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ABSTRACT

In this thesis, we first derive the lower dimensional model of linear elastic shallow
shells using gamma convergence. We then justify the scalings used to derive the two
dimensional model and finally we derive the two dimensional approximation of thin

piezoelectric shallow shells with variable thickness.

In chapter 2, we consider the case of linear elastic shallow shells. Here we consider
a boundary value problem in three dimensional elasticity posed over a shell of thickness
2¢ having a specific geometry and clamped on a portion of its lateral surface. We then
transfer the problem to a domain independent of the thickness parameter by suitable
scalings on the unknowns and data and we show that the energy functionals J(¢) of the
three-dimensional problem gamma converges to the energy functional associated with
the two-dimensional problem and hence the sequence of functions which minimizes the
energy associated with the three dimensional problem converge weakly to the function

which minimizes the energy associated with a two dimensional model.

In chapter 3, we justify the scalings on the unknowns and data used to derive the

two dimensional model of linearly elastic shallow shells.

The method of asymptotic analysis for deriving the two-dimensional models of
plates and shells rely in a crucial way on appropriate scalings of the components of
the displacement and appropriate assumptions on the data (Lamé constants and applied

forces). The question is “are these scalings unique”?

This leads to the question of justifying the scalings used to derive these lower di-

mensional models.

We apply the formal asymptotic method to the variational formulation of the three-
dimensional boundary value problems of linear shallow shells. Without making any a
priori assumption of a mechanical or geometrical nature, we provide a complete justi-

fication of the scalings and assumptions.

xi



In chapter 4, we consider thin piezoelectric shells with variable thickness. We first
pose the problem in variational form and transfer the problem, by making suitable scal-
ings on the unknowns and data, to a domain which is independent of the thickness
parameter. We then show that the scaled solutions converge to a solution of a two di-

mensional model.
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(n;) : 0Q — IR unit outer normal vector along the boundary 0X2 of €).

ar area element along 0f2.

v X [—¢, € lateral face of the set Q.

IS = v % [—€, € portion of the lateral face where a shell is clamped.
[ =~ xe¢ upper face of the set (¢ .
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A = 0,4 Laplacian.

AUk — \gid ghl 4 (gikgil 1 gil gik).

contravariant components of the three- dimensional elasticity tensor.
Piikie denote the piezoelectric tensors.
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D2 the space of functions in C*°(€2) with compact support in 2.
P
1

GENERAL CONVENTIONS

1. Latin indices and exponents: i, 7, p,..., take their values in the set {1, 2, 3},

unless otherwise indicated, as when they are used for indexing sequences.

2. Greek indices and exponents: «, 3,0, ... except €, take their values in the set

{12}

3. The symbol “€” designates a parameter that is > (0 and approaches zero.
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CHAPTER 1

Introduction

Two dimensional model of plates and shells and one dimensional models of rods that
rely on a priori assumptions of a mechanical and geometrical nature have been proposed
by T. von Karmén, W. T. Koiter, L. Euler, P. M. Naghdi and others as approximation of
the true three dimensional models when the thickness of the plate or shell or rod is “very
small”. The main reasons for preferring lower dimensional models are their amenability
to numerical computations and their simpler mathematical structure produces richer

variety of results.

Lower dimensional models being widely used, two essential questions arise. Given
a “lower-dimensional” elastic body, together with specific loadings and boundary con-
ditions, how to choose between the many lower-dimensional models that are available?
For instance, given a linearly elastic shell, which theory should be preferred, among
those of W. T. Koiter, M. Naghdi, T. von Karmén, L. Euler, etc? This question is of
paramount practical importance, for it makes no sense to devise accurate methods for
approximating the solution of a “wrong” model! Consequently, before approximating
the exact solution of a given lower-dimensional model, we should first know whether
it is “close enough” to the exact solution of the three-dimensional model it is intended
to approximate. This observation leads to the second question: How to mathematically

justify a lower-dimensional model from the three-dimensional model?

The first approach consists in directly estimating the difference between the three-
dimensional solution and the solution of a given, i.e., “known in advance”, lower-
dimensional model. For linearly elastic plates, the first such estimate seems to be due to
Morgenstern (1959). This approach was likewise successfully applied to linearly elastic

shells by Koiter (1970a), Koiter (1970b) and Simmonds (1971).

The second approach, essentially due to Naghdi (1972) for plates and shells, consists

in using the constraint method, whose governing principle is an a priori assumption that



the admissible displacement fields are restricted to a specific form. References to this

approach are Naghdi (1972) and Destuynder (1980).

These two approaches nevertheless rely on some a priori assumptions of a mechan-
ical or geometrical nature, intended to account for the “smallness” of a geometrical
parameter and intended to be more effective as this parameter approaches zero. Hence
the need arises to mathematically justify these a priori assumptions, together with the

lower-dimensional theories they engender, directly from three dimensional elasticity.

There are many approaches to justify the lower dimensional models. One way of
doing is by formal asymptotic method. In this method, the three dimensional solution
is first scaled in an appropriate manner so as to be defined in a fixed domain, then
expanded as a formal series expansion in terms of e, which is half the thickness of
the material. The formal series expansion of the scaled solution is then inserted into
the three-dimensional problem, and sufficiently many factors of the successive powers
of € found in this fashion are equated to zero until the leading term of the expansion
can be computed and hopefully, identified with the scaled solution of a known lower

dimensional model.

Using this method two dimensional models of linear and nonlinear plates, von Kar-
man and Margurre von Karméan models were derived by Ciarlet (1990). Fox et al. (1993)
have derived the nonlinear invariant plates and Rao (1994) has applied this method
to derive nonlinear spherical shell, nonlinear membrane model was derived by Miara

(1998) and flexural shells were derived by Lods and Miara (1998) .

Another approach is to justify using asymptotic analysis in which one shows that
the three-dimensional scaled solution converge in some Hilbert space to the solution
of the lower-dimensional model. The main idea here is to establish a Korn’s type in-
equality, depending on the geometry of the surface and the order of the forces, which
helps in getting a priori estimates for the unknowns. Using this approach, the boundary
value problems for linear elastic plates and shells were justified by Busse et al. (1997),
Busse (1997), Ciarlet (1997), Ciarlet (2000) and the corresponding eigenvalue prob-
lems were justified by Ciarlet and Kesavan (1981), Kesavan (1979a), Kesavan (1979b),
Kesavan and Sabu (1999), Kesavan and Sabu (2000a), Kesavan and Sabu (2000b), Sabu



(2002), Sabu (2003). Homogenization of a class of nonlinear eigenvalue problems has
been studied by Baffico et al. (2006). The boundary value problem for rods was con-
sidered by Le Dret (1995). The dynamic problem for flexural shells were studied by
Xiao (2001), membrane shells were studied by Xiao (1998) and generalised membrane
shells were studied by Ji (2003). Busse (1998) has studied the case of linearly elastic
membrane and flexural shells with variable thickness and Sabu (2001) has considered
the case of linearly elastic shallow shells with variable thickness. Error estimation be-
tween the three dimensional and two dimensional solutions were studied by Mardare
(1998a), Mardare (1998b). Regularity result for linear membrane shell has been stud-
ied by Genevey (1997). The idea of asymptotic analysis has been extended to study the

asymptotic behaviour of a fluid in thin layers by Bunoiu and Kesavan (2004).

Third approach to justify the lower dimensional model is through I'-convergence.
Here the main idea is to show that the sequence of energy functionals associated with
the three dimensional models converges to the energy functional associated with the
lower dimensional model. Using this, Acerbi et al. (1991) have studied the case of elas-
tic string, Bourquin et al. (1992) have justified the two-dimensional model of elastic
plates and Genevey (2000) has justified the two-dimensional model of elastic mem-
brane and flexural shells, Le Dret and Raoult (1995) have derived nonlinear membrane
model, Le Dret and Raoult (1996) have justified the nonlinear membrane shell model.
Mora et al. (2007), Mora and Miiller (2008) have studied the case of elastic beams and
Friesecke et al. (2006) have studied the nonlinear elastic plates and Miiller and Pakzad
(2008) have studied the von Karman plates. Sabu (2010) has justified an one dimen-
sional model of elastic rods. Homogenization of second order energies on periodic thin

structures has been studied by Bouchitté et al. (2004).

Piezoelectricity is an electromechanical phenomenon. In general, a piezoelectric
material responds to mechanical forces and generates an electric charge. Conversely, an
electric charge applied to the material induces mechanical stress or strains. Piezoelectric

materials are used as sensors and actuators, reduction of vibrations and noise.

Piezoelectric materials are also used in shape controlling for plane propellers, plane

wings as well as in manufacturing artificial organs in biomechanics. A recent applica-



tion of piezoelectric ultrasound sources is piezoelectric surgery, also known as piezo-

surgery.

In the recent past, there has been a phenomenal increase in the development of
fiber-reinforced materials due to the desirability of lightweight, high strength and high-
temperature performance requirements in modern technology. As fundamental struc-
tural elements, plates and shells of various geometries are widely used in various engi-
neering fields such as, aerospace technology, missile technology etc. The appropriate
variation of plate thickness or shell thickness provide the advantage of reduction in
weight and size, and also have significantly greater efficiency for vibrations as com-

pared to the plate of uniform thickness.

Theory of piezoelectric material is well developed by Banks et al. (1996), Ikeda
(1990), Rahmoune et al. (1998), Tzou (1993) and lots of experimental works has been
done in this area. However when the thickness of the material is very small, the be-
haviour of the piezoelectric material requires rigorous mathematical justification of the
various models used - in analogy to the case of purely elastic materials. In this connec-
tion the boundary value problems for piezoelectric plates is studied by Sene (2001) and
shells is studied by Bernadou and Haenel (2002) and Collard and Miara (2002). The
corresponding eigenvalue problems are studied by Sabu (2002), Sabu (2003). Boundary
value problem for piezoelectric membrane and flexural shells with variable thickness

were studied by Sabu (2007).

Finite element method for various models in elasticity has been studied by Braess
et al. (2007), Carstensen et al. (2012), Carstensen and Rabus (2012), Chilton and Suri
(2000), Dauge and Suri (2002), Pitkdranta and Suri (2000) and many others.



CHAPTER 2

Justification of Two Dimensional Model of Shallow

Shells using Gamma Convergence

2.1 Introduction

In recent year, a lot of works has been done on the mathematical justification of various

classical lower-dimensional models for the study of thin linearly elastic shells.

There are many approaches to justify the lower dimensional models. One way
of doing is through I'-convergence, a powerful theory initiated by De Giorgi (1975),
De Giorgi (1977). Here the main idea is to show that the sequence of energy func-
tionals associated with the three dimensional models converges to the energy functional

associated with the lower dimensional model.

Busse et al. (1997) have justified the two-dimensional model of elastic shallow

shells using asymptotic analysis.

In this chapter, we justify this model using I' convergence. We first show that the
scaled energy functional .J(¢) associated with the three dimensional problem is weakly
lower semi continuous. Then we construct a class of test functions for which the energy
functional .J(¢) converges to the energy functional .J(v) of the two dimensional problem

and then we show the strong convergence of the displacements.

2.2 The Three-Dimensional Problem

Throughout this thesis, Latin indices vary over the set {1, 2, 3} and Greek indices over
the set {1, 2} for the components of vectors and tensors. The summation over repeated

indices will be used.



Let w C IR? be a bounded domain with a Lipschitz continuous boundary  and let
w lie locally on one side of . Let 7y C Jw with meas(yy) > 0. Let y; = Ow\ 7. For

each ¢ > 0, we define the sets

QO =w x (—¢,8), T =wx {£e}, T§ =1y x (—¢,¢), T =m x (—¢,¢).

Let 2° = (1, 72, 7§) be a generic point on (¥ and let 9, = 0, = 32~ and 0§ = 5.
@ 3

We assume that for each ¢, we are given a function ¢ : & — IR of class C3. We

then define the map ¢° : @ — IR’ by

qbg(l’l, IL‘Q) = (1'17 ZTa, 96(1'1, ZEQ)) for all (ZEl, IL‘Q) € w. (221)

At each point of the surface S° = ¢°(w), we define the normal vector

af = (|016°% + |0:6°2 + 1)"2(—016°, —s6°, 1).

For each £ > 0, we define the mapping ®° : Q° — IR® by

O°(2°) = ¢ (w1, 12) + x50° (21, 7o) for all 2° € OF. (2.2.2)

It can be shown (cf. Ciarlet (2000) ) that there exists an g > 0 such that the mapping
@ 1 F — ®°(Q)F) is a C! diffeomorphism for all 0 < & < &y. The set O = () is

the reference configuration of the shell.

We define vectors g5 and ¢g*¢ by the relations
g = 059 and ¢°- g5 =7,

which form the covariant and contravariant basis respectively of the tangent plane of
°(Q) at @ (x¢). The covariant and contravariant metric tensors are given respectively

by

1,

g5 =95 -g; and gV° = g™ g7c.



The Christoffel symbols are defined by

D€ __ PE | QE €
Fij =g ajgi'

Note however that when the set €2° is of the special form ° = w x (—¢, ¢) and the

mapping O° is of the form (2.2.2), the following relations hold,

3. _ e _

The volume element is given by /¢g°dx® where
9= det(gfj)‘

It can be shown that for ¢ sufficiently small, there exist constants g; and g, such that

0<g1 <9 < 9o (2.2.3)

Let A*\¢ be the elastic tensor. We assume that the material of the shell is homoge-

neous and isotropic. Then the elasticity tensor is given by
Aijk:l,s — )\gij,sgkl,s + u(gikz,sgjl,e 4 gil,egjk:,s) (224)

where )\ and p are the Lame constant of the material.

This tensor satisfies the following coercive relations. There exists a constant C' > 0

such that for all symmetric tensors (%;;),

3

ij=1
Moreover we have the symmetries

Aijkl@ — Akzlij@ — Ajikl,a



We define the space

Ve = {U € (H1<Q€))3,’U‘F6 = O} (226)

Then the variational form of the problem is to find u* € V* such that

a®(u®,v%) = I°(v°) for all v° € V* (2.2.7)
where
a®(u®,v%) = / Aijkl’eeiw(ue)ef‘U(ve)\/g_édxa, (2.2.8)
QS
F(v%) = | [ -v°/gedat, (2.2.9)
Q&
1 (Ov  Ovj
c(vf) == L — %8, 2.2.10
eZHJ(U ) 92 <ax§ + axf) ij Up ( )

Also u® can be characterized as the minimizer of the following functional.

J*(u®) = in J5(vF) (2.2.11)
where
1 .
JE(vF) = 3 {/ A”kl’seiw(vg)efj(vg)\/g_fdxs} — 1 vy/geda® YT e VE.
= QE

(2.2.12)

2.3 The Scaled Problem

We now perform a change of variable so that the domain no longer depends on €.

LetQ =wx (=1, 1). Withz = (21, 29, 23) € €2, we associate 2° = (1, 79, ex3) €
QF. Let
o= x (=1,1), Ty =y x (=1,1), TF =w x {£1}.

With the functions I'"#, g¢, A¥kl¢ we associate the functions I'P(g), g(g), AY*(¢) :



Q) — IR defined by

[P(e)(x) == T7%(a%), g(e)(w) = g°(a7), AWM (e)(x) = APM<(2%).  (23.1)

Assumption: We assume that the shell is a shallow shell; i.e., there exists a function

6 € C3(w) such that

gba(l’l, IL‘Q) = (ZL’l, x2769(x17$2)), for all (IL‘l,l’Q) € w. 2.3.2)

In this case, we make the following scalings on the unknowns.

ub (2°) = %uq(6)(z),  va(2%) = v, (), (2.3.3)
us(z®) = eus(e)(x), wv3(a) = evs(x). (2.3.4)

With the applied body forces f<, we associate the function f(¢) through the relation

fa(z®) = e fale) (@), f5(27) = fs(e). (2.3.5)
With the tensors €;, ., we associate the tensors ¢; ;(€) through the relation
eq; (v)(z°) = e%e;(g;0) (). (2.3.6)
We define the space

V ={ve (H"(N)? v, =0} (2.3.7)

With the energy functional .J¢, we associate the energy functional J(¢) as

JE(v°) = e J(e)(v(e)). (2.3.8)



Then the scaled unknown u(e) satisfies

/Aijkl(a)eknl(a)(u Jei(€)(v)Vg(e)dr = / fi(e)vin/g(e)dx for all veV
Q
(2.3.9)

and u(¢) is the minimizer of the functional

J(s)(v):%{ /Q A o) (0)ests () (0) V9 (E) dx} / Fi(2)ui(e) /9@ )dx Yo € V.

(2.3.10)

2.4 Technical Preliminaries

In the sequel, we denote by C, Cy, ...C,, various constants whose values do not depend

on ¢ but may depend on 6.

Lemma 2.4.1. The functions e;|;(c,v) defined in (2.3.6) are of the form

€al|p(€)(V) = Eas(v) + %5 4(e) (v), (2.4.1)

1
ealia(2)(v) = ~{as(v) + e%ef 5(e)(0)}, (2.4.2)

1
es3(e)(v) = 6—2633( v), (2.4.3)

where
ap(v) = %(Gavg + 0504) — V30030 = €qp(v) — V30,30, (2.4.4)
1

éa3<U) = E(aoﬂ)g + (931),1) = 6a3(v), (245)
633(7)) = 83113 = 633(’0), (246)

and there exists constant C such that

sup max||e}, ;@) W)loa < Ciljvl[ia forall veV. (2.4.7)

0<e<eg MJ
Also there exist constants Cy, C3 and Cy such that

sup max |g(x) — 1] < Coe?, (2.4.8)

0<e<eg z€Q

10



sup max A7 () — AT < Oye?, (2.4.9)

0<e<eg T€Q
where
AR — NS 4y (57§ 4 57T, (2.4.10)
and
Aijkl(g)tkltij > Ciytijty 2.4.11)

for0 < e < g, for all x € Q, and for all symmetric tensors (t;).

Proof. A simple computation using the assumption (2.3.2) shows that

01 — €2230,10 + O(e?) —£010 + O(&?)
9a(8) = | Gan — 2230000 + O(c) |+ g3(6) = | —cdb+0O(%) | (24.12)
£0,0 + O(e%) 1+ 0(£?)
01 + O(£?) —£010 4+ O(£%)
9@ =1 daa+0(?) |, )= —etb+0() |, (24.13)
£0,0 + O(?) 1+ 0(e?)

Gop(€) = 0ap + 52[3a9856’ — 2x30,50] + O(Y), gas(e) = O(e), gas(e) =14+ O(£?),

(2.4.14)
I75(e) = O(e?), Tis(e) =ebap(f) + O(e?), I'%5(c) = O(e). (2.4.15)
The announced results follows from the above relations. O

The following lemma (cf. Busse et al. (1997)) plays an important role in the con-

vergence analysis.

Lemma 2.4.2. Let § € C*(w) be a given function and let the functions é;; be defined as
in (2.4.4)-(2.4.6). Then there exists a constant C5 such that the following generalised

Korn’s inequality holds.

1
2

||U||1,Q <Cs {Z ||§19(U)||(2)7Q} (2.4.16)
,J

11



forallv € V where V is the space defined in (2.3.7).

Definition 2.4.1. Let V' be a Banach space and (J(¢)).~o a sequence of functionals
J(e) : V — IRU{occ}. We say that the functional J : V — IR is the I'—limit of the
functionals J () if the following properties holds.

(i) If (v(€))es0 — v in V implies J(v) < liminf J(g)(v(e)).

e—0
(ii) For every v € V, there exists a sequence (v(€))zso € V such that
(v(€))es0 = vand J(e)(v(e)) — J(v).

Remark 2.4.1. It can be shown that when the I"'—limit exists, it is unique.

The main result from I'-convergence is the following, see Dal Maso (1989).

Theorem 2.4.3. Assume that the sequence (J(€))e>0, ['-converges to J, and assume
that there exists a compact subset U of V independent of € such that, for all ¢ > 0, there

exists u(e) satisfying

u(e) €e U and J(e)(u(e)) = inf J(e)(v).

veV
Then there exists u € U such that
u(e) = u and J(u) = 12‘5 J(v).

Moreover, one has

J(e)(u(e)) = J(u).

2.5 Convergence of the Scaled Solutions

Let Vi1, be the space defined by

Vier = {v = (v;) € (H'(Q))% es(v) =0inQ, v; =0 onTp}. (2.5.1)

12



For any v € V/, define

1 2
: / {Aj—“%éww)én(v) T zuéaﬁ@)éaﬁ(v)} dr — / frvida i v € Vicy,

00 otherwise.

J(v) =

Theorem 2.5.1. The functional J is the I'— limit of the functional J(g) for the weak
topology of the space V.

Proof. Note that the functional .J(¢) can be written as

I = 5 [ 520 O Eeata@)ene ()0) Vo)

0 A+ 2
+3 [ 200 € ol 0)en ()0 o
+%/Q{(A+2u) {A _:\QMQQB(S)%II,B(@(U)+933( e)esyis(e) ] }Fdw
- /Q 4pg°" (£)9% ()eala(e) (V) eoa(€) (0) Vg (e) dr

2

- /Q £(e)vi/g(@)da. (252)

Step 1: We first show that

v(e) = v in V= J(v) <lim iglf J(e)(v(e)). (2.5.3)
e—
If v ¢ Vi, then from the definition of J, it follows that J(v) = oco. Hence it is

enough to show that

liminf J(e)(v(e)) = o0.

e—0

Suppose that
liminf J(g)(v(e)) < oc.

e—0

Then it follows that there exists a constant Cs > 0 and a subsequence (v(g)):>o

(still denoted by ¢) such that
/ AR ()eg () (v(e))ei () (v(e)) Vg (e)dw < Co. (2.5.4)
Q
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Hence from the relations (2.2.5), (2.4.8)-(2.4.11) and the Lemma 2.4.2, it follows
that

leq;(e)(w(E) o < Cr, |vi(e)] 1.0 < Cr.

Hence there exists subsequence (e;));(¢)v(¢))->0 and functions e;; € L*(Q) and

v € H'(Q) such that
e);(€)(v(e)) — ey; weakly in L*(Q), (2.5.5)
vi(e) — v; weakly in H'(€). (2.5.6)

Using the convergences (2.5.5)-(2.5.6), it is a standard argument (cf. Busse et al.

(1997)) to show that e;3(v) = 0, and hence v € Vi, which is a contradiction. Hence

liminf J(e)(v(e)) = oo.

e—0

Assume next that v € V. Suppose
liminf J(e)(v(e)) = o0
e—0

then (2.5.3) always holds. Suppose that

liminf J(g)(v(e)) < oc.

e—0

As in the first case, there exist subsequence (v(¢)).~o such that the convergences
(2.5.5)-(2.5.6) holds and since v(e) — v in H'(Q), it follows from the definition that
calja(€)(v(e)) = €ap(v) in L2(Q).

From the positive definiteness of A%*!(¢) and (2.5.2) it follows that

I 2 5 [ g eatale)v)ente (B)0) Vo)

1

+§/Q2ug°“’(6)gﬁ (€)ea)is(e)(v)eq- () (v)V g(e)da
- | eV @57)
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With the convergence ¢ () — &;;, g(¢) — 1in C(f2) and the weak convergence
ea)|p(€)(v(€)) = €qp(v), it follows that for any convergent subsequence .J(¢)(v(e)) we

have

lii% J(e)(v(e)) > %/Q {%éw(v)éw(v) + Q,Méw(v)éa@(v)} dx — /sz-vz-dx

= J(v). (2.5.8)
Hence (2.5.3) follows.

Step 2: We show that for any v € V/, there exists a sequence (v(¢)).~o such that

v(e) = v in V and J(v) = lim J(g)(v(g)). (2.5.9)

e—0

If v ¢ Vi, then by taking v(e) = v, it follows from step 1 and the definition of the
functional J that
J(v) = lim ionf J(e)(v(e)) = o0 (2.5.10)
e—»
and hence the property (2.5.9) holds.
Define the space
W = {(7704 - 3730&7737 773)a Na € HQ(W)>773 € HQ(W)J% = Oyl)3 = 07 on 70} .

(2.5.11)

Let v € W. Define v(¢) € V by

A x2
Va(8) = va, wv3(e) =mn3— 52)\ o <x3(8gng — 11300a0) — EJAT]?,) (2.5.12)
Then as £ — 0, we have
v(e) = v, (2.5.13)
(v(e)) = A 19) (0yne — 130, 9)—x—§A —0 (2.5.14)
€al3\V - 5)\ T 2,& a | T3\Oglle — 1300a 9 N3 ) I

A
A+ 2u

A
A+ 2u

2 2
) (x?)(&olr]cr - 77381104‘9) - %Alrb) — 07
(2.5.15)

€ollo (v(€))+es3(v(e)) = €2 (
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Using the above convergences and relations (2.4.14) in (2.5.2) it follows that
J(e)(v(e)) = J(v).

Since the space W is dense in the space Vi the above convergence hold for any

Ve VKL- D

Theorem 2.5.2. For each ¢ > 0, let (u(c)) be the minimizer of the functional J(e)(v)
defined by (2.3.10). Then
ui(e) = w in HY(Q), u € Vky, (2.5.16)

and u is the solution of the minimization problem

J(u) = min J(v). (2.5.17)

veV

Proof. Tt follows from the inequality (2.4.16) that ||u(e)||1.o are bounded independent
of €. Thus {u(e)}.~o belong to a weakly compact subset of V. Moreover the weak
limit u of u(e) belongs to Vi, (cf.Busse et al. (1997)). Then it follows from the above

theorem that there exists a subsequence u(ey) such that u(ey) — win V' and u satisfies

J(u) = inf J(v).

veV

Thus the function is unique and the whole sequence u(g) converges weakly to u in

V.

To show that the family u(g) converges strongly to u in H'(€), it is enough to show

by virtue of (2.4.16) that

Eij(u(e)) — €i(u) in L*(Q). (2.5.18)

Define

Kos(e) = éuglu(e)), Ka3(a):§éa3(u(a)), Kgg(a):éég,g(u(g)) (2.5.19)
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and
. A
Kop = é€ap(u), Ko3=0, Ks33= D 2 ————Caal(u). (2.5.20)
Claim: K (¢) = (K;j(¢)) = K = (Kj;) weakly in L*(Q).

It follows from (2.2.5) and (2.3.9) that
CSZHGZHJ (5 uE)llfa < /()Aijkl(e)ekl(a?;u( Jeiij(e; u(€)) v/ g(e)da
< [f1logllu(e)lfo.0- (25.21)

Hence (e;)j;(¢, u(e))) is bounded.

From the definition (2.5.20) and relations (2.4.1)-(2.4.6), we have

1K @)o0 <2 ey (e ule))lls at2e’ ZHe ey u(e))|g o +4e” ZHe e;u(e))lfo.0-
irj

(2.5.22)

From the boundedness of (e;;(¢,u(¢))) and the relation (2.4.7) it follows that
(K (e)) is bounded and hence K () — K in (L?*(€2))? weakly.

Clearly Kop = €uap(u).

We next note the following result (cf.Ciarlet (1990)).

/ udsvdr =0 forall v e HY(Q) with v=0 on Iy = u=0.  (2523)
Q

Multiplying (2.3.9) by ¢ and taking v3 = 0 we get
2/ A®73(0) K 43(2)O3v4dx = eR(e, K (), u(e),v) (2.5.24)
0

where R(e, K(¢),u(e),v) is bounded independent of €. Passing to the limit as ¢ — 0
in (2.5.24) we get
/ Ko303v,dx =0 for all v,,. (2.5.25)
Q

17



Hence K,3 = 0. Multiplying (2.3.9) by 2 and letting v, = 0 we get

/(2{A33UT(0)KUT(€) + A¥%(0) Kss(e) } Osvsda = /Q{)‘Kaa(g) + (A + 2p) K33(¢) }Osvsda

=eS(e, K(e),u(e),v), (2.5.26)
where S(e, K (g),u(e),v) is independent of ¢. Letting ¢ — 0, we get
/ﬂ (NK,y + (A + 20) K33} O303 da = 0. (2.5.27)
Hence K33 = —ﬁguéw (u). Since é;3(u) = 0 and
D lIE5(ule)) — é5(w)lli g
1,

= S Kase) ~ KaslBo + 222 - 1 Kas(2) e + (e B 2528)
a,f «@

the convergence (2.5.18) is equivalent to showing that K (¢) — K strongly in L*((2).

For any two symmetric matrices S = (s;;) and 7' = (t;;), define
AS T = Aijkl(O)tkltij = )\Spptqq + 2M3ijtij-
Then

/AK  Kdxr = /{)\Kpquq+2/LKUKZ]}d.T
Q Q
2
_ /Q {ﬁém(u)éﬂ(u) +2uéa5(u)éa5(u)} iz
Q

Taking v = u(e) in (2.3.9), and using the relations (2.4.1) - (2.4.10), we get

/QAK(g) : K(e)dr = /Qf,-u,-(g)dx +er(e,u(e)), (2.5.30)
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where there exists a constant Cg such that

sup |r(e,u(e))| < Cy. (2.5.31)

0<e<Ley

From the relations (2.5.30) - (2.5.31) and the weak convergence of u(c) we deduce that
/AK(&) c K(e)dr — / fiuidz as € — 0. (2.5.32)
Q Q
Also, using (2.5.29) - (2.5.32) it follows that

WK =Kl < [ AKE = K): (KE) - K)da

_ / AK(E) : K (e)da + / AK : (K — 2K (2))dz

Q
— /fiuidx—/AK:de
Q Q
= 0. (2.5.33)
Hence the convergence (2.5.18) follows. L]

Theorem 2.5.3. Let u be the minimizer of the functional J. Let
Vir(w) = {(na) € (H'(w))* : 0 =0 on 70} (2.5.34)
Vi(w) ={ns € H*(w) : 3 =08,m3 =0 on 7o} (2.5.35)
Then there exists (¢;) € Vy(w) x Vi(w) such that

(a) uo(x) = (o — x304m3, us(z) = (3(x3)

(b) ((;) solves the following variational equations:

—/maﬁé’aﬁnsdw—/naﬁ@aﬁ%dw = /p3773dW—/qaaa773dw vV on3 € V},(W%
(2.5.36)

/nag(?ﬁnadw = /panadw V 1o € Vi (w). (2.5.37)

w
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where

A \p 4
=T A - 2.5.
Mag {3(/\ 2 (3008 + 3u3aﬁC3} , (2.5.38)
A\ .
naﬂ = {mepp(g)éaﬂ + 41u6066(<.)} s (2539)
- 1
€af = 5(3QC5 —+ 85§a> — §38a59, (2540)
1 1
pbi = / fidxs qo = / T fadxs. (2.5.41)
-1 -1

Proof. Since u is the minimizer of the functional J, u € Vi, and satisfies

% /Q {Aziuugaa(u)éw(w) +2Méaﬂ(u)éa5(w)} de = /Q fiwidr Yw € Vip.
(2.5.42)

Equations (2.5.36) and (2.5.37) follow by taking 1, = 0 and 73 = 0 respectively in

the above equation.
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CHAPTER 3

Justification of Asymptotic Analysis of Linear Shallow

Shells

3.1 Introduction

Two dimensional models are derived from three dimensional models under suitable
scalings on the unknowns and data when the thickness of the material is very small.
The question is “are these scalings unique”? This leads to the question of justifying
the scalings used to derive these lower dimensional models. In this direction Miara
(1994a), Miara (1994b) has justified the scalings used to derive the linear and nonlinear
plate models respectively. The purpose of this work is to justify the scalings on the
unknowns and data used to derive the two dimensional model of linearly elastic shallow

shells.

The variational formulation of the three-dimensional problem in linearized elasticity
is to find the displacement vector u® € V¢ such that
/ AT e (u) ey (0°)/gPda® = / fousy/gedat ¥ vf € VE (3.1.1)
QF e

Assumption: We assume that the shell is shallow shell, that is there exists § € C3(©)

such that 6°(y) = €f(y) for all y € w.

To study the behaviour of displacement field u° = (u$) : 2° — R® as € goes to zero,

the following three basic ideas are used.

(i) The three dimensional problem whose solution «° is posed over the variable set
¢, is transformed into a three-dimensional problem over the fixed set 2 according
to the correspondence :

2 = (25) € O & o= (7;) € Q with 2, =15, 25 = cx3. (3.1.2)

(e %)



(ii) The components (u$) : Q° — R? of the displacement field are scaled, in the sense
that functions w;(g) : Q° — R? are associated to the functions u5 through the

relations:

ul,(2°) = e2uq(e)(z), us(z®) = cus(e)(x) forall z € Q. (3.1.3)

(iii) It is assumed that there exists constants A > 0 and ;2 > 0 independent of ¢ such
that
A=\ ur=pu (3.1.4)

and that there exist functions f = (f;) : 2 — R3 independent of ¢, such that
fo(af) = 2 fala),  f5(af) = 2 f3(x) (3.1.5)

Under the above scalings, it was shown in Busse et al. (1997) (and also in the pre-
vious chapter) that u(e) — win V, u, = (, — 30,(3, ug = (3 where { = ((;) is the

solution of two dimensional shallow shell model

_/w maﬁ(C)ﬁagngdw_[uﬁaﬁ(c)ngaaﬁeder/

w w

ﬁaﬁ(g)ﬁgnadw:/ pinl-dw—/ ¢ Ounzdw

(3.1.6)
foralln = (1;) € V(w) = Vg(w) x V3(w).
where
Vi (w) = {n= (na) € (H'(w))* 7o = 00n 7}, (3.1.7)
Va(w) = {ns € H*(w); ns = 8,13 = 0 on 7}, (3.1.8)
aBir A\ 4_,u
m (g) - {3(}\ + 2,&) AC35aﬁ + 3 aaﬁg?; ) (319)
FO(C) = G (C)bas + Ahas(C) (3.1.10)
()\ + 2,U> oo af af ; L.
- 1
€ap(C) = 5(304{,8 + 95Ca) — (30asY, 3.1.11)

1 1 1
pa:/ fadxs, p3:/ fidxs, qa:/ T3 frdrs. (3.1.12)
—1 —1 _

1

Remark 3.1.1. Since the problem is linear the following assumptions on the displace-
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ments and forces are also possible for any real number p.

ug(1%) = e Pua(e)(2), u5(a®) = " Pus(e) (),

fa@®) =" folz),  f5(a7) =P fs(@).

The objective of this work is to give a mathematical justification of the relative order
of scalings between the ‘horizontal components’ u;,, f: and the ‘vertical components’

u3, fs by assuming only a formal asymptotic expansion of the unknown displacement
field.

3.2 The Three-dimensional Problem in Scaled Domain

With the functions A7*:¢ g we associate the functions A7*(¢) :  — R and g(e) :

Q) — R through the relations

AR (27) = AR (&) (), ¢°(2f) = g(e)(w) forallz € Q.

With the functions v € V¢ we associate v(e) € V' through the relations

With the functions e

71;(v°) we associate the functions ¢;;(¢; v(¢)) through the rela-

tion

ef; (V) (2%) = eyyi(g;v(e))(v) forallz € Q.

Then the variational equation (3.1.1) posed on the fixed domain (2 is to find u(e) €
V' such that

| A @eup(esuieNens(eo) Vot = [ fu/s@de wev. G2
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By Lemma 2.4.1 we get the following relations

G = Oap + 22(0a0 - 050 — 2230,50) + O(c), gis(e) = &is
Vgl)=1+ 5291@1, T, T3) + 0(54)

3.2.2)
I75(e) =0+ eZFZ’g + EBFZ’E + -, Tog(e) = e0apl + €3Fz’g +
[94(c) = —€0a00 + T75 + -+, T34(e) =Tly(e) =0 )
A”kl(ﬁ) = A”kl(O) + 6214”“’1(1'1, X9, 173) + €4AZ]kl’2(l'1, T2, 3173) 4+ ...
Aijkl(e)\/ﬁ = ATR0) + 2 BN (1) g, 13) + e* BRI (11, 19, 13) 4 ...
Aijkl((]) — )\5@']’51@[ + ,u(5lk5ﬂ 4 5i15jk)
Aaﬂm—(o) — /\604,8507— + M(éaU(SBT + 5@7560)7 A3333(0) — (/\ + 2//“)
Aaﬂ33(0) — /\604,87 A330"T(O) — )\(507—, Aa3a3(0) — Méaa )
3.2.3)

To justify the assumptions (3.1.3) and (3.1.5) we will follow the basic Ansatz of
the asymptotic expansion method (cf. Lions (1973)). Write a priori u(¢) as a formal

expansion

u(e) = Zeiui, (3.2.4)

i€Z
where u’ € H'(€2). Equating to zero the factors of the successive powers e”, p > 0, we
identify the successive terms u’ in the equation (3.2.1). For doing so, it is necessary to
express the right-hand side of this equation in terms of power of €. We are not assuming
the existence of asymptotic expansions of the forces, but rather we are looking for
the right asymptotic order of magnitude in €. That is, we are trying to decide which

assumption of the form (3.1.5) are appropriate.

Since the problem (3.2.1) is linear with respect to u(e), there is no restriction in

assuming that expansion (3.2.4) begins with a term of order O:

u(e) = u® + eut + % + .. (3.2.5)

The boundary condition of place u(¢) = 0 on Iy is imposed only on the first non-

vanishing components of the expansion (3.2.5).
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Then we have

eollr (63 u(e)) = egy-(u) + eeq), (u) + %3, (u) + %)y (u) + - - (3.2.6)

where

1 1 )
Cor (1) = 5@7“2 +0rg), egyr(u) = 5(&7“1 + 0rtty) — ug0pr0

1
ef,HT(u) = 5(&,u3 + 0ruly) — T22ud(e) — Oprblug , (327

1
€ (u) = (@l + Dy2) — T3ud — Tl — 0,60 — T3

eq3(e;ule)) = 546_&3(“) + eqpa(u) + eeqyz(u) + €%€2)3(u) + %) 5 (u) + - - -

(3.2.8)

where

1 1 1
e;ﬁg(u) = 533U27 eg||3(u) = 5(@7“% + gu,), €$||3(U) = 5(&7“:1; + Osul) + ug&m@

1 1
egm(u) = 5(&,1@% + Osu?) + uiﬁﬂé’, eing(u) = Q(c%ug + Osul) + uff&mﬁ — FZ?U%
(3.2.9)

egs(e;u(e)) = 5_1‘3:;”13(“) + 63\\3(“) + 56:1),”3(“) + 526%\\3(“) + 536%\\3(“) + ..

(3.2.10)
where
63;“13(11) = Dsuy, ey3(u) = dsuy, ex3(u) = dsu3, 3211
6%\\3(“) = 6‘3u§, egug(u) = a‘ﬂé
For any v € V, we have
eq|iple;v) = egnﬁ(v) + 56(11||/3(U) + 62€§HB(U) + 53(32“6(0) + - (3.2.12)
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where

1
Calp(v) = 5((’*)@@5 +0pva), €q)5(v) = —30as0

, (3.2.13)

einﬁ(v) = _Flﬁvw einﬁ(v) = —Fl’ﬁgvv - Fgﬁ%

€ql3(e;0) = 5_1€;|1|3(“) + egng(v) + 563&\\3(“) + 62eing(v) + 53%\\3(”) +e
(3.2.14)
where
-1 1 0 1

eaH3<v) 233%» €a||3(v) = 53(1’0& €a||3(v) = 0,004, (3.2.15)

€a||3(v) - 07 eaH3<v) - ng’?vv

1

63”3(5; U) = gagvg. (3216)

Equation (3.2.1) can be written as

L{AQBUT(e)eaT(ﬁ;U(e))eaﬁ(ﬁ;v)vg(ﬁ)+4A“3”3(6)60||3(€;U(6))6a3(5;0) g(¢)

+ A () eg(e3 ule))ealis(e3 )V g(€) + AXTT(€)eq)jr (53 ule) Jega(e: v) v/ g(e)
+ A% () eq3(e; ule) esya(e; v)\/g(s)} dx
= /in(e)vm/g(e)dx. (3.2.17)

Using (3.2.5) - (3.2.16), the above equation becomes

/ {%B_g(u, v) + lB_l(u, v) + Bo(u,v) + By (u,v) + 2By (u, v)} dr + O(e?)
ole 5

—/fi(g)vz‘dl‘—i‘??z/fi(g)Uigl(%,%,x?;)dﬂf+O(54) (3.2.18)
Q Q

where

B_2<u7 U) _ {414“3"3(O)e;ﬁg(u)e;‘l‘?)(v) + A3333(0)€3—H13(u)831)3} , (3.2.19)
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B_y(u,v) = {414&303(0)(60”3( Je aHB(U> + 62\\3(10)6;\1\3(“)) + A3307(0)€2||T(U)33U3

+A3333(0)egu3(u)63v3 i Aa533(0)e§”13(u)eg”5(v)} , (3.2.20)

Bo(u,v) = {AaﬁUT(0)€g||T(U)€gH5( )+ 4A%7(0) (e, Hg( u)e ;||3(U)+€2||3(U)€3||3(U)
F el ety (0) + 4B e (e (0) + AT (0)el, (u)dyvs
+ A3333(0)6§H3(u)03v3 + B3333’16§”3(u)631)3

+Aa’333(0)(65\\13(U)€(1>¢\\ﬁ(v) + €g||3(u)€g\\ﬁ<v))} ; (3.2.2D)

By (u,v) = {Aaﬂ”(o)(62\\T(U)€inﬁ(“) + eojir (u)eays(v) + BY eg s (u)eqs(v)
+ AAWT(0) (e, by ()ed 5 (1) + by (u)ely5(0) + 2y (el s (v)
+€3H3(U)6;\\3(U)) +4B%7 (e aﬁ3<u)€g||3( )+e"”3( uje a”?’( v))

+ AP (0)e2) (u)Dsvs + BHSTeD (u)dsvs + A(0)ed 5 (1) D503

+ 33333’163\\3(@33”3 + Aaﬂ?’g(0)(63\\3@)@3”5(@) + egHB(u)eaﬂﬁ(v))

+6§H13(U)€i||5(v))} : (3.2.22)

By (u,v) = {AQ'BW(O)( UHT( u)e g||ﬁ(”) +6<17||T(U)€¢11||5( )+60||T( )eiuﬁ(v))
+ BT (0)eq (0)egy 5(v) + 4B ety (w)eg 5 (v) + €5z (w)eq 3 (v)
+ egyz(w)egs(v) +4A%7(0) (e (w)eq) 5 (v) + gy (w)eq)s(v)
+€;ﬁg( u)e aH3(/U) ~|—eg||3(u)eiu3(v) +e§||3(u)e;‘l‘3(v)) + A% i’ - (1) 0303
+ Bl (u)dgvs + A (06l (w)dhvy + ABYH2e (w)e (v)
+ Bl (€3||3(U)€3Hﬁ(v) + gz (W)eqs(v) + AP(0) (e5(w)eqs(v)
+ €33 (w)eqya(v) + egs(u)ed 5(v) + egs(w)eq) s(v))
B ey () v + B e (w)dyu | 6:223)

By close look at the different powers of ¢ that appear in the variational problem

(3.2.18) shows that there is no need to consider forces whose order would be inferior to

fle) = 54
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3.3 Identification of the Successive Terms of the Asymp-

totic Expansion u(¢) :

We define the space
W={ve H(Q): v=0o0n Ty}

Lemma 3.3.1. For the smooth function f : Q) — R the problem: Find u € W such that

/83u8311dx—/fvdx (3.3.1)
Q Q

for all v € W, has solutions only if the following compatibility conditions are satisfied

1

/ f(z1, 29, t)dt =0 a.ein w, (3.3.2)
-1

F=0onT,. (3.3.3)

If the above relations holds, then the solutions are of the form

u(zy, xe, x3) = ((21, 2) — /583 (/S f(z1, 29, t) dt) ds (3.3.4)
1 \J-1

where ( is an arbitrary function in V3(w).

Thus, for general f problem (3.3.1) has no solution.

Proof. The variational equation (3.3.1) imply that d33u = — f in the distribution sense;

this implies u takes the following expression (cf. Le Dret (1991)).

T3
1

(@) = (a1, 23) + wsn(a, 2) —/_ (/_1 f(xl,xg,t)dt) ds in €.

Therefore, for all v € W,

/Gguagvda: = / nosvdx —/ (/ f(zq, 2o, 1) dt) Osvdx
Q Q o \J-1
1
:/ nvda—/ nvda+/fvdx—/ (/ f(z1, 29, 1) dt) vda,
r, r_ Q ry \J-1
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and equation (3.3.1) is satisfied only if, for all w € L*(w),

1
/ <77 - / f(l'l, T2, t) dt) wda =0 and — / nwda = 0,
Tt -1 r_

which yields condition (3.3.2). The boundary condition © = 0 on Iy implies

(21, 22) + w3n(21, 22) _/ 3 (/ f(«%’l,ﬂ?%t)dt) ds =0 on .
~1 -1

Hence the functions
T3 s
h:x€Q— h(zry,x9,x3) = x30(T1, T2) —/ (/ f(xl,xg,t)dt) ds
1 1

must be independent of x5 for all (z1,x2) € vy. Hence

Z3
83h(x1, Ta, $3) = 77(.1'1, 1'2) — / f(l’l, Za, t)dt =0 on FO.
—1

and

Os3h(x1, 2, 3) = f(21,22,23) =0 onT,. L]

Lemma 3.3.1 will be used in the remainder of this work in the following way; Sup-
pose that equation (3.3.1) (or at least its right-hand side) is the one obtained by equating
to 0 the coefficient of ¥, k > —2, in the equation (3.2.18) and that f represent the same

component, indexed by 7, of a general system of forces f(¢) acting on €2, i.e.,
file) =&"ff, fF=1 onQ,

the compatibility condition (3.3.2)-(3.3.3) mean that f cannot be chosen arbitrarily.
Therefore we are led to "try" new assumptions of a higher order on the data: f;(c) =
gk+1 f#1 From these, we infer that f = 0 in , and by Lemma 3.3.1, that su = 0 in
Q.

Our main result is the following.

Theorem 3.3.2. If the first four terms u', 0 < i < 3 of the expansion (3.2.5) exists, we
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must assume that the applied forces are of the form

fal@®) = fa(e)(@) = efo(x) and f5(2%) = fs(e)(x) = *f5(2), fa,fs € L*(Q)

This implies that there exists a two dimensional vector field ¢ = (¢}, ¢9) : @ — R3

satisfies the following variational problem

— / m®? (&) Dapnzdw— / 1% (¢)n30np0dw+- / 7% (¢)0gnadw = / Pnidw— / q' Duizdw

i ) (33.5)
foralln e V(w),
where
AN 4p
af — _ -~
m*(¢) = {3(/\ o) A(3045 + 3 3a5C3} ; (3.3.6)
RC) = sy ()das + Apas(C) (337)
(A—FQ,LL) oo af af ) ..
- 1
€as(€) = 5(%@ + 95Ca) — (30us0, (3.3.8)
1 1 1
Pt = / fadas, P’ = / fidxs, q* = / r3fldrs. (3.3.9)
~1 1 _1

Proof. For clarity, the proof is broken into five steps
Step 1: If v exists, then f~2 vanishes on € and there exists (°(z1,7z2) € (H'(w))?

independent of z3 with ° = 0 on vy, such that u°(xy, 5, 23) = (°(x1, 22) in Q.

Equating the coefficient of £=2 on both sides of (3.2.18) leads to the problem : Find

u® € V such that

/ [414&3”3(0)6;“13(u)e;|1|3(v) +A3333(0)6§H13(u)83113] dr = / [ 2vdz (3.3.10)
Q 0
forall v eV.

This implies

1 1
/ [4u5a" 3 Ozl 5631)& + (N + 2p) Osul 83113} dor = / f; 2vdx forall v e V.
Q Q
(3.3.11)

This is a set of three variational problems of the form (3.3.1). Thus for general term
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f72, there is no solution u". Therefore we must impose f~2 = 0 on ).

This implies d3ul = 0 and d3u3 = 0. Hence

e;H13(u) = Osul = 0, e;lllg(u) = Osuy = 0. (3.3.12)

Also, su’ = 0 implies that there exists a two dimensional vector field ¢ O(xl, T9) €
(H'(w))? independent of &3 with ¢° = 0 on vy, such that u°(x1, 29, x3) = (°(21, 72) in
Q.

1
Hence we have to try new orders for the forces , i.e., f(¢) = —f ' € L*(Q).
€

Step 2: If u! € H'(Q) exists, then f~! = 0 on © and there exists a two dimensional
vector field ¢! = (¢}) € H'(w) such that

Uclf = Colr(xh Tg) — T3 aan(xl,@), (3.3.13)

uy = G (21, 22) — 23 o 877 (0,0 + 8,¢2). (3.3.14)

A+ 2p0)

In addition, the two dimensional vector field (° = (¢?) must satisfy the regularity

condition: 9,0 € H'(w), 9, € H'(w).

Equating the coefficient of £~ on both sides of (3.2.18) leads to the problem : Find
u' € H'(Q) such that

/Q{414&303(0)(‘f;lg(u)egns(v) + 62\\3(U)€;|1|3(U)> +A33M(0)62HT(U)83U3

(3.3.15)
+A3333(0)egu3(u)8303 + Ao‘f833(0)e;”13(u)eguﬁ(v)} dx = /in_lvidx
for all v € V. Using (3.3.12) we have

1 1 1
/ {4u6a”§(8gug + (9311},)5831)& + )\6‘”5(8,,112 + 0, u2)O3v5 + (X + 2u)83u§831)3} dx
Q

= / f 'vidx forall v e V.
Q
(3.3.16)
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This problem can be split into two decoupled problems of the form (3.3.1) viz.,
1
/ {)\5‘”5(&,u2 + 0uld) + (A + 2,u)83u§} Osvgdx = / f3 lusda (3.3.17)
Q Q
for all v3 € W and

/ 18% (Oyug + Osu,) Osvada = / filvgdx forall (vy) € W x W. (3.3.18)
Q 0

The above equations can be written as

/ O3 {%)\5‘”(&,@“2 + 0,0 + (N + 2,u)u:1,)} Osvsdx = / filvsdx forall vs € W
Q Q
(3.3.19)

and

/ (6% 93 {x30,Co + ul }Osvada = / filvadx forall (v,) € W x W.  (3.3.20)
Q Q

By applying Lemma 3.3.1, we notice that for general terms f; * there is no solution

u'. Therefore we must impose f; ' = 0 which leads to

95 (SN0 (DaCE + 0:C8) + A+ 2p2)u}) = 0 and By(asyC) +up) = 0. (33:21)

This implies there exists a two dimensional vector field ¢* = (¢}') € H'(w) such

that
ut(v1, 29, w3) = (o (w1, 02) — 3 0pCl (21, 70)
and
A
ul(z1, 29, 73) = (3 (21, 72) — T3 m&”(&y(f +0,¢2).
Hence
A

Lo _ N 507(9,00 4 0. 3.3.22
a3u3 2()\+2M)6 (a CT+8CU) ( )

and
62“3(u) = Osul + dyu3 = 0. (3.3.23)
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Since u' € H'(), it imposes the regularity conditions on 9,¢° and 9,¢?.
We now try new orders for the forces; i.e., f(¢) = f° € L?(Q).
Step 3 : If u? € H'() exists, then fJ = 0 and there exists (3 € H'(w) such that

A
A2

A 22
—Baaan(fﬂl, .1'2).

:U;:,[&,C;(xl, 1’2) - C{?aﬂde] + \ - 2:” 2
(3.3.24)

u§ = C:?(xlalé) -

In addition to that the vertical component ¢ and the horizontal component ¢} must sat-

isfy the regularity condition 9,,() € H'(w), 0,2 € H'(w) respectively.

Equating the coefficient of €° on both sides of (3.2.18) leads to the problem : Find
u? € H'(Q) such that

A{AQB”T(O)egT(U)€3||5(v) +AA%7(0) (e 5 (1) eq3(v) + egyj(w)eqs(v)

+eqs(u)eg3(v) + 4B e (w)eg 5 (v) + A7 (0)eg), (u)O5v3

o3 allt

+ A3333(0)e§”3(u)831)3 + B3333,1€?:H13(u)83v3 + Aa,833(0)(e?:“13(u)ei||5(v)

+ egH?,(u)egHB(v))}dx = / flvdz forall v e V. (3.3.25)
Q

Using (3.3.12) and (3.3.23), the above equation becomes

affor 1 1 3o 1
/Q {A h (0)5(80u2 + &ug)i(ﬁaug + Opv,) + 4A™ 3(0)6},”3(u)§83va

+ A8 B(&,ul + 0rug) — ugé‘me} Osv3 + (A + 241) Dy Oyvs

( 1
+ A“P3(0)0gul i(aavﬁ + agva)} dr = / fluidr forall v € V. (3.3.26)
Q

Taking v, = 0, we get

1
/ {()\ + 241)D3u3 + A&7 {5(801& + drul) — ugawé’} } Ozvzdr = / fivsdx
Q Q

(3.3.27)

for all v3 € V.
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Taking v3 = n3 independent of x3, we get
1
0= / (/ fgo(xl,xg,t)dt) nsdw forall n3 € H'(w).
w -1

This implies f{ = 0 in Q. Hence (3.3.27) becomes

1
/ {()\ + 241)D3u; + A&7 b(&,ui + 0.ul) — ug&n@} } Osvzdz = 0 forall vz € W,
Q

(3.3.28)
which implies
1
(A -+ 2)013 + A7 (5(&1& Loy — ugawg) o, (33.29)
Hence
O =~ 07 (3 (Ot + Dyl — 0,6
3U3 A+ Q,U 9 oUr Uy 3001
= A 1 0
= Xy (Ors — u30n0)
A
R (05C5 (21, 72) = 23050 G5 (1, 2) — (30500 - (3.3.30)

Therefore there exists (2 € H'(w) such that

A A 22
)\+2M iﬁaa(:?(%;@)-

$3[6U§;(-T1,372) - 3080'0'9] + )\ + 2/,6 2

Ug = C32(x17x2) -

This proves (3.3.24). Since u2 € H'(), it imposes the regularity conditions on
DaaC and O, CL.

Choosing test functions of the form (7;,7,,0) € V(w) in equation (3.3.26), we get

1 1 1
/ {Ao‘ﬁ‘”(())i(&,ug + 0-u5) 5 (Batts + Dtla) + A™(0) 5 (Dams + 5’577a)83u§} dz
Q

1
=/ (/ fa”(xl,:zz,t)dt) Nodw Y 14 € Vi (w). (3.3.31)
w —1
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Using (3.3.22), the above equation become

1
[ {5000t + 012)@urs + 9am.)
Q

A 1 oT 0 0
e O afc(,)) } dx

1
:/(/ fg(xl,xz,t)dt) Nadw for all (n,,0) € V(w). (3.3.32)
w -1

1
+A0) 3 0+ 0on)

Substituting the values of A“%°7(0), A*#33(0) given in (3.2.3), we get

)\ 1
/Q {ﬁ—%ew«%emm) T 2ueaﬁ<<0>ea5<n>} dr = / ( / o, t>dt) Nadw
(3.3.33)

for all (14,0) € V(w).
This problem has a unique solution ° € Vg (w) for f2 € L*(Q).

For test functions v = (—x30173, —x302m3,0) € V with 7,, 13 are independent of

x3, the variational problem (3.3.26) reduces to

| {Aamo)eﬂ (1) [0n(—r50ms) + O3 (—s0ums)] + 44T (0)y o () 535 ~s00s)
Q

ol|T

1
+Aa533(0)83u§§ [Oa(—2305m3) + 36(—$3aa7]3)]} dr = — / 23 faOatlzdz
Q

(3.3.34)

for all 7; € Vs3(w).

Since eSHT(u) and Ozu} are independent of z3, the above equation reduces to

) 1
/9414&303(0)6};3(“)53(17736155:/9953]623&736155 Vs € Vi(w). (3.3.35)

We now try new orders for the vertical component of the forces which are different

from horizontal components as below

fale) = f2€ L*(Q) and f3(c) = cfs € L*(). (3.3.36)
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Step 4 : Ifu® € H'(Q) exists, then f3 = f2 = 0 on Q. In addition

i) ¢ =0,

(i) (¢!) satisfies

/Q L\Tg € (C")eaa(n) + QH%/&(CI)%B(U)} dx

_ / ( 2\ C00,s50€00 (1) + 210 0as0e0s(n )) dx + / Flnadz (3.3.37)
A+ 24 ;

for all n, € Vy(w).

Equating the coefficient of € on both sides of (3.2.18) leads to the problem : Find
u? € H'(Q) such that

A Oy (ko) + eby )]

+4A%7(0) (€15 (w)egs(v) + qa(w)eays(v) + eqyis()ens(v) + €5 (e 5(v))
+ABW7H (e (w)egy3(v) + oa(u)e(v) + AP (0)eg , (u)Dsvs
+ BT D (1) + AP(0)ed) 5 (u)Dsvs + B el (1) Dyvs
+ AP (0) (edy5(w)e) 5 () + exhy(w)ed) 5 () + (el 5(v))
T+ (w)el 5(v) | da

:/ﬁ%@:VUEV (33.38)
Q

Using (3.3.12) and (3.3.23), the above equation becomes

/Q{Aaﬁm(o)(egnﬂu)ei5(“) + ey (w)ey 5(v)) + 4473 (0) (eg5(u)en 5(v)
+ e§||3(u)e;|1|3(v)) + A¥7(0)e o‘||T( u)Ozvs + B e cr||7'( u)Ozv3 + B33 163“3( u) 0303
+A3333<0)6§H3(U)33U3 + Aaﬁg?’(o)(€§||3(U)€g||,3(v) + 63\\3( u)e, €aip(V )} da

:/ﬁmm:vUeV (3.3.39)
Q

If we consider the assumptions (3.3.36) on the forces, we realize that the problem

(3.3.39) must be considered only for test functions with vanishing horizontal compo-
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nents (since the horizontal components of force f.! not yet introduced). Hence we have

/{Aaﬁﬁm)eanr( )(—v30a50) + 44 (0)e ) 5(u )3 aa’UB
Q
+A33or(0) 0‘HT< )832}3—|—A3333( )83u333U3+A0‘533(0)63H3( )(—Ugaaﬁe)

—I—B3333’162H3(u)831)3 + B330T’1 O’HT 831)3} dr = / f3 Ugd.r V U3 € W.

Taking vs = n3(z1, x2) € Va(w) we get

[ A5 01 0 st + 447500 ) 00
Q

+A%833(( )€3||3( u)(—n30450) } do = /Qf;n?)dx Vs € Va(w). (3.3.40)

From the equations (3.3.35) and (3.3.40), we have

/Q(Aaﬁ 7 (0)€g - (1)(Dasl) + A (0)€g 3(u) (Dupt)) 3

:/f§($1>$2,$3)773d$—/ngao(xl,xQ,xg)@angdx Vs € V(w). (3.3.41)
Q Q

This implies

(AP (0)eby () + AP (0)eS5 (1)) Dasb = f3 + 2300 f

The left hand side is function of x; and x5 only, whereas the right hand side can be

any arbitrary function.
This lead to impose f = fJ = 0 on 2 which implies ¢° = 0 in w by (3.3.33).

This in turn gives

ey (u) = 0 and ug = (5(x1, 5) and hence e§4(u) = dsuy = 0. (3.3.42)

ollr

Thus, we have to try with new order for the forces

fale) =cfl e L*(Q) and f3(e) = 2f2 € L*(Q). (3.3.43)
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Using f2 = 0in (3.3.35), we get

1
/Q 4Aa303(0)e;“3(u)§aangdx =0 Vns e Vw). (3.3.44)

Note that since ¢ = 0 in w, the horizontal components of the leading term of
the expansion becomes u. The boundary condition of place reads u! = 0 on Iy, or

equivalently 9, = ¢! = 0 on . This implies that { = ({},(Y) € V(w).

Taking v = (11, 72,0) € V (w) with 7, are independent of z3 in (3.3.39), we get

apoT 1 « 1
[ A5 00 0 @urs 4 D3 + A Ol Guns + Do)

_ / Fada. (3.3.45)
Q

Using (3.2.3), (3.2.7), (3.3.13) and (3.3.30), the left hand side of above equation

becomes

/Q ((Aéaﬁéﬂe},nf(u) + Aéaﬂeéug(u)) + (697657 + 50”567)6(1,”7(“)) eas(n)dx

= /Q (A(saﬁeglaﬂp(u) + 2/1‘%“5(“)) €a5(77)d$'
Now

6117||p(u) = €i||1(u) + €§||2(U) + eéug(u)

= (01¢ — 13011C5 — (50110) + (02(y — 13092C5 — (5 020)

A
- A + 21“ (aO'C; - x3acm'<§ - Cgawﬁ)
= (aaC; - $3&m<§ - Cgaa'ae) - 2\ + 2[[,L (agC; - xgﬁgggg — <?(38006)
2
-5 +#2M (05C2 — 23A8 — (§05,0) . (3.3.46)
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Hence, left hand side of (3.3.45) becomes

2A\
/Q { (ﬁ (eao(CV) — 238 — ggawe)) b
+241 ([€ap(C) = (30nsb] — 230a5C3) } €as(n)

_/ [)\jS"; eoo (¢! )eaa(n)+2uea5(g1)eaﬁ(n)} A

! 2\
_ ACY
(/_lxgd:cg) /w T2 (3€aa(n)dw

2\
- ( K09, eual >+2u<§aaﬁ9eaﬂ<n>) da

A+ 20
1
— </ $3d$3>/2ﬂaaﬁg‘geaﬁ(n)dw
_1 w

:/Q {%ew(gl)ew(n) - 2;@@@5@1)@&6(”)} dr

2\
- /Q (/\ +gucgaaaeeaa(77) + ZMC??aaﬂeeaﬂ(n)) dr.

Therefore (3.3.45) becomes

/Q {)\2?/; €00 (C")eaa(n) + 2#%5(41)6@5(77)} dz

2\
- / ()\ -|-l; Cgaaageaa( ) + Qﬂcgaaﬁeeaﬁ(n)> dx + / folﬂlad$ V1. € VH(OJ).
Q

(3.3.47)

The left hand side of (3.3.47) is elliptic over V(w) and the right hand side is linear
functional in (L?(w))?. Hence there exists a unique solution (¢!) € Vg (w) satisfying

(3.3.47).

Taking v = (1 — 230113, M2 — x302m3,M3) € V with 7, n3 are independent of z3,
using (3.3.44), the relations

1 3
cop(v) = 5 (Gl + Ostla) — 230ass, eq)i5(V) = —130as,

1 1
~1

a||3( ) = —§aa7]3, egug(v) = 58,1773, (3348)

e33(v) = Gzvg = 0, ef3(u) = egy . (u) =0
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and f§ = 0, the variational equation (3.3.39) becomes

apoT 1 a30 1
/Q {A ’ (0)637||T(U) (5(3(1775 + Op7a) — 9533015773) +4A% 3(0)6?7”3(“) (—53(1773)

1
+AY(0) eg15(u) (5@% T 0aa) = xBaaMB) } dx
1 1
:/ (/ folt(l’lal'%t)dt) nadw—/ (/ tfé(%,xz,t)dt) Oanadw (3.3.49)
w \J-1 vt

Step 5 : ¢ = (], (3, ¢J) satisfies the variational problem (3.3.5)

Using the new order (3.3.43) for the forces and equating the coefficient of 2 on both
sides of (3.2.18) leads to the problem : Find u* € H'({) such that

/Q {47 (0) (€2, ()€l 5(0) + el (el 5(0) + €0y (W)€ 5(v)
+ BYH0)egy - (0)eqya(v) + 4447 (0) (eg)5(u)eq)s (v) + €5yj3(u)eg(v)
+ €3(W) a3 (V) + €ya(w)egs(v) + €a()egs(v)
+ 4B (e (w)ega(v) + eqau)etp(v) + eqps(Wegjs(v))
+4B93 2L (w)e L (v)
+ A (0) (egp(w)eqys(v) + €35 (w)eds(v) + ega(u)edy sv) + egps(u)eds(v))
+ B (e 5 (u)eq) 5 (v) + e5j5(u)eqys(v)
+ AT (0)ely - ()Dsvs + BT gy (w)Dyvs + AT (0)e 5 (w)Dvs

+B3333’1€:13||3(u)631)3 + 83333,26:;'13(”)33”3} dx

_ / Poda. (3.3.50)
Q
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Using (3.3.12), (3.3.23) and (3.3.42), the above equation becomes

/Q {Aaﬁm((})(einT(U)egHﬁ(U) + b (el s(v) + 4B 5 el (e (v)
n 4A0‘303(0)(6,1,”3(“)6;\\3(”) + 65\\3@)63\\3(”) + 63\\3(16)6;\1\3(1}))
+ Aaﬁ33(0)(6;,“3(“)6({4%(1}) + egng(u)eguﬁ(v)) + 4304303,16;“3(11)6;‘1‘3(@)
+ A33UT(O)€iHT<u)83U3 i BSSUT,leiHT(u)ag’Ug + A3333(O)e§“3(u)831)3

+B?’333’16§H3(u)83v3} dx

_ / Poda. (3.3.51)
Q

Using (3.2.13) and (3.2.15), it becomes

/ﬂ {AaﬁUT(O){e?,HT(u)%(C%UQ + O3va) + €)1 (1) (—vs0as0) }
+4A°373(0) (e 5(w) (0400, 0) + 6§||3(U)(%3av3) + 633(“)(%&*“&))
+ AY(0) (e (u) (—v30ap0) + 633@)(%(8&”’8 + Opa))
+ A33‘”e§”7(u)831)3 + B330T’1€c1f||r(u)83v3 + A3333(0)e§“3(u)831)3

1
+B3333’16§H3(u)3303 + 4Ba3a3,16(17||3(u)§(931}a} dx
Q

As in the proof of step 4, this problem must be considered only for the test functions

with vanishing horizontal components (since f2 is not yet introduced).

Therefore, if we restrict the test functions of the form v = (0,0,73) € V3(w) with

13 independent of 3, this problem reduces to

1

[ {057 01k ) ) + 445000 500

1
+ AY(0)eq5(uw) (—n30ap0) } da —/ (/ f:?(xlaﬂﬁzvt)dt) nadw.  (3.3.52)
w -1
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Adding (3.3.49) and (3.3.52), we have

1
/ {AQBUT(O)e},HT(U) (5(@1775 + Oa1a) — w30apm3 — 773aaﬁ9)
Q

1
+AY(0)e5(u) (5(3(1775 + OMa) — T30ap73 — 773aaﬁ9) } dr

1 1
:/w (/_1 f:f(xl,@,t)dt) 773da)+/w (/_lfoll(xl,xg,t)dt) Nedw
1
—/ </ tfi(xl,xz,t)dt) Oandw.
w -1

(3.3.53)

Note that

1
Cap(v) = E(c%vg + 03vq) — V30,50

1
= §(aa775 + 0pNa) — 1300p73 — 130058 When v = (1o — 130473, 13).

Using (3.2.3), (3.3.30) and (3.3.46) we have

LHS of (3.3.53) = / (A*P577 el (u) + A*P ey 5(u))
Q

(697657 + (50‘7557)6(1,||T(u)) €ap(v)dx

= /Q ()\(50‘56117“17<U) + 2#63“6(10) gaﬂ(v>d$

= —/maﬁ(w)aagngdw—/ﬁo‘ﬁ(w)ngaagedw—i-/ﬁo‘ﬁ(w)agnadw

w

Hence ¢ = (({, (3, ¢J) satisfies (3.3.5).

O

Conclusions: The above asymptotic analysis of the three-dimensional problem (3.1.1)
showed that with the assumption (3.1.4), if the expansion of the displacement field u(¢)

is asin (3.2.5), then the asymptotic orders of force must be:

fale) = efa € L*(Q), f3(e) = 2 f3 € L*(Q).
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This implies that the asymptotic order of the components of the displacement field is:

However these scalings on the data f(¢) and the unknowns u(e) deviate from those
of (3.1.3) and (3.1.5) by a multiplicative factor of ¢, which can be explained by the
linearity of the problem (3.2.18) and the choice of the expansion (3.2.5).
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CHAPTER 4

Two-dimensional Approximation of Piezoelectric

Shallow Shells with Variable Thickness

4.1 Introduction

In this chapter, we consider the boundary value problem for a thin piezoelectric shallow
shell with variable thickness. As the thickness of the shell is small, the question is:

what is the two dimensional approximation of this model?

Thus our aim in this chapter is to identify the two dimensional model which is the

approximation of the three dimensional thin piezoelectric shell with variable thickness.

We first pose the problem in variational form and transfer the problem, by making
suitable scalings on the unknowns and data, to a domain which is independent of the
thickness parameter. Then we derive a Korn’s type inequality which is needed to show
that the solutions are bounded in a suitable Hilbert space which would imply a weakly
convergence subsequence (of solutions) and choosing suitable test functions we pass to
the limit in the variational formulation to obtain the limiting model. We then show that

the limiting model has a unique solution and the solutions converges strongly.

This chapter is organized as follows. In section 4.2, we describe the three dimen-
sional problem. In section 4.3, we transform the problem to scaled domain and in
section 4.4, we discuss the technical preliminaries. In section 4.5, we study the limit

problem.

4.2 The Three-dimensional Problem

Let w C IR? be a bounded domain with a Lipschitz continuous boundary v and let w lie

locally on one side of «y. Let g, v, C Jw with meas(7y) > 0 and meas(y,) > 0. Let



71 = 0w\ and 75 = Ow\7y,. For each £ > 0, we define the sets
O =wx (—¢,8), T™* =wx {e}, Ti =7 x (—¢,¢), TS =7 x (—¢,¢),
Iy =T5UT® e IS =95, x (—¢,¢), TS =, x (—¢,¢).

Let 2° = (1, 22, 2§) be a generic point on (° and let 9, = 0, = 52 and 8§ = .
a 3

We assume that for each ¢, we are given a function 6° : & — IR of class C3. We

then define the map ¢° : @ — IR’ by

qbg(l’l, Ig) = (lL‘h o, 96(1'1, ZEQ)) for all (ZEl, IL‘Q) € w. (421)

At each point of the surface S° = ¢°(@w), we define the normal vector

@ = (|010°)2 + a7 + 1) 2 (—016°, —0s6°, 1).

The variable thickness of the shell is governed by a function e € W°°(w) such that

there exists a constant eg such that

0 < eg<e(xy,z) forall (z1,z7) € @.

For each ¢ > 0, we define the mapping ®° : ¢ — IR® by
O°(2°) = ¢ (w1, x2) + x5e(w1, T9)a® (11, 5) for all 2° € QF. (4.2.2)

Hence at the point ®°(x°) the thickness is 2ce(z1, 22).

The set ° = ®¢(Q¢) is the reference configuration of the shell and we denote a

generic point of the shell by z°.

For 0 < ¢ < gy, we define the sets

PEe = @(I+e), 5= &=(I5), 15 = (%), I5 =14 ul*,
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[5 = ®(5), I¥=a(3), 5, =Tt ul—=ur;,
We define vectors g5 and ¢g*¢ by the relations

gf = 9:9° and g/* - gf = 5.

(2

which form the covariant and contravariant basis respectively of the tangent plane of
®°(Q) at ®°(2°). The covariant and contravariant metric tensors are given, respec-
tively, by

95 =9 g; and g7c=g"".g’<.

The Christoffel symbols are defined by
Fff = g"° - 0595

Note however that when the set 2° is of the special form ° = w x (—¢,¢) and the

mapping O° is of the form (4.2.2), the following relations hold,
Tas =Tk =
The volume element is given by /¢g°dx® where
g° = det(g5;).

We assume that the material is mechanically isotropic so that the elasticity tensor
AiiM-e {5 given by

Aidkle _ 3 53 5kl +M(5ik5jl + (5i15jk) 4.2.3)

where \ and p are Lamé constants. Clearly this tensor satisfy the symmetry relations

Aiikle — jiikle _ jklije (4.2.4)
and the inequality
ATty > C Y |ty (4.2.5)
4,3
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for all symmetric tensor (¢;;).

Let Pi7k< and €7 denote the piezoelectric and dielectric tensors respectively. We

assume that they are symmetric and there exists C' > 0 such that
EP it > Ot (4.2.6)
i

for all (¢;) € IR®.
Let f ¢ and ¢ be the applied body force and electric potential.

Then the boundary value problem consists of finding (4, ¢¢) such that

\

—dive* (45, ¢°) = f¢ in ¥,
6°(0°,¢%)v = 0 onT%, (4.2.7)

u* =0 only,
V

)

divD® (i, $F) = 0 in ¥,

De(0f,¢%)y =0 onl®, (4.2.8)

Ag __ ng e
¥ =@y on FhD‘)

where

&fj _ Aijkl,aézgj _ pkij’aEZ, (4.2.9)
D = Pries, 4 Moy, (4.2.10)
~E (NE 1 e e e e € d (€ [ ~E ~E e
‘%‘j(u ) = 5(81%‘ +ajuz)7 0; = GYe and Ei(¢°) = = (¢°).

Let $° = ¢° — ¢, where & is a trace lifting in H 1(95) of the boundary potential.

We define the spaces
Va = {{)E c (Hl(Qa))S’ﬂf‘S = 0}7 4.2.11)

U = (g € H'(Q), dlp. =0} (4.2.12)
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The variational form of the system (4.2.7)-(4.2.8) is to find (if,?) € V¢ x U° such

that

> ~

Qs (a5, %), (6%, 4°)) = I5(6°,4°) for all (8%, ¢°) € V° x ¥° (4.2.13)

where

(3 0,0 = [ Aeag e 00 + | €90 b

+ / s (é;éaéfj(@ff) — e, (af)) dit  (4.2.14)

F(0F,07) = | fo-07da — / eSO G5 dat — / P ge,i(6°)da (4.2.15)

Qe

Since the mappings ¢° : 0 = Q are assumed to be C! diffeomorphism, the

correspondence that associates with every vector o° = (4¢) € V¢ (note that (i¢) are

the components of the vector 0° = 95¢’, where (é)2_; is the standard basis in IR”) the

vector v¢ = (vf) defined by

induces a bijection between the spaces Ve and V¢, where

Ve ={v° € (H'())*|v° =0onT5}. (4.2.16)

Then we have (cf. Ciarlet (2000))

52 (5°) = (9vf — TIEE) (65" ), (4.2.17)
éij (0°)(2°) = eiw(ve)(gk’a)i(gl’a)j, (4.2.18)
where
1
i (v) = 50705 + O5v7) = T v (4.2.19)

Also with any scalar function ¢¢ € U¢, the correspondence (i) = ¢°(x°) in-

49



duces a bijection between the spaces U and W* where

Ve = {¢y° € H'(Q)|y* =00onT5,}. (4.2.20)
Then
;7 = 037 () = 07 ((9°) 71 (8%)) = A" () (¢ (2))- (4.2.21)

Then the variational problem consists of finding (u®, %) such that
a®((u®, %), (v°,¢%)) = I°(v°,¢°) for all (v°,¢°) € V° x ¥° (4.2.22)
where

a® ((uf, %), (v°, ) = / AT (0°) e (0°)V/gFda® + / €9 05 5y gFdat

- / P (05 ey (0°) — O, %€l (u)) VgEda®,

(4.2.23)

IF(vf, §f) = ) [ vt VgEda® — / €7F 05 00507/ geda®

€

= [P (Gt () - B () Vs, (@229

Aijkl,E — )\gijyagklvg _.I_ u(gik75gjl75 + g’il,E jk’€)7 (4.2.25)
PPare — pijk’€.<gp’€)i<gq’€)j(gne)kv (4226)
cpae éijvf(gp,s)i@q,a)j, 4.2.27)

It can be shown that there exists a constant C' > 0 such that for all symmetric tensors
(ti5)
3
ATt > C Y (ty)”. (4.2.28)

ij=1

Using (4.2.6) and that (¢7) forms contravariant basis, it follows that for any vector
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(t;) € IR

3
efetit > CY 1 (4.2.29)

Jj=1

AL AL N ’75 .
Moreover from the symmetry of Ak piike &% we have the symmetries

Aijkl,e — Aklij,e — Ajikl,e) Ek:l,a — Elk,e’ Pijk,e — sz‘j,s. (4230)

Using (4.2.28) and (4.2.29) we have

a((u®, %), (u, %)) = / Aijkl’seinz(us)efnj(UE)\/Edl’s+/Q €7 O P 5 g dat
C(||uf]1? g + 117113 0 )- (4.2.31)

v

Hence the bilinear form a°(-, -)associated with the left-hand side of (4.2.22) is ellip-
tic and the linear form [°(-) is continuous. Hence by Lax-Milgram theorem there exists

a unique (u°, ¢°) such that

a®((uf, ), (v°,9°)) = I°(v°,4°) forall (v°,¢°) € VE x U°. (4.2.32)

4.3 The Scaled Problem

We now perform a change of variable so that the domain no longer depends on . With

x = (11,29, 73) € €0, we associate 2° = (21, T, ex3) € QF. Let
F(] =Y X (—]., 1), Fl =7 X (-1, 1), Fi =w X {:tl}, Fh = Yp X (—1, ].),
[y=7v,x(—1,1), Ty =T1UlTuUl", T)yp=TTUT"UT,.

With the functions I'P¢, g5, AWklbe piike ciie: O 5 IR, we associate the functions

I?(e), g(e), AW¥(e), PU*(e), €Y (¢):Q — IR defined by

[P(e)(x) = I7*(a%), g(e)(x) = g°(2%), A (e)(z) = ATH(a%), (4.3.1)
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Piik(e)(z) = PI%(27), €Y ()(x) =€ (a). (4.3.2)

Assumption: We assume that the shell is a shallow shell; i.e., there exists a function

6 € C3(w) such that 6° = e0(x1, z3);
ie., ¢°(x1,22) = (21, x2,60(x1,22)) forall (z1,22) € @. (4.3.3)
In this case, we make the following scalings on the data and unknowns.
fala®) = fale)(), f5(a%) = fa(2), @5(x%) = e%po(e), (4.34)

ug(2%) = e, () (x), va(2%) = e™va(2), u3(a%) = euy(e) (), vs(a®) = evs(),
(4.3.5)
@ (z%) =p(e)(w), (4.3.6)

Eo(e)(p(e)) = e *E5(¢%) = —e0aple), Es(e)(p(e)) = e 2E5(¢°) = —edsp(e),

(4.3.7)
Di(e)(ue), p(e)) = e * D5 (u, ¢°). (4.3.8)
With the tensors €5, ., we associate the tensors e; ;(&) through the relation
e5; (v°)(a%) = ey (e3v) (). (4.3.9)
We define the spaces
V(Q) = {v e (H(Q),vlr, =0}, (4.3.10)
U(Q) ={y € H(Q),¢|r,, = 0}. 43.11)
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Then the variational problem (4.2.22) becomes: find (u(e), p(c)) € V(Q2) x ¥(Q)

such that

/Q AR (Yer (e, ule))eq (g, v) v/ g(e)da + / (£)055(2) Dz g()da

+ /Q P [055(e)eru(e, v) — dberule, ule))] v g(e)da

+e /Q €3 (¢) [04P(2) 050 + 055(£)0ath)] V/g(2)dw

te /Q [P(£)0,3(2)exule, w(e)) — Buvreryi(e, )] Va(E)de

+e? /Q €*? (£)9.7 ()05 g(e)da

= /Q frv/g(e)de — /Q €33 (£)Bs00050+/ g(¢)dw

—c /ﬂ (€3 (£)(Dutpod3t + D3p00at0)] V/ g(e)dx — €2 /Q € (£)Dapodsth\/g(e)da
—/QP?*“amekl(g,v)\/g(T)dx—g/ﬂpm‘jagcpoei||j(g,v)\/g(7)dx. (4.3.12)

4.4 Technical Preliminaries

The following lemmas are crucial; they play an important role in the proof of the con-
vergence of the scaled unknowns as € — 0. In the sequel, we denote by C, Cs, ..., C,

various constants whose values do not depend on ¢ but may depend on 6.

Lemma 4.4.1. The functions e;)|;(c,v) defined in (4.3.9) are of the form

callp(€10) = Cap(v) + %€y (5 0), (4.4.1)
1.
Calj3(€;v) = = {6a3(v) + 526&\\3(5; U)} ; (4.4.2)
1.
€3||3(5; v) = 5_2633(U)’ 4.4.3)
where
1

as(0) = 5(Oavs + Dsva) - %(aaﬁe + 250,56, (4.4.4)

1
€as(v) = 5(&1@3 + O3v4), (4.4.5)
égg(’U) = 83’03. (446)
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and there exists constant Cy such that

sup max||ei7j(5; Voo < Cilv||lia forall veV.
0<e<eg ™J

Also there exist constants Cy, C5 and Cy such that

sup max |g(z) — e*| < Cye?,
0<e<eg TESQ

sup max |A7 () — ATH(0)| < Cae?,
0<e<eg TEQN

where
Aaﬂm—(o) — )\5043507 + ,[1,(50‘0567— + 5047—660)’

apo « 1 (07 [ Tox 1 oo
AP73(0) =0, A*(0) = S\ P A%3(0) = ZH0,
N 1
A 333(0) — O7 A3333 — g(A + 2,11/),
AR (N tti; > Cutyijtiy,

for0 < e < g, for all x € Q, and for all symmetric tensors (t;).

Proof. A simple computation using (4.3.3) shows that

01 — €23[€0,10 + 01004¢] + O(&?)
9ale) = 02 — €2$3[aa29 + 0,00,¢] + O(e?) ’
€[0,0 + 230,¢] + O(e?)

—e010 + O(?)
g3(e) = | —e0uf + O(£?)
e+ O(e?)

Hence

gag(&f) = (Sag —+ 52[8a0856 — 2$3(68a59 + 8a«985)e] + 0(84),
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Ja3(e) = O(e), gs3(e) = €* + O(e?), (4.4.17)
g 8 g

[75(c) = 0(e?), Tiye) = E[aaﬁe + 23005¢] + O(*), T, =0(). (4.4.18)
The announced results follows from the above relations. ]
Lemma 4.4.2. ( Duvaut and Lions (1972)) Let €) be a Lipschitz continuous domain in

IR"™, and let v be a distribution in IR". Then

ve HYQ) dwe HYQ) foralll1 <i<n=veL*N)

Theorem 4.4.3. ( Hormander (1983)). If P(z,§) = Z a;;&;&; where a;; are Lipschitz-

]
continuous in a neighbourhood of zero, P(x,€) is elliptic and if u € H'(w) satisfies

|P(z,D)u| < C Z |D%u| then u = 0 in w if u vanishes in a neighbourhood of a point
o<1
inw.

Lemma 4.4.4. Let 0 € C3(w) be a given function and let the functions ¢é;;(v) be defined

as in (4.4.4)-(4.4.6). Then there exists a constant Cs such that

vl < Cs {Z ||éz‘j(U)||2} (4.4.19)
4,
forallv e V(Q).

Proof. For clarity the proof is divided into four steps.

Step 1: Let the space EY be defined by
EY(Q) = {v = (v;) € L*(Q); &;(v) € L*(Q)}. (4.4.20)

Then
E(Q) = HY(Q). (4.4.21)

Let v = (v;) be an element in EY(€2). Then

eag(v) = éag(’l)) + %(6%39 + :)336056) € L2(Q), 6i3(v) = é,-g(v). (4422)

The identity
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ijvl- = @-eik(v) -+ 8keij (’U) - aiejk<v)

shows that 9;,v; € H™1(Q). Alsov € E?(Q) = 9;u; € H™*(Q). Hence by lemma of
J. L. Lions, we have 9;v; € L*(Q2) and hence E?(Q2) C H'(Q). The reverse inclusion

is obvious and hence the equality (4.4.21) follows.

Step 2: The mapping || - || defined by

1/2
vl = {||VI|0,Q+Z||éz~j(v)||8,ﬂ} (4.4.23)
2

is a norm over the space H'((2), and there exists a constant Cy such that

[vll1.0 < Cs|lv]| forall v € V(Q). (4.4.24)

Clearly there exists a constant C7 such that

[v]] < Cr||v]l1q forall v e H'(Q). (4.4.25)

Hence the identity mapping from the space H'(2) equipped with the norm || - ||1.
into the space £?() equipped with the norm || - || is continuous, and it is also surjective
since £%(Q)) = H'(£2) by the step 1. Since the space E%(1?) is a Hilbert space when it is
equipped with norm || - ||, the open mapping theorem implies the existence of a constant

Cs satisfying (4.4.24).
Step 3: The semi-norm | - |7 is defined by

1
2

v’ = {Z ||éz'j(V)||3,Q} (4.4.26)
(2%]

in a norm over the space V'(€2).

The only property that remains to be checked is that

veV(Q)and v =0=v=0.
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Let v € V(Q) be such that é;;(v) = 0. Since e;3(v) = é;3(v) = 0, a standard
argument (cf. Busse et al. (1997)) implies that there exists functions 7, € H'(w), n3 €
H?*(w),n; = d,n3 = 0 on v such that v, = Ny — x30,73,v3 = 73. The relation

€45(v) = 0 then implies that

1 UE; 13
5(80/17/3 + aﬁna) — ;(%w = I3 <8a/3773 + ;aa5€>

and whence 0,473 + @&yﬂe = 0 in w such that left-hand side of the above equality is
e

only a function of (z1, z3).

In particular, 3 € H?(w) satisfies
Ans + Ae =0 in w,
e
ns = dyn3 =0 on . (4.4.27)

Let w' be a domain which contains 7, in its interior. Then the function 77; defined

by
, in w,
T (4.4.28)
0 inw —w

satisfies n; € H?(w'),

Ay + BAe =0 ino,

e
;= 0inw —w, (4.4.29)

and whence HAn;HOM/ < C’Hné”o,w/ and 7, = 0in w — w. Hence by Hormander’s

/ . / .
theorem, we have 13 = 0 in w and hence 3 = 0 in w.

The functions 7, then satisfies J,13 + 9sn = 0in w, 9, = 0in w, 7, = 0 on v

and hence 7, = 0 on w.

Step 4: There exists a constant Cg such that
Iv]l1.0 < Cs|v|? forall v € V(Q).

Suppose the property is false. Then there exists functions v € V(Q), k =1,2,3,- -
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such that

Hkal,Q = 1forall k£ >1, |vk|9 — 0as k — oo.

Since the sequence is bounded in H'(), there exists a subsequence (v)7°, that
converges strongly in the space L?({2) by Rellich-Kondrasov theorem. Since [v!|? —
0 as [ — oo, this subsequence is Cauchy sequence with respect to the norm || - ||. Since
this norm is equivalent to the norm || - ||; o by step 2, and since the space H'(Q) is

complete, the subsequence (V') converges in the space H'(£2). On one hand,

V[le = lim [V]0 = 1. (4.4.30)
l—00
On the other hand ,
vl = lim W'’ =0 (4.4.31)
l—o0
and hence v = 0 by step 3, which is impossible by (4.4.30). U

4.5 The Limit Problem

Theorem 4.5.1. (a) There exists u € H*(Q), ¢ € L*(Q) such that

u(e) = uin H'(Q), ¢(e) = ¢ in L*(Q), 4.5.1)
(e010(g),e000(€), D30(e)) — (0,0, 0500) in L*(12). 4.5.2)
(b) Define the spaces
Vir(w) = {(na) € (H'(w))*na = 0 0n 70}, (4.5.3)
Va(w) = {ns € H*(w);n3 = dumz = 0 on 0}, (4.5.4)
Vicr = {v € HY(Q)|v = 10 — 23013, (1:) € Vir(w) x Va(w)}, (4.5.5)
U, = {y € L*(), 059 € L*(Q)}, (4.5.6)
Uy = {¢ € L*(); 059 € L(2),|T* = 0} (4.5.7)
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Then there exists (€, (3) € Vu(w) x Vs(w) such that

Uy, = Ca - x3aa<3 and Ug = Cg, (458)

2
= " (w1, w2)a, (4.5.9)

i=0

where
+ — 3ap
0o_ %Yo t¥ , P
v = ) + 2p33 (aocﬁg'% + §3) () = @|r+,
+ = BaB )
p aB€

p! = %, = W(aagcg + 22820, (4.5.10)

and (¢) = (Cu, G3) € Vi (w) x Vi(w) satisfies

_/maﬁ(g)ﬁafmgedw—/ [ngﬁ(g)aa[gﬁ—l—ma[g(o@age} nzedw
2 p3a/3’p3p7'
—|—/wngﬁaﬂnaedw%—g/prﬁmgaagngedw

. +_
:/plmedw—/qa@angedw—/%pmﬁéa/g(n)edw (4.5.11)

where
A\ Ae um age
o =——— | A — | dq — | Oa , (4.5.12
Map(C) 3()\+4M)< C3+C36) ,8+3 ( 5G3 + C3 ( )
A R
nos(C) = meo‘o‘(§>5aﬁ +4dpéas(€), (4.5.13)
R 1 (we 1 [t
€ap(C) = 5(0as + 05Ca) = G =3/, Eap(C)dxs, (4.5.14)
PP = € p3as psas | et P38 psss L 38 4.5.15)
L A+ 2u
e?
3af _ p3af _ 333508 4516
b A+ 20 ’ ( )
p'= [ [f(,z3)des, ¢* = / x3 fdxs. (4.5.17)
-1 1

Proof. For the sake of clarity, the proof is divided into several steps.
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Step 1: Define the vector @, () by
p(e) = (8:(€)) = (e0np(e), 202p (<), 05 (<)) (4.5.18)

Then there exists constant Cy > 0 and ¢y > 0 such that
llu(e)||lie < Gy, [@4(e)] < Cy (4.5.19)

forall 0 < ¢ < ¢g.

Letting (v, ) = (u(e), ¢(e)) in (4.3.12), we get

/Q A (2)eyy (2, u(e) e (e, u(e)) v/gE)da + / €9 (0)3,(6)3,(e) Vg (E)de
:/f- \/761.%'—/ £)@io(e)@;(e)V/ g(e)da
/QP"“J( £)Pmo(e)eq (e, ule)) v g(e)dx. (4.5.20)

Using the coerciveness properties (4.2.28) and (4.2.29), the inequality (a — b)?
a®/2 — b* and the inequality (4.4.19), for ¢ < min{eg, 1}, we have

| A (e, u@ene ue) Vol + [ € €60/ alE)da

> Cloz”@“j(&u ||OQ+0102||¢1 ||OQ
0]

=Ci Y

“fus(u(e)) + ol u(c)

Cap(u(e)) + byl uE))

8 0,Q
1 2
+ Co || 5€s3(u(e)) +C'102||90z )50
0,2
>cm{ S s el ~ 3l >||m}+0102||¢2 Iz
—2 2,2 2 ~ 2
> Oy {5«15) -3 | (@) + Co T IR
> Oy (Ju(e) e + 196) 30)- @s21)
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Also

/f- \/76137—/ )@io(e)@;(e)V/g(e)dx
= | P pmale)en e, u(e) Vo

< C([Ju@)l1e + [[#(E)log) - (4.5.22)

Relation (4.5.19) follows from (4.5.21) and (4.5.22).

Step 2: From step 1 it follows that there exists a subsequence (¢ (g)) and ¢ € L*(Q)

such that

(£017(e), 202%(2), 05 (€)) — (P1, Pas @5) in (L(2))°. (4.5.23)
Since I'y,p contains I'~, we have,
x3
w(e)(xy, 29, x3) = / p(e)(xq, x2,s)ds (4.5.24)
-1
and it follows that || ()|, < V2 |0s5(¢) |o.o- This implies that ¢ (¢) is bounded in

L?(€2). Therefore there exists a ¢ in L*(€2) and a subsequence, still indexed by ¢, such

that () converges weakly to ¢. Hence it follows from (4.5.23) that

(edip(e),e0x0(e), Ds0(€)) — (0,0, 05¢). (4.5.25)

Step 3: Define the tensor K = (K,;) by

—é5(ue)).  (4.5.26)

Then there exists a constant C5 such that

HK’(a)HOQ < Cha, for all 0< ¢ < <. 4.5.27)
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Using the definition (4.5.26) and the relations (4.4.1)- (4.4.3)

K@) =D leatsleu(@) = e u@) o
’ a,B
=2

<23 ey, ul@))|loq + 26" Sas || € (e, u(@)|oq +422 >
] «

eq|j3(e, ule)) — 6611043(8’/&(8))”2,9 + H€3H3(57“(5>)H3,9

(4.5.28)

Hence the relation (4.5.27) follows by using the inequalities (4.4.7) and (4.5.19).
Step 4: From step 1 it follows that there exists a subsequence (u(c)) and a function
u € V such that

u(e) = u in H'(Q) as e = 0.

Then there exist functions (¢,) € H'(w) and (; € H?(w) satisfying ¢; = 9,(3 = 0.
on 7, such that

u, = C, — 2304Cs and uy = Cs. (4.5.29)
From the definition (4.5.26) and the boundedness of (f( .i(€)), we deduce that
leas(u(€))llo.o < £Cis and [less(u(e))lloq < €*Chs
where e;;(v) = 3(9;v; + 0;v;). Since norm is a weakly lower semicontinuous function
lleis(w)]loa < hIEIl_}glf lleis(u(e)]joo =0 (4.5.30)

hence e;3(u) = 0. Then it is a standard argument that the components u; of the limit u

are of the form (4.5.29).

Step 5: From step 3 there exists a subsequence and an element X = (f(”) € L*(Q)

such that
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K(e) = K in L*(Q) as e — 0. (4.5.31)
Then

~ 62

~ ~ € 30 ~ -
Ko =éap(u), K,3= _;P3 3030, Kg3 = —m(62P33383g0+)\K55) (4.5.32)

Since u(e) — u in H'(Q), the definition (4.4.4) of the functions é,5(v) shows that

)
the function K, 5(€) = €ap(u(e)) converges weakly in L*(Q) to the function éqs(u).

We next recall the following result. Let w € L*(Q2) be given. Then

/ wdsvdx = 0 for all v € H'(Q) withv = 0 on Ty, then w = 0. (4.5.33)
0

The equation (4.3.12) can be written as

| ({[a77 @ + 24577 @)] [Rorle) + b eiule)] + [A900) + 24575 0)] )}
{%aavﬁ ¥ 503 - % B+ e + 6k u)}

+ {4[A97(0) + 2 A% (2)][K (¢)os + e€by (5 u(e))]}

{2%(9&@3 + 2%@3@& + ey (e v)} + { [A%77(0) + 2 AP (e)] {f(m(e) +e2ef_(e; u(s))]
+ [A%(0) + 2 AP (e)] f(gg(e)}{ agvs}) Ve +e%gi(e) du

+ /Q (£)055 ()51 g(e)dx: + / P [055()eri(e, v) — dberule, ule))] v/ g(e)da
+s/Q 3 (&) [0a ()0t + D5()0utd)] /9 () + & / €8 ()0, ()05 /9(2)da

o [ [P0 ule,u(e)) — duternle o)) Vo

_ / /& T ) da — / &5 (£)0s 00050 \/9(2) de

p /Q € (2) [(Bupodsts + Drpodath)] V3(E) da + €2 /Q € (£)0np0dst/9(E) da

- /Q P ()yp0exu(e, v)/9(2) d — € / (&) Daipoe; () (v)V/9(E) da ¥ v € V().

(4.5.34)
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Multiplying the above equation by €2, taking v, = 0 and letting ¢ — 0, we get

A~ A+ 2u) ~
/ [ Koo + MK&% + P*3030| Osvsedr =0 (4.5.35)
0

ez 77 et

which implies e>AK | + (A +2p) K33 + ! P393 = 0 and hence the third relation
in (4.5.32) follows.

Again, multiplying equation (4.5.34) by ¢, taking v3 = 0 and letting ¢ — 0, we get
/ [Hf(ag - P3°‘333<p] D3vadz =0 (4.5.36)
QtLé€

which implies (1K, 5 + eP3**3030) = 0 and hence the second relation in (4.5.32)

follows.
Step 6: The function ¢ is of the form (4.5.9).

Using the scalings (4.3.8) we have
Di(e)(u(e), (€)) = P (e) exule, u(e))+ €7 () E;(e)((€)). (4.5.37)
Passing to the limit, we get

lim D;(£)(u(e), p(€)) = D; = PH Ky — €% ds0. (4.5.38)

e—0

In particular

lim Dy(e)(u(e), p(e)) = Dy = PME— €% 8y

e—0

A+ 2p
€P3a3 P3a3 €4P333P333
a { R
= pPPK,5 — p*20s0. (4.5.39)

+ 633:| 8330
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Taking v = 0 and letting ¢ — 0 in equation (4.3.12), we get

/ Ds(u, p)d3pedr = 0. (4.5.40)
Q

i.e., / (pgo‘ﬂf(aﬂ — p3363<,0) Osedxr = 0. (4.5.41)
Q
Since D(€2) is dense in ¥y, for the norm ||.||y,, equation (4.5.41) is equivalent to

O5(P* K 5 — p*050) = 0in D'(Q) (4.5.42)

which implies that (p**? K ; — p*05p) = d', with d* € D'(w). In fact, due to the

regularity of v and ¢, d" is in L?(w). Then

Sop ~ 8age 1 1
Osp =~ |€ap(C) — 73 ( apCs + G| ——xd (4.5.43)
p e p
which gives
3a3 . aa e 3
LT {xSeafi(C) — 3 (%Cg + : Cg)} - ]ﬁdl +d. (4.5.44)
Since ¢ satisfies the boundary conditions |p+ = cpé’ ., ©|r- = ¢y, we have
+ — 3ap
0o_ %o t¥ P Oape
@ =" tym (%ﬁés +— Cg) : (4.5.45)
: 3390 — Po
d' = p**Penp(Q) — pP (4.5.46)

Thus the conclusion follows.

Step 7: The function ((;) satisfies (4.5.11).
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Taking v» = 0 and v € Vi, and letting ¢ — 0 in equation (4.5.34) we have

/ Aaﬁklf(klf('aﬁ(v)edaﬁ + / Pgo‘ﬁﬁggof(aﬂ(v)edx
Q Q
= / f - vedr — / P380500K o5(v)edz. (4.5.47)
Q Q
Replacing v and f(ij by the expressions obtained in (4.5.29) and (4.5.32), and taking v

of the form

Vo = Mo — 230,13 and vs = 13 (4.5.48)

with (n;) € V(w), it is verified that equation (4.5.47) coincide with equation (4.5.11).

Step 8: To prove the uniqueness of the solution, let B((,n) denote the bilinear form
associated with the left hand side of (4.5.11) and L(n) denote the linear form associated
with the right hand side of (4.5.11) . It has been proved in Sabu (2001) that forn € V (w)

there exists a constant C' such that

_/maﬁ(n)aaﬁngedw —/ [niﬁ(n)aaf;@#—mag(n)ﬁage} nzedw

+ [ ptimeds = Ol + ) 4549

Hence

2

2 p3a,8
B(n,n) = C{|nallie+ Imsll3u} + = || ——==0asms
;W ,w 3 \/]E
0,w
> C{lInalli o+ nsll3e} (4.5.50)

Hence the bilinear form B(-, -) is elliptic. Since the linear form L(7) is continuous,

the uniqueness of solution follows.

Step 9: The strong convergences of u(g) — u in H*() and p(g) — ¢ in L?(2) can
be proved as in Busse et al. (1997). L]

Theorem 4.5.2. A smooth enough solution ((;) of the variational problem (4.5.11) is

66



also a solution of the following two dimensional boundary value problem:

0 9 p3a6p3p’r
~0ag(emag) — [n°(C)Dasl + map(C)dusele + S ap (epTamC:s)

" — @~
= pPe+ 0. (eq®) + Tp3<>fﬂ(‘;’&50 inw, (4.5.51)
—9( 0\ _ o ) Mi’»aﬁ' 4552
5(enag) = p¥e + ds(e 5 P ) inw, (4.5.52)
G = 0,(3 = 0 0on 7, (4.5.53)

) p3aﬁp3p’r
Oa(emap)vs + Or(emagtaTs) + 2 0a (epTang) Vs
2 3a3,,3pT
+ 507 (e%@,{y@m) = —eq®Vv, on Y, (4.5.54)
2p3a/3’p3p‘r
<maﬁ + 578,07(’3 Vo = 0on vy, (4.5.55)
+ _ —

naﬁyg = (%pgaﬂ) Vg on . (4.5.56)

Proof. Applying the Green’s formula:

/soaax dw = — /(%so)x dw + /cvaa dy
w w v

we get
- / s Dois el — — / Do (€ s det / D€ )13 dy— / eMsvadins .
w w ¥ ¥

Since Ogns = v30,n3 + 750,13, wWe have

/ eMapVadpns dy = / eMapValpO,ns dy + / eMapVaTs0rn3 dy.

Y v v

Observing that

/9067773 d’V = - /(8790)773 dv since /a,r(gpng)) d’y =0,

Y Y Y
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we obtain

—/maﬁ&wng edw = —/8a5(emaﬁ)n3 dw—i—/{aa(emag)ug+3T(emagua75)}773 dry
w w 5

—/emaﬁyayﬁal,ng, dry (4.5.57)

v

Similarly we have
3a8,,3pT 3apB,,3pT
pp pp
/ g OprCaOasmsedw = — / O (6—p33 ‘9pTC3) s dw

3a8,,3pT
prp
()
Y p
3a,.3pT
pp
+ 0, (€—p33 apTCgVaTﬂ> } n3 dry

p3a,5p3p7
- / evamésvavﬁ@ns dy (4.5.58)
v

/ngﬁﬁﬁna edw = — / 85(67135)77& dw + /enfwugna d, (4.5.59)
w w 0

_ / 0 Dty edeo — / Daleq®)ns dw — / e varts d (45.60)
w w Y

+ + _
/ %p‘w éap(n)edw = — / Iz <6%p30‘5 ) Nodew

+ _ J—
+ / (eup?’“ﬁ) VgTady
! 2

_l’_ _ —
- / %pwﬁa&ﬁe%dw (4.5.61)
Combining the above equations with the boundary conditions 7; = 0,13 = 0 on 7y
gives the boundary value problem stated in the theorem. 0
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CONCLUDING REMARKS

e We have rigorously justified two-dimensional linearly elastic shallow shells model

using gamma convergence.

e We justified the scalings used in Busse et al. (1997) to derive the two dimensional

shallow shell model.

e We consider a thin piezoelectric shallow shell with variable thickness and we
have shown that under suitable scalings on the data, as the thickness of the shell
goes to zero, the solution of the three-dimensional piezoelectric shell converge to
the solution of two-dimensional model of piezoelectric shallow shell with variable

thickness.
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