ Vwy, : V(v = I ovi) dK =0 for all wy, € [Py(K)]?,
K
Po(vy, —IIY vi,) =0,

where Py is orthogonal L? projection operator onto constant functions. The projection
operator H,Z x can be directly evaluated with the help of DOF. Moreover, for subsequent
discussion, we demand L? orthogonal projection operator IT ;- : [L*(K)]* — [P4(K)]?

which is defined as
/ wi, - (v — I o vi)dK =0 forall wy, € [Py(K)).
K

Local virtual element space: We consider the following local virtual element space
Z*(K) which is already defined in [14] for elasticity problem.

ZMK) = {v € [HY(K))? s.t. v]px € [Br(OK)]2, Au € [Pk,Q(K)]Z},

where [By(0K))] := {v € C°(0K)s.t.v|. € Py(e)Ve € OK}. Moreover, for a function
v € [H'(K)]?, we defined the set of functional F as
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B (D,) Values of v at V(K) vertexes of K.

B (D) For k£ > 1, the values of v at k& — 1 uniformly spaced points on each edge
e C OK.

W (Ds) For k > 1, the moments i [, w(x) v(x) dx ¥V w(x) € [Py(K)

In order to depict degrees of freedom, we exhibit mesh decomposition in Figures 5.1.

(@) k=2 b k=3

Figure 5.1: Typical degrees of freedom of polygonal elements; (D) degrees of free-
dom are indicated by green circles; (D>) are indicated by red squares;cell moments are
indicated by blue squares.

Lemma 32. Z*(K) is unisolvent with respect to F.
Proof. See in details [14]. [ |

For polynomial degree k, local virtual element space Z*(K') consists of functions v
which is polynomial of degree k£ on 0K and Aw is polynomial of degree k — 2 inside
each polygon K. It is well known that dim([B. (0K )|*) = 2Nxk and dim([Py,_»(K)]?) =
k(k — 1). Therefore, dimension of virtual element space Z*(K) = 2Nk + k(k — 1).

Computation of IT) - operator on Z*(K) : Let ¢; € Z*(K) be a local basis func-
tion. Then IIY ; ¢, be an element of (IPx(/K))?. Also assume that q;, € (IPx(/))? be an

arbitrary element. Then from the definition of H,Z x operator, we can write as
/ VIL v, : Vq = / Vo, :Vq
K ’ K

:—/KAq-(]bl-—l—/aK(vqn)'@'

-~

~~
T1 T2
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Since Aq € (Py(K))?, Ty can be directly evaluated from internal momentum. The other

term 75 can be computed with (D7) and(D3) degrees of freedom.

It can be noticed that the projection operator Hg_l x is computable on Z*(K). Right
hand side load term and time dependent part are approximated with the help of H% K
operator. The projection operator H% K« 18 not computable over Z*(K) since we have
internal momentum of order upto k£ — 2. The same complication, we faced in scalar VEM
framework where elliptic equation has been discussed. Employing analogous idea from
[1], we will recast the local virtual element space Z*(K) where the projection operator
H% i 18 fully computable. In view of this requirement, we start with introducing local

classical space V*(K).

On each polygon K € 7T;, we define classical local space as
VH(E) = {v € [H'(K)? s.t. V]ox € [BL(OK)]%, Au e [IP’k(K)]Q}.

Exploiting the elliptic operator HZ x> we recast local modified virtual element space

which is basically restriction of V*(K)
WHI) = {v € V(K s, /K A (v=TIT,v) =0V ai € [Pu(K)/[Pyo(K)1}.
Global virtual element space is defined as

WE = {v € [HH Q)2 s.t. v]x € W"‘(K)}.

In classical virtual element space V*(K), we consider Laplacian of w € V*(K) is an
element of (P (K))? which is extra requirement. Modified VEM space is designed as
restriction of functions of the space V*(K). It seems that the dimension of W*(K) is
more than dimension of Z*(K). However, this prediction is no longer true and we will
show that F forms degrees of freedom for W¥(K). In view of this, we continue our

discussion with the following lemma.

Lemma 33. The dimension of V*(K) is
dim(V¥(K)) = 2Nk + (k+ 1)(k + 2).
Furthermore, the set of functional F; along with the moments Fy which is defined as
1) = [ v forall aue BuOP/[Broa(K))

form degrees of freedom for V*(K).
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Proof. The framework of the proof is analogous to scalar valued function mentioned in

[1]. Hence, briefly we exhibit the abstract framework of proof. Let w;, be an element of
VE(K). We show that

Wh‘&K:O and HgKWh:O

imply w;, = 0. Basically these two conditions indicate Aw;, = 0, where the operator A
is defined as

Awl
AU)Q

e M |

Proceeding same as [9, 14], we can construct an one-to-one mapping R : [P(K)|* —

Y

and

[P.(K))? which implies isomorphism between internal moments of function w € [Hy (K)]?

and their Laplacian which is a polynomial of order £. The mapping R is defined as
Rq:=1I) ;,A™'q. forall q e [Py(K)]*
Hence the dimension of V¥(K) is

dim(V¥(K)) = dim([By,(0K)]?) + dim([Px(K)]?).
=2Ngk+ (k+1)(k +2).

Remark 5. On W¥(K), the L? projection operator H% i 18 fully computable. We evaluate
H%K operator employing HZK operator. Moreover; for each v € [H'(K)]?, H%KV and
I} ;v are polynomial approximation in [Py(K)]*. Hence we can roughly assume that
Hg) KV R~ HZ V. Furthermore, from the construction of VEM space W*(K), it can be
deduced that (qy, v, — I ,vi,) = 0 for qi € [Pp(K)]?/[Pr_o(K)|>. This condition
reduces the dimension of the space W*(K).

Lemma 34. W*(K) is unisolvent with respect to set of functions F.

Proof. In the modified VEM space W¥(K ), we have additional conditions that are
dim([Px(K)]J?) — dim([Px_2(K)]?) = 4k + 2. Hence, removing these additional condi-
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tions, we obtain
dim(W*(K)) > dim[V*(K)] — (4k + 2) = dim(Z*(K)).

In order to show that W¥ (K) is unisolvent with respect to F, we show that an ele-
ment w;, € WF(K) with Fz(wy,) = 0, is identically zero. Since Fz(w;) = 0 implies
HZ x Wy, = 0. Furthermore, from the definition of the VEM space Wk(K ), we have

/KWhCIkZ/KHZKWth Vo qi € [Pe(K)]?)/[Pr_a(K)].

Hence we deduce that Fy(w;,) = 0. Hence from Lemma 33, we can conclude that
Wy = 0. [ |

Computation of L? projection operator Hg, « on modified VEM space WF(K):

Lemma 35. The orthogonal L? projection operator H% 1 is computable on W*(K).

Proof. Let qy, € [P(K)]? be an arbitrary function. qy, can be decomposed as

dr = d1 + gz,

where q; € [P,_o(K)]? and q2 € [P(K))?/[Pr_2(K)]?. Let ¢, € WF(K) be a local

basis function. Hence, we write the following estimation

/Hg,K¢i'qk:/¢i'qk
K K
——

Def. of H%K

Z/Kd’i'm‘i‘/K(Pi'%

:/¢@"Q1+/HZK¢i'Q2-
K \K >y

Def. of WF(K)

It is well know that on the space W¥(K), the energy projection operator HZ K 1s com-
putable. Hence, we can enumerate H,Z x @;. First term involving polynomial of degree
k — 2 is computable and the second term involving the integration | i HZK ¢, - qz is

entirely computable. Therefore, we can evaluate Hg, K@ for p € WH(K). [ |
For pressure approximation, we consider the standard finite dimensional space

Qk(K) = Pk_l(K)
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Globally, the pressure space is defined as
QF :={l€ L3(Q)st.l|x € Qu(K) forall K € Tp}.

Moreover, for the local pressure ¢ € Q. (K'), we consider the linear operator D,

D¢ = The moment upto order £ — 1 of ¢, i.e.

/ qpr—1dK  forall pp_y € Pp_q(K).
K

It can be easily observed that Qy(K') is unisolvent w.r.t. Dg,.

5.4 Discrete virtual element formulation

In this section, we construct discrete virtual element formulation of the weak formula-
tion (5.2). Employing L? projection operator H% x> W€ approximate non-stationary part
(u¢, v). Local discrete formulations consist of two parts such as polynomial part and non-
polynomial part. Global formulation is obtained by summing the local formulation on

each polygon. For u, v € [L3(K)|?, we define the inner-product

m" (u,v) ::/ u-v,
K

where K denotes polygon.

Employing inner-product m* (-, -), we define local discrete formulation for time deriva-

tive part as
i (W, vi) = (T e, TG v + S5 (1 =T )w, (1 =10 1) ).

where S& (-, ) : WF(K) x WF(K) — R be a symmetric bilinear form that stabilizes the

bilinear form m* (-, -) satisfying

B m= (v, vi) < SE(vi,vi) < B'mS (vi,vy) forall vy, € ker(H%K), (5.7)

where ker(IT) ;) C W¥(K) denotes kernel of II}, ;. Furthermore, employing energy

projection operator H,Z > we discretize the bilinear form a(u, v) as
ahK(uh, Vy) = aK(H,ZKuh, HZth) + Sf((] — HZK)uh, (I — HZK)V;Z>,
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where uy,, v;, € W*(K) and the stabilizer S¥ (-, ) : WH(K) x WE(K) — R satisfies
a, a® (v, vi) < SX(vi,vi) < a*a(vy,vy) forall vy € ker(ITY ). (5.8)

ay, o, B, and B* are positive constants independent of K and h. The global formulation

is defined as adding local bilinear form over each polygon K.
ah(uh, Vh) = Z ahK(uh, Vh),

K
mh(uh, Vh) = Z mhK(uh, Vh).
K

Stability An application of equations (5.7) and (5.8) yields four positive constants inde-
pendent of 4 and K such that for v;, € W*(K), it holds

min{a,, 1} a® (v,v) < aj (v,v) < max{a*, 1} a® (v,v);

5.9
min{B,, 1} m®(v,v)x < mi(v,v) < max{p*, 1} m"* (v,v), G2

In order to derive error estimation for semi-discrete case in L? and H' norm, we desire
polynomial consistency property of discrete bilinear forms a} (-, -) and mf(-,-) which

can be stated as

Lemma 36. For all polygonal element K € Ty, the bilinear form m¥ (-,-) and a¥ (-, ")
satisfy the following consistency property

ahK(qk;»Vh) = GK(Qk,Vh),

mys (qx, va) = m" (qx, Vi),
forall qy € Pr(K) and v;, € WF(K).

Proof. Since [, (VIIY xvi,—Vv;) : Vi = 0forall q; € Pp(K), we have SJ(q, vi) =

0. Similarly, applying definition of L? projection operator IT) ;, we deduce that S} (qx, vi) = 0.
Moreover, both the operators are identity on polynomial space (Py(K))?, i.e.,

I (Pi(K))* = (P(K))? and II} (P4 (K))* = (P(K))* which gives the final the-

sis. |

Approximation of right-hand side load term (f,, v;,): Now, we frame discretization
of right-hand side load term (f,v) where f denotes force function. For all K € T,

exploiting H% ;¢ operator, we approximate load term fj, as

£, =10} (£, forall K € Tj.
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Hence, utilizing orthogonality property of T19 _x operator, we can recast as

(£, Vi) : Z/fh vy dK = Z/ I jof - vy dK = Z/f I v, dK.

KeTy, KeTy, KeTy

In contrast with FEM, convergence analysis depends on regularity of force function f. An
approximation property of the projection operator H% 5 ensures optimal order of conver-
gence. On W}, the projection operator H%  1s fully computable. Moreover, H% xVh can
be written in terms of polynomial. Hence, the right-hand side reduces to integration of

known function, which can be evaluated by applying appropriate quadrature rule.

Semidiscrete variational formulation of (5.2) is defined as follows: find (up,pp) €
W;f X Qh s.t.

{ M (Opup, Vi) + an(Wn, Vi) = (i, pr) = (Fr, Vi), (5.10)

b(un, qn) = 0.
Moreover, the pair (W), Q;,) satisfies discrete inf-sup condition

Lemma 37. The family of virtual element spaces {(WF, Qn)}nso satisfies the discrete

inf-sup condition, i.e., there exists a positive constant B > 0 such that the following holds

b(Wh, Qh)

Bllawle < C sup Vo€ Q. (5.11)
wrewt  [[Wally
wp, #0
Proof. see in detail in [14]. [ |

5.5 Convergence analysis

In this section, we perform error estimations in L? and H' norm employing discrete
Stokes projection operator (II;, IT?). Furthermore, on virtual element space W, we have

the following approximation property.

Lemma 38. For all h, let K € T; and k be a natural number. Then for all w €
[H™TY(K)]? where 0 < m < k, there exists a polynomial function u, € [Pyx(K)J?%
such that

u = urllox +hi [u—ug g < CRE [l k.

Proof. The result follows from classical result by Scott-Dupont. [ |
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Moreover, since the pair (WF, OF) satisfies discrete inf-sup condition, proceeding

analogously as [14], we can prove the the following result.

Lemma 39. For each enough regular u € V, there exists u; € Vj, s.t. the following

condition holds

M, (Vour) = I, x(V-w) VK €T,

u-wly < C inf [ju—vily-
vRLEVR

Proof. See in detail in [14]. [ |

Next, we move to define discrete Stokes projection operator which will be utilized to
derive error estimation for velocity and pressure variable in L? and H' norms.
Discrete Stokes Projection: Let (u,p) be the solution of model problem (5.1), then
discrete stokes projection is defined as (II{u, [I}p) € WF x QF

an(Ilju, vy,) — b(vp, I p) = a(u, vy) — b(vy,p) ¥V vy, € W;f

(5.12)
b, ) = b(u,q) ¥V qu € QF.

For each u, the approximation IIfu € WY converges with optimal order in L? and H'!
norm. An application of Lemma 39, and discrete inf-sup condition yields the following

result.

Lemma 40. Let (u,p) € V x Q satisfies equation (5.1) and (IT;u, 11} p) be the discrete

Stokes projection. Then the following estimations hold

lu =Tl + b Ju—Tuly < A (Jules + [ple),

Ip—1Epls < Ch* (Jules + o).
Proof. We split the error u — II; u as follows
u—Ifu=u—-u;+u;—Iju,
where u; be the interpolation of u, defined in lemma 39. Let = II; u —u; be an element
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of WF. Hence, employing discrete coercivity of a;(-, -), we have
h ploying y

nlt < an(Iu —ug,7)
= ap(Ilu, n) — axn(ur, n)
= a(u,n) +b(n,Ip — p) — an(ur, n)
a(u,n) — ap(ur, n) +b(n, Ip — px + px — p)
= a(u,n) — ax(ur,n) + b(n, pr — p)
< Cht [ufps1 [0 +C " |k (71

Since |n|; # 0, we have
nli < CR* (Julper + [plr)-

Together with the estimation |[u — u;|; < C k¥ |uliy1, we deduce
lu— Il < Ch’“<|u|k+1 + |p’k>. (5.13)
Now, we proceed to estimate ||p — I} p||o. Let g, be an arbitrary element of OF, then from

discrete inf-sup condition (Lemma 37), we have

b(vin H;Zp - qh)

B —anllo < sup

viheV\{0} [N

b I’y — b —
~ sup (i, I} p — p) + b(vi, p — qn)
viEVR\{0} Va1

An application of definition of Stokes projection( 5.12) helps to derive

b(v, I}p — p) = ap(Ilju, vi) — a(u, vy)

— Z (ahK(HZu —U,,vy) + aK(u,r —u, Vh)>.
KeTy,

With the help of estimation (5.13) and Lemma 38, we can write

b(vi, Ip — p) < C ¥ (Julesr + [plr) |Vali- (5.14)

Therefore, the error ||p — IT}p|| can be rewritten as

lp = pllo < C h* (Jufesr + Iplk) + inf [Ip — gl (5.15)
qrh€Qhn
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which gives the required thesis.

In order to estimate ||u — II;ul|o, we apply the duality argument. We consider the

following model problem

—A¥ +Vr =u—1Ilju
V.-¥=0.

Moreover, we have the following regularity result
@[z + |rfy < C [Ja =TTl

We have

[u = Hulf = a(¥,u - Iu) - b(u — Mu,7)

(5.16)
=a(P -V ,u—Iu)+a(¥,u—-Iu) —blu—Iju,r).

The first term of estimation (5.16), can be estimated as

a(® — ¥ u—Thw) < C 2]y (Jufi + 7).

The other two terms of estimation (5.16) can be bounded as

a(¥r,u—1Ilu) = b(u —Iu,r) = a(¥r,u) — a(¥;, I;u) + an (¥, 1T u)
—ap(¥, Iu) — b(u —Iju,r).

We denote
H1 = ap(¥, I u) —a(¥y, [ u),

and
H2 =a(¥,u) —ap(¥,1;u) — b(u—1I;u,r).

An application of definition of projection operators implies

H2 =b(¥;,p) —b(¥, 1 p) —bu—Iju,r)
(U, — U, p—10p) +0(¥,p—1I}p) —b(u—1u,r —ry).
——

0

b
b
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Employing the Lemma 39 and estimation 5.15, we have

|H2| < |[W; — Wy ||p—1pllo + [u—Iuly ||r —7xlo

(5.17)
C B (Juls + [pli ) 1 = T;ulo

IN

An application of polynomial consistency property of a(-,-) and Cauchy-Schwarz

inequality, we obtain

an(Mu, @) — a(u, @) = Y (ahK (IEu—u,, Uy — 0,) — a(llu— u,, &) — \pw))
KeTy

< Clju—ugly [P — ¥,
< R (Julics + [ple) o — Tull,
(5.18)
Inserting the estimations (5.17) and (5.18) in (5.16), we obtain
Ju—Mully < €1 (Julyss + ol ). (5.19)
An application of (5.19) and (5.13) yield the desired thesis. |

5.5.1 Error estimation for the velocity

Optimal L? error estimation

Theorem 41. Let (u,p) € V x Q satisfies (5.1) and (uy,, pr,) € WF x QF satisfies (5.10).
Then the following estimation holds

[(w = wp)(®)llo < [I(u =) (0)]|o + C A** (\uo!kﬂ + [ufes1 + |ple
+ 1] L2 0,7, 14 +1 () + ||utHL2(0,T,Hk+1(Q))>-

Proof. In order to estimate |ju—uy||o, we split the term with the help of Stokes projection
I u.

u—u, =u-—ILu+Iju—u,.

Estimation of ||{u—IIju||o is known. Now, we proceed to estimate { = u;, —IIj u. Putting

¢ in the semi-discrete approximation (5.10), we get

mi(Cy, Vi) + an(C, vi) — b(vi, pr) = (fr, vi) — mp(Iljuy, vi) — an(Ilju, vy). (5.20)
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We choose v;, = ¢ in estimation (5.20) which reduces to

mp(Cy, €) +an(C,¢) — 0(¢, pn) = (fr, €p) — mu(Ilyuy, €p) — an(Ilu, ¢p). (5.21)

Since b(¢,qn) = 0 for all ¢, € @, and the discrete bilinear form my(-,-) and ap(-,-)
satisfies stability property (5.9), estimation (5.21)reduces to

GICE+1¢E < € (6.0~ (0.0) + G (= m(ue O + (w.0)).

7 -
-~ -~

T1 T2

(5.22)

Exploiting approximation property of L* projection operator II}) ;- and Cauchy-Schwartz

inequality, we have

T1| = |(fn, €) — (£, ¢)]
< Z |(f, — £,¢) k|

<O IR A f — i 1€ (5.23)
K
< O B ke € llox
K
< C R E kg €]

Non-stationary part can be estimated with the help of polynomial consistency property of

bilinear form my, (-, -)

To| = | — mp(ITug, €) + (ug, Q)|
< Z Imy (g — 109wy, €)] + (117w — g, €) k|
K

<C Z (\mhK(Hiut —u; +uy — 1) geuy, Q)] + (11 uy — uy, C)K\)
K

<C Z (\mf(ﬂiut —u, Q)| + |my (uy — H%KuhC)‘ + ‘(Hg,Kut — C>K|>
K

< OO IR ews — wllo 1¢llo.x
K

< C P wlegr 1€ ]lox
(5.24)

Inserting (5.23) and (5.24) into (5.22), we have

d
I¢llo 2 lCllo+ 161 < € B+ (JElis + [wlis ) ¢ .
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Since the term |{|? is positive, we can estimate as

d
—I¢llo < C A sr + Wl ) (5.25)
dt

Taking integration from O to ¢, we have

IC®llo < 16Ol + C B+ (IEl 2 m oy + [wlzormn). (526
Moreover, we have
1O < [[u(0) = wn(0)llo + C h*** [u(0)| i+ (- (5.27)
Inserting (5.27) into (5.26) and with the help of Lemma 40, we obtain final estimation
1w = w) (@) < [I(u—un) ()] + C K™ <|u(0)|m+1<9) + [ules + [ple
+ £l 20,7, 1041 () + |ut|L2(0,T7Hk+1(Q)>-

Next, we move to estimate convergence analysis in H-norm.

Theorem 42. Let (u,p) € V x Q satisfies (5.1) and (wy,pr) € WF x Q satisfies
(5.10). Moreover;, we assume that f € L*(0,T; (H*"1(Q))?), u € L*(0,T; (H*1(Q))?)
and u € L?*(0,T; (H*(Q))?). Then there exists a generic constant C such that the

following estimation holds

() = wn Ol < [a(0) = w () + Oy A ([u(O) s + [ubiss + [pl)

+ Cq A <’f’L2(0,T;H’€+1(Q)) + \ut|L2(o,T;Hk+1(Q))>-

We review the following equation

mh(Cth) + ah(C7Vh> - b(Vhaph) = (fh,Vh) - mh(Hiuth) - ah(H}i‘L Vh)- (5.28)

Discrete Stokes projection operator II; define in (5.12) commute with time-derivative.
Hence, we have the result

¢

;= E(uh —Iju) = uy — I .

Choosing v;, = ¢, in (5.28) and since b({,, g,) = 0 for all ¢, € Q)},, we have

mh(Ctv Ct) + ah(C7 Ct) = (ffu Ct) - mh(quta Ct) - ah(quu Ct)

128



Exploiting stability property of discrete bilinear form my,(-, -) and ay (-, -) revealed in
(5.9) and making use that time derivative which commutes with discrete bilinear form

ap(+, ), we have

1d

HQH% + 5 amf < C (fh - f? Ct) - mh(HfLut7 Ct) + (utv Ct) (529)

An analogous estimation as (5.23) yields the following result
18 — £, GOl < OB (£l 1S lo- (5.30)

Exploiting polynomial consistency property, continuity of discrete bilinear form (-, )
and standard approximation property of projection operator II; and Cauchy-Schwartz

inequality, we have

| = ma(Tug, ¢) + (e, ¢ < C A ey 1€ lo. (5.31)

Inserting (5.30) and (5.31) into (5.29), we obtain

1 d

Cl3+5 16k < € n 2 (1€ + il ).

Since ||¢,||3 is positive quantity, we have

d
Il < O (e + il (5.32)

N —

Integrating the above equation (5.32) form O to ¢, we have
COL < IO+ € R (Eporamn@y + Wlpormae). 633
Employing approximation property of II; operator, we have
[€0)1 < [un(0) = u(0)]s + C A" [u(0) g1 (5.34)
Inserting (5.34) into (5.33) and exploiting Lemma 40, we have

u(t) — () < [0(0) — wn(0)] + o A (ju(0) s + [ult) e + [ple)
+ Cy WM (|f|L2(0,T;Hk+1(Q)) + ’ut‘m(o,T;HkH(Q)))-
Now, we proceed to estimate || (u; — up)(t)]|o- [
Theorem 43. Let (u,p) € V x Q satisfies (5.1) and (uy,,pn) € WF x QF be the
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corresponding discrete solution satisfying (5.10). Moreover, we assume that f,(t) €
(H*1(Q))% uy(t) € (H*Y(Q))? and w(t) € (H*H(Q))? forall t € [0,T]. Then

there exists a generic constant C' such that the following estimation holds
= ) @) < Jua(0) = wne(O) + € A (uy(O)lisr + e (t) s + el )
+ C hk+1 (’ft’L2(07t;Hk+l(Q)) + ‘utt’LQ(O,t;Hk-H(Q))) .

Proof. We first consider the equation

mi(Cy, Vi) + an(C, vi) — b(vi, pr) = (fr, vi) — mp(Iluy, vi) — ap (Il u, vy). (5.35)

Differentiating equation (5.35) with respect to ¢ and since v, € W is independent of

temporal variable ¢ and Stokes projection II; commutes with time variable ¢, we obtain

M (Cors Vi) +an (S, V) =b(Vay Pit) = (fue, vi) —mn (I g, vi) —an (I ug, via). (5.36)
Replacing v, by ¢, in Estimation 5.36 and since b(¢,, pr:) = 0, we acquire

M (Cops Gr) + an(Cyy €;) = (Fres €;) — mu(Iuy, ;) — an(Ifue, ¢,).

(5.37)
= (fur, ¢;) — mu(Iue, ¢;) — (£, ¢;) + (s, Gp)-

Employing approximation property of Stokes projection II; and Cauchy-Schwarz in-

equality, we have
(£t ) = (£, €)1 < C R [l [1€4lo- (5.38)

In view of polynomial consistency property of my,(-, -), standard approximation property

of Stokes projection IT; and L? projection H% x» Cauchy-Schwarz inequality, we have

|mh(H7LUtt7Ct) - (utt7Ct>| <C i |utt|k+1 ||Ct|| (5.39)

Inserting (5.38) and (5.39) into (5.37), we get

d
G 4 1 < R (1Bl + Tl ) 1G]

Furthermore, we utilize stability property of bilinear forms my,(+,-) and ay(-, ) in order
to derive the above estimation. Since |{,|? is positive quantity, hence we can neglect this

term and we obtain

d
1<l T ¢, < C pM (’ft\kﬂ + |utt|k+1>HCt||-
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Without loss of generality, we assume that ||{,|| # 0. Therefore, the above equation

reduces to J
el < € (16l + fanlen ).

A straightforward integration of the above equation from 0 to ¢ implies

1€ @) < 1€, )| + € A (’ft’LQ(O,t;H’CH(Q)) + |utt|L2(o,t;Hk+1(Q))>- (5.40)

Furthermore, an application of approximation property of Stokes projection 1I; mentioned

in Lemma 40 reduces the estimation as
[ (t) = Twg|| < C [lupg(0) = wy(0)]| + C A5 [ (0) g1 (5.41)
Utilizing (5.41), Lemma 40 and the Estimation (5.40), we obtain the final result

I = ) O < e0) = we O]+ C R (Jur(0) s + et s + el

+ C ! (|ft|L2(0,t;Hk+1(Q)) + |utt|L2(0¢%HH1(Q))>'

5.5.2 Error estimate for the pressure variable

Exploiting the operator IT} and discrete inf-sup condition, we exhibit that discrete solution

pp, converges optimally in L? norm.

Theorem 44. Let (u,p) € V x Q satisfies (5.1) and (uy, pr) € WF x QF satisfies (5.10).
Moreover, we deduce that all assumptions of Theorem 41, Theorem 42, Theorem 43 hold.
Then there exists a positive constant C' depending on regularity of u, u;, Uy, p, p, f and

f; such that the following estimation holds
lp = pall < C B

Proof. Let g, € QF be an arbitrary element. Then (p,(t) — q») € QF. An application of
discrete inf-sup condition (Lemma 37) implies that

b(vi, pu(t) — an)

B |[pn(t) — qnllo < sup

VhEWE [vall
e (5.42)
— sup b(v, pn(t) = p(t)) +b(vn, p(t) — gn)
e, il
v #0
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Since (u,p) € V x Q satisfies non-stationary Stokes equation (5.1), we have
a(u,v) +b(v,p) = (f,v) — (us, v). (5.43)
Again, since (uy, pp) € WF x QF satisfies the discrete equation (5.10), we obtain
an(p, Vi) + 0(Va, prn) = (£, Vi) — mn (e, vi). (5.44)
Replacing v by v}, in (5.43) and then subtracting (5.44) form (5.43), we have

b(Vi,p — pn) = \(f — 1, VhZ‘i‘Inh(uhta Vi) — (u, Vh)j‘i‘gh(uha vy) — a(u, Vh)J- (5.45)

-~
H, Ho Hs

In order to reduce the cumbersome notation, we split the load term into three parts H,
H, and Hj. Exploiting approximation property of H% 5 operator and Cauchy-Schwartz

inequality, we estimate that
Hi| =) (f =R f. Vi) k]
K
< D =T e fllo Vallox (5.46)
K
< C WY |fli [[vall
In order to estimate second term H5, we proceed as follows
|Ha| < Z ‘mhK(llht,Vh) - (utavh)K‘
K
<D [ (e va) = g (I8 s, vi) + i (1 e, v) = (s Vi
K
< Z <‘m}i(<uht - H%Kut,Vh)‘ + ’(H%Kut - utavh)KD
I (5.47)
< Z (‘mhK(uht —w+u— Hi,Kut,vh)‘ + ‘(Hi,Kut - utth)KD
K
< &3 (e = welloe [Vallo + T s = willoc vl x)

K
< Clupe = well [Ivall + € A [y [[vall-
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H; can be bounded as

|H3| = |an(up, vi) — a(u, vy)|

<3 (laf (= Vi)l + laf (z, vi) = % (w,v,))
K

< Z <]ahK(uh—u+u—uﬂ,vh)\ + \aK(u—uW,vh)D (5.48)
K

< Z (|11h —ulix Vil + |ur —u|ix |Vh|1,K>

=

< <|11h —ul; + A" |11|k+1> [Vi1-

The estimation of |u;, — u|; can be evaluated from Theorem 42. Inserting results (5.46),
(5.47), and (5.48) into (5.45), we deduce that

b(Vh,P—ph)
[vall1

+ [ (0) k41 + [frgr + [Pl + [Pl + €] 200,6m5+1 @)

< € (Ju(0) = w(0)]1 + [[we(0) = w(O) ) + € 4* (Ju(0) ey

+ \ut|L2(o,t;Hk+1(Q)) + ’ft’LQ(O,t;Hk'*'l(Q)) + \Utt|L2(o,t;Hk+1(Q))>-
Considering u,(0) := [,u(0) and ux.(0) := I,u:(0), we get

b(Vmp - ph)

< C hF, (5.49)
vl

where (' is positive generic constant. Inserting (5.49) into (5.42), we obtain
Bllpn(t) — anl < CB* + |p — qnl)-
Again, we have

lp—pull < Cllp—anll + [|pn — all

< (1 +lp—al). o

N

where ¢, 1s an arbitrary element of Qﬁ. As a consequence, the estimation (5.50) can be

recast as

lp—pull < CH*+ inf |[p—q.
e
Choosing ¢, = Hflp, and exploiting Lemma 40, we have

lp = pull < C K"
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5.6 Discussion

In this work, we have initiated the investigation of virtual element method for time depen-
dent Stokes equations. The VEM space under our discussion is discrete inf-sup stable,
H' conforming space but not divergence free. The main advantage of this space is that
computation of orthogonal projection operators H%  and HZ  on WFE(K) is straight-
forward like scalar valued operators. Moreover, the construction of the space is natural
extension of framework used for Laplace equation. Hence, implementation of discrete
bilinear form is effortless and can be easily extended for nonconforming virtual element
method. Furthermore, we have modified the virtual element space as demanded by theory,
where orthogonal L? projection operator Hg} x 18 fully computable. The approximation of
pressure space is same as finite element method where piecewise discontinuous polyno-
mials are employed. We focus on to construct discrete Stokes projection like FEM and the
standard theory for FEM can be incorporated in VEM framework and provide an unified
VEM framework for arbitrary order k& > 2. Since our VEM space (Wi, Qy,) is discrete
inf-sup stable, we can construct Fortin operator that reformulates the analysis in simple
form. However, the primary issue related with the space is that this pair is inf-sup sta-
ble which motivates us to study Navier-Stokes equation on this space. Moreover, we have
justified the computation of projection operators H% 5 and H,Z x on W¥(K) but we did not
verify theoretical results by conducting numerical experiments. We have considered com-
putation of vector valued operator H% K> HZ x and implementation of proposed scheme as

future work.
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Chapter 6

Conclusion and Future Work

In this work, we have presented virtual element methods for time dependent partial dif-
ferential equations(PDEs) on polygonal meshes. Our main contribution lies in the com-
putation of nonlinear load term. We stress that there are several contributions on FEM
dealing with nonlinear problems; however, the same idea can not be extended in the con-
text of VEM. Therefore, in this work, we have given a new idea to compute nonlinear term
with the help of degrees of freedoms (DoF). We point out that classical VEM space re-
vealed in [9] does not support to compute L? projection operator Hg, - But our theoretical
framework for convergence analysis related to time dependent PDE demands evaluation
of I}, . In view of this difficulty, we reformulate the VEM space that allows to compute
H% x without changing DoF. In addition to this with the help of L? projection opera-
tor 1'[27 x> required results concerning error estimates are established in different norms.
Numerical experiments have been conducted at the end of each chapter (except the last

Chapter) in order to justify our theoretical findings.

In Chapter-2, we have attempted to solve semilinear parabolic equation by introducing
a graceful idea consists of an application of L?- projection operator H% x- 1t 1s well-
known that the discrete function w;, consists of polynomial part and non-polynomial part.
In order to evaluate the nonlinear part, we have considered only polynomial part of wuy,.
It seems that there will be a loss of order of convergence. However, we have represented
a robust theoretical analysis in order to ensure optimal order of convergence. After time
discretization, discrete bilinear form reduces to system of nonlinear equations, which can
be solved using well-known Newton method. In Chapter-2 we have employed implicit
Euler method for temporal discretization. In light of the above discussion, we assert that
our method discretize non-linear model problem which can be computed from degrees
of freedom. Therefore, an extension of VEM formulation for nonlinear problems can be

considered as future works.

Moreover, the discrete bilinear form is defined element-wise locally on each poly-
gon K. Finally, we obtain global form by adding local bilinear forms. This aspect has
a great similarity with non-conforming finite element settings. Therefore, naturally one
question arises that whether it is possible to review the analysis in the context of noncon-
forming VEM. We have experienced that nonconforming FEM has more advantage than

conforming FEM from the engineering point of view. Moreover, higher order patch-test



satisfied by nonconforming element ensure optimal order of convergence with better ac-
curacy. Following idea from [12, 20], nonconforming VEM can be examined for linear,

quasi-linear, nonlinear parabolic equations. This can be considered as future work.

In Chapter-3, we have studied semi-linear second order hyperbolic equation. Right
hand side non-linear load term is discretized exploiting analogous technique revealed in
Chapter-2. We have employed Newmark scheme for time discretization. Practical impor-
tance and utility of Newmark schemes are revealed in the corresponding Chapter. Future
study includes further development of VEM technique for second order non-linear wave
equation. In order to describe practical utility of semilinear hyperbolic equation, we have
examined Sine-Gordon equation. Moreover, first order hyperbolic equation is not yet
studied in the context of VEM. A straight forward extension our method for semi-linear
hyperbolic conservation laws can be considered as future work. In addition to the previous
discussion, we notice that standard Galerkin method produces unstable numerical solu-
tion for first order hyperbolic equation. Consequently, in order to diminish non-physical
oscillations, we add additional stabilizer. Therefore, VEM approximation for first order

hyperbolic equation adding additional stabilizer can be considered as future work.

In Chapter-4, we have initiated our investigation for stationary convection dominated
diffusion reaction equation in the context of FEM and later we extend our discussion
for time dependent convection-diffusion-reaction equation (convection dominated) in the
context of VEM. It is well-known that standard Galerkin method produces non-physical
oscillations in convection dominated region. Indeed, there are plenty of stabilizing tech-
niques studied by researchers in order to reduce oscillations in the context of FEM.
Among them, SUPG method can be directly incorporated in VEM. The stabilizing idea
for VEM used in this chapter is mainly followed from [18].

Furthermore, one can recast the analysis considering symmetric stabilizers. More-
over, the technique employed to solve semi-linear parabolic and hyperbolic PDE revealed
in Chapter-2 and Chapter-3 respectively can be recast to solve semi-linear non-stationary
convection diffusion reaction (CDR)problem. The extension of VEM analysis for system
of time-dependent CDR equation may require deeper analysis. Especially, the formu-
lation of stabilizers that ensure stability of discrete bilinear form need careful attention.
Moreover, nonconforming VEM has several advantages. Therefore, it is worthy to extend
nonconforming VEM formulation for convection dominated diffusion reaction equation

which can be considered as future work.

Finally, in Chapter-5, we explore time dependent Stokes equation which is extensively
used by engineers, physicist, mathematician in order to model incompressible fluid flow

problems. We exploit modified virtual element space having similarity with the space
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discussed in [14] used for linear elasticity problem. Basically, velocity space contains
continuous polynomial of order k£ and pressure space contains discontinuous polynomial
of order & — 1. Our velocity-pressure space satisfies discrete inf-sup conditions for £ > 2
that ensures well-posedness of discrete solution. The key point of our method is con-
structing discrete Stokes projection operator which represents the analysis in a simple
way. Additionally, the computation of vector valued L? projection operator Hg’ x and
energy projection operator HZ i follow analogous approach like scalar valued projection
operator and hence it is straightforward to implement. Stationary Navier-Stokes equation
is approximated exploiting divergence-free space in [23]. Extension of the method for
non-stationary Navier-Stokes equation could be considered as future work. Moreover, we
have observed that lowest order P, — P, element and (); — F, element do not satisfy dis-
crete in-sup condition but these elements are cheap to implement. Hence, possible future
work could be development of VEM technique for equal order velocity-pressure element
adding additional residual based stabilizers. Furthermore, non-stationary Navier-Stokes

equation can be studied over nonconforming space developed in [29].
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