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ABSTRACT

The main objective of this thesis is to study the various geometric structures
on a statistical manifold and the geometry of parameter estimation. This study comes
under the area of Information Geometry which is the geometric study of a statistical
model of probability distributions. A statistical model equipped with a Riemannian
metric and a pair of dual affine connections is called a statistical manifold. Amari’s
a-geometry is an important geometric structure on a statistical manifold which plays a

major role in the asymptotic theory of estimation.

In Chapter 2 we introduce a generalized class of geometric structures on a
statistical manifold called the (F, G))-geometry using a general embedding function F
and a positive smooth function GG. In Section 2.2 the Fisher information metric and the
a-connections are computed for a statistical manifold defined on finite sets. In Theorem
2.3.5 we prove a necessary and sufficient condition for two (F, G)-connections to be
dual with respect to the G-metric. In Theorem 2.3.6 we show that the a-geometry is a
special case of the (F, G)-geometry. Thus we obtain a generalized dualistic structure
on a statistical manifold which includes the a-geometry as a special case. Further the
G-metric and the (F, G)-connections are computed for statistical manifold defined on

finite sets in Section 2.3.

In Chapter 3 we study the invariance properties of various geometric struc-
tures on a statistical manifold and classify them into invariant and non-invariant classes.
The covariance under reparametrization of the (F, G)-geometric structures are shown in
Theorems 3.2.3 and 3.2.4. Then in Theorem 3.2.5 we prove that the (F, G)-geometry is
not invariant under smooth one to one transformations of the random variable in general.
In Corollary 3.2.6 we prove that the a-geometry is the only (F, G)-geometry which is
invariant under smooth one to one transformations of the random variable. In Theorems
3.2.7 and 3.2.8 we show that the (o, p, T)-geometry is covariant under reparametrization
and is not invariant under smooth one to one transformations of the random variable in
general. Also the a-geometry is the only («, p, 7)-geometry which is invariant under

smooth one to one transformations of the random variable. Further the relation between
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the (F, G) and (a, p, T)-geometries are given in Theorem 3.2.11.

In Chapter 4 first we give the (+1)-conformal equivalence of the a-geometry
and the geometry induced from the conformal transformation of the a-divergence in
Propositions 4.2.3 and 4.2.4. In Corollary 4.2.6 we prove that the g-structure is the con-
formal flattening of the c-geometry. Then we discuss the importance of non-invariant
(F, G)-geometry in the study of the dually flat geometries of the deformed exponential
family. There are two dually flat geometries on a deformed exponential family, the U-
geometry and the y-geometry. In Theorem 4.3.4 we show that the U-geometry is the
(F, G)-geometry for suitable choices of F' and GG. Further we prove that the x-geometry
is the conformal flattening of the (F, G)-geometry for suitable choices of F' and G in

Theorems 4.3.16, 4.3.17 and 4.3.18.

In Chapter 5 we consider the parameter estimation problem based on a mis-
matched model. In Theorems 5.3.1 and 5.3.2 we prove a necessary and sufficient condi-
tion for the estimator based on a mismatched model to be consistent and first order effi-
cient. Further a theoretical formulation of the maximum likelihood estimation problem
based on a mismatched model in an exponential family is given. We prove a necessary
and sufficient condition for an MLE based on a mismatched model to be consistent and

efficient in Theorems 5.3.8 and 5.3.9.

In Chapter 6 we define certain generalized notions like F'-product, F'- indepen-
dence of random variables and maximum F'-likelihood estimator (/'-MLE) in Section
6.1. In Theorem 6.1.6 we show that the /'-MLE is a MAP estimator with a prior. Then
using the F'-escort probability distribution we define two generalized notions of MLE,
the x-based F'-escort MLE and the F'-escort MLE based on the product of F-escort
distribution of the marginal probability density of single observations in Section 6.2.
In Theorem 6.2.3 we give a characterization of the g-escort MLE among the x based
F-escort MLE as a Bayesian MAP estimator with a prior. Further an analytic proof
of the F'-version of the maximum entropy theorem is given in Theorem 6.2.5. In The-
orem 6.3.2 a proof of the generalized Cramer-Rao bound defined by Naudts is given.
Further we show that the U-estimator for the dual coordinate in the U-geometry of the
deformed exponential family is optimal with respect to this bound in Theorem 6.3.3.
This chapter ends with an open problem regarding the properties of the F'-MLE in a

deformed exponential family.
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CHAPTER 1

Introduction

Information geometry emerged from the geometric study of a statistical model of proba-
bility distributions. The information geometric tools are widely applied to various fields
such as statistics, information theory, stochastic processes, neural networks, statistical
physics, neuroscience etc. The importance of the differential geometric approach to the
field of statistics was first noticed by Rao [1]. On a statistical model of probability dis-
tributions he introduced a Riemannian metric defined by the Fisher information known

as the Fisher information metric, see also [2], [3].

One of the major developments in the history of information geometry was the sem-
inal work by Chentsov [4] in which he introduced a family of affine connections on a
statistical model defined on finite sets. Efron [5], [6] introduced the notion of statistical
curvature of a statistical manifold and mentioned the role of statistical curvature in the
asymptotic theory of statistical estimation. His theory used a new affine connection (ex-
ponential connection) implicitly. Dawid [7] as a continuation of Efron’s work defined

another affine connection (mixture connection), see also [8], [9].

Motivated by the works of Efron and Dawid, Amari [10], [11] introduced a one pa-
rameter family of affine connections called the a-connections indexed by a real param-
eter o. These connections are equivalent to the connections introduced by Chentsov [4]
on finite sets. This family has a property that the a-connection and the (—«)-connection
are dual connections with respect to the Fisher information metric. A statistical model
of probability distributions endowed with a Riemannian metric and a pair of dual affine
connections is called a statistical manifold. A theoretical formulation of information ge-
ometry was initially given by Amari [12] and further enriched by Murray and Rice [13],
Amari and Nagaoka [14].

The a-geometry consisting of the Fisher information metric and the (+«)- con-
nections is a significant tool in the higher order asymptotic theory of inference [12].

Amari [12] defined the a-geometry using a particular family of functions called the



a-embedding. Burbea [15] introduced the concept of weighted Fisher information met-
ric using a positive continuous function. Motivated by these works, we considered a
general embedding function F' and a positive smooth function G to define a more gen-
eralized geometric structure on a statistical manifold called the (F', G)-geometry which

is an extension of the a-geometry [16].

In Chapter 2 first we describe the manifold structure of a statistical model and the
a-geometry. Then the Fisher information metric and the a-connections are computed
for statistical manifold defined on finite sets. We define the (F, G)-geometric structures,
the G-metric and the dual (F, G)-connections, on a statistical manifold. Then we prove
a necessary and sufficient condition for two (F, G)-connections to be dual with respect
to the G-metric. We show that the a-geometry is a special case of (F, G)-geometry,
thus obtained a generalized class of geometric structures on a statistical manifold which
extends the a-geometry. Further the G-metric and the (F, G)-connections are computed

for statistical manifold defined on finite sets.

Eguchi [17] introduced a method to define geometric structures on a statistical man-
ifold using a divergence function. The f-divergence and the Bregman divergence are
two important classes of divergence functions [18-20]. A more general family of di-
vergences called the (a, p, 7)-divergence was introduced by Zhang [21] using a real
parameter « and two representations p and 7 of densities which are conjugate with re-
spect to a strictly convex function. Another class of divergence called the U-divergence

was introduced by Murata et al. [22] using a generator function U.

On a statistical manifold one can consider two kinds of invariance of the geomet-
ric structures, covariance under reparametrization of the parameter of the manifold
and the invariance under the smooth one to one transformations of the random vari-
able [12], [14]. Chentsov [4] proved that the Fisher information metric and the a-
connections are unique in the family of probability distributions defined on finite sets
with respect to the categorical invariance, see also [23], [24]. Amari [12] conjectured
that the Fisher information metric and the a-connections are the only metric and affine
connections which are invariant under any coordinate transformations of the sample
space and of the parameter. These works motivated us to study the invariance prop-
erties of the (F,G)-geometry in which the a-geometry is a special case. We gave a

partial answer to Amari’s conjecture by proving that the a-geometry is the only geom-



etry among (F, G)-geometries which is both covariant under reparametrization of the
parameter and invariant under the smooth one to one transformations of the random

variable [16]. Ay et al. [25] studied this problem in the infinite dimensional case also.

Chapter 3 provides an overview of various divergence functions on a statistical man-
ifold and the geometric structures induced by them. We study the invariance properties
of the geometric structures on a statistical manifold and classify them into two cate-
gories, invariant and non-invariant. We prove that the (F, G)-geometry and the («a, p, 7)-
geometry are non-invariant geometries on a statistical manifold. First we show that
these geometries are covariant under reparametrization of the parameter of the man-
ifold. Then prove that both the (F,G)-geometry and the («, p, 7)-geometry are not
invariant under smooth one to one transformations of the random variable in general.
Also we show that the a-geometry is the only invariant geometry in the category of both
(F,G) and («, p, T)-geometries. Further the relation between these two geometries are
discussed in detail. We show that the («, p, 7)-geometry can always be expressed as
(F, G)-geometry and the converse is true only under certain conditions. Some exam-

ples are given to illustrate this point.

An exponential family is an important statistical model which is attracted by many
of the researchers from Physics, Mathematics and Statistics. Many of the phenomena
in the statistical mechanics are modeled by an exponential class of distributions. It is
relevant in the context of the Boltzmann-Gibbs entropy maximization problem. It is
also equally important from the information geometric point of view. A finite dimen-
sional exponential family has a dually flat structure with respect to (£1)-connection de-
fined by Amari [12]. Tsallis [26] introduced the notion of non-extensive entropy called
the g-entropy or Tsallis entropy which is a generalization of the Botlzmann-Gibbs en-
tropy. This led to the non-extensive statistical mechanics which uses power functions
instead of the exponential functions. This motivated many researchers to consider a
generalized exponential family called the g-exponential family which is relevant in the
g-entropy maximization problem. An information geometric foundation is given to the
g-exponential family by Amari and Ohara [27]. A g-exponential family has a dually flat

structure called the g-structure which is the conformal flattening of the a-geometry [27].

Naudts [28] introduced a more generalized notion of exponential family called the

deformed exponential family and defined a dually flat structure on it, the U-geometry.



Many authors studied the geometry of the deformed exponential family, [29-36]. Amari
et al. [37] also considered this family and defined a dually flat structure called the -
geometry, which is different from the U-geometry. In the case of exponential family the
invariant a-geometry gives a dually flat structure. For the deformed exponential family
one has to look at the geometric structures other than the invariant c-geometry. In our
work we present the role of the non-invariant (F, G)-geometry in the study of dually

flat structures of the deformed exponential family [38].

In Chapter 4 first we describe the general structure of a dually flat space. Then
the dually flat geometries of the exponential family and the g-exponential family are
described in detail. The geometry induced by the conformal transformation of the a-
divergence is considered and prove that it is (£1)-conformally equivalent to the «-
geometry. As a corollary to this we obtain that the g-geometry on a g-exponential
family is the conformal flattening of the a-geometry. Then we investigate the dually
flat structures of a deformed exponential family in detail and provide a clear picture
of the state of the art. A description of the two dually flat structures, the U-geometry
by Naudts [28] and the y-geometry by Amari et al. [37], are given. We show that the
U-geometry is the (F, G)-geometry and the y-geometry is the conformal flattening of
the (F, G)-geometry for suitable choices of F' and G [38]. Thus our study validates
the role of non-invariant (F, G)-geometry in the dually flat structures of the deformed

exponential family.

Amari [12] demonstrated the significance of a-connection, a-curvature and the du-
ality of connections in the higher order asymptotic theory of inference. He gave a dif-
ferential geometric framework for the estimation theory. Many researchers have studied
the importance of geometric approach in the theory of inference [14], [39—46]. In mis-
matched neural decoding problem one uses a mismatched model or an unfaithful model
instead of the original model [47,48]. This may be the case when the true model is
not observable or may be a simpler model is preferred over the original model for the
computational convenience. In Ozumi et al. [48] an information geometric approach to
the maximum likelihood estimation based on a mismatched model is described. Moti-
vated by this we construct an information geometric framework for a general estimation

problem based on a mismatched model in an exponential family.

In Chapter 5 we discuss the geometric theory of parameter estimation problem in



an exponential family and in a curved exponential family. We detail Amari’s differ-
ential geometric formulation of the asymptotic properties of an estimator in a curved
exponential family [12]. Then we describe parameter estimation problem based on a
mismatched model in an exponential family. We prove a necessary and sufficient con-
dition for an estimator based on a mismatched model to be consistent and first order
efficient. Ozumi et al. [48] stated certain conditions for the maximum likelihood esti-
mator (MLE) based on a mismatched model to be consistent and efficient. We give a
theoretical formulation of these results in a curved exponential family and a detailed

proof of the same.

The statistical estimation in an exponential family is well studied and the role of the
invariant a-geometry in this context is also well established. Naturally, one may think
of the estimation problem in a deformed exponential family. What is the role of the
non-invariant (F, G)-geometry in the theory of estimation in a deformed exponential
family? Recall the theorem by Amari and Nagaoka [14] which states that an estimator
on a statistical model S = {p(z;0)} is finite sample efficient iff S is an exponential
family and 6 is a m-affine coordinate system. Therefore it is natural to expect that
the deformed exponential family may not have a finite sample efficient estimator in
general. So for the estimation in a deformed exponential family one has to consider
certain generalized notions of independence of random variables, MLE, Cramer-Rao

lower bound etc.

In the context of the nonextensive thermostatistics Umarov et al. [49] defined the
g-independence and the g-central limit theorem using a generalized product called the
g-product, see also [50], [51]. Ferrari and Yang [52] defined a maximum L,-estimator
(ML,E) based on the g-entropy and studied its asymptotic behavior in the case of an
exponential family. Matsuzoe and Ohara [53] also considered a generalized g-likelihood
estimator and studied its geometry in a g-exponential family. Fujimoto and Murata [54]
defined a more generalized notion of independence called the U-independence using a

smooth strictly convex function U.

Eguchi et al. [36] defined the U-estimator which is a generalization of the MLE and
showed that it is consistent and asymptotically normal. They studied the U-estimator in
a deformed exponential family also. In general, the U-estimator is not asymptotically

efficient. Naudts [28] defined a generalized Cramer-Rao bound using an escort proba-



bility distribution and gave sufficient condition for the optimality. He showed that this
bound is optimal in a deformed exponential family. That is, a deformed exponential
family naturally has an estimator which attains equality in the generalized Cramer-Rao
lower bound. It is well known that the MLE for an exponential family is closely re-
lated to the dually flat structure. Motivated by this, we explore the relation between an
estimator and the two dually flat structures, the U-geometry and the y-geometry, of a

deformed exponential family.

In Chapter 6 first we define F'-product, F-independence using a function F' and its
inverse function Z. Then a generalized MLE called the maximum F'-likelihood esti-
mator (/-MLE) is defined and discussed its property as a MAP estimator with a prior.
Further using the F'-escort probability distribution we define two generalized notions
of MLE, the xy based F'-escort MLE and the F'-escort MLE based on the product of
F-escort distribution of the marginal probability density of single observations. Also
we give a characterization of the g-escort MLE among the x, based F'-escort MLE
as a Bayesian MAP estimator with a prior. Then an analytic proof of the F'-version
of the maximum entropy theorem is given. Next we give a proof of the generalized
Cramer-Rao bound defined by Naudts. Then we show that the U-estimator for the dual
coordinate in the U-geometry of a deformed exponential family is optimal with respect
to this bound. Further we consider the /'-MLE in a deformed exponential family which
is given in terms of the dual coordinate in the y-geometry. To analyze the properties of
the F'-MLE one need to have certain generalized notions of consistency and efficiency,

which is an open problem.

Preliminaries

Here we give the necessary differential geometric tools for the geometric study of statis-

tics [13], [14].

Definition 1.0.1. An n-dimensional topological manifold M is a second countable
Hausdorff topological space which is locally Euclidean. So for every point p € M,
there exist an open set U C M containing p and a homeomorphism ¢ : U — U’,
where U’ is an open subset of R™.

(U, ¢) is called a coordinate chart on M around p and ¢ = (x%), i = 1,--- ,n are



called local coordinates on U. When U = M, (U, ¢) is called a global chart and we

obtain a global coordinate system on M.

If we have two charts (U, ) and (V, ) on M such that U NV # &, the composite
map o' 1 p(UNV) — (U NV)is called the transition map. The two charts
(U, ) and (V, 1)) are said to be smoothly compatible if either U NV = & or the

transition map 1 o ™! is a diffeomorphism.

An atlas A for M is the collection of charts whose domain cover M and A is said
to be a smooth atlas if any two charts in .4 are smoothly compatible with each other.
A is a maximal atlas if any chart that is smoothly compatible with every charts in A is
in A. A smooth structure on any topological manifold is a maximal smooth atlas on
M. A smooth manifold is a pair (), .A), where M is a topological manifold and A is

a smooth structure on M.

Definition 1.0.2. Let M be a smooth manifold. A function f : M — R is said to be
smooth if f o o~ is smooth for some smooth chart (U, ) around each point. The set of

all smooth functions from M to R is denoted by C*° (M) which is a vector space over

R.

Definition 1.0.3. A linear map X : C*°(M) — Ris called a derivation of C>(M) at
p if it satisfies the following

X(fg)=fp)Xg+gpXf, V fgeC*(M) (1.1

Let M be a smooth manifold and let p € M. The tangent space to M at p, denoted by
T,M, is defined as the set of all derivations of C*°(M) at p.

Let (U, ¢ = () be a smooth chart on M around p. Then T, M is a vector space of

dimension n with basis {% ps 0 =1,--- n}. Eachelementin 7,) is called a tangent
vector at p. Let T7M denote the dual space of 7, M which is also an n-dimensional
vector space and {dz'[,, i = 1,---,n} forms a basis. Elements of 7*M are called

cotangent vectors at p.

A tangent bundle 7'M on M is the disjoint union of tangent spaces at all points of M.

T™ = | ) T,M (1.2)

peEM
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A cotangent bundle 7 )/ on M is the disjoint union of cotangent spaces at all points
of M
M=) ;M (1.3)

peM
A vector field X on a smooth manifold M is a map X : M — T'M which associates
to each point p € M a tangent vector X, € T, M. X is said to be a smooth vector field
if it is smooth as a map from M to T'M. Let I'(T'M ') denote the set of all smooth vector
fields on M.

Definition 1.0.4. Let M be an n-dimensional smooth manifold. A Riemannian metric
g =<,> on M is a smooth symmetric 2-tensor field which is positive definite at each
point. So foreveryp € M, g, =<,>,: T,M xT,M — Ris bilinear, symmetric and
positive definite.

A Riemannian manifold is a manifold equipped with a Riemannian metric.

Definition 1.0.5. Let M be an n-dimensional smooth manifold. A linear or an affine
connection on M is defined as a map NV : T'(TM) x I'(TM) — T(T'M) which

satisfies the following
1. Vx(Y+2Z)=VxY +VxZ
2. Vixivy4 =VxZ +VyZ
3. Vx(fY) = fVxY + (XY
4. VixY = fVxY

forall f € C*(M)and X,Y,Z € I'(TM).

Let (U, ¢ = (")) be a smooth chart in M. Then {9; = 2, i = 1,--- ,n} are smooth
vector fields on U called coordinate vector fields on U. The affine connection V can

be locally determined by n?® functions Ffj given by
Vo dj = Y Tl (1.4)
k

where Ffj are called the Christoffel symbols of the affine connection V with respect to

the coordinates (2%), i = 1,--- ,n.



If V is an affine connection on a Riemannian manifold M with a Riemannian metric
g=<,>
< V0,05, 0m >=> T8 <00 >= > Thigm (1.5)
k k

where g, =< Ok, O >.

It is often convenient to express the Christoffel symbols of the affine connection V by
Tijm = 3 Tligkm =< Vo,0;, 0 > (1.6)
k
The n? functions I';jm are called the components of the affine connection with respect

to the coordinate (z").

Definition 1.0.6. Let M be a Riemannian manifold with a Riemannian metric g. A

connection V is said to be a metric connection if it satisfies
d(g(X,Y)) = g(VX,Y) + g(X,VY) (1.7)

where d is the differential operator.

Definition 1.0.7. A connection is said to be symmetric or torsion free if the torsion

tensor T(X,Y) = VxY — Vy X — [X,Y] vanishes. That is, T'}; = T'%.

An affine connection which is both symmetric and metric is called the Riemannian
connection or Levi-Civita connection with respect to g. Given a metric g, there exist

a unique Levi-Civita connection V with respect to g given by
1
Lijr = B (0igjk + Ojgri + Okgij) (1.3)

Definition 1.0.8. Let M be a smooth manifold and let V be an affine connection on M.
If there exists a coordinate system 0 = (0") such that V,0; = 0 then we say that the
connection V is a flat connection or M is flat with respect to V. Then the coordinate

system 0 is called an affine coordinate system for M or we say that 0 is V-affine.

Definition 1.0.9. Let (M, g) be a Riemannian manifold with a Riemannian metric g

and a coordinate system (z*,--- ,x"). Let vy : [a,b] — S be a curve in M. Define



vi(t) = x'((t)). Then the tangent vector (velocity vector) to - is

A(t) = Zy’(t) 9;, where 4(t) i(t) (1.9)

A curve v in M is said to be a geodesic for an affine connection V if its velocity is

constant according to V. That is,

V. = 0. (1.10)
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CHAPTER 2

Geometric Structures on a Statistical Manifold

In this chapter a generalized geometric structure called the (F, G)-geometry is intro-
duced on a statistical manifold which includes Amari’s c-geometry as a special case
[16]. A statistical manifold of probability distributions is equipped with a Riemannian
metric and a pair of dual affine connections [1], [4], [12—14]. It was Rao [1] who first
explicitly introduced a Riemannian metric on a statistical manifold called the Fisher in-
formation metric. Chentsov [4] introduced a family of affine connections in a statistical
manifold defined on finite sets. Amari [12] introduced a family of affine connections
called a-connections using a one parameter family of functions, the a-embeddings, see
also [5-7], [14]. These a-connections are equivalent to those defined by Chentsov [4].
Burbea [15] introduced the concept of weighted Fisher information metric using a pos-
itive continuous function. Motivated by these works, to define more general geometric
structures on a statistical manifold, we considered a general embedding function F' and
a positive smooth function G and defined a geometry called the (F, G)-geometry [16].

The a-geometry turned out to be a special case of (F, G)-geometry.

In Section 2.1 we describe the affine structure of the family of measures and the
manifold structure of a statistical model of probability distributions. In Section 2.2 a
short account of Amari’s a-geometric structure is presented and the Fisher informa-
tion metric and the a-connections are computed for the statistical manifold defined on
finite sets. Then in Section 2.3 we give a detailed description of the dualistic (F, G)-
geometry on a statistical manifold and prove the necessary and sufficient conditions
for two (F, G)-connections to be dual with respect to the G-metric. Also prove that
the a-geometry is a special case of the (F, G)-geometry. Further the G-metric and the

(F, G)-connections are computed for statistical manifold defined on finite sets.
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2.1 Statistical Manifold

In this section we first discuss about the affine structure of the family of measures de-
fined on a measurable space under certain regularity conditions (refer [13] for more
details). Then we consider the family of probability measures and describe the mani-

fold structure of a statistical model of probability distributions.

2.1.1 Affine structure of the family of measures

Definition 2.1.1. Let V' be an n-dimensional real vector space. An n-dimensional
affine space over the vector space V' is a non-empty set £ together with a translation

map +:V x & — &, (v, p) — v + p which satisfies

IL.v+(w+p =@w+w)+p, VoweV, Vpek.

2. For any two points p,q € £, 3 a unique vector v € V such that ¢ = p + v.

An affine space can be thought of as a set which becomes a vector space by selecting a

point to be the origin.

Let (X, B) be a measurable space, where X is a non-empty set and B is the o-field
of subsets of X'. Consider the family A of non-negative o-finite measures on (X', 3).
Define an equivalence relation ~ on A by two measures in .4 are equivalent if they are
absolutely continuous with respect to each other. Let M denote one of the equivalence

classes of A.

Let Ry be the set of all real valued measurable functions defined on (X, B3). In
general, Ry is an infinite dimensional vector space. Then M is an affine space over the

vector space Ry under the translation map defined by
v+ f=ev, VfeRy veM. (2.1)

1. Forany y € M and f € Ry, v = e/p is a non-negative o-finite measure.
Whenever u(E) = 0 for E € B, v(E) = [efdy = 0 and hence e/yi € M.
E

Hence the translation map is well defined.

12



2. For any two measures v, € M, 3 a unique function f = j—: € Ry (fis
the Radon-Nikodym derivative ) which translates /. to v. We often call e/ as the

density function with respect to the measure L.

3.V f,g € Ry, Vpe M, (u+f)+g=c¢ep+tg=eelp=ctiy =
i+ (f + g) (Note that the same symbol + is used for vector addition and affine

space translation map).

Remark 2.1.2. Since M is an affine space over Ry, by choosing an origin u, M can
be identified with the vector space Ryx. It is equivalent to saying that any measure in

M can be expressed as densities with respect to a base measure.

2.1.2 Statistical manifold

Let (2 be the sample space associated with some random experiment and F be the o-
field of subsets of (2. Then a probability measure P on (2, F) is a measure satisfying

P(2) = 1 and (2, F, P) is called a probability space.

Now consider a measurable space (X, 5), where B is the o-field of subsets of X.
The (X, B)-valued random variable X is defined as a (F, 3)-measurable function from
() — X. The probability measure P on ({2, F) induces a probability measure X, P on
(X, B) defined by

X.P(B)=P(X'(B)), VBeEB. (2.2)

Assume that X, P is absolutely continuous with respect to a o-finite measure j; on

(X, B). Then the density of X with respect to y is the Radon-Nikodym derivative p

given by
dX.P
P=— (2.3)
I
Thatis p : X — [0, 00) is a measurable function such that
X.P(B) = / AP — / pdp. (2.4)
X-1(B) B

In most of the applications X = R" and B = B(R") is the o-algebra of Borel subsets
of R™. We know that measures can be expressed as densities with respect to some base
measure. In this case the base measure can be taken as the Lebesgue measure on R".

So any probability measure on X can be represented in terms of density function with
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respect to Lebesgue measure.

A probability distribution on X is a function p : X — IR satisfying
p(r) >0, VxeX and (2.5)
Y pex P(x) = 1if X is a discrete set (finite or countably infinite) and [ p(z)dz = 1
X
(Note that if n > 2, then f denotes a multiple integral) if X = R".
Definition 2.1.3. Consider a family S of probability distributions on X. Suppose each
element of S can be parametrized using n real-valued variables (6, -- | 0") so that

S={pp=plx;0) /0= (0",--,0") € E} (2.6)

where E is a subset of R" and the mapping 0 — py is injective. Such a family S is
called an n-dimensional statistical model or a parametric model or simply a model on

6. We often write it as S = {pp}-

Now we state certain regularity conditions regarding the statistical model S = {py}
which are required for our geometric theory [12], [14].
Regularity conditions

1. [E is an open subset of R™ and for each x € X, the function 6 — p(z;0) is of

class c¢*°.

2. Let {(x;0) = logp(z;0) and 0; = For every fixed 6, n functions in x

0
67"
{0:(x;0), i =1,--- ,n} are linearly independent and are known as scores.

3. The order of integration and differentiation may be freely rearranged.
4. The moments of scores exists upto necessary orders.

5. The supp(pg) does not vary with respect to 6, where supp(py) := {z / p(x;0) >
0}. Then we can redefine X' to be supp(py). This is equivalent to p(x;60) > 0
holds for all § € E and all z € X. So the model S is a subset of

PX)={p: X —R/px)>0VzeclX), /p(:r)dle} (2.7)

X
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Definition 2.1.4. For amodel S = {py / 0 € E}, the mapping ¢ : S — R" defined by
©(pe) = 0 allows us to consider ¢ = (0) as a coordinate system for S. Suppose there
is a ¢ diffeomorphism ¢ : E — (E), where )(E) is an open subset of R™. Then if
we use p = (0) instead of 0 as the parameter we obtain S = {py-1(,) | p € Y(E)}.
This expresses the same family of probability distributions S = {py}. Then S is a c™
differentiable manifold by considering parametrizations which are c* diffeomorphic
10 each other to be equivalent and is called a statistical manifold. Note that (6") is a

global coordinate system on S.

Example 2.1.5. (Normal Distribution)
X=Rn=2,0=(p,0), E={(n,0) ) —oco<pu<00,0<0<o0}

N(wo) = (plait) == e () - morem). @9

This is a 2-dimensional manifold which can be identified with the upper half plane.

Note 2.1.6. In this thesis we will be considering only finite dimensional statistical man-

ifolds.

2.2 a-Geometry

A statistical manifold naturally has a Riemannian metric called the Fisher information
metric introduced by Rao [1]. Amari [12] defined a one parameter family of affine
connections on a statistical manifold called the a-connection using a family of func-
tions called the a-embedding. This family of connections has a property that the a-
connection and the (—«)-connection are dual connections with respect to the Fisher
information metric. The a-geometry consisting of the (4« )-connections together with
the Fisher information metric is an important tool in the geometric theory of statistical
estimation [12]. Here we present a short description of the a-geometry on a statistical

manifold.

Let S = {py / 0 € E C R"} be a statistical manifold. The tangent space 7y(S) to S at
a point py is given by

Ty(S) ={D _a'd, / o' € R}. (2.9)
=1
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There is a more convenient way of representing the tangent space to a statistical man-
ifold. The set of scores {0;¢(x;0), i = 1,---,n} is linearly independent by the as-

sumption, so define an n-dimensional vector space spanned by the scores as

T,(S) = {A(x) | A(x) = Zn: A'0il(z;0), A" € R}. (2.10)

Then there is a natural isomorphism between the two vector spaces Ty(S) and T}, (S)
given by
0 € Ty(S) +— 0il(z;0) € T)(S). (2.11)

Any tangent vector A = > 1" | A’9; € T(S) corresponds to a random variable A(x) =
Sor AM9l(x;0) € T, (S) having the same coefficients A’. Note that Ty(S) is the
differentiation operator representation of the tangent space, while 7 (S) is the random
variable representation of the same tangent space. The space T} (S) is called the 1-

representation of the tangent space.

Define expectation with respect to the distribution p(x; @) as

Eo(f) = / f(@)p(a: 0)d. 2.12)

Note that Fy[0;¢(x;6)] = 0 since [ p(x;0)dz = 1. Hence for any random variable
A(z) € T)(S), Eg[A(x)] = 0.

This expectation induces an inner product on 73S in a natural way. Let A and B be two
tangent vectors in 7p(S) and A(z) and B(x) be the corresponding 1-representations.

Then the inner product g =<, > is defined as
g(A, B)(0) =< A, B >y = Ey[A(x)B(x)]. (2.13)
Denote the inner product of the basis vectors d; and 0; by g;;(€) which is given by
Gi;(0) =< 0;,0; >¢ = Ey[0;{(x;0)0;((x;0)] = /@E(x; 0)0;((x; 0)p(z; 0)dx (2.14)

Here we assume that the integral in Equation (2.14) exists for all € E.

It is clear that the matrix G/(0) = (g;;(¢)) is symmetric.
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For any n-dimensional vector ¢ = [¢!, - -+, ¢"]*
AG0)c = /{Z 0l(z;0)}*p(a; 0)dz > 0. (2.15)
i=1
Since {0;¢, i = 1,---,n} is linearly independent, from Equation (2.15) it follows

that G(0) is positive definite for all §. Hence g =<, > defined in Equation (2.14) is a
Riemannian metric on the statistical manifold S, called the Fisher information metric.

The matrix /() is called the Fisher information matrix of S at the point p, [12].

Example 2.2.1. Normal distribution

For the normal family

S = Npuo) = {plai0) = e (<R ) Jo= (o B} @a16)

with parameters 6 = (u, o), the log-likelihood function is given by

N2
U(x,0) = —% — log V270, (2.17)

Let 0, = % and 0y = %. The tangent space 7S is spanned by

2
- - 1
o= 2“), azéz—w——. (2.18)
o g g
Then the Fisher information matrix G(0) = (g;;(0)) is
1
— 0
GO)=197 o (2.19)
0 =
o

Definition 2.2.2. Let S = {p(z;0) / 0 € E} be an n-dimensional statistical manifold
with the Fisher information metric ¢ =<, >. Define n® functions F}jk by

1
Fz’jk:

(0) = Ey[(0;0;£(x;0))0cl(x;0)] (2.20)

which uniquely determine an affine connection V' on the statistical manifold S called

the 1-connection or the exponential connection given by

1
Fijk:

(0) =< V}50;,0, >0 . (2.21)
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For defining the 1-connection Amari [12] used ¢(z; 0), the logarithm of the density
function p(z;6). To obtain more general geometric structures on S Amari [12] used a

one parameter family of functions called the a-embedding instead of ¢(x; 6).

Definition 2.2.3. The a-embedding L. (p) is a one parameter family of functions de-
fined by
1—a
ap e, a#l
log p, a=1

(2.22)
called the o-representation of the density function p(x;0).

Let ¢, (x;0) = L,(p(x;0)). Note that the 1-representation ¢; (x; 0) is the log-likelihood
function ¢(z; ) and the (—1)-representation ¢_(x; #) is the density function p(z; 0) it-
self.

Let 75*(S) be an n-dimensional vector space spanned by n linearly independent func-

tions {0;ln(x;0), i =1,--- ,n}inz,

T3(S) = {Aua(2) / Aalx) =) A'0ila(x:0), A € R}. (2.23)
=1
There is a natural isomorphism between the two vector spaces 7y(S) and 7*(S) given
by

0; € Ty(S) +— 0ily(x;0) € TF(S). (2.24)

The vector space 7;'(S) is called the a-representation of the tangent space 7j(S).

The a-representation of a vector A = 1" | A'9; € Ty(S) is the random variable

Aa(z) = A'0ila(x30). (2.25)
i=1
We have the relations
Ol, = p o (2.26)
1—a 1 —
00,0 = p 2 (0,0, + Taaieajé) (2.27)

Define the a-expectation of a random variable f with respect to the density p(z; 6) as
E§ (1) = [ F(@)(ola:0)) " 2.28)
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This induces an inner product on S given by
< A, B >y = Ej[Ay(x) By ()] (2.29)

where A, (), B, () are the a-representations of A, B € Ty(S).

Using Equation (2.26), the inner product of the basis vectors is given by

< 8i7 6j >g = /&ﬁa 8j€a pa dr = /8i€a @E,a dz (230)

which is the Fisher information metric g.

That is, the a-expectation induces the Fisher information metric on S.

Definition 2.2.4. Let S = {p(x;0) / 6 € E} be a statistical manifold with the Fisher
information metric g =<, >. Using the a-representation of the density function define

n3 functions I'Zy for each o € R as

G = [ 000l 00 (a0 (232)

ijk

= / (3;0,0 + 1_70‘81-6 9;0) Ol p da (2.33)

where the last equation follows from Equations (2.26) and (2.27).
These 1'(;) uniquely determine an affine connection NV on the statistical manifold S

called the a-connection given by

0%, =< V50,0, > . (2.34)

?

Thus the one parameter family of functions L, (p) defines a family of connections V¢,

« € R on the statistical manifold S.

Definition 2.2.5. Let M be a Riemannian manifold with a Riemannian metric g =<, >.
Two affine connections V and V* on M are said to be dual connections with respect

to the metric g if

d(g(X,Y))(Z2) = g(VzX,Y) + g(X,V;Y) (2.35)
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forall X,Y,Z € T'(T'M), where d is the differential operator.

Then the triple (g, V, V™) is called a dualistic structure on M.

Letting I';j, = < V,0;, 0, >, I =< V5,05, Ox >, Equation (2.35) can be written

in terms of the basis vectors as
0igjk = Tige + Ty (2.36)

Note that every affine connection has a unique dual with respect to a Riemannian metric
and if the affine connection is metric, then it is self dual.

Amari [12] proved the following theorem,

Theorem 2.2.6. The a-connection V* and the (—«)-connection NV~ are dual with
respect to the Fisher information metric g. In particular, the 0-connection is the Levi-

Civita connection with respect to g.

Remark 2.2.7. On a statistical manifold S, the triple (g, V*,V~%) consisting of (£«)-

connections V*® with the Fisher information metric g defines a dualistic structure.

2.2.1 «-affine manifold and a-family

Amari [12] defined the notions of a-affine manifold and a-family and described them
on a statistical manifold defined on finite sets. Here first we give an overview of his
work and then compute the Fisher information metric and a-connections on a statistical

manifold defined on finite sets.

Let Ry be the set of all real valued measurable functions on X'. Consider the set of all

finite positive measures P(X’) on X’ given by

PX)={p: & —R/plx)>0(Vzc X);/p(a:)dx < oo} CRy. (2.37)

The set of all probability distributions P(X') on X is a subset of P(X') determined as

P(X) = {plx) € P(X); / pla)dz = 1}, (2.38)
X
For an n-dimensional statistical manifold S = {p(z;¢) / £ = (¢',---,&") € E C
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R"} C P(X) define the denormalization S of S by
S={cpx;:€) />0, p(z;6) € S} C P(X). (2.39)

Note that S is an (n + 1)-dimensional manifold and § is a submanifold of S.
Definition 2.2.8. Let S = {p(z;&) / £ = (¢4, -+, &™) € E C R"} be an n-dimensional
statistical manifold. If for some coordinate system 0 = (0%), i =1,--- . n

8:00(;0) = 0 (2.40)

then from Equation (2.32) 0 is a V*-affine coordinate system (referred as a-affine co-
ordinate system) and that S = {py} is V*-flat (referred as a-flat). Then S is said to be

an a-affine manifold.

The above condition is equivalent to the existence of the functions C, Fy,--- , F,, on X
such that
lo(w;0) = C(x) + > 0'Fy(x). (2.41)
i=1

Definition 2.2.9. A statistical manifold S = {p(z;&) | £ = (¢',--- ") € EC R"} is

said to be an a-family if its denormalization S isan a-affine manifold.

For an n-dimensional o-family S, there exists a coordinate system 0 = (0") and func-

tions Cy(x),- -+, Cy(x), ¥ (0) such that
lo(x;:0) = > 0°Ci(x) — ¥(0) (2.42)
i=1

where (0) is obtained from the normalization condition [, p(x;0)dz = 1.

Remark 2.2.10. When X is infinite, P(X) and P(X) are infinite dimensional spaces.
Hence the manifold structure of these spaces cannot be described in the usual way.

Here we consider P(X) and P(X) for finite X.

Let X = {x1,---,x,} be a finite set with cardinality n. Now consider the measur-
able space (X, p(X)), where p(X) be the power set of X. Let Ry be the space of all
real valued measurable functions defined on (X, p(X')). Any real valued measurable

function m on X can be specified by n-real numbers m; = m(xy),- -, m, = m(x,).
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Hence Ry can be identified with R™ with coordinates (myq,---,m,). Then the set
P(X) can be identified with the first orthant in R™. That is. P(X) can be identified

with the subset {(mq,---,m,) /m; >0, Vi=1,--- ,n } of R".

Theorem 2.2.11. For a finite set X of cardinality n, 75(X ) is an a-affine manifold for

any a € R.

Proof. Let X = {x1,--- ,x,} be a finite set constituting n elements. Let F; : X — R
be the functions defined by Fj(x;) = &;; fori,j = 1,---,n. Then any p(z) € P(X)

can be written as
ple) =Y pla:) Fi(x) (2.43)

Define n coordinates §° = L (p(x;)). Then

Lo(p(x)) =Y 0'Fy(x) (2.44)
i=1
Therefore P(X) is an a-affine manifold for any a. O

Remark 2.2.12. Note that for any o € R, P(X) is an a-family since its denormaliza-

tion P(X) is an a-affine manifold for any o.

For computational purpose let us restrict ourselves to a finite set X with three el-
ements. Let X = {x1, 25, 23}. Then P(X) can be identified with the first octant
{(my,ma,m3) / m; >0, Vi=1,23}of R®. Hence P(X) is a 3-dimensional

manifold with global coordinates (11, msq, ms3).

a-Geometry on P(X) and P(X)

Since P(X) is an a-affine manifold for any «, any measure m(z) € P(X) can be

expressed as

Lo(m(z)) = Z u; Fy(z) (2.45)

where F;(x;) = 0;; fori,7 = 1,2, 3 and w; = L,(m(xz;)) are a-affine coordinates.
Now we calculate the Fisher information metric and the a-connection on P(X’) and

P(X).
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Casel: =1

Consider a = 1 embedding which takes m — logm, ¥V m € P(X). Since P(X) is a

1-affine manifold,
Liy(m(x)) =logm(x) = Z w; Fy(z) (2.46)

where u; = log m(x;).

Let 9; = 5~ and 0;; = . The 1-connection on P(X)

8u Bu

Ty = Zaa Ly(m(2))0kL_y(m(z)), i,j,k=1,2,3 (2.47)

From Equation (3.70) it follows that 75(/'\,’ ) is flat with respect to V!-connection, that is
'}, = 0 and the coordinate (u;) is 1-affine.
Denote the components of the Fisher information metric § on P(X’) with respect to the

coordinates u; by g;;.

Gij = ZaL1 ))0; Ly (m(z))m(x) (2.48)
= ZE;p Fj(x)m(x) (2.49)
X
Thus
g, = P 1= (2.50)
0, i#j

The Fisher information matrix for P(X) is

exp(uy) 0 0
G = 0 exp(us) 0
0 0 exp(us)

Remark 2.2.13. It is easy to see that this metric can be suitably transformed to the

Euclidean metric via a coordinate transformation u; — 2exp (u;/2). Then we get
gij = 0ij-

Now consider P(X'). We can identify

P(X) ~ {(u1,us,uz) / exp(ui) + exp(uz) + exp(ug) = 1}.

23



Then for p(z) € P(X)
logp(z) = w1 Fi(x) + ua Fo(x) + usFs(x) (2.51)

where uz = log(1 — exp(uq) — exp(us)).
Take v; = uy, vy = uy. Note that (v1,v9) is a coordinate system for P(X’) and hence

P(X) is a two dimensional submanifold of P(X’). Hence
log p(x) = v1F1(x) + voF3(x) + log(1 — exp(v1) — exp(v2)) F3(x). (2.52)

Denote the components of the Fisher information metric on P(X') by g;;. Let 0; = %.

(3

g = Y 0ilogp(x)d;logp(x)p(z). (2.53)
X

Letw = 1 — exp(vy) — exp(vy), then

F
O logp(x) = Fi(z)— exp(vi 3(7) (2.54)
F:
B logp(z) = Fg(x)—eXp@iU () (2.55)
From Equation (2.53)
exp(v1)(1 — exp(v exp(v9)(1 — exp(v
) —ep)  enm)l-eet) g0
w w
exp(v + 1)
Ji2=9a1 = —— . 2.57)
w
The Fisher information matrix G for P(X) is
exp(v1)(1—exp(v2)) exp(v1+v2)
G = v v (2.58)
exp(vi+vz) exp(v2)(1—exp(v1))
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Let 0;; = %;vj. Then the 1-connection on P(X) is

P = D 05Li(p(a) 0L (p(x))
X
= Y i log(p(x))k(p(x))
X
where ¢, 7. k=1, 2.
2
dulogp(s) = —Fyx) [expzfﬂvl) n expu()m)}
2
Ologple) = ~Fala) | TRy )]
_|_
Oplogp(x) = 0Oologp(x) = —F3(x)w.
Also
F:
o) = o) |[Fe) - ZRLUE)]
F
aple) = ple) o) - LB
Thus we get the components of 1-connection as
exp(3vy) exp(2v1)| exp(3vy)  exp(2v9)
Iy = { w2 + " I 2 +
r, o= {exp(%z—i— vg) N exp(2v; + ’Ug):|
w w
r, - {exp@;);—k v1) N exp(21;; + UQ):|

rt, =1k, =
121 211
w2

exp(2v; + vy)

N Fl = Fl =
122 212
Y w2
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exp(2vy + v1)

(2.59)

(2.60)

2.61)

(2.62)

(2.63)

(2.64)

(2.65)

(2.66)

(2.67)

(2.68)

(2.69)



For any o # 1

Consider the a-embedding which takes m — 2-m 2%V m e P(X). Since P(X)

is an a-affine manifold, for any measure m € 73( )

3
2 —a
La(m(z)) = 7= amlT = ZluF(x) (2.70)
1—o
where u; = ﬁmz 2
Let 0; = 5~ and 0;; = du du . Then the a-connection on P(X) is
e, = Zaa Lo(m(z))0L_o(m(x)), i,j.k=1,2,3. (2.71)

From Equation (2.70) it follows that P(X') is flat with respect to V-connection, that is
['%). = 0 and the coordinate (u;) is a-affine.
Denote the components of the Fisher information metric g on 75(/1’ ) with respect to the

coordinates u; by g;;.

Gi = > 0iLa(m(x))d;La(m(z))m(x)® (2.72)
X
= Y Fi(a)F(z)m(z)". (2.73)
X
Thus
1—a,, 127‘2 L
Gij = (Frugre, 0= (2.74)
0, i FJ

(5%uy) = 0 0
G — 0 (kTauQ)iaa 0 (2.75)
2a
0 0 (52uy) 1o

Remark 2.2.14. This metric can be transformed to Euclidean metric via the coordinate

1 ~
transformation u; — 2(1_To‘uz)m Then we get g;; = 0;;.

Now consider P(X). Under the a- embedding, we can identify
2

P(X) ~ {(u1,ug,us) / u1 ¢ +u21 o« 4 § o« — (1—70()%}
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For any p(z) € P(X),

2 —a
L,(p(x)) = = am(x)lT = u Fy(2) + ua Fo(x) + usF3(x) (2.76)
1—«a
1—a) —2= = =7
where uz = [ (=5%)aT —u; " —uy °

Take v; = uy, vy = . Then P(X) is a two dimensional submanifold of P(X) with a

coordinate system (vy, v9). We have

11—«
1 — 2 2 2
5 DyE o —ul | By(a). 77)

La(p(2)) = 0 Fi(x) + vaFale) + [(

Denote the components of the Fisher information metric on P(X) with respect to

(’Ul, UQ) by gij- Denote 81 = %

gj = > 0iLa(p(2))0;La(p(x))p(z)". (2.78)

O La(p(x)) = Fi(z) — Fy(e) of w39 (2.79)

D Ly(p(x)) = Fy(x)— F3(x) vy “w 2z (2.80)

m = ool (50 - (A5 2381)
m = o (5= (5N 282)
g1z = ga1= w_l(l ; a)l% 01}% 02}% (2.83)
Let 0;; = %;vj. Then the a-connection on P(X) is
T8 = > 0iLa(p())0kL_alp(z)) (2.84)
X
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where ¢, 7. k=1, 2.

O La(p(z))

02 Lo (p())
2 Lo (p())

Also

OLalp(r) = plo) {F (2) — Fya) w5 v
(a+1) 1ta
L alp(e) = pl) [Fz&c) — Byfa) w0,
Thus we get the components of a-connection as
a l+a 1 —a sa-1 _ ?%%Jr;)
Ity = 5 ( 5 Vi w2y,
o l+a 1—o 801, 30t
F222 = 5 ( 5 ) T—a 2 021
a l+a 1 —o 3a-1 2(%204) l-t_z
Iy = 5 ( 5 )ie w o vy
o l1+a 1—o s3a-1 2<1—+:) 1t3
[ = 5 ( 5 )i w v, T o)
and
oy = T =T
[, = Iy =1%,

2.3 (F,G)-Geometry

14+« (at3) 20Fe)

Sledn ST L
W vy 3(x)
l+a _(ary 24
W n e Fy(x)
1 Lo (p())
1+ (at3) 2(11+a)

Sl SR
o Vg 3(x)

(2.85)

(2.86)
(2.87)
(2.88)

(2.89)

(2.90)

2.91)
(2.92)
(2.93)

(2.94)

(2.95)
(2.96)

Amari [12] defined the a-geometry using a particular family of functions called the a-

embedding. We considered a general embedding function F' instead of the a-embedding

and also a positive smooth function GG to obtain more general geometric structures on a

statistical manifold called the (F, G)-geometry [16]. The a-geometry is a special case

of the (F, G)-geometry. Now we describe the (F, G)-geometric structure in detail.
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Let F' : (0,00) — R be a function which is atleast twice differentiable. Assume that
F'(u) # 0V u € (0,00). Then F'is an embedding of S into Ry which takes each
p(z;8) — F(p(x;0)). Denote F(p(x;0)) by F(x;0). 0;F(x; ) can be written as

OiF (x;6) = p(x; 0) F' (p(x; 0)) 0:{ (3 0) (2.97)
It is clear that for every 6, the set of n functions {0, F(z;60), ¢ = 1,---,n}inzis
linearly independent since {0;¢(x;0), i = 1,--- ,n} is linearly independent.

Let T'r(p,) F'(S) be the n-dimensional vector space spanned by {0, F'(;0), i = 1,--- ,n}.

Trpy F(S) = {A"(z) | AF(z) = Zn: A'O;F(x;0), A" € R}, (2.98)
=1
Let the tangent space Tr(,,)(F'(S)) to F(S) at the point F'(py) be denoted by T, (S).
There is a natural isomorphism between the two vector spaces Ty(S) and T} (S) given
by
0; € Ty(S) +— O;F(1;0) € TF(S). (2.99)

The vector space T/ (8S) is called the F'-representation of the tangent space Ty(S). The

F-representation of the tangent vector A = """ | A'0; € Ty(S) is the random variable

Al(z) =) A'OF € T)(S). (2.100)

i=1
Remark 2.3.1. Burbea [15] introduced the concept of weighted Fisher information
metric which is a generalized notion of Fisher information metric. He used a posi-
tive continuous function to define the weighted metric. We consider a positive smooth
function G together with an embedding function F' to define more general geometric

structures on a statistical manifold called the (F, G)-geometry.

Definition 2.3.2. Ler G : (0,00) — R be a positive smooth function and F be the
embedding function. Then the (F, G)-expectation of a random variable [ with respect

to the distribution p(x; 0) is defined as

E;C(f) = / f@)mg@) da. (2.101)

(here we assume that the above integral exists.)
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We can use this (F', G)-expectation to define an inner product in Ry by
< f9>5% = E;C[f(2)g(x)]. (2.102)
which induces a Riemannian metric on S given by
< A, B >y% = EJY[AT(2)BY (z)], quadA, B € Ty(S). (2.103)

In terms of the basis vectors

, G(p)
< 0;,0; >y% = /a,-F ajFde (2.104)
= /az-f 0il G(p) p dx (2.105)

Since this metric do not depend on F', let us call this metric as G-metric. Denote it by

g% =<, >% and its components by <.
95(0) =< 9;,0; >f= / a0 9;¢ G(p) p d. (2.106)

The matrix [g<(6)] is called the G-matrix.

Definition 2.3.3. Let wll; ’HG : Ry — T} (8S) be the projection map. The affine connec-
tion induced by this map on S, the (F, G)-connection V", is defined as

0*F
06100i

O*’F  OF
_ G(mn) F.G
229" < o g 71 O (2.108)

F.G _ _FG
V6Z a] — 7T|p0 (

) (2.107)

where (g9 (0)] is the inverse of the G-matrix [¢C, (0)].

Note that the (F, G)-connections are symmetric.

Lemma 2.3.4. The (F, G)-connection and its components can be written in terms of

scores as

, mn PE"(p)
V0, =>"3 gmE, Kaiaju L+ gy 10 @z) Ol G@)} On
o (2.109)
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and

rFC(g) = / <aiaje+(1+pf,,(g))aie ajz) 0ul G(p) p da. 2.110)

Proof. From Equation (2.97),

0;0;F = pF'(p)0;0;¢ + [pF'(p) + p*F" (p)] 9:€ 0;¢. (2.111)
Therefore
G(p)
< 0,0,F, 0, F > = /&-&F O F——_dx 2.112
H20nF > T S
G(p)
= F'(p) + p*F"(p)] 00 9;0 8l ——~dux:
JoF @)+ ) o o5t 0,6 TL
+/8Z8j€ G(p) p dx (2.113)
B pF”(p)
Hence
V0, = mC(0,0;F) (2.115)
= > ) g¥miE, [(aiaje + (14 M)@M ajz) Ol G(p)] Oy
e F'(p)
(2.116)

Then the Christoffel symbols of the (F, G)-connection are

pF"(p)
F'(p)

Ty =Y g“™E, {(@-ajé + (1 + )0il ;)0 G (p) } (2.117)

and components of the (F, G)-connection are

To0(0) = < V590,00 >§ (2.118)

ijk

F//
_ / (aiajm(1+pF,(g))ai£aj£> Ol G(p) pdz (2.119)

0J

Theorem 2.3.5. Let F' and H be two embeddings of S into Ry and G be a posi-

tive smooth function on (0,00). Then the (F,G)-connection V¢ and the (H,G)-
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connection VG are dual connections with respect to the G-metric iff the functions F

and H satisfy
_ G
- pF'(p)

We call such an embedding H as a G-dual embedding of F'.

H'(p) : (2.120)

The components of the dual connection V¢ can be written as

rie(g) = /(aiaju (14 Py, @5) Ol Gp)pdr  (2.121)

el H'(p)
_ / <aiaje + (pg(g) P 5 (](f;))am a]f) Ol G(p) p dr.(2.122)

Proof. V¢ and V¢ are dual connections with respect to the G-metric means
Or < 0;,0; >“=< V30,0, > + < 0, V99, > . (2.123)
for any basis vectors 0;, 9;, 0, € Ty(S).

8k < 81‘, 8j >G = /akﬁjﬁ 816 pG(p)dx + /6;9818 836 pG(p)dzL“

pG'(P)\ o ) o
+ /(1 + G0) )0l 0;¢ Ol pG(p)dz. (2.124)

< V00,0, >% + <0, V599 >¢ = / WO 0;¢ pG (p)da

+ / 4 PE (p>6i€3jfak€pG(p)dx

F'(p)
pH"(p) o
+ /1+ Hp) 0;l 0;0 Ol pG(p)dx
+ /ak@ﬂ 0l pG(p)dx (2.125)

Then Equation (2.123) holds iff

/[2+pF w) | PH'D) 150 0.0 046 pGi(p)da =

Fp) — H'(p)
/[1 + ]%g)]aié 0;0 Ol pG(p)dx (2.126)
RS o
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pH"(p) _ pG'(p)  pF"(p)
= He T PO (2:128)
H"(p) G'(p) F'(p) 1 oy G(P)
H{p) ~ Gp)  Fl) »p Hp) pF'(p)’ (129

Hence V¢ and V#:¢ are dual connections with respect to the G-metric iff Equation
(2.120) holds.

From Equation (2.128) we can rewrite the components of dual connection V¢ as

G () = / (aiaje L Wy, ajz) Ol G(p) pdz  (2.130)

el H'(p)
- / (aiaju (p;g) P 5 (g))aie aje> 0el G(p)p d. (2.131)
O

Theorem 2.3.6. Amari’s c-geometry is a special case of the (F, G)-geometry.

Proof. Let F(p) = L4 (p), the c-embedding of Amari and G(p) = 1. Then

F'(p) = ILi(p)=p (%) (2.132)
1 3t+a
F'(p) = Ly(p)=— J;ap*(7> (2.133)
pF"(p) pLi(p) 1-a
1+ — 1+ = 2.134
F'(p) L., (p) 2 ( )

Then from Equation (2.120), the G-dual embedding of F'is obtained as H (p) = L_,(p).
Also

pH" (p) 1+«
1 = 2.1
TH '(p) 2 (2:139)

Thus

Io00) = Ey {(@@H(H%)@e D;0) Ol G(p)} (2.136)
— By [(aiajul_Taaie ajzz)(akzz)} (2.137)

= T9.(0) (2.138)
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and

6wy = E, {(8¢8j€+(1+p Hlp >)8i€ 9;0) Okt G(p)} (2.139)

H(p)
— E [(aiajé + HTaa,-e ajz)(aw)] (2.140)
= T2(0) (2.141)

Hence (F, G)-connection reduces to the c-connection and the (H, G)-connection re-
duces to the (—«)-connection.

Also the G-metric is

=
SIQ
—~
>
N~—

/@K 0;l G(p) p dx (2.142)

which is the Fisher information metric g.

Thus the a-geometry is a special case of the (F, G)-geometry. O

Remark 2.3.7. The Levi-Civita connection V' with respect to the G-metric is given by

1
Toe®) = 5 (Ol + 005 + Okl (2.144)
_ / (a,-aje + %(1 + pg(g)) o,( aje) 0ul G(p) p dr.  (2.145)

V% is a (F,G)-connection V¢ with the embedding function F given by

G(p)‘

F'(p) = 7

(2.146)
When G(p) = 1 the connection V reduces to Amar’s 0-connection V), which is the

Levi-Civita connection with respect to the Fisher information metric.

Example 2.3.8. Let F'(z) = zlnz—x and let G(x) = In x. Then from equation (2.120)
the G-dual embedding H of F' is defined by

o Gx)  Inx 1
H{z) = rF'(r)  xlhx o 2.147)

Thus H(z) = Inx. Then from Equations (2.106), (2.110), (2.122) the G-metric and
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dual (F,G) and (H, G)-connections are given by

go0) = / 90 0;¢ Inp p dz. (2.148)
Ioo(0) = / (aiaje +(1+ ﬁ)@iﬂ aj£> Ol Inppdr.  (2.149)
Iieo) = / 8,0, Ol Inp p da. (2.150)

Remark 2.3.9. Zhang [21] considered a generalized a-representation of density func-
tion called p-representation and defined a divergence function called the (o, p, T)- di-
vergence. Using this divergence he obtained a geometry on a statistical manifold called
the (o, p, T)-geometry which is a generalization of a-geometry. In Chapter 3 we will
detail his work and discuss the relation between the (F, G)-geometry and the («, p, T)-

geometry.

2.3.1 F-affine manifold and F'-family

Using the a-representation of density function, Amari [12] defined the notion of -
affine manifold and a-family. Using a generalized p-representation of density function
Zhang [21] considered a p-affine family which is a generalization of «-affine manifold.
We consider the same family using the embedding function ' and compute the G-

metric and the (F, G)-connections in the finite case.

Definition 2.3.10. Let S = {p(z;¢&) / & = (¢',---,&") € E C R"} be an n-

dimensional statistical manifold. If for some coordinate system 0 = (0°), i =1,--- |n

8:0,F(x:6) = 0 (2.151)

then from Equation (2.107) 0 is an V% -affine coordinate system and that S = {py} is
VEC flat. We call such an S as an F-affine manifold.

The above condition is equivalent to the existence of the functions C, F}, - - - , F}, on
X such that
F(x;0) = C(z) + Y _0'Fi(x). (2.152)
i=1

Definition 2.3.11. A statistical manifold S = {p(x;¢) | £ = (¢!,--- ,&") € E C R"}

is said to an F-family if its denormalization Sisan F -affine manifold.
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For an n-dimensional F-family S there exists a coordinate system 0 = (0') and func-

tions Cy(x),- -+, Cy(x),¢(0) such that
F(x;:0) = > 0'Ci(x) — (0) (2.153)
i=1

where () is obtained from the normalization condition [, p(x;6)dx = 1.

Theorem 2.3.12. For any embedding F, P(X) is an F-affine manifold for finite X.

Proof. Let X = {x1,--- ,x,}. Let F; : X — R be functions defined by F;(x;) = J;;

fori,j =1,--- ,n. Then any p(z) € P(X) can be written as
plx) = plz:)Fi() (2.154)
i=1

Define n coordinates 6° = F'(p(x;)). Then

F(p(x)) = > 0'Fi(x) (2.155)
=1
Therefore P(X) is an F-affine manifold for any F. O

Remark 2.3.13. P(X) is a F-family for any F since P(X) is an F-affine manifold for
any F. The F-family is a generalization of the exponential family. Hence it would be
appropriate to call it as F'-exponential family instead of F-family. The geometry of the

F'-exponential family will be discussed in Chapter 4.

(F,G)-Geometry on P(X) and P(X)

Let X = {xy, 2y, 23}. Since P(X) is an F-affine manifold for any F, any measure

m(z) € P(X) can be expressed as
3
F(m(x)) =Y u;Fy(x) (2.156)

i=1

where F;(x;) = 6;; fori,j = 1,2,3 and w; = F(m(z;)) = F(m;).

Let Z be the inverse function of F and then m; = Z(u;).

36



Let 9; = ;2 and 0;; = _0°_ The (F,G)-connection on P(X) is

rh¢ = 5" 0,0,F (m(x)) H(m(x)), i.j.k=1,2,3 (2.157)
X

where H is the G-dual embedding of F.
From Equation (2.156) it follows that P(X) is flat with respect to V**“-connection.
Thai is, FZkG = 0 and the coordinate (u;) is VI*%-affine.

Denote the components of the G-metric §& on P(X’) with respect to the coordinates u;

by g&.
g5 = Y _0F(m(x)) 0;H(m(x)) (2.158)
X
G
= S e O B 2159
X
(m4) S _
§§ _ W z ;] ;. where m; = Z(u;) 2.160)
L F ]

Now consider P(X). We can identify P(X) ~ {(uy, us, us3) / Z(u1)+Z(us)+2Z(uz) =
1}. Then for p(z) € P(X),

F(p(x)) = ui Fi(x) + ug Fy(x) 4+ uzFs(x) (2.161)
where ug = F(1 — Z(u1) — Z(u3)).
Take v; = w1, v9 = up. Note that (vy, vs) is a coordinate system for P(X') and hence
P(X) is a two dimensional submanifold of P(X’). Hence
F(p(z)) = viFi(z) + vaFs(x) + F(1 — Z(v1) — Z(v2)) F3(x) (2.162)

: a _
Denote the components of the G-metric on P(X) by g;;. Let ; = -

95 = D _0F(p(x)) 0;H (p(x)) (2.163)
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Letw =1— Z(v;) — Z(vy). Then

OF(p(z)) = Fi(z)— F3(z) F'(w) Z'(v1) (2.164)
O F(p(z)) = Fy(z) — F3(z) F'(w) Z'(v2) (2.165)

and

oiH(p(x)) = H'(p(z)) Z'(F(p(x))) [Fi(z) — F3(z) F'(w) Z'(v1)] (2.166)
OH(p(x)) = H'(p(x)) Z'(F(p(x))) [Fa(x) — Fs(x) F'(w) Z'(v)] (2.167)

Then
95 = H'(Z(w)) Z’(v1)+#(2’(m))2 (2.168)
g% = H'(Z(vy)) Z’(vz)+GTw)(Z’(vg))2 (2.169)
gih = giz%ﬂvl) Z'(v2) (2.170)

Let 0;; = %{;j. Then the (F, G)-connection on P(X) is

Low = D 05F(p(2) 0uH (p()) (2.171)
where ¢, 7,k =1, 2.
OnF(p(x)) = —Fi(x) [F'(w) Z"(n) — F"(w) (Z'(v1))?] (2.172)
OnF(p(z)) = —F3(z) [F'(w) Z"(vs) — F"(w) (Z'(v2))?] (2.173)
OF(p(x)) = 0uF(p(x)) = F3(z) F"(w) Z'(v1) Z'(v2) (2.174)

Thus we get the components of (F, G)-connection as

G(w)F"(w)

Iy = %Z”(m) Z'(vy) — wF () (Z'(v1))? (2.175)
g = oy 2 - L gy i)
g = SO () 270 - ) Z00F) @17
D) = %[P’(w) Z"(vy) = F'(w) (Z' ()] (2178)
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LY = M(z’(m)f 7' (vg) (2.179)

121 wF'(w)
G _G(w)Fﬂ(w) "(v 2 7/ v
I3y = —wF’(w) (Z'(v9))* Z'(v1) (2.180)

FG _ FEG, 7F.G _ +FG
and Ty =175 Toy =13,

2.4 Summary

In this chapter we described the affine structure of family of measures, the manifold
structure of a statistical model and the a-geometry on a statistical manifold. Then the
Fisher information metric and the a-connections are computed for statistical manifold
defined on finite sets. Further a detailed description of the (F, G)-geometry on a sta-
tistical manifold is presented. We proved a necessary and sufficient condition for two
(F, G)-connections to be dual with respect to the G-metric. Also we showed that the
a-geometry is a special case of the (F,G)-geometry. Further the G-metric and the

(F, G)-connections are computed for statistical manifold defined on finite sets.
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CHAPTER 3

Invariant and Non-invariant Geometric Structures

In this chapter we study the invariance properties of a statistical manifold. First we
discuss about various geometric structures on a statistical manifold induced from a
two point function called divergence function. A divergence function measures the
amount of discrepancy or asymmetric distance between two probability distributions.
Eguchi [17] introduced a method of obtaining geometric structures on a statistical man-
ifold using the divergence function, see also [12], [14]. There are various classes
of divergence functions; f-divergence, Bregman divergence, («, p, 7)-divergence, U-
divergence etc. These divergence functions give rise to various geometries on a statisti-

cal manifold [18-22], [55]

Chentsov [4] proved the uniqueness of the Fisher information metric and the a-
connections on a statistical manifold defined on finite sets with respect to the categori-
cal invariance, see also [23], [24]. Amari [12] conjectured that the Fisher information
metric and the a-connections are the only metric and affine connections which are in-
variant under any coordinate transformations of the sample space and of the parameter.
Recently, Ay et al. [25] addressed the invariance problem in the infinite dimensional
case also. The (F,G)-geometry is a generalized geometric structure on a statistical
manifold which includes the a-geometry as a special case. In this chapter we study the
invariance properties of the geometric structures and show that the a-geometry is the

only invariant geometry among the (F, G)-geometries [16].

Section 3.1 gives an overview of various divergence functions on a statistical man-
ifold and their induced geometric structures. In section 3.2 we describe the invari-
ance properties of the a-geometry, the (F, G)-geometry and the («, p, 7)-geometry on
a statistical manifold. First we show that all these geometries are co-variant under
reparametrization of the parameter of the manifold. Then prove that both the (F, G)-
geometry and the («, p, 7)-geometry and are not invariant under smooth one to one
transformations of the random variable in general. Also prove that the a-geometry is
the only invariant geometry in the category of both (F,G) and («, p, 7)-geometries.

Further the relation between these two geometries is discussed.
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3.1 Divergence and the Induced Geometry

In this section Eguchi’s method of defining geometric structures using a divergence
function is given. Then various classes of divergence functions and the geometric struc-

tures induced by them are discussed.

Definition 3.1.1. Let S be an n-dimensional manifold with coordinate system 6 =
(0',---,0™) = (0"). Let the coordinates of the points p,q be (6°),(0") respectively.
A divergence function D : S x § — R is a smooth function satisfying the following

conditions

1. D(p,q) > 0 forany p,q € S with equality holding iff p = q

2. 0;0;:D(p, q)|p=q is negative definite.

where 0; = % and 0; = %.

Eguchi [17] defined a unique Riemannian metric g” and an affine connection V¥ from

a divergence D as

g2(0) = <8,0; >8=—~0,0;D(p,q)|pq (3.1)
ro(0) = < V50,0 >5= 0,000 D(p, q)|p=g (32)

Dual of the divergence D* of D is defined as D*(p,q) = D(q, p). The metric and the

affine connection induced from D* are given by

I = —0:050:D(p,q)|pq (3.4)

Note that the connections V” and V7" are dual with respect to the metric g” [17].
Hence a divergence function D induces a dualistic structure (g2, V2, V") on a statis-
tical manifold.

Now we describe various classes of divergence functions and the geometric structures

induced by them.
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3.1.1 f-divergence

The most commonly used class of divergence is the f-divergence introduced by Csiszar
[18]. Aliand Silvey [19] independently studied the f-divergence class. Let f : (0, 00) —
R be any convex function satisfying f(1) = 0 and f’(1) = 0.

q
Dy(p,q) = /f(}—j) pdr. (3.5)
An important example of the f-divergence is the a-divergence introduced by Amari
[12] which is generated by the function f* given by

1+«

—={l-uz},  a#+l

[ u) = ulogu, a=1 (3.6)
—log u, a=—1.
For v # +1,
o 4 l1-a l4a
Dpa) = =5 1— [ P2 a=dug. (3.7)
and for o = +1,
—1 1 p
D™ (p.q) =D (¢,p) = /p logg dz. (3.8)

D! is the Kullback-Leibler divergence or relative entropy.
On a statistical manifold the f-divergence induces a Riemannian metric proportional to
the Fisher information metric with constant of proportionality f”(1) and affine connec-

tion equal to the a-connection with

f///(l)

oz:3+2f”(1).

(3.9)

3.1.2 Bregman divergence

Bregman [20] introduced another class of divergences called the Bregman divergence.
Let ¢ : 2 C R™ — R be a smooth real valued and strictly convex function defined on a

closed convex set €2. The Bregman divergence associated with the function ¢ is defined
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as

Dy(z,y) = o(y) — o(x) = Vo(z).(y —x), V z,y€Q. (3.10)

Let S = {p(z;0) / 6 € E C R"} be an n-dimensional statistical manifold. Let
¢ : 2 C R" — R be a smooth real valued and strictly convex function defined on a

closed convex set {2 C F/ C R". The Bregman divergence associated with ¢ is given by

Dy(po,po) = Dy(0,8") = ¢(0') — ¢(0) — V(0).(0' —0), ¥V 0,00 Q. (3.11)

The metric and dual affine connections induced from the Bregman divergence are

9:5(0) = 0:0;0(0) (3.12)
k(@) = 0. (3.14)

The Bregman divergence is important in the study of dually flat spaces and in turn in
the asymptotic theory of statistical inference which will be discussed in the subsequent

chapters.

3.1.3 (a,p, 7)-divergence

Zhang [21] introduced a divergence function (or a functional) called the (o, p, 7)- di-
vergence using a real parameter v and a conjugate p, T-representations of the density
function with respect to a convex function f. This p-representation is a generalized

notion of the a-representation.

Let p : (0,00) — R be a strictly monotone increasing function and let f : R — R
be a smooth strictly convex function. A 7-representation of the density function is said

to be conjugate to the p-representation with respect to f if

m(p) = [pp) = ((f)) " (p(p) (3.15)
pp) = (/)77 ()= (/) (). (3.16)

Using the p-representation of densities and using a real parameter «, a divergence func-
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tional Dfp) is defined as

a 4 1— 1
D) = o [ |5+ S ) @)
1-— 1
1 (5% + 5 ) | a (3.18)
with
D (p.q) = DY V(g.p) =DV (4,p) =DV (p.q) (3.19)
= [ 1) + (@) ~ pe)ra) . (3.20)
For a parametric model S, this can be written as
4 1— 1
D000 = s [ [F5E 000 + 5 r00) G2
1-— 1
1 (552000 + 25209 | 62

This induces a metric ¢’ and dual connections V'@ ') on a statistical model S

given by
, ar 0

d,(0) ; eia_gj z. (3.23)
/ l—a 0*t 0p 1+a &p Or

‘e = / - L U ) 3.24
i (0) [ 2 0000i 00F T 2 00:067 aek} (3:24)
/ l+a 27 0p 1—a &p Or

gy = S L= | gy 2
ax () / [ > 9006 065 | 2 0600 aek]dw (3:25)

3.1.4 U-divergence

Murata et al. [22] introduced a generalized class of divergence function called the U-
divergence. Eguchi et al. [36] discussed the geometry induced from the U-divergence
and its applications. U-divergence is a generalization of Kullback-Leibler divergence
and is defined using a generator function U.

LetU : R — R, be an increasing convex function and let U* be the convex conjugate of
U given by U*(t) = t&(t) — U(&(t)), where £(t) is the inverse function of the derivative
of U(t), i.e. LU*(t) = £(t).
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The U-divergence is defined as

Dy(p,q) = / [U*(p) — p€(q) + U(&(q))] dx (3.26)
- [ - v - oo o)d (3.27)

The geometry induced from the U-divergence, the U-geometry, is given by [36]

U = / Oip(x: 6) 0, (p(z; ) de (3.28)
r.(9) = / Di0p(30) et (p(:0)) de (3.29)
T = [ Suwlei6) 20,¢(p(ws6) do (3:30)

Proposition 3.1.2. The U-geometry is a special case of both the (F,G) and (o, p, T)-

geometries.

Proof. Letus take F'(p) = £(p) = (U*)(p), H(p) = pand G(p) = p &'(p). Then from

Equations (3.28), (3.29) and (3.30), the U-geometric structures can be written as

50 = [a000p¢ ) pds=0) G31)
0 = [@a+aLa00l €W pds ~ TS D) 33
TV(0) = / (aiaju(1+p§$))aieaje) lpE(p)pdr  (3.33)

= I70(0) (3.34)

Thus the U-geometry is a special case of the (F, G)-geometry.
The U-geometry is a (o, p, 7)-geometry with f = U, p(p) = £(p), 7(p) = p and the
parameter o« = +1.
0) = [ wla:0) 0p(x:0)) dr = o/, (0 (335)
rv.) = / 0,0;p(x:0) & (p(x:0)) de =T (0) =T (0)  (3.36)

T 0) = / Oup(;0) 9,0,€ (p(:0)) de =TS (0) = T (). (3.37)

OJ
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3.2 Invariant and Non-invariant Geometries on a Sta-

tistical Manifold

For a statistical manifold S = {p(z;0) / § € E C R"} the parameters are merely
labels attached to each point p € S. So the intrinsic geometric properties should be
independent of these labels. Hence it is natural to consider the invariance properties of
the geometric structures under suitable transformations of the variables in a statistical
manifold. There are two kinds of invariance of the geometric structures, covariance un-
der reparametrization of the parameter of the manifold and invariance under the smooth

one to one transformations of the random variable [12], [14].

On a statistical manifold defined on finite sets, Chentsov [4] proved that the a-
geometry can be characterized by the invariance with respect to the sufficient statistic,
see also [23], [24]. Amari [12] conjectured that the Fisher information metric and the
a-connections are the only metric and affine connections which are invariant under any
coordinate transformations of the sample space and of the parameter. In this section we
show that the a-geometry is the only invariant geometry among the generalized (F, G)-
geometry class. Picard [56] also studied statistical morphisms and related invariance

properties. Ay et al. [25] studied this problem in the infinite dimensional case also.

In the previous section we described various classes of divergence functions and
their induced geometries. The f-divergence induces the a-geometry and the («, p, 7)-
divergence induces the («, p, 7)-geometry. The U-geometry comes under both the
(F, G)-geometry and the («, p, 7)-geometry. In this section we discuss the invariance
properties of the c-geometry, the (F, G)-geometry and the («, p, 7)-geometry. All these
geometries are covariant under reparametrization. But the (F,G) and the («, p, 7)-
geometries are in general not invariant under smooth one to one transformations of the
random variable. The a-geometry is the only geometry among these geometries which
is both covariant under reparametrization and invariant under smooth one to one trans-

formations of the random variable.

Definition 3.2.1. Lez (') and (n;) be two coordinate systems on S which are related by
an invertible transformation n = 1(0). Let the coordinate expressions of the metric g
with respect to 0" and 1; be given by g;; =< 0;,0; > and g;j =< 0',07 > respectively,

where 0; = % and & = a%, Let the components of the connection V with respect to
J
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the coordinates (%) and (n;) be given by Uiy, Ty respectively.
Then the covariance under the reparametrization of the metric and the connection is

defined as [14]

) 0™ 90"
gy = ZZ 3 By I (3.38)
i UT)j
s aem 0" aeh 0" §20m
Ty - 3.39
ok Z on; an; 3% Z O Omiom; ™" -39

The covariance under reparametrization actually means that the metric and connec-

tions are coordinate independent.

Definition 3.2.2. Let S = {p(z;60) / 0 € E C R"} be a statistical manifold defined
on a sample space X. Let x,y be random variables defined on sample spaces X,Y
respectively and ¢ be a smooth one to one transformation of x to y. Assume that this
transformation induces a model S = {q(y;0) / 0 € EC R"}on Y. Let \: S — S

be a diffeomorphism defined as
A(po) = qo- (3.40)

Let g, § be Riemannian metrics and ¥,V be affine connections on S and S respectively.
The invariance under smooth one to one transformation of the random variable is

defined as [14]

9(X.Y), = g(A(X), A(Y))a) (3.41)
M(VxY) = VimAY), VXY eTys) (3.42)

where )\, is the push forward map associated with the map X defined by

A(X)a@) = (dA)p(X). (3.43)

Invariant a-geometry
The Fisher information metric and the c-connections are invariant under smooth one to
one transformations of random variable and covariant under reparametrization [4], [12],

[23-25].
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3.2.1 Invariance of the (F, G)-geometry

Here the invariance property of the (F, G)-geometric structure is discussed.

Theorem 3.2.3. The G-metric g© is covariant under reparametrization.

Proof. The components of the G-metric ¢© with respect to the coordinate system (6?)

arc

gfj(@) =<0;,0; > = /@p(x; 0)0;p(x;0) dx. (3.44)

Let p(z;n) = p(x;0(n)). Then the components of the Fisher information metric with

respect to the coordinate system ();) are given by

G5(0) = < 0,00 >, = [O5m @i L hdn G45)
Since
g
the components of the metric are
gis(n) = / 0'pl; m) pla; m) (&(ﬁ;)dx (3.47)

/Zaemapxe 00™ Op(x; 0) G(p)d
Oni  00m = dn; 06" p(x;0)

= ZZ o0 ov” / Op(;0)Onp(; 0) Gw) g (3.49)

T (3.48)

on; Oy p(z;0)
a0™ oo"
= [Z > oy B ——g5( )] (3.50)
' 0=0(n)
Hence the G-metric ¢ is covariant under reparametrization. ]

Theorem 3.2.4. The (F, G)-connection V¢ is covariant under reparametrization.

Proof. Let the components of V¢ with respect to the coordinates (6) and (n;) be

~F.G

given by e L', respectively.

z]k ’
Let p(x;n) = p(x;0(n)). Denote log p(x; 0) by £y, log p(x;n) by Zn’ p(z;0) by py and
ﬁ(fl’; 77) by py.

The components of the (F, G)-connection V¢ with respect to the coordinate system
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(0") are

F//
rod = / <8Z-aj£9 v+t = (](f;))aieg aj£9> Bely G(pe) po dx (3.51)

The components of V¢ with respect to the coordinate system (1)) are

- o F'" (D ~ ~ ~
i = / (&W -1+ éf;))@% Wn) Ol G(py) pydv (3.52)
Since,
N 00™ Ol
o', = Em: Ty (3.53)
then
oo™ 09" 3 low) N~ 920 Ol
OV, = 3.54
; 86™ D™ gy gy
o't 'L, _Z Gy o, 20m 0" (3.55)
0" 9Ly
kj _ (m)
oLy Z S 6 (3.56)
Hence

F” 0™ 9™ 90" Dly(y Moy Do
PEG / P (m) “*6(n) Y*0(n)
ik Z I Oy Oy, m agnaen C Poen) Poc d

829’” «9h 669(77) o)
d
/ Z amam Onk oom  Hoh G(pe(n))pg(n) x

/ Z 0™ 96™ 90" 9Ly, 5’69(77)G
on; On; O, 00m00™ DBk

(Po)) Pon) dx (3.57)

oo™ oo™ 06" F"(p) ., 0ly(yy Oy OF
_ Z / | 4 PE7P) 9o Otoiy 0) 3 (o) Doy

an; O, O, F'(p) 7 06m 06m o6h

Z 020 96" [ 9o Olory
amanj O oo™ 00"

G(powy) Po) d

S~ 0 [ Pl Dl
anl 877] ank / 00moer  Ooh G(pQ(n ) Do(n) dx (3.58)
39"‘ o0™ oo" PG 00" 2™ G
- 3.59
Z 6% 877] 377k mnh Z ank 877187% Imh ( )

m,n,h
Thus the (F, G)-connection is covariant under reparametrization of the parameter. [
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Now we prove that the (F, G)-geometry is not invariant under smooth one to one
transformations of the random variable in general and the a-geometry is the only in-

variant geometry among the (F, G)-geometries.

Theorem 3.2.5. The (F, G)-geometric structures, the G-metric and the (F, G)- connec-
tion, are not invariant under smooth one to one transformations of the random variable

in general.

Proof. Consider a statistical manifold S = {p(z;0) / 6 € E C R"} defined on a
sample space X. Let ¢ be a smooth one to one transformation of the random variable x

to 4. This induces a model S = {q(y;0) / 6 € E C R"} on the sample space ). Then

q(y:0) = plw(y);d)w'(y) (3.60)
p(x;0) = q(o(x);0)d'(x) (3.61)
0il(z;0) = 0il(p(x);0) (3.62)

where w is a function such that x = w(y) and ¢/ () = ;-
For convenience, denote p(x; #) by p., ¢(y; ) by g, log(p(z; 0)) by ¢(p.) and log(q(y; 8))
by /(q,). For any function h, h(p(x; #)) be denoted by h(p,) and h(q(y;¢)) be denoted

by h(qy).
Let g, g% be the G-metrics defined on S and S respectively. Then

50 = [06:) 9002) Glo.) pe i 663
55(9) - /@E(qy) 9il(q,) G(qy) gy dy (3.64)

_ / B:t(ps) 8,6(ps) Cldoey) P da

The condition for invariance of the GG-metric is

/ D:(ps) B,E(ps) Claoiwy) po dx = / D0(p2) D,t(ps) Cp) po dz (3.65)

This implies that G(p) = ¢, where ¢ is a constant. Thus the G-metric is not invariant in
general. It is invariant only if G/(p) is a constant.
Now let us look at the invariance of the (F, G)-connection.

Let I‘ch and ff;kG be the components of the of (F, G)-connection in S and S respec-
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tively. Then
FGpy Pt (ps)
+ [ 0,t(0.) ut(0) G(p.) pe do (3.66)

teo) = [o+ 2oy, o) dtta) Gla) g, dy

—I-/(?iajﬁ(qy) Ol(qy) G(qy) qy dy (3.67)
T F// xT
= / (1+ W—Www(pw) 0;0(p2) l(p2) Gds(w)) Do de
F'(qp(2))
+ / 0:0,t(ps) Bxt(ps) Gps) Py da (3.68)

The condition for invariance of the (F', G)-connection is

. F// .
/ 1+ %{(Q—W)aiapw) 0il(pz) Okl(pz) G(ap(w)) Pa dav

+/818]£(pa:) ak€<pa:> G(px) Pz dr =

/(1 + M)W(m) 0il(ps) Oxl(ps) G(p2) po da

F/(pa:>
T / 00t(ps) Oul(ps) Gps) prdz (3.69)
Then
pF"(p)
ke G(p) =k 3.70
F/(p) 5 (p) 1 ( )

where k, k, are real constants.

Thus in general, the (F, G)-connection V¢ is not invariant. It is invariant if only if
Equation (3.70) holds.

Hence the (F, G)-geometry is not invariant under smooth one to one transformations of

the random variable in general. ]

Corollary 3.2.6. The only (F, G)-geometry which is invariant under smooth one to one

transformations of the random variable is the o-geometry.

Proof. Using Euler’s homogeneous function theorem, it follows from equation (3.70)

that the function F” is a positive homogeneous function in p of degree k. Hence

F'(A\p) = \*F'(p), for A > 0. (3.71)
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Since F” is a positive homogeneous function in the single variable p, without loss of

generality take

F'(p) = p". (3.72)
Therefore
AL |
F(p)={ ™ (3.73)
log p, = -1
Let
—(1
k= % aeR. (3.74)
Then
Lpl%"‘ a1
Fip)={ ' (3.75)
log p, a=1

which is Amari’s a-embeddings L, (p).

Also without loss of generality take k&, = 1. Then G(p) = 1. Thus the (F,G)-
connection reduces to the a-connection and the GG-metric reduces to the Fisher infor-
mation metric.

Hence we obtain that the a-geometry is the only (F, G)-geometry which is invariant

under smooth one to one transformations of the random variable. |

3.2.2 Invariance of the (o, p, 7)-geometry

Zhang [21] introduced the («, p, T)-divergence which induces a dualistic structure called

the («a, p, 7)-geometry.

g;(0) = / O 8;p du. (3.76)
rie) = / {FTO‘@@T O + HTO‘aiajp 8k7'] da. (3.77)
) = / [HTO‘@@J-T Dep + “To‘aiajp aﬂ] de.  (378)
where 0; = %.

Now we show that the («, p, 7)-geometry is covariant under reparametrization and not

invariant under smooth one to one transformations of the random variable in general.

Theorem 3.2.7. The («, p, T)-geometric structures, the metric g' and the affine connec-

. () . .
tion V , are covariant under reparametrization.
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Proof. Let the components of g’ with respect to the coordinates (6°) and (n;) be given

by gi;, gi; respectively.

Letp(x;n) = p(x;6(n)). Denote 7(p(x; 0)) by 7(x; 0), 7(p(x; 1)) by 7(2; 1), p(p(2; 0))
by p(x;0) and p(p(x;n)) by p(w;n).
We have
9 (w:n) 00™ Ot (x;6(n)) (3.79)
N '
ier 89’” Ip(x;0(n))
9'p(x;m) o aom (3.80)
o a0™ 90" &1 ( 920™ Ot(x;0(n))
¥V . —
PP T(wsn) Z on; om; aemaen . Onid; 00" (3:81)
N B a0™ 90™ 5 p( 020™ Op(x;0(n))
O p(an) = Z o o, aemaen > Gno oo O
The components of ¢’ with respect to 6 are
9;(0) = /&T(JJ;@) djp(x;0) dx. (3.83)
The components of ¢’ with respect to 7 can be written as
Gy = [ 07w Optain) do. (3.84
00™ O (x; 6) 0" c’)px@
/Z on; 0™ Z dn; 00" (3-85)
oo™ 89"/
= O 7(2;0)0,p(x;0)dx. (3.86)
23 G gy | Onr(ai0)2un(ai6)
_ [ZZ %" ge g ] (3.87)
G 0=0()

Thus the metric ¢’ is covariant under reparametrization.

Let the components of V'(*) with respect to the coordinates (6%) and (7;) be Fzﬁ), I‘Zﬁ)
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respectively.

ey =

ijk

F(x;0) 0"p(x;0) da

ﬂ /8@%(@";9) o7 (2 0) du. (3.88)

_ 1—a /Z 06™ 96" 96" 97 (w; 0(n)) Ip(;6(n)) ,
- i On; O 6™ IO aor

/Z 9207 08" 9r(x:6(n) Dpla:O(n) |
On;on; O, 96™ a0" !

1+«

/ 3 96™ 96" 90" 07 p(w; 0(n)) O7 (w3 0(n)) d
 On; On; O 90m 90" of"

/ 520m a—ghﬁp(x; 0(n)) Ot (x;0(n)) dx] (3.89)

8r]i on; O~ 00™ 0oh

aem 00" aeh oo™ 2™
- Z 3 B G re. Z G- (3.90)
1 J

Thus the connection V'(®) is covariant under reparametrization. Hence the («, p, 7)-

geometry is covariant under reparametrization. 0

Theorem 3.2.8. The (o, p, T)-geometric structures g' and V'*) are not invariant under

smooth one to one transformations of the random variable in general.

Proof. Consider a statistical manifold S = {p(z;0) / 6 € E C R"} defined on a
sample space X. Let ¢ be a smooth one to one transformation of the random variable x

to 3. This induces a model S = {q(y;0) / 6§ € E C R"} on V. Then

a(y - 0) = pw(y);f)w'(y) (3.91)
pz;0) = q(o(x);0)¢'(x) (3.92)
Oil(x;0) = 0il(¢(x);0) (3.93)

where w is a function such that x = w(y) and ¢/ () = 7

For convenience, denote p(x; 0) by p,, q(y; 8) by gy, log(q(y; 8)) by ¢(q,) andlog(q(y; 9))
by /(gq,). Also for any function h, h(p(z; ¢)) be denoted by h(p,) and h(q(y;6)) be de-
noted by h(g,).
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Let ¢, g’ be the metrics defined on S and S respectively. Then

40) = [0r(v) dyp(p.) do (3.94)
= / Pz T'(P2) P (pz) 0il(pz) 0il(pz) pr d (3.95)
9;;(0) = / 97 (qy) 9ip(qy) dy (3.96)
= [ 4 7@) Fla) 0tta) 3it(a,) a0, dy (3.97)
= [ s 7 o) P a0) ) Oyt p . G99

The condition for invariance of the metric is

/(Lz)(z) TI(Qd)(x)) pl(q¢(x)) az€<pz) a]€<pz) Pz dr = (399)

/ Do T (D) P'(P2) 0il(ps) 0;(ps) Po da. (3.100)

This implies that
pT'(p) p(p) =c (3.101)

where c is a constant.

That is the metric ¢’ is not invariant in general. It is invariant if only if p 7/(p) p'(p) is
a constant.

Now let us look at the invarinace of the connection.

Let F;ﬁ) and f;ﬁ) be the components of the connection in S and S respectively.

r) = 50| [0 200,00, 00007 0 0 do

+ / 8¢3j€(pz)3k€(px)7'(pz)p’(pz)pidw]

| B 00,10, 00t ) () )
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rpo) = 50| [0 o, 050 a7 ()6 ()6

/aaf %)akf(%) (Qy) (Qy> dy}

—|—1 e {/(1 + qy,O ( >)3 ﬁ(%)ﬁ E(Qy)ak (Qy) /(qy)p,(Qy)q§ dy

2 r'(ay)
+ / @W(qy)@kf(qy)f’(qy)p'(qy)ﬁdy} (3.103)
11—«

= 50| 000,000,017 () s

_'_q(t)(x)T (Q¢(x))a /
(q¢(w))

{ / Out ()33 (p) O(p)™ (G ) (oo oo

0 (Qo(x))

+/@5]'5(1?90)51@5(%)7/(%(3;))P’(%(x))%(x)pzdl“ : (3.104)

(px)ajf(px)akapx)T/ (%(x) )P/ (q¢($) >q¢($)px dx

1+a

(D) 05 (p2) Ol ()T (Q6(2)) P (Q(2) ) U ()P AT

From the condition for invariance of the connection we get

) cr; Pop) ca, (3.105)
7 (p) P (p)
pT'(p) p(p) =cs (3.106)

where ¢y, ¢o, c3 are real constants.

Thus in general, the connection V'(®) is not invariant. It is invariant if and only if the
Equations (3.105) and (3.106) hold.

Hence the («, p, 7)-geometry is not invariant under smooth one to one transformations

of the random variable in general. O
Corollary 3.2.9. The only («, p, T)-geometry which is invariant under smooth one to

one transformations of the random variable is the o-geometry.

Proof. Using the homogeneous function theorem, it follows from the Equation (3.105)

that

C1

(p) =p*, p(p) =p (3.107)

From the Equation (3.106) it follows that

ci+ce+1=0 or c=1-—c¢. (3.108)
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Hence

pcl-‘rl p—Cl
— = 3.10
7(p) T p(p) o (3.109)
Now let
1 _
01:—< 25), b eR (3.110)
2 148 2 1-3
- _ - = =" p3 11
7(p) LA p(p) e (3.111)
Thus the connection V' (@ reduces to
/(a) 1 - 05/8
= T@(p). (3.113)

This is Amari’s a-connection with parameter «./3.

From Equations (3.95) and (3.106)

9;;(0) = 03/02-6(90;0) 0;l(x;0) p(x;0) dx

That is the metric ¢’ reduces to a constant times the Fisher information metric g.
Thus the only («, p, 7)-geometry which is invariant under smooth one to one transfor-

mations of the random variable is the a-geometry. O

Remark 3.2.10. Zhang [21] showed that the only measure invariant divergence func-
tion associated with quasi-linear mean operator which is scale invariant is a two pa-

rameter family of divergence D®P given by

4 2 11—« 14+«
a?ﬂ —
b p.a) = 1—0421—1-5/{ > Pt

]_— 1— 1 1— ﬁ
_( @54 +“qf) ]dx (3.115)

()

where o, € [—1,1].
This divergence function induces Fisher information metric and Amari’s a-connection

with parameter o.f5.

58



3.23 (F,G)and («, p, 7)-geometries

The (F, G)-geometry and the («, p, 7)-geometry come under the category of general-
ized geometries on a statistical manifold which are non-invariant. The (F, G)- geometry
is derived naturally by embedding the manifold into the space of random variables R y
and suitably defining the inner product on Ry. This is done using an embedding func-
tion F' and a positive smooth function G. The a-geometry is a special case of this

(F, G)-geometry and is the only invariant geometry in that category.

The (v, p, T)-geometry is induced from a divergence function ((«, p, 7)-divergence).
This divergence function is defined using the conjugate representations p and 7 of densi-
ties with respect to a convex function f. The a-geometry is the only invariant geometry
among the («, p, 7)-geometries. Zhang [57] claimed that the (F, G)-geometry and the
(a, p, 7)-geometry are the same. But in the definition of («, p, 7)-geometry the two
representations used are conjugate with respect to a strictly convex function f, which is

indeed a strong condition. In this context we have the following theorem and examples.

Theorem 3.2.11. The («, p, T)-geometry can always be expressed as (F, G)-geometry.

Conversely, if the function

x F=L(t) U
f(z) :/a (/b UGF—(BL) du> dt (3.116)

exists then the (F, G)-geometry can be expressed as («, p, T)-geometry.

Proof. For the («a, p, 7)-geometry the conjugate representations p and 7 with respect to

a convex function f are given by

m(p) = fp(p)=((f))""(p(p)) (3.117)
pp) = (f)7'(r(p) = (f)(v(p)). (3.118)

Now take F'(p) = p(p) and H(p) = 7(p). Then G is determined as follows

G(p) = pF'(p)H'(p) (3.119)
= pf"(F(p))(F'(p)*. (3.120)

Since p and 7 are smooth strictly increasing functions the function G is well defined and
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positive. Thus the («, p, T)-geometry can always be expressed as the (F, G)-geometry.

Conversely, for the dualistic (F, G)-geometry (¢¢, V¢ VH.¢) the dual embedding

relation is given by

_ G
pF'(p)

Take p(p) = F'(p) and 7(p) = H(p) and define a convex function f as

x F=1(t) u x
f(z) :/a (/b U%(Z) du> dt:/a H(F~(t)) dt (3.122)

This integral need not exist in general. So the function f need not exist in general

H'(p)

, (3.121)

even if the functions F, H, G exist. Thus the (F, G)-geometry can not be expressed as
(o, p, T)-geometry in general.
If the function f exists then the (F, G)-geometry can be expressed as («, p, 7)-geometry.

OJ

Remark 3.2.12. Thus the (o, p, T)-geometry can always be expressed as (F, G)-geometry.
Further, if we assume that the (F, G)-geometry can be expressed as («, p, T)-geometry
(that is, the convex function [ exist) then we have from Equation (3.24)

l—avH7G+1+o¢

v (@ —
2 2

\VARLE (3.123)

Example 3.2.13. Let F'(z) = Inx and G(z) = In z, Then the G-dual embedding of F
isH(z)=xInz — .
Now let p(z) = F(z) =Inz, 7(z) = H(x) = lnx — x . Then from Equation (3.117),
f is defined by

f(Inz)=zlnz —x (3.124)

Let y = Inx. Then f'(y) = e¥(y — 1). Thus

fly) = /yet(t—l) dt (3.125)
0
= Y(y—2)+2. (3.126)

In this example, since the function f is well defined, the duality of /" and H with respect
to (G can be interpreted in terms of the conjugacy of p, 7 with respect to f. Thus the

(F, G)-geometry can be expressed as («, p, T)-geometry.
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Example 3.2.14. Let F'(z) = zlnz — x and

Inz—1
Glz) = Tz =1 (3.127)
Inx
The G-dual embedding of F' is
x
H(z)=— 3.128
(1) = 1~ (3.128)
Let us try to find a convex function f to obtain a («, p, 7)-representation.
Take p(x) = F(z) and 7(x) = H(z). The function f is defined by
f'(p(x)) = 7(x) (3.129)
That is,
flelne —1z) = — (3.130)
Inx

Note that in this case we cannot find an explicit expression of f with respect to which

the p and 7 are conjugate and thus elucidating the Theorem 3.2.11.

3.3 Summary

In this chapter first we described various classes of divergence functions and the ge-
ometry induced by them. Then we obtained the U-geometry is a special case of both
the (F,G) and (o, p, 7)-geometries. We studied the invariance properties of the a-
geometry, (F,G)-geometry and (o, p, 7)-geometry on a statistical manifold and clas-
sified them into two categories; invariant and non-invariant. We showed that all these
geometries are covariant under reparametrization. Further we showed that both the
(F, G)-geometry and the (p, 7)-geometry are not invariant in general. As a partial an-
swer to Amari’s conjecture we showed that the a-geometry is the only invariant ge-
ometry in the category of the generalized (F, G)-geometry. The («, p, 7)-geometry
can be expressed as the (F, G)-geometry and the (F', G)-geometry can be expressed as
(a, p, 7)-geometry provided the convex function f with respect to which p and 7 are

conjugate exists. Also examples are given to make this point clear.
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CHAPTER 4

Deformed Exponential Family

In this chapter we present a clear picture of the state of the art in the study of the
dually flat geometries of the deformed exponential family. A dually flat space is an
important tool in the geometric study of statistical estimation [12], [14]. An exponential
family is an important statistical model which has a dually flat structure with respect to
(41)-connections [12], [14]. A g-exponential family is generalization of an exponential
family which is used in non-extensive statistical mechanics [26], [28]. A g-exponential
family has a dually flat structure called the g-structure which is the conformal flattening

of the a-geometry [27], [53].

Naudts [28] introduced a more generalized notion of exponential family called the
deformed exponential family and defined a dually flat structure on it, the U-geometry.
The geometry of the deformed exponential family was extensively studied by many
authors [31-36] . Amari et al. [37] also studied this deformed exponential family and
obtained a dually flat structure on it called the x-geometry, which is different from the

U-geometry.

In this chapter we discuss the importance of the (F, G)-geometry in the study of the
dually flat geometries of the deformed exponential family. In Section 4.1 the general
structure of a dually flat space is described. In Section 4.2 a short description of the
dually flat geometry of the exponential family and g-exponential family are given. In
Section 4.3 the two dually flat geometries, the U-geometry and the y-geometry, on
the deformed exponential family are described. Then the role of non-invariant (F, )-
geometry in the study of a deformed exponential family is presented. We show that
the U-geometry is the (F, G)-geometry and y-geometry is the conformal flattening of

(F, G)-geometry for suitable choices of F' and G.
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4.1 Dually Flat Spaces

On a statistical manifold a divergence function always induces a unique torsion free
dualistic structure. Matumoto [58] proved that every torsion-free dualistic structure
is induced from a globally defined divergence. But there may be many divergence
functions which induces the same dualistic structure. In the case of a dually flat space
there exist a unique divergence which generates its geometric structure. Now we give a

brief description of a dually flat space.

Let S be a statistical manifold and (g, V, V*) be a dualistic structure on S. Assume
that the affine connection V is flat. By duality V* is also flat. Then (g, V,V*) is a
dually flat structure on S and (S, g, V, V*) is called a dually flat space.

Consider a dually flat space (S, g, V, V*). By the definition of flat connection, there
exists a V-affine coordinate system 6 for S. Then by the duality of V and V*, one can

choose a V*-affine coordinate system 7) such that

0 : 0

< 0, >=04;, where 0;= 5 ¥ = o 4.1)
Let the components of the Riemannian metric g with respect to 6 and 7 be
gi; =< 0;,0; > and ¢¥ =<0 ¥ > 4.2)
From Equations (4.1) and (4.2)
O~ g, and 23 =g (4.3)
Since
on; = gi; = 0;m; and IO = g = 9'¢ 4.4)
there exist functions ¢/(#) and ¢(n) corresponding to # and 7 such that
= 0p(0) and 6" = 0'é(n) 4.5)

Since (9;0;1(0)) = (g;) and (9'?"p(n)) = (¢g*) are positive definite matrices, 1 is a
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strictly convex function of § and ¢ is a strictly convex function of 7. Also it follows that

¢(a) = max {0(p)-n(a) = U(p)}, VaeS (4.6)
and
U(p) = max {0(p)n(q) —o(q)}, VpeS 4.7

This is the Legendre transformation. The convex functions ¥ and ¢ are called the
potential functions corresponding to # and 7 respectively.
Then the components of V and V* with respect to 6 and ) are

Fijk =< Vaﬁj, 8k >= 10 and :jk =< Vaﬁj, ak >= 81838kw (4.8)

Mk =< V507,0F >=0  and T =< V,0/,0" >= 000" (4.9)

Definition 4.1.1. Ler (M, g) be a Riemannian manifold and let V be a flat connection on
M. The pair (M, g) is a Hessian structure on M or (M, g, V) is a Hessian manifold
if there exist a function 1 such that g = Vdi). Let V* be the dual connection of V
with respect to the metric g. Then (M, g, V) is a Hessian manifold is equivalent to

(M, g,V ,V*) is a dually flat space.

For a dually flat space (S, g, V, V*) there exists a unique divergence called the

canonical divergence given by

D(p,q) = ¥(p) + d(q) = >_ 0" (p)mi(a)- (4.10)

The canonical divergence D is also called (g, V)-divergence on S. The dual divergence

or the (g, V*)-divergence is given by

D*(p,q) = D(q,p) (4.11)

See Amari and Nagaoka [14] for more details. Note that the Bregman divergence always
induces a dually flat structure. For a dually flat space the canonical divergence is the
Bregman divergence.

Also for a dually flat space one can have the generalized Pythagorean theorem and the
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projection theorem [12], [14].

Definition 4.1.2. Let S be an n-dimensional manifold and let M be an m-dimensional
submanifold of S. Let V be an affine connection on S. Then M is said to be V-

autoparallel if
VxY ell(TM), VXY el'(TM) (4.12)

where I'(T'M) is the family of smooth vector fields on M.

Theorem 4.1.3. (Pythagorean theorem) Let (S, g,V ,V*) be a dually flat space and D
be the canonical divergence. Given three points p,q,r € S. Let 7, be the V-geodesic
connecting p and q and let 5 be the V*-geodesic connecting q and r. If the curves v,

and 5 are orthogonal with respect to g at the intersecting point q then
D(p,r) = D(p.q) + D(q, 7). (4.13)

Theorem 4.1.4. (Projection theorem) Let (S, g, V, V*) be a dually flat space and let M
be a V*-autoparallel submanifold of S. Let D be the canonical divergence of S. Given
p € S, a necessary and sufficient condition for a point ¢ € M to satisfy D(p,q) =

min,epr D(p, 1) is that the V-geodesic connecting p and q is orthogonal to M at q.

4.2 Exponential Family and ¢-Exponential Family

Exponential family and g-exponential family are examples of dually flat spaces. In this
section we describe the dually flat structure of exponential family and g-exponential

family.

4.2.1 Dually flat structure of the exponential family

Exponential family is an important class of probability distributions and most of the
common distributions like normal, gamma, exponential, beta, Poisson etc. belong to
the exponential class. It is known that a finite dimensional exponential family has a flat

structure with respect to 1-connection defined by Amari [12].
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An n-dimensional statistical model S = {p(z;0) / § € E C R"} is called an

exponential family if

p(x;0) = exp{C(x) + > _0'Ci(x) —(0)} (4.14)
=1
where (', - - - , C,, C are functions on X" and % is a function on E. By renaming random

variables C;(x) as x;, without loss of generality we can rewrite the above equation in a
convenient form (usually called the standard form) with respect to a suitable dominating

measure as

pla;0) = exp{> 0z —v(0)} or log(p(x;0)) = 0z — ()  (4.15)
i=1 =1
where x = (z1,-- -, x,) is a set of random variables, § = (6',---  6") are the canonical

parameters and v (6) is determined from the normalization condition.

The exponential family (S, g, V', V(~1) is a dually flat space, where g is the Fisher
information metric, V! is the 1-connection (exponential connection) and V! is the

(—1)-connection (mixture connection).

Tie(0) = 0 (4.18)

where ((z;0) = log p(z;0) and 9; = 2.

The dual coordinate 7 and the dual potential function ¢(n) are

n = 0i(0) = E(x;) (4.19)

o(n) = E,[logp] = —H(p) (4.20)

where H (p) = — [ plogp du is the Shannon entropy.
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The (—1)-divergence D_; on S is the Kullback-Leibler divergence given by

D_i(p,q) = ¢(9(p))+¢(n(q»—ZHi(p)m(Q) (4.21)

= /(logp —logq) p dx (4.22)

4.2.2 ¢-Exponential family and the ¢-structure

For any o € R, Amari [12] defined an a-family of probability density functions.
S ={p(z;60) / 0 € E C R"} is said to be an a-family if

Lo(p(x;0)) = i 0'x; — () (4.23)

where L, (p) is the a-embedding.

When o = 1, the a-family is the exponential family and exponential family is V!-flat.
But for o # 1, a-family is not flat with respect to the a-connection. So how to get dually
flat connections on a a-family? g-exponential family originated from the statistical
physics gave an answer to this. Amari and Ohara [27] showed that a g-exponential
family, which is an a-family with o = 1 — 2¢, has a dually flat structure called the

g-structure. Moreover the g-geometry is the conformal flattening of a-geometry [27].

Definition 4.2.1. [59], [60] Two statistical manifolds (M, ¥, g) and (M, V, §) are said

to be [-conformally equivalent if there exist a positive function ¢ on M such that

§(X.Y) = 0 g(X.7) @24)
§TxY. 2) = 6 9(VxY, 2) + 22 {g(Y, 2)0(X) + g(X, 2)do(¥)}
P gx vidsz) @as)

In terms of the basis vectors the above expressions can be written as

3(05,0;) = Gij = ¢ 9(0;,0;) = ¢ gij (4.26)
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~ 1-p 1+5
Lk = 0 i+ —5— {95400 + 900} — — 011000 (4.27)
Now let us describe the g-geometry of the g-exponential family.

Define the ¢-logarithm and its inverse the g-exponential by

1,
log,(u) = fq(u —1), ¢>0 (4.28)
-1
exp,(u) = {1+ (1— q)u}ﬁ , U > T4 (4.29)
in the limiting case ¢ — 1,
log,(u) =logu; exp,(u) =expu (4.30)

Definition 4.2.2. A statistical manifold S = {p(x;0) / 0 € E C R"} is said to be a
g-exponential family if

log, p(x:0) = > 0'x; — y(0) (4.31)
i=1
where 1,(0) is obtained from the normalization [ p(z;0)dx = 1.

Define a functional

ha(6) = / (p(z:0))dz 4.32)

From the definition of the g-exponential family S

0:0,10,(0) = % / (2; — 06, (0)) (z; — Oty (0))p(x;0)20 ! d (4.33)

Amari et al. [27] proved that 1), is a convex function and further assumed that it is

strictly convex to define a divergence of Bregman type called the ¢-divergence,

Dy(p(x;01),p(x;62)) = he(02) — ©g(61) — Vibe(01).(62 — 61)  (4.34)
1 q
= m /(logq(p) —log,(r)) p? dx (4.35)

On the g-exponential family S the g-divergence D, induces a dually flat structure called
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the g-structure (gP«, Vs VD) given by

g5 = 0:004(0) (436)
IOl = 0:0;00,(0) (4.37)
Lt = 0 (4.38)
Let
f?q(p, r) = /(logq(p) —log,(r)) p? dx (4.39)
Then Dq is a constant multiple of the well known a-divergence [14] with o = 1 — 2g.
Note that
1 -
D = D 4.40
q(pa 7') hq(e) q(p>r) ( )

which is the conformal transformation of a-divergence, @ = 1—2¢, by a gauge function

1

@) Hence the g-structure is the conformal flattening of the a-geometry (v = 1 — 2¢)

by a gauge function m .

Geometry induced from the conformal transformation of o-divergence

Let us now look at the geometry obtained by the conformal transformation of the a-
divergence by a gauge function K(6) [59], [60]. This geometry is (+1)-conformally
equivalent to the a-geometry. Then as a corollary we show that the g-geometry on the
g-exponential family is the conformal flattening of the a-geometry.

S = {p(z;6) / 8 € E C R"} be a statistical manifold. The a-divergence D, is

4 — @
D,(p,r) = e [1 — plTrl%dx} (4.41)

Let K (6) be a positive smooth function of #. Define a divergence function D on S as

Di(p(x;01),p(x;02)) = K(601)Da(p(x;01), p(z;02)) (4.42)

Proposition 4.2.3. The metric and the affine connection VP induced by the divergence
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Dy are given by

9 (0) = K(0)gi;(0) (4.43)
LoEO) = KO, + 0K (0)g + 0K (0) g (4.44)

where g is the Fisher information metric and '}y, are the components of a-connection.

Proof. We have

0Dk (p,r) = 0; [K(6h)Da(p,7)] (4.45)
4 11—« ~(1+a) T
= K(Ql)l_az [— 5 /p 2 dpdx]
4 1;& RS
+ 0K (0)) [1 - dx] (4.46)
00Dk (p,r) = —K(bh) {/pwr%l&'p Ojr dx}
+ —0K(0 { / R dzx] (4.47)
Hence
95,5(0) = =80y Dk(p,7) [p=r (4.48)
= K(0) / 90 9L p dx (4.49)
= K(0)g:;(0) (4.50)
Also
4 1 — (X (1+a) 1+a
0;0; Dk (p,7) = —K(91)1_—062 5 /p 2 0,0;p dx

4 1—«a ~(3+a) 1ta
+ —K(el)—&2 [T/P 2+ B2 2 O0ip Ojp dm}

4 1_ —(Ita 14a
+ —(9jK(91)1 5 {/ 5 &p%r%@p da:]

L 4 [1— P de]aaf((el)

1—a?

4 1 — — (14« 1+«
+ —&-K(Gl)l_az {/ 5 ap & >r%8jp dx} (4.51)
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00D (p,r) = —K(6) { [ v o dx]

1 3+a a—1
+ (91){ +a/p =5 )r 2 0;p Ojp O d:l?:|

+ —8 K |: (1+(’) a_ zp ak:’r d.’L':|
+ |:/ ’)” T ak/?” dl’:| 3 0; K(@l)
+ —0,K(0 { et 0;p Opr dm} (4.52)
Hence
IoE0) = —0,0;0w Dic(p,7) |per (4.53)
= {/836%— 8636}8&170@
+ 0iK(0) gk + 0;K(0 )gik (4.54)
where I'7, are the components of the «-connection. U

Proposition 4.2.4. The affine connection VP« induced by the dual D3, of the diver-

gence Dy is given by

ToE(0) = K(O)T8 — 0K (0)g, (4.56)

zgk

where I' 1 are the components of the (—a)-connection.

Proof.
4 l—a 1+a

Dic(p,7) = Dic(r,p) = K(02) 17— {1 - / mptdﬁ} (4.57)

. 4 1,_a Lia

4 14+« a-1 1-a
= —K(eg)m [ 5 pzrzop dx} (4.59)

4 1 a—1 l—«

00 D) = ~K(0)7—— {ﬂ/p 50,0, dx}
- 2

+ K(0y) {/pagsrlga&»p d;p dw} (4.60)
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0,0 Di(pr) = —K(6) [ / P00 0 O dx}

2 a—1 l—«

1 - a— — (14«
+ K(@z){ a/pTgr & )@p 0jp Opr dx}

2
+ 0K (02) {/paTgrlTa(?ip O;p dx} (4.61)
Hence
DoE(0) = —0,0;00Di(p,7) |per (4.62)
1
= KO + 0K (0)g: (4.64)
where I', 7 are the components of the (—av)-connection. 0J

In summary, we proved the following theorem.

Theorem 4.2.5. (S, g, V¥) and (S, gP%, VPx) are (—1)-conformally equivalent, where
g is the Fisher information metric and NV is the a-connection. Also (S, g,V ~%) and

(S, gDK, VD?) are 1-conformally equivalent.

Corollary 4.2.6. The q-geometry on the q-exponential family is the conformal flattening

of the a-geometry by a gauge function K(0) = 7-G.

Proof. Take K (0) = then the divergence Dy reduces to g-divergence. Then for

9
hq(6)”

the g-exponential family from Equations (4.36) and (4.43)

K q
gi? (0) = 0:0;94(0) = mgijw) (4.65)
Let « = 1 — 2¢q. Then
K(@)F}qu = 3 %9) (/ 0;0;0 Ol p dx + q/(?iﬁ il Ol p d:[:) (4.66)
q

q
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Now from Equation (4.33)

q
+ / 0:0;€ O,€ p d + / 0,040 0,0 p da (4.68)
hqe(0)

Hence from Equations (4.44) and (4.68)

LoE(0) = 0:0,00,(0) (4.69)
4.70)

Hence the result.
A similar proof holds for V k. O

4.3 Dually Flat Geometries on a Deformed Exponential

Family

Naudts [28] introduced a generalized notion of exponential family called the deformed
exponential family. This is done by replacing the exponential function in the stan-
dard exponential family by a deformed exponential function exp,, where ¢ is an in-
creasing positive function on [0, 00). This deformed exponential family is called the

¢-exponential family. He defined a ¢-logarithm by

Ing(u) = /1“ ﬁwdv, u>0 (4.71)

exp, is the inverse of the ¢-logarithm. For ¢(u) = u, Ing(u) = log(u) and exp,(u) =

exp u. For ¢(u) = u? with ¢ > 0

ul=9-1
> 471

logu, — ¢=

Ing(u) = (4.72)
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which is the g-logarithm. A family of probability distributions S = {p(z;0)} is said to

be a ¢p-exponential family if
p(w;0) = expy(v(0) = Y 0'w) (4.73)
=1

On a ¢-exponential family Naudts [28] defined a dually flat structure, the U-geometry,
using a divergence function. Amari et al. [37] also considered this deformed exponential
family formulated as y-family and defined a dually flat structure called the y-geometry
using an escort probability distribution. The k-exponential family by Kaniadakis et
al. [37], U-model by Eguchi et al. [36] are similar formulations of this deformed expo-

nential family.

In this section we describe the two dually flat structures on the deformed exponential
family, the U-geometry and the x-geometry. Then we show that how these two dually

flat structures are related to the (I, G)-geometry.

For the sake of notational convenience, deformed exponential family is formulated

using the function F' and we call it as F'-exponential family.

Remark 4.3.1. Note that ¢p-exponential family, x-family and F-exponential family are
essentially the same family of probability distributions with a generic name deformed
exponential family. We may interchangeably use the term deformed exponential family

or F-exponential family.

Definition 4.3.2. Let I’ : (0,00) —> R be any smooth function satisfying F'(x) > 0
and F"(x) < 0. Let Z be the inverse function of F. Define the standard form of an

n-dimensional F-exponential family S = {p(x;0)} of probability distributions as
p(x;0) = Z(Y Oz —¢p(0)) or F(p(x;0)) =Y 0z —vp(6)  (4.74)
i=1 i=1

where x = (11, -+ ,,) is a set of random variables, § = (0*,- - - ,0") are the param-

eters and V() is determined from the normalization condition.

Remark 4.3.3. When F(p) = log p the F-exponential family is the exponential family
and when F'(p) = log, p the I'-exponential family is the q-exponential family.
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4.3.1 Dually flat U-geometry of the F'-exponential family

In this section we describe the dually flat U-geometry on the F' exponential family
[28, 36]. Further we show that the U-geometry on the F'-exponential family is the
(F, G)-geometry for suitable choices of F' and G [38].

Let S = {p(z;6) / # € E C R"} be an n-dimensional F-exponential family. The
divergence of Bregman type given by Naudts [28] is

D= [ ( / (Pl - @) do @4.75)

This divergence is a U-divergence defined by Murata et al. [22], where U is an increas-

ing convex function and

D*(p.0) = Dulr.a) = [ 10°(6) = 6(a) + U(€(a)] d (4.76)

with U*(t) = [, F(u) duand &(t) = 997 (t).

Now consider the dualistic structure (g” ERAVZEENR v *F) induced from the divergence

DY called the U-geometry (Eguchi et al. [36]).

020 = [on0F(p) da @77)
t50) = [ owa0,F () dr (4.78)
o) = / 9;0;p OLF (p) dx (4.79)

From the definition of S, I'2} (¢) = 0. Hence the connection V" is flat. Moreover

(gP",vP" VP is a dually flat structure on S.

The dual coordinate (7);) of the canonical coordinate 6" are

n; = Eyz;] = /xz p(x;0) de. (4.80)

Define a function

t
v(t) = / F(s)ds t>0. (4.81)
1

Assume that v(0) := lim;_, 1o v(¢) is finite.
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The generalized entropy functional / and generalized Massieu potential ¥ are defined

as

Ips) = — / w(p(a:0)) + (pla: 0) — 1)o(0)] da. (4.82)

Up(0) = / p(; 0)F (p(z; 6)) di + 1(pg) + 6r(6). (4.83)

Note that ¥ is the potential function corresponding to the canonical coordinate # and
n; = E,[z;] = 0; ¥ p(0). The dual potential function ¢ of the dual coordinate 7 is given
by

®(n) = —1(po)- (4.84)

See [28], [34], for more details.
Next to show that the U-geometry is the (F, G)-geometry for suitable choices of F' and
G.

Theorem 4.3.4. For the F-exponential family S the dually flat U-geometry obtained
from the U-divergence is the (F, G)-geometry (g%, V¢ NV with G(p) = pF'(p)
and H is the G-dual embedding of I’ given by H(p) = p.

Proof. For the F-exponential family &

OF = pF'(p) ot (4.85)
00;F = pF'(p) 0;0;( + [pF'(p) + p*F"(p)] ;¢ O;L. (4.86)

Then the Equations (4.77), (4.78) and (4.79) can be written as

gl (0) = / 8ip 8;F (p) dx (4.87)
= /pF’(p) 0l 0;0 p dx (4.88)
= ¢“() (4.89)
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which is the G-metric with G(p) = pF’(p) from Equation (2.106).

r.(0) = / Okp 0:0;F (p) dx (4.90)
_ / (aiaju(uzf,—(](f;))aie aje) Ol pF'(p) pdz  (491)
= T (0) (4.92)

which is the (F, G)-connection with G(p) = pF’(p) from Equation (2.110)

rh.(60) = / 9;0;p O F (p) du (4.93)
= /(&'8]-5 + 0;( 0;0) Ol pF'(p) p dx (4.94)
= T70(00) (4.95)

From Equation (2.122), this is the (H, G)-connection, where G(p) = pF’(p), H is the
(G-dual embedding of F

pH// (p)

)

=1= H(p) =p. (4.96)

Hence the U-geometry induced from the divergence DY is the (F,G)-geometry for
suitable choices of /' and G. [

Remark 4.3.5. Hence on F-exponential family the dually flat U-geometry obtained
from the U-Bregman divergence D* is the (F,G)-geometry for suitable choices of
F and G. The U-geometry on a q-exponential family is the (F, G)-geometry, where
F(p) = log, p and G(p) = p'~* and H(p) = p. Thus

g2 () = / Ot 0, P~ da (4.97)
o) = / (0, + (1 = )it 0;) Ol p*~* d (4.98)
I (0) = / (0:0;¢ + it 9;0) Ol p** da (4.99)

In summary

Theorem 4.3.6. For a F-exponential family S

1. (gPr,VPr) and (¢gPF,VPF) are mutually dual Hessian structures on S equiva-
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lently, (S, g, VPr VPr) is a dually flat space.

2. The canonical coordinate 0 is V¥ -affine and 1 is the potential function corre-

sponding to 0.
3. The metric gi[;F(G) = 0;,0;¢r(0).
4. The dual coordinate n is n; = 0;r(0) = Ep,|x;] and it is VPF -affine.

5. The dual potential function ¢ corresponding to the dual coordinate 1 is (1) =
Epp (F(p))-

6. (gPr,VPr VPr) is the (F,G)-geometry (g%, V¢ V) with G(p) = pF'(p)
and H(p) = p.

4.3.2 Dually flat y-geometry of the deformed exponential family

Amari et al. [37] also considered deformed exponential family called the y-exponential
family and defined a dually flat geometry called the x-geometry. This y-geometry
is different from the U-geometry given by Naudts. In this section we show that this

dually flat y-geometry is the conformal flattening of the (F, G)-geometry for suitable

Fand G(p) = —;;{«“(’]’3();) ). Here also we follow our previous formulation of the deformed

exponential family called the F'-exponential family.

x-Geometry of the F'-exponential family
Let S = {p(z;0) / § € E C R"} be a F-exponential family. Then

O F (p(x;0)) = zi — 0ipr(0) (4.100)

Define a functional hz(0) as

hp(0) = / mdx (4.102)

Theorem 4.3.7. F-potential function 1(0) is a convex function of 0.
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Proof. We have

OiF (p(x;0)) = F'(p)Oip(w; 0) (4.103)
From Equation (4.100)
oip = ! O F = ! (x; — Oir(0)) (4.104)
iD= F,(p) () - F’(p) % TV F .

By differentiating Equation (4.103) with respect to 67

. F"(p)
Hence
1 F"(p)
0;0;p = 0;0; F — 0, Fo. F 4.106
O R P i 100
—0;0;10r (0 F”
0;0;p = r(6) (v) (@ — Oibr(0)) (x5 — 050k (0)) (4.107)

F'(p) (F'(p))?

Since [ 9;pdx = 0, we have [ 9;0;pdx = 0. Hence from Equations (4.104) and (4.107)

9,0;0r(0) = hFl(e) / (_FJT(;()Z;?O, (@ — 0p(0)) (x; — O05vr(0)) (4.109)

Since F' is a concave function F”(p) < 0. Thus from Equation (4.109) it follows that

0;0;9r () is positive semidefinite. Hence ¢ is a convex function of 6. O

Note 4.3.8. Note that 0;,0;1r(0) in Equation (4.109) is positive semidefinite. Further

we assume that it is positive definite. Then 1 (0) is a strictly convex function of 0.

Definition 4.3.9. For a probability distribution p parametrized by 6 define a probability

distribution

pr(r) = m, where hp(0) :/Fll(p)dx (4.110)



called the F-escort probability distribution related to p, see [28], [62] for more details.

Definition 4.3.10. Using the escort probability distribution pp, the F -expectation of a

random variable is defined as

1 1
E; = d 4.111
Now using the strictly convex function ¢ (6) define a divergence function which

induces a dually flat structure on S.

Definition 4.3.11. A divergence of Bregman type (x-divergence in [37]) is defined using
Yr(0) as

DF(p(l"; 91)71?(1; 92)) = 1/1F(92) - 7v/)F(191) - VQ/)F(Ql)-(@z - 91) (4.112)

Take two distributions p and r which are parametrized by ¢, and 6, respectively.

Then the divergence Dy can be rewritten as

Delrr) = G5 [P0 FO) 5

Epr(F(p) — F(r)) (4.114)

dz (4.113)

Amari et al. [37] showed that the divergence Dy induces a dually flat structure on the

F-exponential family.

Theorem 4.3.12. The metric gg " and the affine connection VT induced by the diver-

gence Dr are given by

95,7 (0) = 0,0;0(0); ik = 80,0001 (6). (4.115)
The dual D} of Dr induces an affine connection VP defined by FZ}E =0.
The dual coordinate 7 is given by
i = Oip(0) = Epp (2:) (4.116)
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Lemma 4.3.13. The dual potential function ¢r(n) is given by

o5l = By (F0) = 1 [ iy @

Proof. The dual potential function satisfies

or(n) +Yr(@) —0.np=0 (4.118)
Hence
or(n) = 0n—vp0) (4.119)
= ) _00:0(0) — ¢r(0) (4.120)
_ Ny ! Lo ve(®) [ 1
— ;9 hF(e)/sz,(p)dl’ hF(G)/F’(p)dw (4.121)
1 SN 1
0 /(;Gxi—w(e))p(p)dx (4.122)
1 F(p)
“m@/ﬂ@“ (*+123)
= E;.(F(p)) (4.124)

The potential function ¢ of the canonical parameter (6°) is a generalized free energy

called the F'-free energy. The negative of the Legendre dual of the F'-free energy

1 —F(p)
H =—F; (F = dx 4.125
is a generalized notion of entropy called the F'-entropy (x-entropy in [37]). 0

Remark 4.3.14. On the F-exponential family S the divergence Dy induces a dually
flat structure (gPF , N PF, VPF) which is the x-geometry defined by Amari et al. [37].

Example 4.3.15. Consider a finite set X = {xg,---x,}. In Chapter 2 we proved
that the set P(X') of all probability distributions defined on X is an n-dimensional F'-
exponential family (F'-family) for any F'. Letting p; = p(z = x;), any p(x) € P(X)

can be written as

n

p(z) = ZP@‘@% where  do(z) =1 - Z@‘(w); po=1- Zpi (4.126)
i=0

i=1 i=1
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Then

F(p(x)) = 3 F(p:)oi() 4.127)
= Z(F(pi)—F(po))@(:r)+F(po) (4.128)
= iei%‘—%(@ (4.129)

where the canonical coordinate 6° = F(p;) — F(po), x; = d;(x) and the F-free energy
Yr(0) = —F(po)-

1 1 n 1
hr(6) - Z m - Z F'(p;) (4.130)

reEX =0

The dual coordinate 7 and the dual potential function ¢(7) are

i = : ! (4.131)
T e (0) Fpr) '
o) = —— S P g @1

x-Geometry as a conformal flattening of the (F, G)-geometry

Here we show that the dually flat y-geometry on a deformed exponential family is the
conformal flattening of the (£, G)-geometry for suitable choices of I and G [38], [61],
[63]. Matsuzoe and Henmi [34] described the conformal equivalence of the generalized
Fisher information metrics on a deformed exponential family.

Next to show that on the F-exponential family S = {p(z;60) / 0 € E C R"} the metric

gPF induced from the divergence Dy is a conformal transformation of the G-metric g“.

Theorem 4.3.16. The metric g°F induced by the divergence Dr. is the conformal trans-

formation of the G-metric g%, with G(p) = _’1’7{7(;()1” ) by a gauge function K 0) = #@9)'
That is,
955 (0) = K(0)g5] (4.133)

where G(p) = _’g(;()p) and K (0) = #@'
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Proof. The metric is

ggF(Q) = 0;0;9r(0) (4.134)
1 —F"(p)
— 0;F 0,Fd 4.135
th)/ F(p))? v (155
1 —pF"(p)
_ Ap O Ly 4.136
th)/ Filp) 0P P (+:150)

The term [ _’I;I,;(;()p ) p ;p %dq: is actually G-metric with G(p) = _f(;()p ). Thus

gg F(#) can be written as

95" (0) = K(0)g (4.137)
with K'(0) = 5 (9 and G(p) = %&f)m. Thus the new metric is obtained as a conformal
transformation of the G-metric by a gauge function K (6). O

Next to show that the connection VP* induced by the divergence Dy is the (—1)-

conformal transformation of the (H, G)-connection V#:¢.

Theorem 4.3.17. The affine connection VP induced by the divergence Drp is the

(—1)-conformal transformation of the (H,G)-connection V%Y by the gauge function

K(0) = #@")’ where G(p) = ’Zﬁ(;()p) and H is the G-dual embedding of F. That is,
Ior = KO + 0K (0)g%(0) + 0,K(0)g5.(0) (4.138)
. —pF
with G(p) = %,(p()p) and K(0) = ﬁ@")'

Proof. The components I‘g,‘j of the connection are

Ior = 0,0;00r(0) (4.139)
(R i
+ hFl(e /(_p}z//gp))ﬁﬁﬁﬁkﬁpdx
+ hFl(e /aakwpe ((f))? 0 d
- hpl(e) / O (8 )(p F;/pf))z O;t dax (4.140)
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For any F-embedding the G-dual embedding H of F'is

G(p)

H = 4.141
(p) o) ( )
Then the term
pH"(p) _ pG'(p)  pF"(p)
14 - . (4.142)
H'(p) G(p)  F'(p)
When G(p) = 71;5 (;()p ) the above term reduces
pH// (p) zpF// (p> pF/// (p)
14 —1- 4.143)
Hp) ) | F) (
Then the components of the connection V&) are
HI/
o) = / {aa Ol + (14— (( )))8€ ;0 ake} G(p) p dzx (4.144)
1 pF//<p) QF///(p) 2p2(F//(p>)2>
e + 0l 00 Ol pdx
e (6) / ( Flp)  Fl) | (F))? oy
1 —pE"(p)
+ 0;0:4 Ol pd 4.145
e | gy 0 ot v 1)
Now for K'(0) = 757 and G(p) = *%ﬁ(’}’)()p),
o 1 pF// (p) pFl/ (p>
0;K(0)g5.(0 (/ 8£d)/ 0l Ol p dx (4.146)
O = Gotae ) 7oy ) O

Then the components of the connection VPF can be rewritten as

roe) = K(0) / [aiajg Ol +(1+pg$>)aie 9,0 a,cg} G(p) p dz

+ 0;K(0)g5(0) + 0:K(0)g5:(6) (4.147)
= K0T+ 0;K(0)g5.(0) + 0:K(0)g5:.(6) (4.148)

with G(p) = 2@ and K (9) =

1
F'(p) hp(0)°

Hence the connection induced by the divergence function Dy is the (—1)-conformal

transformation of the (H, G)-connection V#:¢ by a gauge function K (#). O

Also the connection VPF induced by the dual D} is the 1-conformal transformation

of the (F, G)-connection V¢,
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Theorem 4.3.18. The affine connection VPr induced by the dual D% is the 1-conformal
transformation of the (F, G)-connection V"¢ by a gauge function K (0) = #@, where

G(p) = ﬂ;f( ()p ). That is,

r’re) = KO

ijk

e — 0K (0)g5(0) (4.149)

. —pF”’
with G(p) = 5 ® and K(0) = 15

D .
Proof. The components of I'; ;" of the connection are

o 4 ) ]

+ / 0,0,F ];))2 Oyp dr (4.150)
1 "(p)
th)aawa( ) / P

9,0 ®)gpd 4.151
“ e | gy o i b
= 0 (4.152)

We have

0,0;F = pF'(p)0;0;¢ + [pF'(p) + p*F" (p)] 9:¢ 0;¢. (4.153)

From Equation (4.150) the term

-1 F”(p) B
m/aﬁjF(p) ( ) Orp dox = (4.154)

F//
(ﬁ—p;@ p Ol dr  (4.155)

B 1 pF"(p)
- hF<9>/ e+ B0 o

= K G)I‘ (4.156)

ijk

where G(p) = _’}f(p()p) and K (0) = ;.

Since 0,0, F(p) = —0;0;9r(0)

w7 ) (@ 0e) -
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—1 F”(p)
= T Y0 0 — M d .
iy 0 ( )/(F,(p))2 Opp da (4.157)
_ L () ) PF'(p)
N _8kK(6)giC;;(9) (4.159)
Then
Lyi(0) = KOTG - 0K (0)g5(0) (4.160)

with G(p) = =22 and K (0) = ;27

Hence the connection induced by the divergence function D7, is the 1-conformal

transformation of the (F, G')-connection V¢ by a gauge function K (6). 0

In summary we proved the

Theorem 4.3.19. (S, ¢, V%) and (S, gP7,VPF) are (—1)-conformally equivalent.
Also (S,9%,VEH) and (S, gPF,VPF) are 1-conformally equivalent, with G(p) =

7%5(;()17 ) and H is the G-dual embedding of F.

Remark 4.3.20. The dually flat x-geometry on the F-exponential family induced by the
divergence Dy is the conformal flattening of the (F, G)-geometry. When F(p) = In,(p)
and G(p) = constant, the F-exponential family is the q-exponential family and the q-

geometry is the conformal flattening of the a-geometry.

Thus, we have

Theorem 4.3.21. For a F-exponential family S, let G(p) = _’}l,m(;()p ) and H is the G-
dual embedding of F'. Then

1. (g7, VPr) and (gPF, VPF) are mutually dual Hessian structures on S equiva-

lently, (S, gPr, VPr VPF) is a dually flat space.

2. The canonical coordinate 0 is VPr -affine and 1y is the potential function corre-

sponding to 0.
3. The metric gi[;F(Q) = 0,0;¢r(0).
4. The dual coordinate 1 is n; = 00 (0) = Ep,[x;] and it is VP -affine.
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5. The dual potential function ¢ corresponding to 1 is ¢p(n) = Ep.(F(p)).
6. (S, g7, VPr)and (S, g%, V) are (—1)-conformally equivalent.

7. (S, gPr VPF) and (S, g%, VIH) are 1-conformally equivalent.

4.4 Summary

In this chapter starting with the description of a dually flat space an overview of the
dually flat geometry of the exponential family and the g-exponential family is given.
Then we described the two dually flat structures on a deformed exponential family,
the U-geometry and the y-geometry. Further the relation between these two dually
flat structures and the non-invariant (F, G)-geometry is explored. We showed that U-
geometry is the (F,G)-geometry and y-geometry is the conformal flattening of the

(F, G)-geometry for suitable choices of F' and G.
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CHAPTER 5

Geometry of Estimation

In this chapter we focus on the geometric theory of parameter estimation problem in a
statistical model, especially in an exponential family and in a curved exponential family.
Amari [12], [11] elucidated the significance of the geometric tools such as the Fisher
information metric and the a-connections in the asymptotic theory of estimation. He
interpreted the asymptotic properties of an estimator in a curved exponential family in

terms of the ancillary manifold, see also [5], [14], [42,43], [46].

In certain areas of neuroscience a mismatched model or an unfaithful model is often
used for statistical inference instead of the original model [47], [48]. Ozumi et al. [48]
described the maximum likelihood estimation based on a mismatched model from the
information geometric point of view. Here we describe an information geometric ap-
proach to a general estimation problem based on a mismatched model in an exponential

family.

In Section 5.1 a short account of the statistical properties of an estimator is given.
Amari [11], [12] interpreted the consistency and efficiency of an estimator in a curved
exponential family in terms of the ancillary manifold. In Section 5.2 we describe his
work in detail. In Section 5.3 the parameter estimation problem based on a mismatched
model is discussed. We give a necessary and sufficient condition for the estimator based
on a mismatched model to be consistent and first order efficient. Further a theoretical
formulation of the maximum likelihood estimation problem based on a mismatched

model in an exponential family is given with a detailed proof of the same.

5.1 Parameter Estimation in a Statistical Manifold

Consider an n-dimensional statistical manifold S = {p(z;0) / § € E C R"}. Let
xy = (z%,---,2") be N independent observations from the random variable X dis-

tributed according to p(z;6) € S. The joint probability density function py(xy;6)
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is
pn(xn;0) = Hp(xi; 0) (5.1
Then the log-likelihood of the density is
N
N (xy;0) = log py(xn;0) = Z log p(z*; 0) (5.2)
i=1

Let Sy = {pn(xn;0) / 0 € E C R"}. Then Sy is an n-dimensional manifold with a

coordinate system 6. The Fisher information metric on Sy is

g5, (0) = / 0:tN (x:0) ;0N (xn30) pn (x5 0) dx (5.3)
where 0; = 821- and dxy = dx'---dzV and gi;(0) is the components of the Fisher

information metric on S.
In parameter estimation one need to estimate the value of an unknown parameter 6 based
on the observations taken from a random variable x distributed according to p(x; ). An

estimator 0y is defined as a function of the N observations of given by

0]\] = éN(.Z'l, tet ,QTN) = éN(XN) (55)

Note 5.1.1. Note that the estimator O depends on the number of observations N. But

for the notational convenience we denote 0y by 6.

There are certain desired properties that an estimator should possess which reflects
the closeness of the estimator to the actual parameter of the distribution in some sense.

Unbiasedness is one of such conditions which is stated as
Eglf]=06, VOcE (5.6)

where Ejy is the expectation with respect to the distribution py (xy; ).

The mean square error of an estimator is expressed as a matrix

MSE(6) = | Ey[(" — 0°)(67 — )] (5.7)
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The variance-covariance matrix V3(6) = [v} (9)] for 6 is
vf (6) = By | (6~ EI0)(@ — B[] (5.8)

When the estimator 6 is unbiased then the mean square error is the variance of the esti-
mator. That is, MSE(0) = Vy(h).
The Cramer-Rao inequality gives a lower bound on the variance of an unbiased esti-

mator and is given by

R . 1.
Vo(0) = G (6) or [vf(0)] = (97 (6)] (5.9)
where G'(0) = +[g"(0)] is the inverse of the Fisher information metric on Sy and

[¢"7 ()] is the inverse of the Fisher information metric on S.
An unbiased estimator § which achieves Cramer-Rao equality ([v (§)] = ~1g7(0)] is

called the finite sample efficient estimator.

The properties of an estimator in the case of fixed number of observations /N are
described above. In the asymptotic theory of estimation main focus is given to the
behavior of an estimator in the limiting case N — oo. In this case instead of the

unbiasedness one has the consistency.
Note 5.1.2. Note that when describing the finite sample theory, 0 is used for Ox. In the

case of asymptotic analysis {éN, N =1,2,---} is used for the estimator.

An estimator {éN, N = 1,2,---} is said to be consistent if for all § the estimator

~

O (x) converges in probability to # as N — oo. That is, for all 6 and for every € > 0,
lim Prg{|0y — 0] > e} =0 (5.10)
N—o0

The notion of mean consistency is a much more stronger condition than the usual no-
tion of consistency. Under certain regularity conditions, the expectation of éN(xN)

converges to 6 uniformly which is the mean consistency. That is,

Such an estimator is often called an asymptotically unbiased estimator.

The mean square error of an asymptotically unbiased estimator satisfies the asymptotic
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Cramer-Rao inequality

lim N[v7(0x)] > [¢7(0)] (5.12)

N—oo

A consistent estimator which attains equality in the above equation is called an asymp-

totically efficient estimator or a first order efficient estimator [14].

Definition 5.1.3. Let S = {p(z;0) / 6 € E C R"} be an n-dimensional statistical
manifold. For N independent observations xy = (x',--- 2" from p(x;0) € S the

likelihood function L™ (0) is given by

LY(0) = py(xn: 0) = | [ p(a:0) (5.13)

Since log function is a strictly increasing function, maximizing the likelihood function
LY (0) is equivalent to maximizing the log-likelihood function log(LN (9)).
We say that 0 is the Maximum Likelihood Estimator (MLE) if

N
N _ N _ N _ i
0 = arg I(glezg(L (0) = arg max log(L™ (0)) = arg 151&3(; log(p(x;0))  (5.14)

Remark 5.1.4. For an arbitrary model S = {py} there need not exist a finite sample
efficient estimator. Amari and Nagaoka [14] showed that a necessary and sufficient
condition for a coordinate system 6 of a model S = {py} to have an efficient estimator
is that S is an exponential family and 0 is m-affine. But there always exists an asymp-
totically efficient estimator for an arbitrary statistical model unlike in the finite case. In

fact MLE is an asymptotically efficient estimator [14].

5.2 Estimation in Exponential Family
Amari [12] constructed a differential geometric framework for the statistical estimation

problem in an exponential family and in a curved exponential family, see also [14]. In

this section we discuss his work in detail.
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Consider an n-dimensional exponential family S = {p(z;0) / 0 € E C R"}

p(z;0) = eXp{Z 0'x; —(0)}. (5.15)
i=1
where © = (z1,-- -, z,) is a set of random variables and 6 is the canonical coordinate.

We have seen that S is a dually flat space and the dual coordinate n = (1;) is 1, =
E9 [Z’Z]

Now consider an estimator 7) = x for 7. Then

Eglxr] = n (5.16)

Epl(zi —mi)(x; —my)] = Epl0ild;€] = gi;(0) (5.17)

where g;;(6) are the components of the Fisher information metric with respect to the 0
coordinate. This implies that variance V(7)) of 7 is the Fisher information matrix G (6)
and by duality, G(0) = G~'(n). So V(1) = G(n).

Let xy = (z!,--+,2") be N independent observations from p(z;0) € S. Then the

joint probability density function is

N n
p(xni0) = [Jexp{d_0'a] —v(0)} (5.18)
j=1 i=1

or the log-likelihood function is

N(xy:0) = N [Z 0'z; — 1/}((9)] (5.19)
i=1
where T = (47, - - , 4,,) is the arithmetic mean given by

N Y

€Tr; =

i=1,---.n (5.20)

That is the joint probability density py (xx; §) depends on the N observations z!, - - -, 2

through z. Thus the statistic Z is a sufficient statistic for the parameter 6 and is called

the observed point.
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Now consider the estimator 7y =  for 7. Then

Bzl = 7 (5.21)
1
Eo[(z; — i) (7 —m;)] = Nﬁh’j(e) (5.22)

That is, 7y = 7 is an unbiased estimator and a finite sample efficient estimator for 7.
Thus a finite dimensional standard exponential family naturally has a sufficient statistic

and a finite sample efficient estimate [12], [14].

5.2.1 Estimation in a curved exponential family

Consider an m-dimensional smooth submanifold M = {¢(z;u) / u = (u*) € R™} in
an n-dimensional exponential family S. Then M is called an (n, m)-curved exponen-

tial family and

q(z,u) = p(z;0(u)). (5.23)
Let xy = (x!,--- ,2") be N independent observations from ¢(x;u) € M. Then the
observed point z = (Zy, - - - , Z,,) defines a distribution in S whose 7 coordinate is given

by 7y = Z. But this point need not be in the submanifold M. Since Z is a sufficient
statistic for M an estimator 4y for u € M can be regarded as a function of the observed

point 7. That is, the estimator 4 y is represented as a mapping fx from S to M
fN :S — M where 77 — IALN = fN(ﬁN) (524)

An ancillary manifold or an estimating submanifold Ay (u) corresponding to the

point u € M associated with an estimator fy is defined as

An(u) = fy'(w) ={n=(m) €S/ fn(n) = u} (5.25)

That is, Ax(u) is the set of all points 1 in S which are mapped to u € M by the
estimator fy [11], [12], [14].

Remark 5.2.1. Amari [11], [12] studied the statistical properties of an estimator and
interpreted them geometrically in terms of the estimating submanifold. He first consid-

ered an estimator function [ : § — M which does not depend upon the number of
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observations N explicitly and thus the ancillary manifold A(u) at each point v € M
is also independent of N. Then gave geometric interpretations for the consistency and
efficiency of an estimator in terms of the estimating submanifold A(u) [11], [12], [14].
In general, the estimator function depends upon the number of observations N explic-
itly. In that case we have Ay (u) instead of A(u) and we take A(u) to be the limit of
An(u) as N — oo. Amari and Nagaoka [14] considered this case also. We detail their
work for a better understanding of the mismatched estimation problem discussed in the

subsequent sections.

Let
A(u) = lim Ay (u) (5.26)

N—oo

Note that the estimator fy is assumed to be a continuous function from S to M for
each N. Also let f be the limiting estimator function which determines the limiting
estimating submanifold A(u).

Then the consistency and efficiency of {uy, N = 1,2, --} can be interpreted as [11],

[12], [14]

Theorem 5.2.2. Let M = {q(z;u) / v = (u*) € R™} C S be a curved exponential
family. An estimator {uy, N = 1,2,---} for w € M is consistent if and only if

n(u) € M C S is in the estimating submanifold A(u).

Proof. Let xy = (z%,---,2") be N independent observations from q(x;u) € M.
Then

E[z] = n(u). (5.27)
By the law of large numbers the observed point /)y = & = (Zy, - ,T,) defined in

Equation (5.20), converges in probability (we denote it by — ) to n(u) as N — oo.
That is,

v =7 <> n(u) as N — oo (5.28)

Then
in = fn(in) = f(n(u)) as N — oo (5.29)

For the estimator {t, N = 1,2, --} to be consistent

iy = u as N — oo (5.30)
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Thus the estimator {@y, N = 1,2,---} is consistent iff

f(n(u)) =u (5.31)

iff
n(u) € Au). (5.32)
]

In the proof of the following theorem we use the Einstein summation convention for

the sake of convenience (that is, >, z;4" is denoted by z;y").

Theorem 5.2.3. Let M = {q(z;u) / u = (u*) € R™} C S be a curved exponential
family. A consistent estimator {tuy, N = 1,2,---} for u € M is first order efficient if

and only if A(u) is orthogonal to M at the intersecting point n(u) € M.

Proof. Let xy = (x!,---,2") be N independent observations from q(z;u) € M.
Note that ¢(z;u) = p(z;n(u)). By the law of large numbers the observed point =
converges to 7(u) as N — oo. From Equations (5.16) and (5.17) E[x] = n(u) and
covariance matrix V' (z) = [g;;(n(u))] = [gi;(u)], where g;; are the components of the
Fisher information metric with respect to the #-coordinate.

Now consider the random variable
i = VNI —n(u)) (5.33)

Then by the central limit theorem  asymptotically follows the normal distribution with

mean 0 and covariance [g;;(u)].

Given the estimator {Gy, N = 1,2,---} is consistent. Then from Theorem 5.2.2
the (n —m)-dimensional estimating manifold A(u) passes through the point n(u) € M.
Now introduce a coordinate system v = (v"), kK = m + 1,--- ,n on A(u) with u as
origin. Then w = (u,v) forms another coordinate system for S. Here we use indices
such as «, (3 for the coordinate system w, indices such as a, b for the coordinate system

u and indices such as «, A for the coordinate system v.

w = (w) = (u,v) = (u*,v") (5.34)
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wherea=1,--- ,n,a=1,--- ,mandk =m—+1,--- ,n.

The 7-coordinate for S can be written in terms of w as

n(w) = n(u,v) (5.35)

The w-coordinate of points in M are given by w = (u, 0) or n(u) = n(u, 0).
The bases of the tangent space T),,)S of S at n(u) with respect to n-coordinate and

w-coordinate are given by

PG 9,
O =g Oa=go (5.36)
Note that we can decompose {0, } into {0, } U {0, }, where
9, 0
W = ;o O = : 37
0, S 0 Ee (5.37)

The tangent space 7)) M of M is spanned by {0, } and the tangent space T}y A(u) of
A(u) is spanned by {0, }. Also

0y =B.0", 0,=B.9" and 0, = B.0' (5.38)

where

A on; A on; , on;
Bl_ 77 'L:n 2_77

a7 Quwe’ T Que’ TR ook (5.39)

Let the components of the Fisher information metric with respect to the two bases {9}

and {0, } be
97 =<0, & >, gap =< 04,03 >= B, Blg" (5.40)
The matrix [g,s] can be decomposed as

Gab  Gax
[Gap) = 541

9xb  Grx
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where

Gab =< Ou, Dy >= B B] g (5.42)
Jar =< 04, 0 >= B.BIg" (5.43)
G =< O, Oy >= B.BJg" (5.44)

Now let Wy = (ty, Uy) be the (u, v)-coordinate of the observed point 7y = Z.
nn =n(wy) = n(ly, On) (5.45)
Since uy and vy are close to u and 0 respectively, consider
iy = VN(iy —u), oy =VNiy, wy=/(iy,0y) (5.46)

Then

~

1
Wy =w+ ——=wy with w = (u,0). (5.47)

VN

By taking the Taylor series expansion of Equation (5.45) around the point w = (u,0)

the 7" coordinate of 7y is

1 1 1
Ty = 0;(1,0) + —=0ai(u, 00y + ==0adsni(u, 0) WYY + O(——=) (5.48)
This can be rewritten using Equation (5.33) as
i = Bl (u,0)d% + L 9.0 (u, 0)wS, ~ﬁ+0(1) (5.49)
z; = B} (u,0)w ———=0,03m;(u, 0)wyw — .
N /N 871 NWN N

By neglecting the terms smaller than or equal to the order of \/LN in the above equation

we obtain the linear equation

T; = Bla% (5.50)
Let [D?] be the inverse matrix of [B’]. Then from Equation (5.40)

ow* 5

D¢ = = ¢*°¢" B! 5.51
© T o 9" 9" by (5.51)
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where [g*7] is the inverse of the matrix [g,].
Then wQ = D;{'z;. Since = asymptotically follows normal distribution with 0 mean and
covariance [g;;] then wy is also normally distributed with 0 mean and covariance [g*”].

That is,

lim V(wy) = [¢g*7] (5.52)

N—oo

where V (wy) is the covariance matrix of wy.

That is,

lim V(iwy) = lim NV (idy) = [g*°] (5.53)

N—oo N—oo

Let the asymptotic mean square error of {ty, N =1,2,---} be

lim NE[(a% — u®)(a% — u®)] (5.54)

N—oo

is the (a, b)*™™ component of [¢**] from Equation (5.53) and is denoted by 5.

Taking the inverse of the matrix [g,s] in Equation (5.41) and also from Equation (5.53)

3] = [9ab — Gaxg™ 0] = [37] > [¢™] (5.55)

which is the asymptotic Cramer-Rao inequality, where [¢%] is the inverse of [g,).

Then the consistent estimator {tuy, N = 1,2, - -} is first order efficient iff

5" = 9] (5.56)
which is iff g, = 0, V a, k.

Note that g, =< 0,, 0}, > is the inner product of the tangent vector 9, € T}, M and
the tangent vector J), € T,y A(u). Hence the consistent estimator {tuy, N =1,2,---}

is first order efficient iff A(u) is orthogonal to M at n(u). O

Note 5.2.4. For a statistical manifold S = {p(x;0)} the maximum likelihood estima-
tor 0 is an asymptotically efficient estimator. More precisely, the MLE 6 asymptoti-
cally follows a normal distribution with mean 6 and covarinace [+ g (0)]. Amari and
Nagaoka [14] gave a geometric proof of the same in an exponential family using the

ancillary manifold and the canonical divergence, see also [11], [12].
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5.3 Mismatched Estimation in a Curved Exponential

Family

In the area of population coding in neuroscience a mismatched model or an unfaithful
decoding model is often used in place of the original model to quantify the significance
of the correlated activities of neurons or for saving the computational cost, see [47],
[48] for more details. Oizumi et al. [48] described maximum likelihood inference in
a curved exponential family based on a mismatched model and interpreted it from the
information geometric point of view. Motivated by their work we consider the problem
of mismatched estimation in a curved exponential family for any estimator, not only for
the MLE. First we interpret the consistency and efficiency of an estimator based on a

mismatched model in terms of the associated ancillary family.

Let S be an exponential family and M = {q(z;u) / u = (u*) € R™} be a curved
exponential family. Suppose that we have a mismatched model M* = {¢'(z;u) / v =
(u®) € R™} corresponding to the original model M. M* is a submanifold of S. Let the
embedding functions of M and M* in S be 6(u) and 6'(u) respectively. Let n(u) and

n'(u) be the corresponding dual representations.

Let xy = (z',---,2") be N independent observations from ¢(x;u) € M. Then
the observed point z = (71, - -, Z,) defines a distribution in S whose 7-coordinate is
given by 7y = Z. For the inference we are using the mismatched model M* instead of
the original model M. Since 7 is a sufficient statistic for S, it is a sufficient statistic for
the submanifold M/* also. Then an estimator @'y for M* can be regarded as a function
of the observed point 7jy. Thus the estimator @y is represented as a mapping f, from
Sto M*

v S — M* where 7y — iy = fn(0n) (5.57)

The ancillary manifold or the estimating submanifold A’ (u) corresponding to the

point u € M* associated with f}; is defined as

Ay(u) = f'(w) ={n= ) €S/ fx(n) =u} (5.58)

That is, A\ (u) is the set of all points 77 in S which are mapped to u € M* by the

estimator f.
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Now we analyze the characteristics of an estimator {u)y, N = 1,2,---} in M* using
the geometric properties of the ancillary submanifold A’ (u). Let

Al(u) = lim Al (u) (5.59)

N—oo

Note that the estimator f} is assumed to be a continuous function from S to M* for
each N. Also let f’ be the limiting estimator function which determines the limiting

estimating submanifold A’(u).

Theorem 5.3.1. An estimator {ty, N =1,2,---} foru € M* is consistent if and only

ifn(u) € M C S is in the estimating submanifold A'(u) attached to the point u € M*.

Proof. Letxy = (z!,---,2") be N independent observations from q(x;u) € M. We
have

E[z] = n(u). (5.60)
By the law of large numbers the observed point 7y = = = (74, - ,Z,) converges in

probability (we denote it by — ) to 77(u) as N — oo. That is,
iy =7 <> n(u) as N — oo (5.61)

Then
iy = fr(in) = f'(n(u)) as N — oo (5.62)

For the estimator {u/y, N = 1,2, - -} to be consistent
iy 2> u as N — oo (5.63)

Thus the estimator {uy, N = 1,2, -- -} is consistent iff

f'(n(uw) =u (5.64)

iff
n(u) € A'(u). (5.65)
0

In the proof of the following theorem we use the Einstein summation convention for
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the sake of convenience (that is, >, x;4" is denoted by z;y/").

Theorem 5.3.2. A consistent estimator {ty,, N = 1,2,---} for u € M* is first order

efficient if and only if A'(u) is orthogonal to M at the intersecting point n(u) € M.

Proof. Let xy = (z',---,2") be N independent observations from q(x;u) € M.
Note that g(z;u) = p(z;n(u)). By the law of large numbers the observed point &
converges to 7(u) as N — oo. From Equations (5.16) and (5.17) E[x] = n(u) and
covariance matrix V(z) = [g;;(n(u))] = [g:;(u)], where g;; is the components of the
Fisher information metric with respect to the #-coordinate.

Now consider the random variable
i =VN(Z —n(u)) (5.66)

By the central limit theorem 2 asymptotically follows the normal distribution with mean

0 and covariance [g;;(u)].

Given the estimator {d,, N = 1,2,---} is consistent. Thus from Theorem 5.3.1
the (n—m)-dimensional estimating manifold A’(u) passes through the point n(u) € M.
Now introduce a coordinate system v = (v"), kK = m+1,--- ,non A’(u) with u as the
origin. Then w = (u,v) forms another coordinate system for S. Here we use indices
such as «, (3 for the coordinate system w, indices such as a, b for the coordinate system

u and indices such as «, A for the coordinate system v.
w = (w) = (u,v) = (u*, ") (5.67)

wherea =1,--- ,n,a=1,--- mande =m+1,--- n.

The n-coordinate for S can be written in terms of w as
n(w) = n(u,v) (5.68)

The w-coordinate of points in M* are given by w = (u,0) or '(u) = 1'(u,0). The
w-coordinate of points in M are given by w = (u,v") or n(u) = n(u,v")

The bases of the tangent space T),,,)S of S at n(u) € M with respect to n-coordinate
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and w-coordinate are given by

.0 9,
P — = ) 5.6
9 o’ Oa e (5.69)
Note that we can decompose {0, } into {0, } U {0, }, where
0 0
Ou= 5 0= (5.70)

The tangent space 7)) M of M is spanned by {0, } and the tangent space 75,y A’ (u)
of A’(u) is spanned by {0, }. Also

., = B.J", 0,=DB.9" and 0, = B.J (5.71)

where
B = L= P = 5.72
“T Quwe’ T gue’ TR ook (5.72)

Let the components of the Fisher information metric with respect to the two bases {9'}

and {0, } be
g7 =< & & >, gap =< 0a,03 >= B,Blg" (5.73)

The matrix [g,s] can be decomposed as

9ab  Gax
[9ap] = (5.74)
kb Gk
where
gab =< 0u, 0y >= B.B]g" (5.75)
Jar =< 04,0, >= B.Blg" (5.76)
Gir =< On, 0\ >= B.B}g" (5.77)

Let wy = (u/y, V) be the (u, v)-coordinate of the observed point 7y = Z.

v = n(dy) = n(ty, Oy) (5.78)
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Since @'y and ¥y are close to u and v’ respectively, consider
iy = VN(ily —u), Ty =VN(@n—1), @y = () (5.79)
Then
N L, : /
wN:w+ﬁwN with  w = (u, ). (5.80)

By taking the Taylor series expansion of Equation (5.78) around the point w = (u,v')

the i*"-coordinate of 7y is

1 1 1
T = ni(u, V") + —=0um;(u, v )Wy + ﬁ&ﬂgm(m v’)wﬁwﬁ +O0(——=) (5.81)

VN NVN
This can be rewritten using Equation (5.66) as
i; = B! (u, v")w's + L 90 i (u, V) WGWE + 0(1) (5.82)
) a\W, N 2\/N aVpTi\ W, NWN N .

By neglecting the terms smaller than or equal to the order of ﬁ in the above equation

we obtain the linear equation
T; = By (5.83)

Let [D?] be the inverse matrix of [B']. Then

ow® o
DY = = ¢4 B 5.84
P o 979" B3 (5.84)

where [g*7] is the inverse of the matrix [gas].
Then w7y = D{*%;. Since & asymptotically follows normal distribution with 0 mean and
covariance [g;;] then @)y is also normally distributed with 0 mean and covariance [g*”].

That is,

lim V(@) = [¢*] (5.85)

N—oo

where V' (wy) is the covariance matrix of wy. That is,

lim V(i) = lim NV (@)y) = [¢*°] (5.86)

N—oo N—oo
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Let the asymptotic mean square error of {@,, N =1,2,---} be

lim NE[(a% — u®) (@Y — uP)] (5.87)

N—oo

is the (a, b)™ component of [¢*?] from Equation (5.86) and is denoted by §'*°.
Taking the inverse of the matrix [g,s] in Equation (5.74) and also from Equation(5.86)

we get

7/ab}

[0 = [9ab — Gaxg™ 9] = [7*] = [9""] (5.88)

which is the asymptotic Cramer-Rao inequality, where [¢?°] is the inverse of [g,].

Then the consistent estimator {uy, N = 1,2, ---} is first order efficient iff

[—Iab

7" = g™ (5.89)

which is iff g,.. = 0, V a, k.
Note that g, =< 0,, 0}, > is the inner product of the tangent vector 0, € T}, M and
the tangent vector J), € T),(,)A’(u). Hence consistent estimator {dy, N =1,2,---}is

first order efficient iff A’(u) is orthogonal to M at n(u). O

Remark 5.3.3. Theorems 5.3.1 and 5.3.2 give the necessary and sufficient condition for
an estimator based on a mismatched model to be consistent and efficient. To achieve

this one has to choose the mismatched model suitably for each estimator.

5.3.1 MLE based on a mismatched model

Here we consider the maximum likelihood estimation based on a mismatched model.
Ozumi et al. [48] stated certain conditions for the MLE based on a mismatched model
to be consistent and efficient. We give a theoretical formulation of this mismatched

maximum likelihood estimation problem along with a detailed proof of the same.

Let S = {p(z;0) / @ € R"} be an n-dimensional exponential family. Con-
sider a curved exponential family M = {q(z;u) / u = (u*) € R™} of S and let
M* = {¢(z;u) / uw = (u*) € R™} be a mismatched model corresponding to the
original model M. Let the embedding functions of M and M* in S be 0(u) and ¢’ (u)

respectively. Let n(u) and n’(u) be the corresponding dual representations.
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Consider N independent observations xy = (x', -+, ") from ¢(x;u) € M. Then

the MLE @'y for M* is determined from the log-likelihood function

0z u) = log p(xn; 0'(w) = N | Y 0" (u); — (0 (u)) (5.90)
i=1
as
i10 (xn;0' (W) l[a.=0,a=1,---,m (5.91)
aua gPXN; Uy — Y — 4 ) .
- 89” ~/ - 1Al
Jus () (Zi —mi(Uy)) =0, a=1,--- ,m. (5.92)
i=1

Remark 5.3.4. In general, the estimating function or the ancillary manifold of the MLE
depends upon the number of observations N explicitly. But here we consider the case
where the estimating function or ancillary manifold of the MLE does not depend upon
N explicitly. Thus at each u € M*, we have A'(u) instead of A\ (u). Also we denote

the estimator Uy by u' and 1y by 7.

From Equation (5.92) the ancillary submanifold A’(u) associated with MLE can be
written as
!/ g aell /
Alw)={n=0m) €S/ ) 5w m—n)=0 a=1---,m} (5953

=1

Note that 1/’ (u) € A'(u) for all u € M*.

Lemma 5.3.5. The MLE @' in M* is the point v € M* which minimizes (—1)-divergence

from the observed point 1) to M*.

Proof. The (—1)-divergence D_y (0, '(u)) from the observed point 6 to the submani-
fold M™ is given by

D_1(0,0'(u)) = Di(n'(u),n) (5.94)
= w<0’<u>)+¢(ﬁ>—29’i<u)ﬁi (5.95)
= oli) - (@) (5.96)

From equation (5.96) it follows that maximizing the log-likelihood ¢’ is same as mini-

mizing the (—1)-divergence from the observed point to M*. Hence the MLE @’ in M*
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is the point u € M* which minimizes (—1)-divergence from the observed point 7 to

Mr. 0

Corollary 5.3.6. By the projection theorem the MLE U/ is the (—1)-projection from the
observed point 1) to M*. Thus the ancillary manifold A’ (u) contains all (—1)-geodesics
which orthogonally intersects M* at n'(u) and A'(u) is orthogonal to M* at n'(u).
Then

Al(u) ={n=(m) €S/ min Dy(n.1'(v)) = Da(n, 77 (w))} (5.97)

Now we give an example to show that arbitrary choice of mismatched model M*

may not make the MLE consistent.

Example 5.3.7. Let S = {p(x;0)} be a set of normal distributions with mean y and

variance o2.

S=N(u,o) = {p(x; h) = \/§1m exp ((“72;5)2) JuER, o > o} (5.98)

For this 2-dimensional exponential family the canonical coordinate § = (6, 6%), poten-

tial function /() and the dual coordinates = (1, 72) are given by

_pl p2y _ (M __1
0=(0 ,0)—(02,202) (5.99)
n=(m,m) = (uy*+0°) (5.100)
—(01? 1 1
P(h) = 5192) -3 log(—6?) + 5 log . (5.101)

Let M = {q(x;u)} be the set of normal distributions with i = v and 0 = w.

M = N(u,u) = {q(m; u) = \/ﬁlm exp (%) Ju > 0} (5.102)

Then M is a smooth submanifold of S parametrized by u > 0.

The embedding functions 6(u) and 7n(u) of M are given by

Ou) = (6" (u), () = (5, 75) (5,103
n(u) = (m(u), m(w) = (u, 20°) (5.104)
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Let M* = {¢'(z;u)} be the set of normal distributions with ;1 = u and ¢ = /2u.

M* = N(u,V2u) = {q'(m;u) - 2;u exp <(x4_uf)2> Ju > o} (5.105)

Then M* is a smooth submanifold of S parametrized by u > 0.

The embedding functions ¢’ (u) and 7’ (u) of M* are given by

0w) = (0" (0),07()) = (- ) (5,106
' (w) = (n; (w), my(w)) = (u,3u?) (5.107)

The ancillary submanifolds A(u) and A’(u) associated with MLEs 4, @’ in M and M*

respectively are given by

A(w) ={n=(m,m) €S/ u*+un —n, = 0} (5.108)

A'(u) ={n=(n,m) €8/ 2u®+unp —n =0} (5.109)

We can see that 77(u) does not belong to A’(u) for all w > 0. Thus according to Theorem
5.3.1 the estimator @’ is not consistent. Hence the mismatched model that we selected

is not a good choice for the original model.

Now we describe the conditions for the MLE based on a mismatched model M™* to

be consistent and first order efficient.

Theorem 5.3.8. Let i be the MLE in M*. Then u’ is a consistent estimator of u iff

¢ (z;u) = arg mﬁl D_1(q(z;u), ¢ (z;v)) (5.110)
veM*
Proof. 1f
¢ (z;u) = mﬁl D_1(q(z;u), ¢ (x;v)) (5.111)
veM*

then the (—1)-geodesic (V™ geodesic) connecting 7(u) and 7’(u) are orthogonal to M*
at the point n’(u) € M*. Since A’(u) contains all (—1)-geodesics which orthogonally
intersect M* at 1/’ (u),

n(u) € A'(u) (5.112)
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Then by Theorem 5.3.1 the MLE 4/ is a consistent estimator.
Conversely, if the MLE #’ is consistent, n(u) € A’(u). Then from Corollary 5.3.6 we
obtain Equation (5.111). Ll

Theorem 5.3.9. Let u' be the consistent MLE in M*. Then 4’ is first order efficient iff

q(z;u) = argiléi]&lD,l(q’(x;u),q(x;v)) (5.113)

Proof. Let @' be consistent and Equation (5.113) holds. Then n(u) € A’(u) and (—1)-
geodesic connecting 7(u) and 7/(u) is orthogonal to M at the point (u) € M. From
Corollary 5.3.6 we have (—1)-geodesic connecting n(u) and ’(u) is orthogonal to M*
at the point 7' (u) € M*.
To show that @' is first order efficient we show that A’(u) is orthogonal to M at the point
n(u) € M.
The ancillary submanifold A’(u) associated with @’ is

A == ) €S/ 3 D) =) =0, a= 1 m} (5114

=1

Thus A’(u) is a linear submanifold in 7 and hence it is (—1)-flat (V™ flat) passing

through 7/ (u).

Let Z = n — n(u) and B = 2% (v). Then
> BiZi=0,a=1,--.m (5.115)
i=1

Let Z*, k =m+1,--- ,n be the n — m independent solutions of Equation (5.115) and

the 7" component of the £** independent vector Z* be denoted by Z;;. Then

Z=n-nu)= > v"Z" for ¥R (5.116)
k=m+1

Thus for any n = (n;) € A'(u),

ni= > v Z+ni(u) (5.117)

k=m-+1
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We need to show that

88k ‘ﬂ(u)’aaa ‘77(")> 0, V a=1,--- , mandk=m+1,---,n. (5.118)
Let
0 . on; i
Op = 90F 2 avk(? (5.119)
0 .
= = —0; 12
g ou® et ou® % (5.120)

where 0° = a%- and 0; = aw From equation (5.117),

I
= Zi 5.121
Sk K ( )
Then
< 8k |,7(u),8a |77(u)> = ZZZMB‘{ < 8i,8j > (5.122)
i=1 j=1
~ 3" 2B (5.123)
i=1
where BJ = g—gi(u).
Now consider the (—1)-geodesic y connecting 1’ (u) € M* and n(u) € M
v(t) =tn'(u) + (1 —t)n(u), where ¢ € [0,1]. (5.124)
Then the tangent vector to 7y is given by
F=> () = n;(u) (5.125)
j=1
Since + is orthogonal to M at n(u)
L_<an NV, 0, >=0, ¥V a=1---,m (5.126)
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Since n(u) € A’(u), from Equation (5.117)

n

ni(u) — ni(u) = Z v (u)Zy;, for some vl
k=m-+1

Thus Equation (5.126) can be written as

L, = <Z(77}(U)—77j(u))5j72323i>
= <Z Z ) Z; ) ZB%’)>

j=1 k=m+1
n n

= > (Y vhwzy) ZB; <8 >

j—l k=m+1

- Z Z ok (u) 24 B!

=1 k=m+1

-3 3 ) -

k=m+1

Since v¥(u) # 0

ZZkiBéZO, v a:1,---,mandk:m+17...7n

Thus from Equation (5.123)

< O lnwy O Inw> = ZZkisz =0

(5.127)

(5.128)

(5.129)

(5.130)

(5.131)

(5.132)

(5.133)

(5.134)

That is, A’(u) is orthogonal to M at the point (u) € M. Then by Theorem 5.3.2 the

consistent MLE 4’ is an efficient estimator.

The converse trivially holds.

O

Corollary 5.3.10. Let ' be the MLE in M*. Let v be the (—1)-geodesic connecting

q(z;u) € M and ¢'(z;u) € M*. Then

1. The MLE i is consistent iff v is orthogonal to M*.

2. The consistent MLE U’ is first order efficient iff v is orthogonal to both M and

M~
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5.4 Summary

In this chapter we first discussed the geometric theory of parameter estimation problem
in an exponential family and in a curved exponential family given by Amari [11], [12].
Further the estimation problem based on a mismatched model in an exponential family
is considered. We proved a necessary and sufficient condition for an estimator based
on a mismatched model to be consistent and efficient. Ozumi et al. [48] stated certain
conditions for MLE based on a mismatched model to be consistent and efficient. We

gave a theoretical formulation of these results and a detailed proof of the same.
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CHAPTER 6

Generalized Estimators

In this chapter first we discuss about certain generalized notions of maximum likeli-
hood estimator. Further we look at the estimation problem in a deformed exponential
family. In the context of nonextensive thermostatistics Umarov et al. [49] defined the
notion of g-independence and g-central limit theorem using a generalized product called
g-product, see also [50], [51]. Ferrari and Yang [52] defined a maximum L -estimator
(ML,E) based on nonextensive entropy (g-entropy) and studied its asymptotic behavior
in the case of an exponential family. Using the ¢-product Matsuzoe and Ohara [53]
also considered the g-independence and the g-likelihood estimator. Fujimoto and Mu-
rata [54] defined a more generalized notion of independence called the U-independence
using a smooth strictly convex function U. Eguchi et al. [36] defined the U-estimator
and discussed its consistency and asymptotic normality. Naudts [28] defined a general-
ized Cramer-Rao bound and showed that this bound is optimal in a deformed exponen-

tial family.

In Section 6.1 we define notions like F'-product, /'-independence using a function F'
and its inverse function Z. Then a generalized MLE called the maximum F'-likelihood
estimator (F'-MLE) is defined and discussed its property as a MAP estimator. In Section
6.2 using the F-escort probability distribution we define two generalized notions of
MLE, the xx-based F'-escort MLE and the F'-escort MLE based on the product of F'-
escort distribution of the marginal probability density of single observations. Then a
characterization of the g-escort MLE among the x based F'-escort MLE as a Bayesian
MAP estimator with a prior is given. Further an analytic proof of the F'-version of the
maximum entropy theorem is given. In Section 6.3 first we describe the U-estimator
in a deformed exponential family. Then a proof of the generalized Cramer-Rao bound
defined by Naudsts is given. Further we show that the U-estimator attains equality in this
bound. This chapter ends with an open problem regarding the properties of the /'-MLE

in a deformed exponential family.
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6.1 Maximum F'-Likelihood Estimator

In this section using a function F' and its inverse Z the F'-product and the F'- inde-
pendence of random variables are defined. Then the /'-MLE is defined on a statistical

manifold and show that the F'-MLE is a MAP estimator with a prior distribution.

Two random variables X and Y are said to be independent if the joint probability
density function p(z,y) is given by the product of the marginal probability density

functions p; () and p2(y).
p(z,y) = p1(@)p2(y) (6.1

Using the properties of the logarithm and exponential functions the above equation can

be written as

p(z,y) = expllog p1 (x) + log pa(y)] (6.2)

for positive p; (z) and pa(y).
The g-product [49] of two positive numbers z,y using the g-logarithm log, and the

g-exponential exp, is defined as

1

T ®,y = exp,llog, z +log,y] = [z +y' 7 —1]T (6.3)
The g-product satisfies the following properties

exp, T ®q exp,y = exp,(z +y) (6.4)

log,(r ®,y) = log,x+log,y (6.5)

Two random variables X and Y are said to be ¢g-independent with normalization if the

joint probability density function p(z, y) is given by [53]

p1(r) ®@q p2(y)

ple,y) = (6.6)
p1,p2
where K, ,, 1s the normalization defined by
Kpipo = / / P1() ©q pa(y)d dy (6.7)
X JYy

Now we define a notion of independence called the F'-independence which extends the
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g-independence.

Definition 6.1.1. Ler F' : (0,00) — R be a smooth function satisfying F'(x) > 0 and
F"(x) < 0and let Z be its inverse function. Define the F-product of two numbers x,y

as

t@py = Z[F(x) + F(y)] 6.38)

(assume that F(z) + F(y) € Domain(2)).

The F-product satisfies the following properties

Z(x)®r Z(y) = Z(z+y) (6.9)

Flxery) = F(x)+F(y) (6.10)

Define pr(z,y) as

pr(,y) = p1(1’)K®F p2(y) _ Z[F(M(ﬂ?})() + F(p2(y))] 6.11)

p1,p2 p1,p2

where K, ,, is the normalization defined by

Kp, ps Z/ /pl(x) ®@r p2(y)dzdy (6.12)
xJy

Definition 6.1.2. Two random variables X and Y are said to be F-independent if the

joint probability density function p(x,y) is equal to pgr(x,y).

Note 6.1.3. Fujimoto and Murata [54] defined a generalized notion of independence
called the U-independence using a smooth strictly convex function U. They first defined

generalized arithmetic operations called U-multiplication and U-division as

r@y=ulf(r) +£(y)], oy =ul(r)—LEy) (6.13)

where u(.) = U'(.) and & is the inverse of .
Let py(z,y) = u(&(p1(z)) + &(p2(y)) — cu), where ¢, is the normalization constant
determined from . y, pu(z,y) = 1. Then two random variables X,Y are said to be
U-independent if their joint probability density function p(x,y) is equal to p,(x,y).
That is,

p(,y) = pu(,y) = u (§(p1(2)) + E(p2(y)) — ) (6.14)
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Note that for the F-independence we divide the F'-product of the densities by a

normalizing constant, whereas in U-independence the normalizing factor is subtracted.

Definition 6.1.4. Let S = {p(z;0) / 0 € E C R"} be an n-dimensional statistical
manifold. Let xx = (z*,--- ,2) be N independent observations from a probability
density function p(x;0) € S. Define a generalized likelihood function called the F-
likelihood function L (0)

N
Le(0) = p(es0) @ - @ p(e:0) = Z( Fp(:0))  (6.15)
i=1
Since I is an increasing function it is equivalent to consider F (L (6)).
N
F(Lp(0)) = F(p(a';0) @p - - @p p(z";0)) = Y F(p(a'; 6)) (6.16)

i=1

Estimator 0 r is the maximum F'-likelihood estimator (F-MLE) if
0p = arg max Lp(0) = arg max F(Lp(0)) (6.17)
Ock 0cE

Definition 6.1.5. Let p(x | 0) be a distribution of the random variable x which depends
on an unobserved population parameter 0 and p(6) be a prior distribution of 6. Then

the posterior distribution p(6 | x) of 0 is given by

plx | 0)p(6
p(9|x)=—( 0)p(®) (6.18)
p()
where p(x) is the marginal density function of x given by
pla) = [ ol 1) p(6) as (6.19)
E
Letxy = (21, ,2V) be N independent observations. Then the maximum a posteri-
ori probability (MAP) estimator Oriap for 0 is given by
Oap = argmax p(6 | xy) = argmax p(xy | 0)p(6) (6.20)
0ck 0ck
Theorem 6.1.6. Let xy = (z',--- ,2) be F-independent observations from p(x | 0),

where I is a smooth function other than logarithmic function with F' > 0, F" < 0.
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Then the F-MLE is a MAP estimator with the prior distribution p(6) given by

p(0) = K}ge), K = / K(6) b < oo 621)
1
where
K@) = [ /p(ﬂ:l;G) @p - Qp plx™;0) dxy (6.22)

/ N
_ / /Z (;F(p(xi;e))> dxx (6.23)

and dxy = dxy -+ - dxy.
Proof. Since xy = (xl, N ) are F-independent, from Equations (6.11), (6.12) and
(6.15) the joint probability density function p(dxy | 0) is

p(z' | 0) @p - @p pa™ | 6)
K(0)

pxy | 0) = (6.24)

where

K(0) = //p(x1 10) @p - @p p(a™ | 0) dxy (6.25)

_ //Z <§: Flp(ef | 9))) X (6.26)

Let K; = [ K (#)df. The F-MLE 6 is given by

O = argmax Lp(f) = argmaxp(z' | 0) @p - -- @p p(z | 0) (6.27)
Ock Ock
We have
1 oo N
Le(®) _ pla |0) @ @rp(a™ | 0) %)
K K
K(6
= P10 (6.29)
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Hence

y _ Lr(0)
Op = arg max Lr(0) = arg max e (6.30)
K(0)
= argmax p(xn | 0) (6.31)
= argmaxp(f) p(xy | 0) (6.32)
9€E
= Ouap (6.33)
with the prior distribution p(#) of 6 given by
K(6
o) = KO / K(6) db. (6.34)
K
That is, the F’-MLE is a MAP estimator with p(#) as prior distribution of 6. O

6.2 F-Escort Maximum Likelihood Estimator

The escort probability distributions are studied in the context of nonextensive statistics
and related areas [28-30], [62]. In the study of the geometry of the g-exponential family
Amari and Ohara [27] considered an escort distribution called the ¢-escort distribution
and defined an estimator called the g-escort maximum likelihood estimator (g-escort
MLE). In Chapter 4 the F'-escort probability distribution is defined and using this now

we define a generalized maximum likelihood estimator.

Consider a statistical manifold S = {p(z;0)}. For a distribution p(z;0) € S the

F-escort probability distribution py is defined by

, where hp(0) :/Ldm (6.35)

prt) = )

he(0)F'(p)

Let S’ be the manifold consisting of the F'-escort probability distributions
S = {pr(x;0) / 0 € E CR"} (6.36)

One can define an estimator using the F'-escort probability distribution instead of the
original distribution.

Letxy = (2%, -+ ,2") be N independent observations from S = {p(z;#)}. Then the
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joint probability density function p(xy; ) is
N
p(en;0) = [ [ p(=*;0) (6.37)

=1

Consider the F'-escort distribution of the joint probability density p(xy; 0)

1 1
pr(xn;t) = — (6.38)
F (p(XN§9)) fmdxzv
Definition 6.2.1. For N independent observations xy = (z',--- 2V from p(x;0) €

S the x based F-escort MLE 0. is defined as the maximizer of the F-escort distribu-

tion pr(Xy; 0) of the joint probability density p(xy; 0). That is,
Op = arg max pr(xy;0). (6.39)
0ek

Remark 6.2.2. It is clear that in general the F-escort MLE Op is different from the
ordinary MLE. When F'(p) = log p, the F-escort MLE is the MLE.

Now for N independent observations xy = (x!,---  z") from p(x; 0) € S we can con-

sider the product of F'-escort distribution of the marginal probability density of single

observations x! given by

N
[or";0) (6.40)
=1
Note that in general
N
pr(xn;0) # [ [ br(=';0) (6.41)

Thus one can consider two types of F'-escort MLE’s, the F'-escort MLE based on x
and the F-escort MLE based on the product of F'-escort distribution of the marginal
probability density of single observations z°.

The x -based F'-escort MLE is the maximizer of

pr(xn;0). (6.42)

The F-escort MLE based on the product of F'-escort distribution of the marginal

119



probability density of single observations ' is the maximizer of

N 4 N 1
Hoetrsor = g oy (643
Note that the geometries of the two types of ['-escort MLEs are different. But when
F(p) = log,p
N ‘ N 1
pr(xn;0) = Hﬁp(w’; 0) = 1_11 P 0 (O (6.44)

Thus the two geometries coincide in this case. It will be an interesting problem to find
the relation between the two geometries for a general F' and also to study the properties

of the F’-MLE in a deformed exponential family.

Amari and Ohara [27] gave an interpretation of the g-escort MLE as a Bayesian
MAP with the prior distribution p(f) = (hq(é’))%.
Now we show that this property can be used as a characterization of the g-escort MLE

among the F-escort MLE.

Theorem 6.2.3. The xy-based F-escort MLE is a Bayesian MAP with a prior distri-
bution p(0) only when the F'-escort MLE is the q-escort MLE.

Proof. A Bayesian MAP éM Ap satisfies

éMAP = argmaxp(f | xy) = argmax p(0)p(xy | 0) (6.45)
0k ek
1
= argmax (6.46)

0cE F'(p(0)p(xn,0))

with prior p(6).

(For proving Equation (6.46), let g(u) L_ then q(u) = —F" (u)

= Fy = )z > 0since F'(u) <

0. That is, g is a monotonically increasing function.)

The F-escort MLE 6 r 1s the maximizer of

1 1
BT e — o

pr(xn;0) (6.47)
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Then the two estimators are identical if

1 1 1
F'(p(xn;0)) f deN a F'(p(0)p(xn; 0))

(6.48)

This implies that F” is a homogeneous function of some order k. Then F’(p) = p* and
hp(0) = hi(0) = [(p(xn;0))* dxy. Thus from Equation (6.48), p(6) = (hi(6)) T .
Hence the xy-based F-escort MLE is a Bayesian MAP with a prior distribution p(6)

only when it is the ¢g-escort MLE. [

6.2.1 F-Maximum entropy theorem

The Shannon entropy or information entropy or Boltzmann-Gibbs-Shannon entropy
plays a major role in the areas of information theory and statistical thermodynamics.
According to Boltzmann theorem probability distributions maximizing the Shannon en-
tropy under a finite number of moment constraints form a finite dimensional exponential
family. There are many generalizations of the Shannon entropy in the existing litera-
ture [22], [26], [27], [37]. One among them is the well known Tsallis entropy [26].
The maximization of Tsallis entropy under appropriate constraints leads to Tsallis dis-
tribution or the g-exponential family. Amari et al. [27] defined a y-entropy and gave a
geometric proof of the y-version of the maximum entropy theorem. Here we present an

analytic proof of the same using the F'-formulation of the deformed exponential family.

Definition 6.2.4. For any probability density function p(x) the F-entropy is defined as

Helw) = ~Epe (F0) = s [ e (6.49)

if [ e (p)dx and hy(p fF,( )dz exist.

When F(p) = In, p, Hp(p) reduces to the g-entropy H,(p ) =1 (1 — h%m) and
when F(p) = Inp, Hp(p) reduces to the Shannon entropy  (p) = — [ p(z) Inp(z) dz.

Theorem 6.2.5. Probability distributions maximizing the F'-entropy Hp under the F'-

linear constraints

EﬁF[Ck(x)] = Qk; k= L---,m (6.50)
where ci,(x) are m random variables and ay, € R, form an m-dimensional F-exponential
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family

= bci(x) — (0) (6.51)
i=1
where 0 = (01, -+ ,0™) is the canonical coordinate and 1)(0) can be determined from

the normalization condition.

Proof. We use the method of Lagrange multipliers and the calculus of variation princi-

ple.
To maximize the F-entropy Hp(p) = 7- (p) i FI,;’((pp)) dx subject to the m constraints
1 cx(z)
E; |cw(x)] = de=ay;, k=1,---.m 6.52
consider,
1 * —F(p) o0
L(p, Ao, A\, Am) = / dr + A (/ pdm—l)
Aot An) = ey o T U
“ 1 * ¢(x) )
+ A dx — a; 6.53
2 (ol 76 (629
1 —F(p) / °°
= dr 4+ A dx
B (p) / R
= 1 * cp(x) =
; he(p) Jo  F'(p) ’ z:;
Then
ac 1 [F(p)F”(p) B 1} 41 " (p) /°° —Fp) .
dp hr(p) | (F'(p))? (hr(p))* (F"(p))* Jo  F'(p)
m F// p
+ Z ( )))2 (a; — ¢;(z)) (6.55)
=1
So at maximum F'-entropy distribution
L = 0. (6.56)
dp

That is,

1 [F(p)F'p) 1 F'(p) —Fp)
hr(p) [ (F"(p))? 1] T ) ()2 / F'(p) !

L F'p) oy
+A0+;A ) (F (p))g(az (2)) =0 (6.57)
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Now dividing the Equation (6.57) by ?,I((;’)) and integrating,

Then

= Z)\,(cz(l‘) —a;) — Hp(p)

i=1

(6.58)

(6.59)

(6.60)

(6.61)

Now using the m constraints we can solve for \;. Note that from the m constraints, the

probability distribution p is parametrized by a vector (ay, - - - , ay,)-

By differentiating Equation (6.61) with respect to a;,

e, _dHr(p)
dai n ! dai
By multiplying with F+(M and integrating,
1 dF 1 dHp(p) 1
———drx = -\ | ——dv— d
/ F(p) da;" / Fp) / da; F'(p)""
Since
1 dF dp
———dr = dr =10
/ F(p)da;" / da; ™"
from Equation (6.63),
A\ = _dHF<P)
dai

(6.62)

(6.63)

(6.64)

(6.65)

Note that a;’s are in one to one correspondence with the coordinates \;’s and \;’s are

the canonical coordinates. Thus F'(p) takes the form of a F-exponential family

F(p(x;0)) = Zefcxw) —(0)
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with@ =\, i=1,--- ,m. ]

6.3 Estimation in F-Exponential Family

Here first we describe the U-estimator in a ['-exponential family [36]. Then we give a
proof of the generalized Cramer-Rao bound defined by Naudts [28] and show that the

U-estimator in a deformed exponential family is optimal with respect to this bound.

6.3.1 U-estimator in /'-exponential family

Eguchi et al. [36] defined a generalized estimator called the U-estimator and discussed
its properties in a deformed exponential family (named as the U-model). Let us briefly

describe their work here.

Consider a statistical model S = {p(z;0)} and N independent observations xy =
(', 2N) from p(x;0) € S. Let U : R — R, be an increasing convex function and
let U* be the convex conjugate of U given by U*(t) = t£(t) — U(&(t)), where (1) is
the inverse function of the derivative of U(t). So £U*(t) = £(1).

Eguchi et al. [36] defined a U-loss function Ly (6) given by

Lo(0) = —= " €(p(a'; 0)) + bu(0) (6.67)
where
b(0) = [ U(€Coa:0))d (6.68)

Then the U-estimator éU is defined as

0y = argmin Ly (6) (6.69)

OckE

They showed that the U-estimator is asymptotically consistent and also investigated the

asymptotic normality for the U-estimator. The estimating function is given by

su(5:60) = 2 £(pla:0)) — Byl (p(; )] 6.70)
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They showed that v/ N (HU — 0) is asymptotically normal with zero mean and variance

J(0)'V(6).J(0) where

V(O) = Var(su(X:0)), J(6) = B[ su(X:0)] 6.71)

In general the U-estimator is not asymptotically efficient. When U = exp, the U-
estimator is the MLE and we get that the MLE is asymptotically efficient.
Further they considered a U-model S = {p(z;0) = u(>_;_, 0'z; — ry(0))}, where

u = U’. Then the U-loss function on § is given by
Ly(0) = = 0%+ ky(0) + bu(0) (6.72)
=1

Note that the U-model is a F-exponential family S = {p(z;0) = Z(>_I", 0'x; —
Yvr(@) /0 € E C R} with U = uw = Z and ky(0) = p(0). Then U*(t) =
flt F(u) duand (U*)'(p) = F(p) = £(p). On the F-exponential family S consider the

U-estimator éU determined from
0;Ly(0) = —z; + 0iop(0) + 0;by (0). (6.73)
Since 0; Ly (0) [4,= 0
7, = Op(Ou) + 9:bu(Oy) (6.74)

In Chapter 4 we described the U-geometry of the ['-exponential family. In U-geometry,

the dual coordinate 7 is given by
ni = Epla] = 0;¥(0) = 0i¢pr () + 0;bu (0) (6.75)

Thus U-estimator is directly written in terms of the dual coordinate 7. Hence for the
F-exponential family consider the U-estimator 7);; for the the coordinate n = E,[x].
Then

Ny = . (6.76)

The estimator 7j; is unbiased since E,[7j] = 1.

Remark 6.3.1. It is easy to see that in general the estimator 1y is not efficient. That
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is, Ny is not optimal with respect to the Cramer-Rao bound. More precisely, variance
of Nu does not attain Cramer-Rao equality for a general U-estimator 7. But when

U(s) = exp(s) the U-estimator is the MLE and it is efficient.

In the context of the statistical mechanics Naudts [28] defined a generalized Cramer-
Rao bound using an escort probability distribution and gave sufficient conditions for an
estimator in a statistical model to be optimal with respect to this bound. He showed that
a deformed exponential family naturally has an estimator which satisfies the sufficient
conditions for optimality.

Now we give a proof of the generalized Cramer-Rao bound defined by Naudts using a
generalized score vector and an F'-escort probability density function.

For the sake of computational convenience we consider a one dimensional statistical
manifold parametrized by a real parameter 6.

Let S = {p(z;0) / § € E C R} be a statistical manifold. We have the score function

Oplnp(z;0), where 89%. (6.77)

Note that the expectation of the score is zero.
E,[0pInp(x;0)] = /89 Inp(x;0)p(z;0)dx =0 (6.78)

Let F' be a smooth real valued function on (0, co) satisfying F'(z) > 0 and F"(x) < 0.

Define a generalized score function called F'-score as
OpF (p(x:0)) = F"(p)Oop(x; 0) (6.79)

For p € S, the F-escort probability pg of p

A—; where =
= gy e 0= |

1
F'(p)

dz (6.80)

Now we show that the expectation of the F'-score function with respect to the F'-escort
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distribution pp is zero.

By [05F (p(2:6))] = / O F (p(;0) Y ( 0) 6.81)
1 1
- F / 89F(p(x,0))F,<p)dx (6.82)
1
- T E / Opp(x;0)dx = 0 (6.83)

The Fisher information metric /(#) is given by

I1(0) = /89 Inp(z;0)0 Inp(x; 0)p(z; 0)dx (6.84)

Using the F'-score a generalized Fisher metric /5 (6) can be defined as

I6(6) = [ P (plas )00 (pla )i 6)da (6.85)

Naudts [28] defined a generalized metric using an escort distribution Fy of the original

distribution py as

1
g™ (0) = / Fe(a@p)% (6.86)

Rewriting this metric using F'-escort distribution

g™ (o) = / ]%w)(aep)de (6.87)
— he(6) [ F') @)t (6.88)
= hr(0)g°(0) (6.89)

where ¢© is the G-metric with G(p) = pF'(p). Also

= g™ (0) (6.90)

Using the F'-escort probability distribution, a generalized variance Varp called F'-

variance of a random variable X is defined as

Varp(X) = Ep [(X — Ej,(X))?] (6.91)
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Theorem 6.3.2. Let X be a random variable with density p(x;0) € S. Let T = t(X)

be an unbiased estimator for 1)(0) so that E,[t(X)] = 1(0). Also let the F'-expectation

of t(X) is E;,.[t(X)] = ¢(0). Then the F-variance satisfies the lower bound

Varp(T) >

where g™ (0) = hi(0)g“(0) with G(p) = pF'(p).
Proof. Since E;,. [0pF (p(x;0))] = 0, the F-variance of the F'-score is

Varp(0pF (p(7;0))) = Epp[(0F (p(:0)))’]
= Ip(0)

Let V = 0pF(p(x;0)). Then the F'-covariance Covp(V,T) is

Covp(V.T) = Ej, [0oF(p(x;0)) (((X) — B (£(X)))]

By the Cauchy-Schwarz inequality,

vanavq\@rF«r)z\vaF(Vﬂf)F==|§2ﬁ%i
Thus
GO N e KGN s

Varp (T) Z

|
he(0)2Var(V) — hp(0)1p(0)

Substituting Equation (6.90) into Equation (6.101)

WOE 0]
Varr(D) 2 0@ v o)
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(6.93)
(6.94)

(6.95)
(6.96)

(6.97)

(6.98)

(6.99)

(6.100)

(6.101)

(6.102)
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Eguchi et al. [36] showed the asymptotic normality of the U-estimator in a deformed
exponential family. But the U-estimator in a deformed exponential family is not an
efficient estimator in general. That is the U-estimator is not optimal with respect to
the usual Cramer-Rao lower bound. Now we prove that in a F'-exponential family the
U-estimator for the dual coordinate 7 in the U-geometry is optimal with respect to the

generalized Cramer-Rao bound defined by Naudts.

Theorem 6.3.3. Let S = {p(x;0) = Z(0x — 1p(0))} be a F-exponential family and
let 1 = E,[x] be the dual coordinate in the U-geometry. Then U-estimator iy = T for
1) is optimal with respect to the generalized Cramer-Rao bound defined by Naudts. That

is,

VarF(ﬁU) = (6103)

gN(n)
Proof. The U-estimator 7j;; = 7 is unbiased so that E,[1j] = 1. Also from the defini-

tion of the ['-exponential family

89F =T — agiﬂF(@), EﬁF [x] = 69wF((9) (6104)

The F'-variance of 7y is

Varp(iy) = Ep,[(Z — Bp,[])?) (6.105)
= Ep[(z — 0pr(6))*) (6.106)
= E;,[(0,F)? (6.107)

From Equation (6.85), it follows that

In U-geometry § and 7 are dual coordinates. Also the metric g% () = g—f] and g%(n) =

(g“(0))~t. Thus

Oyp = — Opp = g%(n) Ogp (6.109)
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Then

g¥(n) = hr(n) / F'(p)(8yp)*da (6.110)
_ ar o hr(0)
= hp(0)g%(n) = 50) (6.111)

) g ) he(0) e
Thus from Equations (6.108) and (6.112),
Varp(ny) = Nl (6.113)
g™ ()
Hence 7y is optimal with respect to the generalized Cramer-Rao bound. |

6.3.2 F-MLE in a ['-exponential family

In the previous chapters we discussed the geometrical and statistical properties of an
exponential family. The standard exponential family is dually flat with respect to the
(41)-connections. The exponential family naturally has a sufficient statistics which
is also the MLE for the dual coordinate. Also the MLE is a finite sample efficient
estimator. Thus, an exponential family has an estimator for the dual coordinate which
attains equality in the Cramer-Rao lower bound. The lower bound is given by the Fisher
information metric which is the Riemannian metric associated to the dually flat structure
of the exponential family. Hence the maximum likelihood estimation in an exponential

family is closely related to the dually flat structure of the exponential family.

In this context one may think of the estimation problem in a deformed exponential
family. As in the case of the exponential family, does a deformed exponential family
has an estimator which is closely related to its dually flat geometry? There is a theo-
rem by Amari and Nagaoka [14] which states that an estimator for a statistical model
{p(x;0)} is finite sample efficient iff S is an exponential family and 6 is a m-affine (flat
with respect to (—1)-connection) coordinate system. So there does not exist a finite

sample efficient estimator for a deformed exponential family except for the exponential
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family. Thus one may have to define some generalized notion of efficiency which in

turn requires a generalized Cramer-Rao lower bound.

In the context of nonextensive thermostatistics Naudts [28] defined a generalized
Cramer-Rao bound using an escort probability density function. Then in the deformed
experiential family he defined a dually flat structure, the U-geometry, using a Bregman
type divergence and showed that this bound is optimal. The divergence that Naudts
considered is a U-divergence defined by Murata et al. [22]. Eguchi et al. [36] studied
the geometry associated with the U-divergence and defined an estimator called the U-
estimator. In the previous section we proved that in a deformed exponential family the
U-estimator for the dual coordinate in the U-geometry is optimal with respect to the

generalized Cramer-Rao bound by Naudts.

Deformed exponential family has two dually flat structures, the U-geometry and the
x-geometry. As the MLE in an exponential family is related to the dually flat structure
of the exponential family, the U-estimator is related to the dually flat U-geometry of the
deformed exponential family. Now is it possible to find an estimator which is closely
related to the dually flat y-geometry of the deformed exponential family? In Section
6.1 we defined the F'-MLE which is a generalized notion of MLE. Let us consider the
F-MLE for a deformed exponential family.

Let S = {p(z;0)} be a F-exponential family and xy = (z!,---,2") be N inde-

pendent observations from p(x; ) € S. The F-likelihood function is given by

F(Lp(0)) = F(p(x';0)) = Y [Ze {—wp(wl (6.114)

j=1 j=1 Li=1

n N
= > 0" al — Nyp(6) (6.115)
=1 j=1

The F'-MLE is
L= 9ppp(0r) (6.116)

Since the dual coordinates 7; in x-geometry is 1; = 0;¢p(0) = Ej,.[z;], the F-MLE

can be directly written in terms of the dual coordinate. Hence

T; = WF(Q}?) = 1); (6.117)
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Thus the F-MLE is given in terms of the dual coordinate in the y-geometry. Also
note that the dual coordinate is defined in terms of the F'-escort probability distribution.
In Chapter 4 we showed that the x-geometry is the (+1)-conformal flattening of the
(F,G)-geometry. That is, the manifold S’ of the F'-escort probability distributions is
dually flat by conformally flattening the (F', G)-geometry on the original manifold S.
Thus to study the F'-MLE in a deformed exponential family one has to consider both &
and S’. Does the generalized Cramer-Rao bound by Naudts work in the case of /'-MLE
or do we need to define the notions of consistency and efficiency suitably to analyze the

properties of the F'-MLE? This would be an interesting problem for further study.

6.4 Summary

In this chapter the F'-product of two real numbers, the F'-independence of two random
variables and the /'-MLE are defined. We showed that the /-MLE is a MAP estimator
with a suitable prior. Further we defined the F'-escort MLE which is also a generalized
notion of MLE. Then a characterization of the g-escort MLE among the ['-escort MLE
is given. Also an analytic proof of the F'-version of Maximum entropy theorem is given.
Further we discussed the estimation problem in a deformed exponential family. We gave
a proof of the generalized Cramer-Rao bound defined by Naudts and showed that in a
deformed exponential family the U-estimator for the dual coordinate in the U-geometry
is optimal with respect to this bound. Finally we posed an open problem regarding the

consistency and efficiency of the /'-MLE in a deformed exponential family.
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Concluding Remarks

On a statistical manifold a generalized class of geometric structures called the (F, G)-
geometry is defined in which the a-geometry is a special case. Invariance properties
of various geometric structures are studied and classified them into invariant and non-
invariant. The a-geometry is the only invariant geometry among the (F, G)-geometry.
The role of the non-invariant (F, G)-geometry in the study of the dually flat structures
of a deformed exponential family gives a clarifying picture of the state of the art. The
geometric interpretation of the estimation problem based on a mismatched model in an
exponential family is given in terms of the ancillary manifold. In an exponential family
the maximum likelihood estimation is closely related to its dually flat structure. Certain
attempts have been made in the case of estimation in a deformed exponential family
with the dually flat U-geometry (Naudts, Eguchi, Komori, Ohara), see Section 6.3 in
Chapter 6. We pose an open problem regarding the estimation in a deformed expo-
nential family with the dually flat y-geometry. In a deformed exponential family the
generalized MLE, F-MLE, is given in terms of the dual coordinate in the y-geometry.
To analyze the properties of the F'-MLE one has to look at some generalized notions of
consistency and efficiency. Also the applications of the non-invariant (F, G)-geometry

in various fields are to be investigated in detail.
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